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THE FALL MEETING OF THE ALLEGHENY MOUNTAIN SECTION 


The seventeenth regular meeting of the Allegheny Mountain Section of the 
Mathematical Association of America was held at Washington and Jefferson 
College, Washington, Pennsylvania, on Saturday, October 25, 1941. Professor 
J. S. Taylor, chairman of the Section, presided at both the morning and after- 
noon sessions. 

The attendance was fifty-two, including the following twenty-six members 
of the Association: O. F. H. Bert, J. O. Blumberg, W. G. Brady, A. M. Bryson, 
W. E. Buker, A. B. Cunningham, H. A. Davis, L. L. Dines, H. L. Dorwart, 
Mary .B. Ferguson, H. C. Hicks, R. P. Johnson, M. L. Manning, David 
Moskovitz, L. T. Moston, F. W. Owens, Helen B. Owens, C. N. Reynolds, 
J. B. Rosenbach, H. C. Shaub, J. 5S. Taylor, R. W. Thomas, C. H. Vehse, M. L. 
Vest, W. J. Wagner, E. A. Whitman. 

The following officers were elected for the coming year: Chairman, R. G. 
Sturm, Aluminum Research Laboratories, New Kensington, Pennsylvania; 
Secretary, H. L. Dorwart, Washington and Jefferson College; member of. Execu- 
tive Committee, E. D. Wells, Erie Center, University of Pittsburgh. Professor 
C. H. Vehse, West Virginia University, continues in office for the second year 
of his term as the additional member of the Executive Committee. 
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At the close of the afternoon session, tea was served for the guests. A vote of 
thanks was extended to the staff of the College for their generous hospitality. 

After an address of welcome by Professor O. F. H. Bert of Washington and 
Jefferson College, the following six papers were read: 

1. “Beyond quadratics” by Professor H. L. Dorwart, Washington and Jeffer- 
son nee 

. “History of the cycloid” by Professor E. A. Whitman, Carnegie Institute 
of Technolow. . 

3. “A report on the aims and activities of the committee on the teaching of 
science in the secondary schools” by Professor W. H. Michener, Carnegie In- 
stitute of Technology, introduced by the Secretary. 

4. “A non-involutorial space transformation associated with a Qj,, con- 
gruence” by M. L. Vest, West Virginia University. 

5. “Fermat’s last theorem” by E. C. Johnson, Somerset, Pennsylvania, in- 
troduced by Professor Taylor. 

6. “A report on the summer program in mechanics at Brown University” 
by A. M. Bryson, University of Pittsburgh. 

Abstracts of the papers follow, numbered in accordance with their place on 
the program: 

1. Professor Dorwart gave an elementary account of the origin and nature of 
‘modern abstract algebra. The paper is to be published in the National Mathe- 
matics Magazine. 

2. Professor Whitman traced briefly the history of the cycloid from the time 
of Galileo’s attempts (1599) to find the area under one arch to the proof by Jean 
Bernoulli (1696) that this curve is also a brachistochrone. Roberval’s method of 
finding the area was shown in detail, and comments were made on the discovery 
of three ways of finding tangents and also on Huygens’s method of finding the 
length of an arch. Professor Whitman stated that he found this history was al- 
ways interesting to students in the calculus and also stimulating in that it 
showed the power of the calculus as compared to the methods it displaced. 

4. Mr. Vest showed that the transformation, of order m+m’-+7, is associ- 
ated with the congruence of lines on a plane curve 7 of order ” having an 
(n —1)-point and a secant s through the multiple point. Two projective pencils of 
surfaces | F| and | F'| of order m and m’ contain the secant as (m—1)-fold and 
(m'’ —1)-fold line, respectively. Through a generic point P(y) there passes a 
single surface F of | F| . The unique line ¢ through P(y), s and r meets the asso- 
ciated F’ of | F’| in one residual point P’(x), the image of P(y) under the trans- 
formation thus defined. 

5. Mr. Johnson, an amateur mathematician, explained how he has developed 
an original approach to the solution of Fermat’s last theorem, which requires a 
proof that x"+y"=2" cannot be satisfied by whole numbers when 7 is a whole 
number greater than 2. Through a comprehensive study of the theory of the 
algebraic form a?+ab+6?, which he has published in book form, he has demon- 
strated the propriety of Euler’s assumptions. In addition to his published work, 
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Mr. Johnson has among his unpublished work a proof that «?-!+y?-!=g?7! 
cannot be satisfied by whole numbers when # is any prime number greater 
than 3. This, he believes, is the nearest approach which has been made to a 
complete solution of Fermat’s last theorem. 

6. Mr. Bryson gave a survey of the courses of lectures which he attended at 
Brown University during the summer of 1941. 


Davip MoskovitTz, Secretary 


HEAT FLOW AND NON-EUCLIDEAN GEOMETRY 
E. W. BARANKIN, University of California 


In La Science et l’'Hypothése (Paris, Ernest Flammarion) Poincaré has well 
established a very fundamental property of physical space—its passivity; that 
is, the applicability thereto of an arbitrary geometry. There, on pp. 84 to 87, he 
illustrates the thesis with the example of a 3-dimensional world consisting of the 
interior of a sphere of radius R, each concentric sphere of radius r< R being held 
at a constant absolute temperature JT « R?—r?, and objects in this world being 
subject, under displacement, to expansion and contraction. accordingly. We pro- 
pose to develop here a similar example of a 2-dimensional world, at once treating 
rather thoroughly its purely mathematical side and emphasizing its physical 
import. Concerning the latter, the significant principle which will be brought 
out is that of the functional relationship between the geometry of physical space 
and physical law. 

Let us imagine that we one day find it necessary to deal in the laboratory 
with a rather large sheet of copper. The sheet is not, however, of uniform overall 
temperature; on the contrary, if we take one edge of the sheet to be the x-axis, 
and erect perpendicular to it a y-axis, then the temperature, in degrees Centi- 
grade, is the following function of the Euclidean codrdinates: 


1 
r=a(o-2) 


where } and # are constants. For the present, let there be constraints on the sheet 
to prevent it from expanding or buckling. Finally, we are in possession of an 
infinitesimal measuring rod of iron, whereof we ideally take the thermal coefh- 
cient of expansion to be # for all 7; and we must meet the problem of establish- 
ing geometric relations on the sheet. 

We should at first be very reluctant to measure distances on the sheet with 
the iron rod, knowing that it would alter in length as we moved it from place to 
place.* Rather would we ask for a rod of invar, a metal with a coefficient of 


* For we shall agree to make measurements in a region only after the rod has come to thermal 
equilibrium with that region. 
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expansion of zero. But in the event that the iron rod were the only one available, 
we should have to resign ourselves, to its use. And the question arises: how can 
we be consistent in our measurements with such a rod? 

There are, in fact, two simple ways: 

1. At 0° (the standard temperature at which we take all true or Euclidean 
length-measures) let the rod be of true length ds; its reading then at all positions 
on the sheet is ds. But the true length at the point (x, y) is: 


ds’ = [1+ pT ds = pbyds. 


Hence, we may preserve Euclidean measure, and therefore Euclidean geometry, 
for the surface if we carry the temperature correction factor (pby) over the sur- 
face. In this case the temperature correction factor is the physical law pertaining 
to the matter in the space, and the corresponding geometry is Euclidean. 

2. Perform measurements without regard to the changes in the rod. This sug- 
gestion is at first glance rather shocking; and it is not immediately obvious that 
such a course is a consistent one. Here we are taking as the governing physical 
law: matter in the space undergoes no changes. Clearly this law is simpler than 
that of case 1; it remains to discover whether or not there corresponds a per- 
missible geometry. We occupy the following pages with a determination of this 
geometry and a demonstration of its consistency. 

In the first place, it is seen that the x-axis is the line at infinity; for if the 
length of a line segment perpendicular to the x-axis and having its foot on this 
axis is measured with a rod, the rod will become shorter and shorter; and in the 
neighborhood of the axis the rod must repeat itself a great number of times to 
measure a very small true-length. In other words, this segment will, when meas- 
ured toward the x-axis, appear infinite in length. 

We now turn to the problem, foremost in importance, of discovering in what 
ways we may move a physical object, such as a triangle* made up of rods, about 
in the space so that the object remains congruent to itself. Such a movement we 
call a displacement. Obviously all displacements are sense-preserving. But the 
notion of anticongruence may well figure in our space in the form of a sense- 
reversing transformation. We therefore employ the broader term motion for any 
congruence transformation. We may then set ourselves the task of determining 
the set of motions of our space; the set of displacements will be just the collec- 
tion of sense-preserving motions. | 

This problem is readily attacked with infinitesimal considerations; but first 
we must derive the metric of the space. At a point (x, y) we shall have, if the 
Euclidean projections of the rod on the x- and y-axes are, respectively, dx and dy, 
the following: 


pbhyds = [dx? + dy?]/2, 


* In general, a triangle is defined as a closed, three-sided figure, the edges being segments of 
geodesics. 
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whence immediately we have our metric: 


dx? + dy? 
(pb)?y? 
We may choose our units in such a way that pd is unity, and write: 
dx? + dy? 
(1) ds? = oe ee 
vy? 


We emphasize here the fact that the Euclidean coérdinates which we have called 
up constitute merely a frame for analytical treatment, and do not participate - 
intrinsically in the geometry to be developed. 

In terms of the metric, a motion is a transformation, 


(2) wl = l(a, y), oo = (x, 9); 
to be thought of as a point transformation referred to the above invariable 


cartesian axes—such that: 


dx’? + dy’? dx? 4+ dy? 
(3) ae. 

_»y y 
That this is so follows from a brief consideration. First, equation (3) obviously 
guarantees the preservation of distance. It also implies the preservation of angles 
(conformality), in giving: 


1 dx’ \? oy \? 1 
(nee 
vy? Ox Ox vy? 


dx’ dx’ dy’ dy’ 
4) inter = 0, 
Ox oy Ox OY 


1 [/ ax’\? dy’ \? 1 
CN - 
y? LX dy ay y” 
For, let (dix, dry) and (dex, dey) be two infinitesimal segments, drawn from the 


point (x, y) and there making an angle 0. Further, let (dix’, diy’) and (dsx’, day’) 
be their respective transforms under (2). # is given by: 


dyxdox + diydey 


cos 86 = ———  _ 
[(dix? + diy?) (dex? + dey?) }1? 


i. 
(5) — (dixdex + diydey) 
| y 


(= + —- (= + yy 
y? y? 
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Likewise, the angle 0’ formed by the transformed segments at (x’, y’) is given by: 
1 
—~ (dyx'dox’ + diy'd2y"’) 
y”? 


dyx"? + dy"? dyx'? + doy"? 1/2 ) 
yy"? yy"? 


Under (3) the denominators of (5) and (6) are equal and we have the condition 
for conformality: 


(6) cos @’ = 


1 1 
(7) 9 (d3x'dox’ + dyy'd2y’) = 2 (dixdox + dyyd2¥). 
y 


If we apply to the left-hand member of (7) the induced transformation, 


Ox’ Ox’ dy’ ' ay 
dx + —dy, dy’ = dx + — dy, 
Ox Oy 


Ox Oy 


dx! = 


and bring to bear the relations (4), we find that the left-hand member reduces 
indentically to the right-hand member, wherefore the validity of our analytic 
characterization of a motion is fully established, 

Take the infinitesimal line segment of Euclidean length 6s (Fig. 1) and any 
point Po» on the x-axis; describe rays from Po through the end-points of 6s. Then 


P (Xo, 0) x 


Fic. 1 


at any arbitrary point P on one of the rays draw the segment of Euclidean length 
ds’ parallel to 6s and ending on the second ray. The segment ds’ is equal to the 
segment 6s under our non-Euclidean metric. For, by similar triangles, 
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But the non-Euclidean length of the segment 6s is given by (1) as 


6s 
ds = — 
y 
and that of the segment 6s’ as: 
5s’ 
ds’ = _ 
y 
Hence: 
ds’ = ds 


This equation is identifiable with (3), the pertinent transformation being: 
(8) = ax+(1—a)x, 9 = ay, (a 2 0), 


where a is the factor of magnification. 

A second motion makes itself evident when we observe the form of the metric 
closely. Since only the differential of the variable x occurs, and since the differ- 
ential is invariant under the addition of a constant to the variable, it is immedi- 
ately clear that we obtain a motion by augmenting x by a constant and leaving y 
unchanged. This amounts to the translation parallel to the x-axis: 


(9) wv =a“x+t yv=y, 


where ¢ is the parameter of translation. 

We know that if, in a two-dimensional space, there definitely exist two inde- 
pendent motions, then a third independent motion must exist.* We therefore 
seek the third motion; and in fact, we discover this to be an inversion. For, con- 
sider again the infinitesimal segment of Euclidean length 6s at Pi, and the unit 
circle (Fig. 2). Inversion in this circle carries 6s into 6s’. Construct the segments 


P,P{ and P.P{ perpendicular to the ray Zi. Then, as proved above, segment 


P,P{ is equal to segment P2P/ under the metric (1). Moreover, inversion being 
a conformal transformation, we have a=8. It follows therefore, since 


/ 
P,P/ P2P3 
cos a = = cos 6 = —) 
6s 6s 


that segment ds is equal to segment 6s’ under (1). Analytically this inversion is: 


/ id / y 
(10). x’ = ——} y = ———_ - 
x? + ¥? x? + ¥? 


* See Eisenhart, Riemannian Geometry, p. 241, par. 74. 
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A similar derivation could have been given for any circle centered on the 
x-axis, for example, that of radius 7 with center at (xo, 0). The resultant inver- 
sion, Iz,,r; 

v2(% — Xo) rey 
ae | y a | 
(% — 2%)? + y? (% — 2%)? + y? 
were then a product of the above simple motions in the following order (Fig. 3): 
First a translation 7; of 6s: , 


a! = % + 


/ r. 
x“ = xX — Xo, y=y, 


then an inversion Jo,1 in the unit circle: 
% y 
ri ; yy! _ . 
x2 + vy? x2 + vy? 
a magnification, M, through the origin: 
# x= rx, y= ry, 


and finally a translation 7%: 


T2MIo1Ti (ds) = I25,r(6s) 


(x9, 0) r x 


Fic. 3 


Concerning the determination of these component transformations, we may re- 
mark that the translation 7; is first performed to bring the domain of the in- 
version I,,,. into radial coincidence with that of Io,1, the magnification, to ac- 
count for the different radii of the two circles of inversion, and the translation 
T2= Ty}, to return the domain of J,,,, to its original position. 

The motion of inversion introduces the notion of anti-congruence into our 
space. In this connection it is of interest to note that Euclid, in order to prove 
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completely his propositions on the congruence of triangles, had to make use of 
superposition, an exaction on the third dimension. This difficulty arises when the 
three independent motions of the Euclidean plane are taken as two translations 
and a rotation, in the stead of two translations and a reflection. Of course, a 
rotation may be obtained by the multiplication of two reflections. 

We now have the complete” set of three basic independent motions, a trans- 
lation parallel to the x-axis, a magnification through the origin, and an inversion 
in the unit circle. These motions forms a group Gf which is called the congruence 
group of the space. What further information we require concerning this group 
can be most easily obtained by expressing the basic motions in terms of the com- 
plex variables z=x-+72y and w=x'-+v7y’. We have: 


Translation, T: w=2+4, (#, real), 
(11) Magnification, M: w= az, (a 2 0), 
' Inversion, I: w= 1/z. 


The presence of three independent motions in the group is the abstract equiv- 
alent of the fact that a two dimensional configuration in the space may be shifted 
arbitrarily and, so to speak, turned inside-out and still remain congruent, or in 
the latter case, anticongruent, to itself. This complete freedom of movement is 
precisely what we hoped to discover for the case of a physical object, and we 
shall therefore establish the fact explicitly for sense-preserving motions, that is, 
displacements. 

The set of displacements forms a subgroup G of G; and G is generated by the 
three independent, sense-preserving motions: 


T: w=2+1, 
M: w= az, 
(12) 
w= ay . (f, real). 


The latter claim requires a detailed proof: A displacement is any product of the 
fundamental motions (11) involving an even number of inversions. It is easily 
shown that such a general product takes the form D: 


ke +1 _ 


mze+n 


w= 


f 


where k, 1, m, n are real numbers and kn—ml=0. But this general displacement 


* In an N-dimensional space there are at most N(N-+-1)/2 independent motions. 
+ This fact is easily proved; we shall not perform the work here. 
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is obtained by the multiplication of the following displacements of the forms 
(12): 


z 
Ui: w= ——> 
—gzg+l1 
(=) 
Mi: w={|— ]z, 
(13) n* 


l 
3:3 w=2+—: 
n 


In fact, D=741M1U\. 

The displacement U is the product of an inversion in the unit circle, a trans- 
lation by amount f, and another inversion. Our method of replacing the inversion 
of the basis (11) by U, to obtain a basis for the group G, is equivalent to the sub- 
stitution, in the case of the Euclidean plane, of a rotation (the product of two 
reflections) for the basic motion of reflection to obtain a basis for the group of 
Euclidean displacements. 

Now, an arbitrary shifting of a physical object in our space may be charac- 
terized in this manner: the allocation of a particular point of the object with an 
arbitrarily chosen point of the space, and the alignment of a particular direction 
fixed in the object with an arbitrarily chosen direction in the space. This process 
clearly requires only three parameters for its completion, and the group Gis a 
three-parameter group. It is therefore proved that an object in the space enjoys 
free mobility, a fact denoted by calling the space a congruence space and its 
geometry, a congruence geometry. 

We now inquire after the geodesics of our space. For the distance between 
two points P; and P: we have 


P2 | dy 2 
(14) ($= ~4/1+ (2) ax. 
P, ¥Y dx 


If F=1/yV/1+(dy/dx)?, the Euler equation for extremality of this integral is 
| d OF oF 


(2) éy 
ax 


We are led, by the substitution for F, to the differential equation of the family 


of geodesics, 
d*y 1 =) | 
— + ———| Il — = 0. 
di? + 1+ | + (° 
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The solution of this equation gives the family of circles: 
(15) (x — hk)? + vy? = ec, 


where and ¢ are constants of integration. All these circles are centered on the 
x-axis, and the upper half-circumferences are the geodesics of our space. The 
geodesic through the two points Pi(x1, y1) and Pe(xe, ye) with different ordinates 
is seen to degenerate into a straight line parallel to the y-axis when x2 approaches 
x1 1n value. 

In the Euclidean plane there can be drawn through a given point one and 
only one straight line parallel to a given straight line. Or, in general terms, there 
can be drawn through a given point one and only one geodesic parallel to a given 
geodesic, that is, not intersecting it in any finite point. This is not the case in the 
heated plane. For, let Ci be a given geodesic; and let P be a point not on C;. De- 
scribe the geodesics Cz; and C3 tangent to C; at the points where it meets the 
x-axis. Then both C; and C3 are parallel, in the sense defined above, to Ci. More- 
over any geodesic whose slope at P lies between those of Cz and C3 is also 
parallel to C. 

The student of the non-Euclidean geometries will have immediately recalled 
the name Lobatschewsky when he read the above result concerning parallels. 
For it is so in the Lobatschewskian geometry that to a given straight line 
(geodesic) can be drawn a limited infinity of parallels through a neighboring 
point.* And in fact our heated-plane geometry is exactly that of Lobatschewsky. 
A little exercise with triangles in this plane will soon convince the reader that 
the sum of the angles in a triangle is always less than two right angles. 

Two further computations bear results of interest from the projective point 
of view. First we compute the geodesic distance s, between two points. Let the 
two points be Pi(x1, yi) and P.(x2, ye); then, substituting Vo2— («—h)? for y in 
formula (14), we have: | 


v2 C "¥2 —(h-~c) (h+c) —-— “4 
=f te = Hog, PE SN 
2, 6 — (x — h)? (A+ 6) — %2 41 — (h— ©) 


But, if x3 and x4 (x4 >x3) denote respectively the x-coérdinates of the two points 
in which the geodesic meets the x-axis, we find by (15) that 


xg =h—e, Me =hre 


Hence: 


* Some mathematicians choose to say that there are only two parallels to a given geodesic 
through a point, in this geometry, corresponding to Cand C3 in the above description; they employ 
the term skew for all the others that we have called parallel. But this is purely a matter of definition. 
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or, in terms of the cross-ratio 


\ 


(x1 — %4)(%2 — 23) 
(G2 = 4) (a1 = 9) 
of the four ordered points (x1, 0), (x2, 0), (x4, 0), (xs, 0), 
Sy = $ log. Ri. 


Secondly, we derive the formula for the angle between two geodesics. Let Ci 
and C2 be two geodesics, intersecting at the point (xo, yo), and there making an 
angle #. From equation (15) we derive the respective slopes of the two geodesics: 


x — hy x — he 
Ma = — , He = — 
y y 
Hence, 
ho —_ hy 
tang = (A ) — : 

1 + Mela / (29,00) 14 (x0 — be — he) 

Vo 


If, for 7=1, 2, we let the geodesic, C; intersect the x-axis in the points (xu, 0), 
and (xie2, 0) with «i1>x2, we have 


yo = (%o — %11)(%12 — Xo) = (Xo — Xe1)(%22 — 4X0). 
The last two members give: 


X%o1%22 — %11%12 


~ (X21 + X22) — (11 + X12) 


X0 


which in turn gives: 


_. V (x22 _ %11) (X22 — X12) (X21 — %11) (X12 _ X21) 


y = 
[(%21 + 322) — (11 + X12) | 
Substituting these values and the values 


Xi + X52 


h; = , 


) G = 1, 2), 
into the expression for tan 6, we obtain, after rearrangement, 


2/ (x22 — X11) (%22 — %12)(%21 — 411) (X12 — 21) 


(X12 — X21) (X20 — %11) — (Xo2 — X12) (X21 — %11) 


tan 9 = 
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In terms of the cross-ratio , 


(%21 _ %11) (X22 _ X12) 
, >= OOOO Om”? 
(X22 — %11) (X21 — X12) 


of the four ordered points (x21, 0), (x22, 0), (vu, 0) and (xz, 0), this formula re- 
duces to: 


tan? 7 = — Ro. 


We have now quite sufficiently established the validity of our second sug- 
gested method of treatment of the copper sheet. For, above all, the prime ques- 
tion is settled: the geometry generated by the simpler physical law there laid 
down is a congruence geometry. And without doubt we should unanimously 
choose this second method for dealing with the heated sheet, for the new geome- 
try exactly equals that of Euclid in completeness, and we gain in simplicity of 
physical law. | 

If the constraints, which we applied in the beginning, were removed from 
the copper sheet, it would expand in accordance with the varying temperature 
and buckle into a surface with the metric, 


(16) ds? = y*(dx*? + dy’). 


To see this, consider, at the point (x, y) on the constrained sheet, a small scratch 
with components of length dx and dy. When the sheet is allowed to buckle, these 
components assume new lengths dx’=dx(1+p7)=ydx and dy'’=dy(1+ PT) 
=ydy, respectively. The expanded length ds of-the scratch is then given by 


ds? = dx’? + dy? = y?(da? + dy’). 


For working with this surface we should choose a rod of copper in preference 
to an invar rod. For now the copper rod would expand at a point of the surface 
in the same way that the sheet itself has expanded at that point, and under the 
law that the rod suffers no change we should obtain Euclidean geometry for the 
surface. The invar rod would, under the same simple law, give us the intrinsic 
geometry involved in the metric (16). But this geometry is mot a congruence 
geometry; objects on this surface must, if they are to remain self-congruent 
throughout the movement, be moved only along the curves y=constant. : 


FOUR FINITE GEOMETRIES* 
H. F. MAC NEISH, Brooklyn College 


1. Introduction. A finite geometry is a geometry based on a set of postulates, 
undefined terms, and undefined relations which limits the set of all points and 
lines to a finite number. This is usually accomplished by a postulate limiting 
the number of points on a line. In the first three of the finite geometries con- 
sidered in this paper there is the following postulate: “No line contains more 
than three points.” In the Desargues finite geometry this is a theorem which fol- 
lows from the postulates. The set of postulates should fulfill the three require- 
ments of consistency, independence, and categoricalness. 

Finite geometries were brought into prominence by the publication of the 
Veblen and Young Projective Geometry (Ginn and Co., Vol. I, 1910; Vol. II, 
1918) and by Young’s Lectures on Fundamental Concepts of Algebra and Geom- 
etry (The Macmillan Co., 1911). 

The simplest example is the finite geometry of 7 points and 7 lines given in 
Volume I, Chapter I of the Projective Geometry of Veblen and Young. This finite 
geometry was first considered by Fano in 1892 in 3 dimensions where there are 
15 points and 35 lines, but in each plane there are 7 points and 7 lines. 

The notion of a class of objects is fundamental in logic. The objects which 
make up a class are called the elements of the class. The notion of a class and the 
relation “belonging to a class” will be undefined. Given a set S with elements 
Ai, As, As,:--, let S have certain undefined sub-classes any one of which will 
be called an m-class, —or in particular, given a set of points A1, Ae, As, ---: , let 
certain sets of points be associated in an undefined way in sets called lines. 


2. The seven point finite geometry. The postulates for the 7 point finite 
geometry may be stated as follows: 

(1’). If Ay and A: are distinct points (elements of S), there is at least one line 
(m-class) containing A; and Ab». 

(2’). If Ay and A: are distinct points (elements of S), there is not more than 
one line (m-class) containing A; and Az. | 

(3’). Any two lines (m-classes) have at least one point (element of S) in com- 
mon. 

(4’). There exists at least one line (m-class). 

(5’). Every line (m-class) contains at least three points (elements of S). 

(6’). All the points (elements of S) do not belong to the same line (m-class). 

(7'). No-line (m-class) contains more than three points (elements of S). 

Symbolic diagram where the vertical columns represent lines (m-classes): 


A A2rAsAsAsAcAr 
A.rAsAsAsAcArA1 
AsA;ApArAiA2As 


It is, however, unfortunate that it is necessary to assume that the three points 


* Presented at the organization meeting of the Metropolitan New York Section of the Mathe- 
matical Association of America at Queens College of the City of New York on April 19, 1941. 
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A,, As, and Ay, i.e., the diagonal points of the complete quadrangle, are collinear 
as indicated by the dotted line. 


Fic. 1. Geometric diagram for 7 point finite geometry. 


To prove that a postulate of a set of postulates is independent of the rest, it 
is sufficient to give an example which violates that postulate and fulfills all the 
rest. Since there are seven postulates in this set, it is necessary to give seven 
examples to complete the independence proof. This is not always easy to do, 
and in the case of Hilbert’s postulates twenty-one examples would be necessary 
to complete the independence proof. 

If the word “three” were changed to “two” in postulates 5 and 7, the entire 
geometry would consist of a single triangle which might well be considered as 
the simplest non-trivial finite geometry; so that seven independent postulates 
in this case define a geometry consisting of just one triangle. 

The independence of the postulates for this finite geometry is shown by the 
following examples, whose numbers correspond to the number of the postulate 
which does not hold in the example. 


(1’). A complete quadrilateral. 


A,A,A2A3 
A2,AsAiAs, - 
| AsAgAcAs 


Ae Ag As 


(2’). A tetrahedron A,4:2A43A.,, where the faces 


represent lines. 


A1A,A,A_ 
A,A.A3As3 
A;A1AsA, 


(3”). A1A1A1A1A2A2A2A3A3A3A1A7 
AsAsAsAcAsAsA cAsAsAcdsAs 
A3A 7A 9A sAsA9A7AsArAsAcdy 


1942] FOUR FINITE GEOMETRIES 17 


(This is the Young finite geometry of 9 points and 12 lines, section 3.) 
(4’). A single point (the remaining postulates are fulfilled vacuously). 
(5’). A triangle with A1, Ae, As as vertices. 

(6’). A single line containing 3 points A1, As, As. 
(7'). Projective geometry. 


This seven point finite geometry has been generalized to give a finite geom- 
etry of thirteen points and thirteen lines if four is substituted for three in postu- 
lates 5 and 7; and to m?-++-”-+1 points and lines, if ~+1 is substituted for three 
in postulates 5 and 7. | 

Finite geometries of this type have been treated extensively from the stand- 
point of algebra and finite groups.” 

The question now arises as to what theorems there are in this seven point 
finite geometry. In the first place, the duals of the postulates may be proved as 
theorems and the geometry will then have duality. Postulates 1 and 3 are duals. 


THEOREM 1. (Dual of Postulate 2). Two distinct lines have only one point in 
common. 


THEOREM 2. (Dual of Postulate 4). There exists at least one point. 
THEOREM 3. (Dual of Postulate 5). At least three lines pass through every point. 
THEOREM 4. (Dual of Postulate 6). All lines do not pass through the same point. 


THEOREM 5. (Dual of Postulate 7). Not more than three lines pass through every 
potnt. 


These theorems are all easy to prove, and they show that the geometry has | 
duality. Two other theorems suggest themselves. 


THEOREM 6. The geometry contains prectsely seven potnts. 
THEOREM 7. (Dual of Theorem 6). The geometry contains precisely seven lines. 


The entire body of theorems of this finite geometry of seven points and seven 
lines consists primarily of these seven theorems. The finite geometry has the 
characteristics of a projective geometry and might be considered as the simplest 
type of a projective geometry. 


3. A finite geometry of nine points and twelve lines. If in the postulates of 
section 2, the word “three” is changed to “four” in postulates 5 and 7, the postu- 
lates are satisfied by a finite geometry of 13 points and 13 lines. But, if in this 
geometry one line of four points is omitted, we obtain a geometry of 9 points 
and 12 lines, which is equivalent to projecting one line to infinity and converting 
the projective geometry of 13 points and 13 lines without parallel lines into a 
euclidean geometry of 9 points and 12 lines with parallel lines. 


* Veblen and Bussey, Finite projective geometries, Transactions of the American Mathe- 
matical Society, vol. 7, 1906, pp. 241-259. 
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This is in some ways an advantage and a simplification, because in general 
there is a preference—for historical reasons—for a euclidean geometry in which 
the parallel postulate is true. This geometry has been used as an example of a 
complete logical system by Cohen and Nagel in their book, An Introduction to 
Logic and Scientific Method (Harcourt, Brace and Co., 1934). 

It is remarkable that the 9 inflection points of a general plane cubic, as far 
as collinearity properties are concerned, fulfill all of the postulates of this finite 
geometry. 

The following eight postulates define this finite geometry: 

(1). If Ay and A, are distinct points (elements of S), there exists one line 
(m-class) containing A; and Ao. 

(2). If Ay and A: are distinct points (elements of S), there exists not more 
than one line (m-class) containing A, and Az. 

(3). Given a line a (m-class a) not containing a point A (given element A of 
S), there exists one line (m-class) containing A and not containing any point of 
a (element of S belonging to m-class a). 

_ (4). Given a line a (m-class a) not containing a point A (given element of 
S), there exists not more than one line (m-class) containing A and not containing 
any point of a (element of S belonging to m-class a). | 

(5). Every line (m-class) contains at least three points (elements of 5S). 

(6). Not all points (elements of S) are contained by the same line (m-class). 

(7). There exists at least one line (m-class). 

(8). No line (m-class) contains more than three points (elements of S). 


a 
oon ~e 


Fic. 2. Geometric diagram for the Young 9 point finite geometry. 


Symbolic diagram where the vertical columns represent m-classes (lines) : 


A1A1A1A1A9A2A0AsAsAsAsAr 
ArAsAsAcAsAsAcAAsAcAsAs 
AsA1AvAsAsAvA1AsA1AsA As 


~The independence of the postulates is shown by the following examples,” 


* See article by A. Barshop, Brooklyn College Mathematics Mirror, Issue no. VII, 1939, p. 14. 
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where parentheses represent lines or m-classes. 
(1’). Two lines (A142A3), (A1A5Ae¢). 
(2’). Six points (elements) 41, A2, 43, 44, As, Ag taken three at a time to form 
twenty lines (m-classes). | 
(A1A2A3), (AiA2A4), (AiA2As5), (A1A2A¢), (A1A3A4), 
(A1A3As), (A1A3A6), (A1A4As), (A1AsAe6), (A1A8Ae), 
(A2A3A4), (A2A3As), (A2A3A6), (424445), (A2A dA), 
(AoA 5Ae), (A3A4As), (A3A4Ae), (A3A5Ao), (A1A 5A). 


(This is a complete 6-point in space, where the planes represent lines.) 
(3’). (A1A2A,), (A2A3As), (AsAsAo), (A1A5A7), (AsA6A1), (464 7A2), (A7A1 Az). 
(This is the seven point finite geometry of section 2.) 


(4’). (4144 As), (42454), (M3447), (44 A7As), (As As Ao), 
(Ag Ay Aww), (Ar AwAn), (As AuAi), (As AwAs), (AwAnAy), 
(AnA uA), (A2AwA1), (Ai41A2), (Aude As), (Aisds As), 
(A1A3Ay9), (A2As Aw), (As AsAn), (At Ac Ar), (As Ar As), 
(Ag As Au), (A1A9 Ass), (A1As Ai), (Az Ag Art), (As AwA2), 
(Ag AnAis), (As AwAu), (Ap Ai3sA41s), (41 A7 Aus), (Ao As Ais), 
(A1A¢An), (A2A7 Aw), (As As Ais), (At Ag Aus), (As AAs). 


(5’). A complete quadrilateral. 
(A1A2), (A1A3), (A1A4), (A2A3), (Avda), (As Ay). 


(6’). A single line of three points (A142As3). 
(7’). A single point Ai—no lines. 
(8’). Plane euclidean geometry. 


This finite geometry is euclidean in the sense that through any point not ona 
line there is one and only one line parallel to that line. The geometry does not 
have the property of duality because any two distinct points determine one line, 
but any two distinct lines do not determine a point since they may be parallel. 

Several theorems suggest themselves, such as the following: 


THEOREM 1. There exist exactly nine points. 

THEOREM 2. There exist exactly twelve lines. 

THEOREM 3. Every line has precisely two lines parallel to 1. 

THEOREM 4. Two lines parallel to a third line are parallel to each other. 


THEOREM 5. The six points on two parallel lines determine a hexagon such that 
the intersection points of opposite sides ave collinear. (Pappus-Pascal theorem). 


4, The Pappus finite geometry. The postulates of the Pappus finite geometry 
tay be stated as follows: 
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(1). There exists at least one line (m-class). 

(2). Not all points (elements of S) belong to the same line (m-class). 

(3). Not more than one line (m-class) contains any two points (elements of 
S). 

(4). Every line (m-class) contains at least 3 points (elements of S). 

(5). No line (m-class) contains more than 3 points (elements of 5S). 

(6). Given a line (m-class) and a point (element of S) not on it, there exists 
a line (m-class) containing the given point (element of S) which has no point 
(element of S) in common with the first line (m-class). 

(7). Given a line (m-class) and a point (element of S) not on it, there exists 
not more than one line (m-class) containing the given point (element of S) which 
has no point (element of S) in common with the first line (m-class). 

(8). Given a point (element of S) and a line (m-class) not containing it, there 
exists a point (element of S) contained in the given line (m-class) which is not 
on any line (m-class) with the first point (element of S). 

(9). Given.a point (element of S) and a line (m-class) not containing it, 
there exists not more than one point (element of S) contained in the given line 
(m-class) which is not on any line (m-class) with the first point (element of S). 


Fic. 3. Geometric diagram for the Pappus finite geometry. 


Symbolic diagram where the vertical columns represent lines (m-classes) 


A1A1A1A2A2A3A3A4A1 Ay 
A2AsAsAsAcAsAcAsAs 
A3A3AsA7AsA7AsAcdy 
The independence of the postulates is shown by the fol- As 
lowing examples. A; 


(1’). A single point A1. 

(2’). A single line containing points A1, Ae, As. 

(3’). The faces of an octahedron, where the faces repre- 
sent lines. A, 
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(A1A2A3), (A1A2A4), (A1AsAs), (A14345), 
(A¢A2A3), (AsA2As), (AcAdsAs), (AcA3As). 


(4'). A simple quadrilateral (A142), (A243), (A341), (A42A1). 


(5’). (A 1A Ag As), (A 1A 6A 10A 14) (A 1A 7A 3A 15) (A 1AsA nA 16) 
(A2AsA As), (A24edo Ais), (AAA vA), (AxdsAu Ass), 
(A 3A 5A 1A 14), (A 3A 6A 2A 13); (A 3A 7A g Ais), (A 34 3A 1A 15) 
(A tAsAwA 15) (A 1A.A 1A 16) (A1iA7A 10A 13) (AsAsAy Au). 


(6’). (A1A:A3), (A145A6), (A244A6), (A344A5). 


(7"). (A1A5Aq), (ArAcA), (AiA7An1), (A1A2A v), 
(A2AsA10), (A2Aded), (A2d7Ai2), (ArAdsAn), 
(AsAsAu), (AsAcAw), (AsA7A0), (AsAsAn), 
(AsAsA12), (AsAcAn), (AsA7Aw), (AsAsAo ). 


(8). The finite geometry of section 3. 
(9’). Two non-intersecting straight lines (A142As3), (AiAsAs). 


The Pappus finite geometry is treated in the book Fundamentals of Mathe- 
matics by Moses Richardson (Macmillan, 1941). 

The duals of the postulates can be proved, showing that the geometry has 
duality. The geometry has the euclidean property of parallelism of lines. It also 
has the dual property of parallelism of points. 


DEFINITION. Two points which are not connected by any line will be called 
parallel points. 


The most important theorems are the following: 


THEOREM 1. If the six points of two (parallel) lines are connected to form a 


hexagon, the opposite sides intersect in three collinear potnts. (Pappus- Pascal 
theorem). 


THEOREM 2. There are precisely nine points in the geometry. 


THEOREM 3. (Dual of Theorem 2). There are precisely nine lines in the geom- 
etry. 


The Pappus geometry contains no artificial lines and is associated with one 
of the simplest non-trivial configurations in geometry. The Master's thesis of 
John E. Darraugh (Brooklyn College, 1940) lists thirty-five theorems for the 
Pappus finite geometry. 


5. The Desargues finite geometry. The postulates of this geometry may be 
stated as follows: 


(1). There exists a point (element of S). 


(2). Two distinct points (elements of S) are contained by at most one line 
(m-class). 
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DEFINITION. Line p ts called a polar line of point P tf no point of p 1s connected 
to P by a line. Point P 1s called a pole of line p tf no line through P contains a point 
of p. 


(3). For every line p (m-class), there is at most one pole P. 

(4). There are at least three distinct points (elements of S) on a line (m- 
class). 

(5). For every point (element of S), there exists a polar line (m-class). 

(6). If a line p (m-class) does not contain a given point Q (element of S), the 
polar line g of point Q has a point in common with line p. 


Fic. 4. Geometric diagram for the Desargues finite geometry. 


Symbolic diagram where the vertical columns represent lines (m-classes) : 


A,A1A1A2A2A3 AsAsAg As 
AvA3A1A3A1A.1 AsAyA7 Ag 
AsA¢A7A3A9A 0A sA9A 0A 10 


The independence of the postulates is shown by the following examples. 
(1’). The null set—a geometry without points or lines. 


(2’). (A1A2A3), (A,A2A}), (A,43As8), (A2A5A7), 
(AsAcAs), (AsAsAe), (AtAsA7), (AAAs). 


(3’). Two lines (A1A2A3), (AsA5Ae). 
(4’). A simple hexagon A142A3A1AsAe. 


(A1A2), (A2A3), (Asda), (A4As), (AsAe), (A641). 
(5’). A single point A}. 


(6’). (A1A2A¢), (A1A3 As), (AtAwArz), (424344), 
(A2A 1A), (A3A1:A 12), (AsA, Ag ); (A1A¢As ), 
(AsAg Az), (ArAs Ax), (ArA9 Ans), (As49A10). 
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The Desargues finite geometry has only six postulates, it has duality and 
polarity, it is non-euclidean in that a line may have as many as three lines 


OA, 


Fic. 5. Four triangles each inscribed in and circumscribed about another triangle of the set. 


parallel to it through a given point, and it is associated with a real configuration. 
This finite geometry is treated in Part III, Chapter 1 of Fundamental Mathe- 
matics by Duncan Harkin (Prentice-Hall, 1941). 


John E. Darraugh, in his Master’s thesis (Brooklyn College, 1940) gives 
fifty-two theorems for this geometry. Among the most important theorems are 
the duals of the postulates, and also the following: 


THEOREM 1. If A lies on the polar line of B, then B lies on the polar line of A. 
THEOREM 2. If b and c are both parallel to a, then b and c intersect in a point. 
THEOREM 3. There exist precisely ten points. 

THEOREM 4. There exist precisely ten lines. 


THEOREM 5. If two triangles are perspective from a point, their corresponding 
sides intersect 1n collinear points. (The Desargues theorem). 


ON FREQUENCY DISTRIBUTIONS OF THE QUOTIENT AND OF 
THE PRODUCT OF TWO STATISTICAL VARIABLES* 


C. C. CRAIG, University of Michigan 


1. Introduction. Given the probability density function (p.f.) for x and y, 
to find the p.f. for their quotient, and for their product. These problems lie on the 
surface and in addition to their intrinsic interest they have obvious importance 
in applications. Surely, even though the mathematical theory of statistics is a 
relatively new subject, enough study has been given to these two questions to 
provide the information needed for the more common applications. There is a 
good deal of literature on the problem for quotients, but nevertheless it is only 
in some rather special, if important, cases that our knowledge of the distribution 
.of such quantities is satisfactory. But when we are asked, as I have been more 
than once, by colleagues trying to apply statistical methods to investigations in 
their own fields, what value can be assigned to the probability that the product 
of two statistical variables will lie between given values, granting that one 
knows all about the distributions of the variables separately, even supposing 
them independent, we simply do not have the information wanted. I do not 
mean to say that no p.f.’s for products are known; there is at least one impor- 
tant exception; but the state of our ignorance concerning my colleagues’s ques- 

tion is embarrassingly complete. My own point of view in considering these two 
problems is that of a person who would like to see the kind of results which 
provide satisfactory significance tests for use in applications. 

To keep within the space assigned me I shall have to confine my remarks for 
the most part to three topics chosen from what would amount to a more com- 
plete discussion of the subject. First, I shall discuss the situation with regard to 
the quotient y/x in which x and y obey a normal bivariate p.f. and at the end I 
shall similarly deal with the product of the same two variables. The second sec- 
tion of the paper will be devoted to quotients of the type of as = ms/m8!?, in which 
ms and ms are second and third central moments calculated in a sample of. V 
from any infinite universe for which moments of the requisite order exist. 


2. Elementary methods for quotients. Two elementary methods for finding 
the p.f. for a quotient are sufficient for the cases considered here. It is supposed 
that we are given f(x, y), the joint p.f. for x and y. If x and y are statistically 
independent, then we are given f,(x) and fo(y), and f(x, y) =fi(x) -fo(y). 

, The most obvious thing to do is to set y=zx; then the elementary probabil- 
ity for x and y, f(x, y) dx dy, if x and y are continuous variables, is converted to 
f(x, 2x) |x| dx dz (an elementary probability must be positive or zero), the elemen- 


* Presented at the Chicago meeting of the Mathematical Association of America on Septem- 
ber 1, 1941. 
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tary probability for x and z. Then the p.f. for z is given by 


f= f —— fe20)|2| ar, 


or by 
fa(z) = { . fix) fo(ax) | x| dx 


if x and y are independent. 

Professor Huntington has given a derivation of the second form from first 
principles [1] in case the range for both x and y is the interval (0, ©). However, 
the formula is in general valid in the cases in which the sum or integral involved 
exists. 


Fic. 1 


As a very simple illustration, let x and y be independent and let each obey a 
rectangular probability law on the interval (0, 1). That is, 


fi(zjj=f(yy=1, OSe851, OS yS1, 


Q, otherwise. 


We Have 
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(In the case that z21, f(zx) =0 for x >1/z.) 

The second method, only slightly less obvious than the first, is to undertake 
to find the elementary volume under the frequency surface p=f(x, y) between 
the two planes y=zx and y=(z+dz)x. To do this we try to find the cumulative 
distribution function (d.f.) for z, F3(z), which is given by the volume under the 
frequency surface for which y S2x, and then take the derivative (or difference) 
of F3(z). 

This is also very simply carried out in our hand-picked example. By inspec- 
tion, 


F3(z) = 2/2, 05281, 


1—-—») 1<z< o~, 


A more complete discussion of this subject would include an account of the 
mathematically more sophisticated method of characteristic functions. 


3. Quotients of normally distributed variables. Naturally the first impor- 
tant quotient, y/x, studied was that in which x and y are normally distributed. 
Despite the fact that no fundamental difficulty is encountered, it is nevertheless 
true that, though there had been earlier papers on the subject, the exact solu- 
tion in case that x and,y obey a normal bivariate p.f. was not published until 
1932, by E. C. Fieller [2]. This problem is a bit troublesome and the final solu- 
tion involves a quadrature, though a tabulated one. Fieller proceeded by finding 
the d.f. which contains a double quadrature. He remarks, however, that the p.f. 
could be found more directly by the first method above. If, as we assume, 


ee) 
,y) = ep 4 — 
Ie y 2roy/1— P 2(1 — p?) oz / 


eV) a) Ip 


and if we set 


% y Me My - 9 Ox 
_— = 4, — = 4, — = 7}, — = fo —=23—= W, 


Cx Oy Ox Cy u Cy 


we have, noting that for a fixed x we must take dy= | «| dz, 


1 2» 2 
exp "30 prir2 + 12) ~ 


) (- “+ iu) | a 
wv) = — ex _-—— u}| “| au, 
I 2rv/1 — p? = P 2 
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in which, 
1 — 2pw + w? 
a= So, p<, 
1 — p? 
and 


11 — pro + (re — pri)w 
1 — p? 


6= 


With 7 and r2 not both zero, the final result is, 


1 
r/1 — p? a 


b (ro — rw)? iva 
ep [22] fon (= ra 
0 t 


q3/2 7 2a(1 — p?) 


«| (7 — 2 + >| 
e —_— ———— (1, — Zpriyr 1 
Pp 2(1 — 2) 1 PT iF 2 2 


od 


f(w) = 


Of course, this can be calculated from existing tables for particular values 
of w and of the parameters. Tables for f(z) are almost out of the question since 
the p.f. for g contains not only the parameters 71, 72, and p but also the ratio ¢z/¢y. 
It may be noted that if 7; =72=0, 1.e., if E(x) = E(y) =0, the above result simpli- 
fies considerably so that in this case, 


or 


V1 — p* ogc, 
fe) t(o2 — 2po 202 + 0227) 
Now the calculation of values of the d.f. is accomplished merely by use of a set 
of tables of anti-tangents. 

But it is to be noted that if x and y obey a normal bivariate p.f. the mean 
value of y/x does not exist. If we look back at the fs(z) obtained in the example 
with rectangular distributions, we see that in that case, too, E(z) does not exist. 
One will not jump at the conclusion that in general y/x does not possess a mean 
value. Rather one will have anticipated that allowing zero to be included in the 
range for x would have some kind of an uncomfortable effect on the distribution 
of y/x. Of course the situation is simply that if x is distributed normally, or if it 
follows a rectangular distribution with zero in its range, E(1/x) does not exist. 
On the other hand, if x has the p.f. 


yp—le—z 


————, p>0, 0S5«ak%, 
T(p) 
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and if » is the largest positive integer which is </, the first »y moments of 1/x 
are finite. Thus such ratios as Fisher’s ¢ and Snedecor’s F do in general possess a 
finite number of moments. 

But if E(y/x) does not exist, not even the Tchebychef inequality which states 
that if x is any statistical variable, the probability that 


| 2 — E(x)| = do, 


is £1/)?, is available to give us any information about the probability that a 
value of y/x at random will exceed a given value. The much used phrase, “devi- 
ation from expected in standard units,” is in this case doubly meaningless. 

However, there are cases in which f1(0) #0, in which the range of x can be 
curtailed so as to exclude x =0 without doing much violence to the d.f. for y/x. 
As an example, in the case in which x and y obey a normal bivariate p.f., 
Geary [3] concluded that if 7:=,/o2 is large, so that F(0) is very small, the 
quantity ) 

MeS — By 


(0% — 2pozo42 + 022") 1/? 
is approximately normally distributed with zero mean and unit variance. 


4. Moment characteristics of quotients. Sometimes the p.f. for a y/x of con- 
siderable importance cannot be found because the joint p.f. for x and y is quite 
unknown. It has been a standard procedure in statistics in case we do not know 
the p.f. for a variable to try to get the information about it afforded by its 
moment characteristics, in particular, its mean, its variance, its skewness a3, and 
its kurtosis a,—3 (am, is the &th central moment of x divided by o%). Of course, 
we ought to have some assurance that the moments sought actually exist, and 
then we ought to know something about whether or not the actual distribution 
is such that these first few moment characteristics do enable us to get, at least, 
first approximations to the probabilities that the variable will fall within a given 
interval. 

A case in point is the ratio a3 = ms3/m3” of problem (2). Even if the population 
sampled is normally distributed, we cannot produce the joint p.f. for mz and ms. 
The most that is possible at present is to calculate values of E(mm3). The com- 
putation grows very tedious and involved as 2k-+-3/ increases, but the necessary 
work has been done for 2k+3/ $12. Can such values be used to obtain approxi- 
mations to E(a%), at least for small values of 7? 

Tschuprow [4] used the following method in such a problem. Write 


E(mz) = Ma, E(ms) = Ms, 
and then 
me = Mo + de, mz = Mz + 43 
with 
E(62) = E(63) = 0. 
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We have then formally, (j=1), 


3/2 Ms; + 4s 
Bomimt) = Bleak 


M; ( 15 E(S2) 35 E(dz) ) 
M3! 8 M2 16 M3 
1 ( 3 E(6e53) 15 E(5,33) 35 E(5s8s) ) 
Mi2\ 2 Ms 8 M2 16 M3 , 


The values of E(8£6,) are the ones actually on record, instead of those of 
E (mm), and they have the advantage of being of O(N1-*-"). This circumstance 
seemed to satisfy Tschuprow without further examination that such a series 
could be used to give a good approximation to the required value for large N’s. 
There is no difficulty in general with the existence of E(od), in particular, none 
if we are sampling from a normal universe. But neither of the two series above 
is in general convergent; they certainly are not if we are sampling from normal. 
- However, the following argument shows that, nevertheless, we can get good 
approximations by means of such series for sufficiently large N’s. Consider the 
first of the two series above. Let us restrict ourselves to samples in which 
| mz— M,| <kMs, with k<1 and independent of NV. Now it is immediately seen 
that the series is convergent and, moreover, that the error committed by using 
a given number of terms can be made arbitrarily small with increasing N. For 
if o7,, exists and is O(1/N), as is ordinarily the case, then the probability that 
| m2 — Mo| >k Me: becomes small with increasing N, and moreover for a fixed h, 
the difference between E(62) for the curtate range and for the whole range can 
be made arbitrarily small. Then a given number of terms of the series with 
moments from the complete range for mz can be made to approximate as closely 
as we please the same number of terms of the series for the curtate range. 
Thus we can calculate with accuracy the moments of the ratio m;/m3” with re- 
stricted range, since the argument used is readily adapted to each series that 
arises. But now if the variance of a; is finite and O(1/N), as is also usually the 
case, the moments of a3 and of a3 modified as above can also be made to differ 
as little as we please with increasing N. Therefore the method, so far as the re- 
quired computations can be carried out, does give good approximations for suffi- 
ciently large N’s. J. B. D. Derksen has recently discussed these Tschuprow 
series [5] using some results due to Slutsky [6] in arriving at substantially the 
argument given above. The practical difficulty arises in estimating how large 
an NV is finally required in each case. 
Coming back once more to the case in which x and y obey a normal bivariate 
p.f., if | E(x)| 2&o, and if we agree to exclude from our distribution values of y/x 
for which | «—E(x) | = kez, as I once did [7], Tschuprow’s method leads to some 
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fairly interesting properties of the moment characteristics of such a distribution 
since now k may be taken to be as large as one chooses. 


5. Products; elementary methods. There is at present less to say about the 
distribution of w=xy. Of course there are a few cases in which the p.f. of xy 
is simple and is simple to obtain. Such a one is that in which log x and log y are 
both normally distributed. An example of a more important and more compli- 
cated problem that leads to a relatively simple result is offered by the case in 
which once more x and y are normally distributed with E(x) = E(y) =0. If x and 
y are independent, we have [8] 


fw) = “* xy(—_), 


v C Sy 


in which K(x) is the Bessel function of the second kind with a purely imaginary 
argument, of zero order. If x and y are correlated, this result is only slightly 


modified [9]. 


Fic. 2 


Of course the same elementary methods which we applied to quotients are 
also available for use with products. If, again, we suppose that x and y are inde- 
pendent and that each obeys a rectangular probability law on the interval (0, 1), 
we have 


1 dx 
f(a) = f —=-lgw, O0S5wS1, 
w & 


or 
1 w dx 
F(w) =wt+f —— = w(1 — log w). 
w += 


It will be noted that f(w) has an infinite ordinate at the origin, while at that 
point F(w) is zero and, of course, continuous on the right. 

For products there is no question of the existence of moments beyond that 
of the existence of E(x*y/) for the joint p.f. of x and y. That is, the moment char- 
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acteristics of xy are usually at hand but they do not necessarily afford much 
information about the probability that xy2C. 


6. Products of normally distributed variables. I will conclude with sketch- 
ing briefly the rather incomplete investigation I once made of the case [9], surely 
important for applications, in which x and y obey a normal bivariate p.f. The 
simple result given above comes only with the special choice of origin made 
there. Using the same notation as before, first for x and y independent (p =0), 
it is easy to find the following moment characteristics of xy: 


E(xy) = pally, 
2 2 2 2 2 2 2 
Oxy = Txpy + Oyhs + O20 yy 


Ori’ 


ey SS 23 /B, 
3: xy (A+ P+ 1s? /3 / 


2 2 
6[2(r1 + re) + 1] 
(A+A+ 1) 
Thus in this case the distribution of xy cannot be very asymmetrical, but its 
kurtosis can be quite excessive. 


Here the p.f. can be found as an infinite series. If we set y=w/x and take 
dy =dw/|x|, we obtain, if we put w=, 


FS) — eG F Ml iy) v(t) |, 


IA 
On 


Qa: ay = 


in which 
” adx- 
vit) = f exp [— (42/2 — na — ref/a% + £2 / 4?) | > 
0 
and y(¢) is the integral of the same function over the interval (— ~, 0). Now 


¥i(¢) and ¥2(¢) can each be found as a convergent series of a not too simple form. 
Subtracting them, we find, 


f(¢) = sete alls >» (rivet) Ko(S) + (r} + re) ! » (rire) Ki (6) 
+ (ri + 12) ae (rire) Kal) + (71 + 72) —— { P = (ret a(S) +: | 
in which 
X(@) =14+ 77 +——___ 4 —_"~__}...., 


k+1 (k+2)22!  (& + 3)33! 


and is simply related to the Bessel function of the first kind with a purely imagi- 
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nary argument. Here K,(x) is the Bessel function of the second kind with a 
purely imaginary argument. 

This series converges for any value of ¢ except 0. For ¢=0, the first term be- 
comes logarithmically infinite at the origin. For r,=72=0, we have, as above, 


Kolf) 


{0 = 


For small values of 7; and 72 the series converges rapidly and f(¢) can be tabu- 
lated and plotted. Unfortunately, for larger values of 7; and 72 the series con- 
verges more slowly and it is laborious to compute many terms of such a series. 

The case in which x and y are not independent (940) turns out not to be 
essentially more complicated. For this fact and for further details for p =0, I refer 
the reader to my paper cited above [9]. It is evident that though we have a 
mathematical solution to our problem it falls considerably short of what is de- 
sirable for applications. 
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PROBLEMS ON MAXIMA AND MINIMA* 
C. J. COE, University of Michigan 


In the simpler problems on maxima and minima studied in the calculus we 
are led to a function u(x) and we seek values of x for which u has a relative maxi- 
mum or minimum. If u(x) is differentiable in the interval considered and if the 
maximum or minimum is assumed at an interior point of the interval, then by 
Fermat’s theorem the derivative du/dx must be zero for the values of x sought. 
In many cases, however, it is awkward to reduce the problem to the above form 
and we have instead a function u(x, y) whose maxima and minima we seek to 
determine under an auxiliary condition, f(x, y) =0. Differentiating with respect 
to x, we have again by Fermat’s theorem, 


au dudy | af af dy ; 
Ox Oy dx Ox dy dx 


The elimination of dy/dx gives D(u, f)/D(x, y)=0 and we solve this equation 
with f(x, y) =0 to find the values of x and y necessary for a maximum or mini- 
mum of x. 

Instead of this customary analytic approach to the problem, we may employ 
a partially geometric treatment, as follows. Writing m for dy/dx, we have the 
following equations for the determination of x, y, m. 


Ou Ou 
(1) a m—_ = 0, 
Ox oy 
0 6) 
(2) J m= 0, fle) =0. 
Ox oy 


We may interpret (x, y) as the rectangular coérdinates of a point in the plane 
and m as the slope of a line through this point, and thus (x, y, m) form the co- 
drdinates of a linear element, 1.e., a point and a line through it. Equation (1) 
places one restriction on the three coérdinates and thus determines a two param- 
eter family of linear elements, while equations (2) place two restrictions on the 
coérdinates and determine a one parameter family of linear elements. The prob- 
lem of determining the extrema of u thus resolves itself into that of finding the 
linear elements common to the two families. 

Equation (1) shows that the linear elements of this family lie at each point 
(x, y) in the direction perpendicular to the gradient Vu=(0u/dx, du/dy) and 
thus in the direction of the curve u(x, y) =constant which passes through this 
point. This family will also include as singular elements every linear element at 
the singular points, if any, of the function u(x, y), since the direction of the ele- 
ment becomes indeterminate there. Equations (2) show that the linear elements 


; * Presented to the Michigan Section of the Mathematical Association of America at Ann 
Arbor, Michigan, March 9, 1938. 
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of this family have their points on the curve f(x, y) =0 and their lines tangent. 
to this curve at these points. We shall express this by simply saying that the 
elements are tangent to the curve. This family will also include as singular ele- 
ments every linear element at the singular points, if any, of the curve f(x, y) =0, 
since the direction of the element becomes indeterminate there. In particular, 
family (2) might consist merely of the one-parameter family of linear elements at 
a point; e.g., f(x, y) =x?+y?. 

The problem of finding values of x and y for which extrema of u may occur 
is thus reduced to finding those points of the plane at which some curve of the 
family u(x, y) =constant is tangent to the curve f(x, y) =0. Geometry is very rich 
in theorems concerning the constancy of certain point functions u(x, y) along 
certain plane curves, and by the above analysis each such theorem may yield 
interesting problems in maxima and minima. Conversely, many problems of the 
calculus on maxima and minima are almost instantly solved by this analysis and 
a great deal of light is thrown on all such problems. We present a few examples, 
starting with a very simple one. 


1. If A and B are any two points on a conic, determine the points P on the 
conic for which the area of the triangle A BP is an extremum. 

In this case the curves traces by P when the area u of the triangle ABP re- 
mains constant are evidently the straight lines parallel to 4B, while for P any- 
where on the line through A and B the direction of increase of u is indeterminate. 


E, 


A B 


3) 
Fic. 1 Fic. 2 


Family (1) thus consists of all linear elements whose directions are parallel to 
AB, and includes as singular elements all elements whose points are on AB 
(extended). Since P must be on the conic, the linear elements of family (2) are 
those tangent to the conic. The points P;, P2, A, B thus constitute the positions 
of P necessary for an extremum of the area u; P; and P2 being the extremities of 
the diameter bisecting the chord AB. 

The next problem is a generalization of the familiar problem of finding at 
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what distance one should stand from a tapestry hanging on thé wall in order that 
it subtend the maximum vertical angle at the eye. 


2. Two straight roads intersect at any angle at a point O. An enemy column 
is to traverse one road which is concealed by trees except between two points 
A and B on the same side of O. At what point P on the other road should a field 
piece be placed so that the segment AB shall subtend the maximum angle at P? 

The curves traced by P when the angle «=A PB remains constant are evi- 
dently the circular arcs running from A to B, and the regular linear elements of 
family (1) are those tangent to these arcs. Since P must be a point of the second 
road, the linear elements of family (2) are tangent to this road. Thus the extrema 
of u occur for P at the points of tangency of the second road to these circular 
arcs. But then OP will be the tangent to a circle for which OB and OA are the 
whole secant and its external segment, and hence OP?=OA - OB. This gives two 
positions. for P, on opposite sides of O and each yielding a maximum of u. The 
minimum value of u is of course zero, attained when P is at O and yielded by a 
singular element of family (1), as in Problem 1. 

We next consider the familiar “beam around the corner” problem. 


3. What is the length of the longest beam that can be moved horizontally 
from a hall of width a into a hall of width 0 at right angles to the first? 

If we take the outer walls of the halls as coérdinate axes, the problem is in 
effect: What is the length of the shortest line segment with ends on the two axes 
and passing through the point A = (a, b)? Consider any line segment of length u 
with ends on the two axes. It will, at some point, P= (x, y), be tangent to an 


a 


Fic. 3 Fic. 4 


astroid of the family, x?/§+?2/§=¢2/3, and it is a familiar property of these 
astroids that u2/§=x2/8+-y2/3 and that u consequently remains constant as P 
traces out the curve. The linear elements of family (1) are thus tangent to the 


36 PROBLEMS ON MAXIMA AND MINIMA [January, 


astroids of this family. The requirement that the line segments pass through A 
will force P to remain on a certain curve* through A which is the locus of the 
points P of tangency of lines through A to the astroids of the family, 
42/8 4.2/3 — ¢2/38, The linear elements of family (2) are tangent to this locus. Now 
let P move along this locus and approach A as a limit point. The limiting posi- 
tion of the line AP is not only the tangent to the locus at A, but also the tangent 
to the astroid of the family which passes through A. Thus the linear element 
tangent to this astroid at A belongs to both families and yields the desired 
minimum value of uw. This minimum value is thus given by the equation 
y2l3 = 2/3841 B28, 


_ 4, A submarine sights an enemy battleship at a distance and apparently 
traveling faster than the submarine can go in a direction at an angle to the line 
of sight. In what direction should the submarine sail to intercept the battleship, 
if possible? 

Let B and S be the initial positions of the battleship and submarine, respec- 
tively. Let P be any other point and call BP=p, SP=g. Evidently the sub- 
marine will intercept the battleship, if possible, at the point P of her course at 
which u=>p/g has its maximum value. The curves traced by P when u remains 
constant are of course the circles having B and S as a pair of inverse points, and 
the linear elements of family (1) are thus tangent to these circles. Since P must 
be on the course, supposedly straight, of the battleship, the linear elements of 
family (2) are tangent to this straight line through B. The position of P for which 
u is a maximum, being at the common element of these families, must be at the 
point, of tangency of a straight line through B with a circle having B and S as 
inverse points. Let O be the center of this circle, and call OS=m, OB =n, OP =r. 
Then since mn=r?, we have m/r=r/n and the triangles OSP and OPB are simi- 
lar. But then ZOSP= ZOPB=7/2, and the submarine should lay a course at 
right angles to the bearing of the battleship when sighted. 


5. A piece of paper having the form of a right angled triangle of legs a and 6 
has the corner at the right angle folded over to touch the hypotenuse. What is 
the least possible area of the folded over piece? 

Let O and P be the original and final positions of the corner. Then with the 
notation of the figure we have, 


OP = p = 2m cos 6 = 2n sin 6 


2 = Amn sin 0 cos 6 = 4u sin 28, 


p 
where wu is the area of the folded over triangle. The curves traced by P when the 
area u remains constant are thus the lemniscates p?=4u sin 26 and the linear ele- 
ments of family (1) are tangent to these lemniscates. Since P must be on the 
hypotenuse of the triangle, the linear elements of family (2) are tangent to the 
hypotenuse. For the minimum of wu, P must be at the common element of the 


* (x —a)yl3+(y—d)xV3=0, 
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two families and thus at the point of tangency of the hypotenuse to a member 
of the family of lemniscates. It is a familiar property of these lemniscates that 


the angle y which the tangent makes with the radius vector p is twice the vec- 
torial angle 6. From the triangle OPA we then have, 


p a b 
where tana =—¥»- 


30-+ a=, - =— 
sin 38 ~~ sin 26 a 


It follows that 6=}(mr—a), and the desired minimum value of u is, 
a* sin? 36 


4 sin? 26 


ui = 


In particular, for a=7/2, the paper becomes rectangular, 6=7/6 and 
u=~/6a*/18. For a simple numerical case, rational throughout, take a = 36/11, 
6=16/13. This yields m=1 and u=3/8. 


SUMMABILITY AND THE DEFINITION OF A LIMIT 
TOMLINSON FORT, Lehigh University 


A classical and well-known method for summation of a sequence s, is the 
Holder method by which 


. (r) 
s=limd, , 
N— 0 


where 
(1) Hq -—-* yt Ft 


DS Sap 


n + 1 ny=0 ny + 1 no=0 No + 1 ny=0 


The more widely known Cesaro method most naturally presents itself in the 
following form 


s = lim c” ; 
n— 0 
where 
(2) C, = — te Sry 
" (1 + 1) ses (n + r) ny=0 no=0 n,=0 
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It is to be noticed that 
(wm+1)---@t+rn BAe neal 
r! ny=0 no=0 ny=0 


Formulas (1) and (2) clearly show a kinship between the Holder and Cesaro 
sums. From (2) we write 


(r) | r! * (m+1)---(m+r— 1) co 
(m+ 1)-++ (m+) amo (r — 1)! " 
_ n! > (r+ i)---@~@+tm— td cr 
r+ti)---r7tn) amo ny! 


These are simple expressions for C” in terms of C7"! which together with (1) 
were used by the author* to prove by mathematical induction that the Hélder 
and Cesaro methods of summation are equivalent. 

Summation by parts according to the formula, 


n n+1 n 
» u,Ad; = ws | — » Vit 1 AU, 


i=0 0 i=0 


applied successively to (2) yields 


ry r! n (#— mt) @omtr—h . 
(3) (m+ 1) +++ (+7) mao (r— 1)! " 
7 n! " r-tbDr---m-—-m+r-— 1) 
rte tn) AQ. (n — m)!(r — 1) ™ 


This last is the form in which the Cesaro definition is usually given. There is 
an advantage over (2) in that non- -integral values of 7 are permitted. 

It is to be observed that the Cesaro method is a special case of summation 
by triangular matrix, 


(4) s = lim > K(n, 1)S3; 


N70 j= 


which has been extensively studied. It is also to be remarked that definitions of 
summability by triangular matrix are extensions of the ordinary definitions of 
the limit of a sequence in case the method of summation is regular. 

‘Now if we consider a function f(x) of the continuous real variable x, similar 
methods of “summation” of f(x) immediately suggest themselves. For the 
Holder definition we have; 


* See Bull. Amer. Math. Soc., vol. 33, p. 301. 
{ See, for example, Fort, Infinite Series, p. 241. 
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The function f(x) is summable to A if limz.,. H™(x) =A where, 


: 1f71 fr 1 Trt 
(5) AH (x) = —{ —{ ae J fl ardxidx, +++ AX, 
x 0 X1¢ 9 0 


Xr—1 


The definition of integration can be, for example, the Riemann definition. 
Likewise the Cesaro definition suggests, 
The function f(x) is summable to A if limes. CY(x) =A, where 


(r) 7 | x v1 Lr—-1 
(6) Cy («) = — J ve J f(%p)dx1dxq + + + AL, 
0 0 


xT J 9 


If integration by parts is applied to formula (6) we have 


(r) _ rh * (x — a)t} 7 x r(x _ ar ; 
Cy (x) = ode “G- Dl —D! f(a)da -f — fla)da. 


It is to be observed that this integral is a special case of 


(7) [ K(x, a)f(a)da. 


Integration by parts will also reduce (5) to the form (7). Form (7) can always 
be written 


(8) Wx) = [- K(x, adfla)da 


by simply defining K(x, a) as zero when x >a. We shall call this the transforma- 
tion by integration with kernel K and limz.,, Y(x) the limit of f(x) by integration 
with kernel K. The integral (8) is a form which has been much studied.* 

It is proposed to set up an analogous form to (7) from the theory of finite 
differences. Note that /¢f(x)dx is a continuous function which is a solution of 
the differential equation dy/dx =f(x). We propose to utilize the solution of the 
difference equation, A.y =f(x) called by Nérlundt a “sum” and denoted by him 
by Sif(é)Aué. The results obtained are far from complete judged by results long 
known for summation by triangular matrix. They do not seem to be without in- 
terest, however, and may be suggestive for further research. The definition of 
Norlund “sum” adopted throughout the present paper is 


S fl) Aut = lim | fo erstoa — w > enn lat io) FC i) | 


where 420, w>0. Wherever the symbol or its equivalent is used existence is 
assumed. The integral of the definition is assumed to be an ordinary improper 


* See for example R. P. Agnew, Bull., Amer. Math. Soc., vol. 45, p. 689. 
t See N, E, Norlund, Differenzenrechnung, p. 43, 


40 SUMMABILITY AND THE DEFINITION OF A LIMIT [January, 


integral, where the Riemann definition of integration is used for the finite in- 
terval. This “sum” is a continuous function of the continuous variable x, having 
many resemblances to a definite integral. 

Consider 


(9) — (x) = 5 K(s, t) f(£) Act. 


Throughout this paper we shall assume all variables real. We call (9) the trans- 
formation by continuous summation with kernel K and limz.,, d(x) the limit by 
continuous summation with kernel K. However, whenever the word, limit, is 
used alone it will refer to the limit in the ordinary (e, 5) sense. For purposes of 
illustration we define by analogy with (3) the Cesaro limit of order 7 of f(x) by 
this definition as lim,.., C(x) where 


x x—t 
(= +1) ( +r) 
(r) rs) tw T Ww 


C2"(a) = (Zar) s 1(==s1) f(i)Aot. 


Analogous forms suggest themselves such as limz.... C3(x) where 


(r) Q,(x) 
oO TB) 


with 


ttw (r—1) 
Q,(x) = S B14 (t) f(Act 


where B(x) is the Bernoulli polynomial* of order j and degree j with difference 
intervals, wi, W2, °° * , #;. Forms analogous to the Hilder sum could also be sug- 
gested. 

At this point we introduce the following definitions. 

The transformation (9) is said to be limit-producing for the function f(x) 4 
limz.o. O(x). exists. It is said to be regular if, whenever limz.. f(x) =A, limz.. $(%) 
=A for those functions for which o(x) exists} for all positive values of x. 


THEOREM I. Necessary conditions that transformation (9) be regular are 


(a) lim S K(x, )Avt = 1, 
‘ I 0 9 
tt 
(b) lim | ° K(x, é)dt = 0, 
Z—> 0 0 


* N. E. Norlund, loc. cit., p. 129. 
+ See, for example, Norlund, Joc. cit., p. 47. 
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whenever th) 20 and 6=0 provided that the sum and integral exist. 
Consider the function f(t) =1. Condition (a) .results. Consider the function, 
f(t) =1 when ¢4) Sit St)+6, f(t) =0 when ¢>2)+6 or t<to; condition (b) results. 
Next suppose K(x, ¢) =0 if ¢>x, then* 


(10) (x) = [ K(x, dfat ~ oK(x, f(a), 


Let f(x) =1 and K(x, x) =1, K(x, ¢)=1/(¢+1)?, tx; then the limit by integra- 
tion with kernel K is 1 but the limit by continuous summation is 1—w. In fact, 
from formula (10) we readily conclude the following theorem. 


THEOREM IJ. Functions K and f can be defined such that the limit by integration 
with kernel K 1s different from the lamtt by continuous summation with the same 
kernel K. In fact one limit may exist without the existence of the other. 


Likewise in case the expressions written converget 


o(x) = [ xe t) f(t)di — >> K(x, % + iw) f(x + iw). 


i=0 
From this we have the following theorem. 


THEOREM III. A sufficient condition that the transformation by summation 
with kernel K be regular 1s that the transformation by integration with kernel K be 
regular and that 


lim >> Kx, x + iw)f(% + tw) = 


%—00 40) 


From our definition we write 


00 b+ (+1) 0 ; 
¢(*“) = lim | > ( J eK (x, b)f(t)dt — wet) K(x, 6 + iw) f(6 + is) ) 
bh 8 


i=0 +iw 


(2—5—w) /w b 
+w >) eH#b+io K(x, 6 + iw) f(6 + iw) +f eHtK (x, ja | . 
i=0 0 
where 0<6<w and (x —5) =0 (mod w). Now in case (K(x, #)f(£) is positive mono- 
tonic decreasing in ¢ for each x, each terms of the series 


iva) 


(11) =» 


t=0 


§+(i+1)0 
J e*t*K (x, t)f(Adi — we# Ot) K(x, 6 + tw) f(6 + tw) 
8 


+iw 


increases when wu decreases. Moreover, (12) converges when w=0 as is shown 


* See L. M. Milne-Thomson, Calculus of Finite Differences, p. 201. 
Tt See L. M. Milne-Thomson, Joc. c#t., p. 201. 
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by comparison with the telescopic series 


> (K(x, 6 + iw)f(6 + iw) — K(x, 6+ (4+ 1))f(6 + (4 + 1)w)). 


1=0 


Hence (11) converges uniformly in wu by the Weierstrass test* using for compari- 
son series (11) itself when »=0. Under these conditions 


o@) =D( f se K(x, Df)dt — aK (a, 8 + ies)f(8 + iz) ) 


i=0 +iw 
(12) (z—b—w) /w 7) 
+o Dd) K(x, 6+ iw)f(6+ iw) + | K(a«, \fdt, 
i=0 0 


where (x —6) =0 (mod w) and 0S6<w. 
From formula (12) we draw some conclusions as expressed in the following 
theorems provided, of course, formula (12) holds. 


THEOREM IV. The following conditions together are sufficient that transforma- 
iton (9) be limit producing: 


(a) tK (x, t)f(t) be positive monotonic decreasing in t for each x; 


(2—b—w) /w 


(b) > K(x, 6 + iw) f(b + iw) 


1=0 


approach one and the same limit as x—> © through any set of values such that 
(x —6) =0 (mod w), where 0S 6 <a; 


00 b+ (it1) 0 
() D( fo Kee nfat ~ ok (x, 0 + in) s(6 + in) ) 
i=0 bic 
approach one and the same limit as x— © through any set of values such that 
(x —6) =0 (mod w) and 0S6 <u; 
8 
(d) lim J K(x, t)f(dt = 0, OSb<w. 
I— 0 0 


From Theorem IV we conclude the following theorem by showing that the 
conditions stated in it are sufficient for the conditions of Theorem IV. Details 
will be omitted. 


THEOREM V. The following taken together are sufficient conditions that trans- 
formation (9) be limit-producing: 


(a) tK(x, t)f(t) be posttive monotonic decreasing in t for each x; 
(b) limz.. K(x, ¢)=0 uniformly in each interval, OStS6, 64+iwSis6+(4+1)o; 


* See, for example, Fort, Infinite Series, p. 101. 
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(c) d/dtK (x, t)f(t) be monotonic increasing in t for each x. 
(d) The transformation 


(r—w)/w 


>) K(x — w, iw) f(iw) 


i=0 


be limit-producing when x =0 (mod w). 
Now by the Euler-Maclaurin summation formula in case certain conditions 
on K(x, ¢)f(t) are fulfilled* we can write 


ro ae 


(13) ‘SKG, t) f(t) Act =| K(x, t)f(dt + »- — -B, —; , K(x, afta) | 


a= 2 
m+1 


+o in P(t — 2) =. [K (2, + wt) f(x + et) dt 


From this we conclude immediately the following theorem.’ 


THEOREM VI. If, 1” addiiton to (13), 


re 
0 |0 


ym K(x, x + ot) f(a + ot) \dé 


converges uniformly in x then 


lim @(x) = lim nf K(x, i) f(i)dt + > —B, = ; K(2, ofa) | _) 


From Theorem VI we conclude the following theorems. 


THEOREM VII. Sufficient conditions, in addition to (13), that the transformation 
(9) be limit-producing are the following taken together; 


(a) The integral transformation (7) with kernel K be limit-producing; 


(b) — K(x a) 
da” a= x 
exist and approach a limit when x— «©, n=1, 2,--+,m; 
ie) on 

(c) J K(x, x + wt) |dt 

‘Jo | Ot” 
n=1,2,--+,m, converge untformly in x; 
(d) f(x), f’(x), ++ -, f(x) approach limits when x & . 


* See L. M. Milne-Thomson, loc. cit., p. 212. 
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THEOREM VIII.. Sufficient conditions, in addition to (13), that @(x)—A are the 
following taken together: 


(a) f(x) A when x © and f™(x)—-0 when m= 1; 


() K(x, a) | 
0a” a= x 
approach a limit, when x ©, n=0,1,---,m; 
(c) J K(x, x + ot) \dt 
0 {or 
n=1,--+,m, converge untformly in x; 


(d) the transformation (7) be regular. 


DISCUSSIONS AND N OTES 
EDITED BY R. J. WALKER, Cornell University, Ithaca, N. Y. 


The department of Discussions and Notes in the MONTHLY is open to all forms of activity in 
collegiate mathematics, except for specific problems, especially new problems, which are reserved for the 
department of Problems and Solutions. 


A NEW SYSTEM FOR PLAYING THE GAME OF NIM 
D. P. McINTyRE, Victoria, B. C. 


The game of Nim is played by two players. Matches or counters are ar- 
ranged in any number of groups with any number in each. The players alter- 
nately draw one or more counters from any one group and the player who draws 
last wins. 

The theory of this game making use of the binary representation of numbers 
has already been worked out* and shows that the first player, provided he knows 
the system, can, with few exceptions, win. The rare exceptions occur when the 
initial arrangement is favorable to his opponent, but in any case a player who 
knows the system can usually defeat one who does not. 

The theory presented here is based on the quaternary representation of num- 
bers, which is somewhat simpler of application than the binary representation 
since it involves fewer terms. 


1. Definition of the quaternary representation and its coefficients. Let the num- 
ber of groups in the game be , and the number of elements in the zth group be x;, 
where 1 <7<n. Then the numbers x; can be expressed in the form 


i?) 
t= >. aij), 0S a,;; S 3, 1Stsn. 
i=0 


* See, for example, C. L. Bouton, Annals of Math., ser. II, vol. 3, 1901, p. 35. 
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2. Definition of balanced systems of groups. The set of coefficients a,; for a 
fixed 7 is said to be balanced if it can be broken up into one or more sets each of 
which is either a pair (e.g., 2, 2), the set 1, 2, 3, or the single element 0. For ex- 
ample, the set 1, 3, 0, 1, 1, 2, 0, 3, 3 is balanced since it consists of the pairs 1, 1 
and 3, 3 and the set 1, 2, 3 along with two 0’s. The system of groups is known as 
a balanced system if the coefficients a;; are balanced for every fixed value of 7. 
For example, the following system is balanced: 


6=1:4+2, 
5=1-4+1, 
3=0:4+3. 


3. Any unbalanced system can be balanced by the removal of one or more units 
from one particular group. We will consider only games of more than two groups 
since the latter systems can obviously be balanced by evening up the groups. 
If any of the sets of coefficients a,; for fixed j are unbalanced, the method of 
cancelling out pairs and sets of 1, 2, 3 will reduce the set to at most two digits. 
Thus any single set a,; for fixed 7 can be balanced by subtracting or adding 
enough from one of the digits to balance the other or by adding enough to a 
zero digit to make a balanced set or by subtracting the odd digit. The set may 
also be balanced by altering one and only one previously chosen coefficient. For 
by keeping this coefficient fixed and cancelling out zero terms, the set can be 
reduced to at most three terms. If there were more than three terms, there would 
be pairs or sets of 1, 2, 3 among the unfixed terms. The set can then be balanced 
by altering the chosen coefficient to complete the other one or two terms if any 
exist. 

Let & be the highest value of 7 for which the coefficients a;; are unbalanced. 
Reasoning as before, these can be balanced by the removal of a small multiple 
of 4* from one of the groups of x; units. Denote this group by 1=m. Thus we 
have available at least 4* units to balance the remaining coefficients a,; for each 
fixed j by altering the coefficients am;, (7k—1). The most that we will be re- 
quired to add to balance any set will be 3-4/ units. Thus the maximum number 
of units required for the balancing of the remaining sets is 


k—-1 
>, 3:47 = 4* — 1 units. 


j==0 


But we have available at least 4* units. Hence it is always possible to balance 
any given unbalanced set of groups by subtracting one or more units from one 
of the groups. 


4. A balanced system is a losing game for the first player. Since all the groups 
are diminishing in size during the play they must all eventually reduce to digits 
of less than 4. If a player has been presented with a balanced system at each 
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turn he will eventually have to play against a system of groups composed of 
digits none of which is greater than three. Thus the system contains only pairs 
and sets of 1, 2, 3 which is certainly a loss. 


5. Quick setting up of balanced groups. In order to be sure of winning it is 
necessary to present an opponent with a balanced system with every move. The 
easiest way to do this is to break the numbers down into quaternary form and to 
decide which one has the largest unbalanced term. This group is the one which 
must be cut down. Ignore this group and consider only the others of the system, 
and by cancelling coefficients determine the number which will balance the sys- 
tem. With terms of order higher than 4° it is easier to handle the whole term 
rather than the coefficient; 7.e., consider the terms to be 0, 4, 8, 12 or 0, 16, 32, 48 
instead of 0, 1, 2, 3. 

Example. Balance the system of groups 8, 36, 17, 31, 14. 

The group 36 contains the term 2-4? or 32 which cannot be balanced by 
any of the other groups; hence this term must be cut down. Considering only 
the other groups, we have 


Group required 


Order 8 36 17 31 14 to complete 
system 
42 0 JET MS 0 0 
At 8 0 da I 4 8 
49 0 x a x 0 
8 


Thus if the group 36 is reduced to 8, the system will be balanced. 

If the opponent confronted with a balanced system does not reduce a group 
below the highest multiple of 4 contained in the group, he can only succeed in 
deranging the coefficients of 4° and the system can again be balanced by consid- 
ering only these coefficients. For instance, in the example above, if the opponent 
playing on the system 8, 8, 17, 31, 14 which is balanced decides to reduce the 
group of 31 by 1, 2, or 3 (z.e., he does not reduce the 31 to a number less than 28), 
he only succeeds in deranging the coefficients of 4° and the first player may again 
balance the system by removing a sufficient number of units of the same order 
from the 17 or 14 groups. 
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A SECOND NOTE ON AUTOPOLAR CURVES 


MALCOLM FosTER, Wesleyan University 


1. Introduction. In a recent paper* the author has considered those curves 
which are autopolar with respect to a parabola. Such curves are here regarded 
as special solutions of those differential equations which are invariant under the 
Legendrian dual transformation for which this parabola is the conic of reference. 
It is the purpose of this brief note to state certain theorems which follow quite 
readily from my first paper on the subject. 

Relative to a given conic of reference, two curves are said to be polar recip- 
rocals if the polars of the points of either curve envelope the other; an autopolar 
curve is its own polar reciprocal. We shall always use the parabola 27 = & as 
the conic of reference. 


2. The conjugate circle. Two points P1i(x1, y1) and Po(x2, ye) on an autopolar 
curve Care called a conjugate pair if the tangent to C at either is the polar of the 
other with respect to the given parabola. Associated with this pair, let us con- 
sider the points Q and R in which the pairs of tangents and normals at P; and P» 
intersect. The four points P;, Pe, Q, and R evidently lie on a circle for which QR 
is a diameter; this circle we shall call a “conjugate circle.” The codrdinates of its 
center aref ; 


2 2 2 2 
(7B ) 
a ~— ~~ Fe 
2 2 


Hence we have the following: 


THEOREM 1. For any curve autopolar with respect to the parabola 2n = &?, the 
locus of the centers of the conjugate circles 1s the directrix of the conic of reference. 


3. Two metric properties. Let P{ and Py be the points on the parabola of 
reference whose abscissas are respectively equal to the abscissas of a conjugate 
pair, Pi and P,. The product of the curvatures of the parabola at Pj and P? is 
readily found to be 


1 
[a + a + 28) ]8 


and the product of the curvatures of the autopolar curve at P; and P» is 


p ) 


yi! ya" . 
[(1 + xi)(1 + 22) ]8? 


But for this dual transformation,{ yi’ ys’ =1. We therefore have the following: 


a 


* Malcolm Foster, Note on autopolar curves, Bulletin of the American Mathematical Society’ 
vol. 47, 1941, pp. 247-253. 

t Foster, loc. cit. See equations (14) and (15), p. 250. 

t Foster, Joc. cit., equation (2), p. 247. 
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THEOREM 2. For any curve autopolar with respect to the parabola 2n = &, the 
product of the curvatures at a conjugate pair 1s equal to the product of the curvatures 
of the parabola at those points whose abscissas are equal to the abscissas of the con- 
jugate pair. 


Since in the above demonstration we have made no use of the condition of 
autopolarity,* it follows that Theorem 2 is also valid in the case of corresponding 
points on pairs of polar reciprocal curves. 

We readily find that the equation of the tangent to the parabola of reference 
at PY is 2x. —2y—x? =0, and that the codrdinates of the midpoint S of the seg- 
ment which joins P; and Pe, are 


x = (41 + x2)/2, y = (yi t yo)/2 = w1%2/2. 


These codrdinates, however, satisfy the above equation; hence, since it is evident 
that the codrdinates of S must also satisfy the equation of the tangent to the 
parabola at P?, we have the following: 


THEOREM 3. For any curve autopolar with respect to the parabola 2n=&, the 
line which joins any conjugate pair P, and P, is concurrent with the tangents to the 
parabola of reference at Pi and Pg at S, the midpoint of the segment PP». 


Since Q is the pole of P;P2, it follows that the polar of S must pass through Q. 
Hence Q, Py, and P; are collinear. 


RECENT PUBLICATIONS 


EDITED BY VIRGIL SNYDER, Cornell University 


All books for review should be sent directly io the editor of this department, at the Mathematical 
Association of America, 531 West 116th Street, New York, N. Y., and not to any of the other editors 
or officers of the Association. 


NEW BOOKS RECEIVED 


The Development of Rationalism and Empiricism. By G. de Sentillana and 
E. Zilsel (International Encyclopedia of Unified Science, Volume II, Number 8.) 
Chicago, University of Chicago Press, 1941. 8+94 pages. $1.00. 

The Principles of Financial and Statistical Mathematics. Revised edition. By 
Maximilian Philip. New York, Prentice-Hall, Inc., 1941. 16-+335 pages. $3.50. 

A Manual of Problems in Statistics. By S. Dayton. New York, Henry Holt 
and Company, 1941. 163 pages. $0.90. 

Tools. A Mathematical Sketch and Model Book. By R. C. Yates. Baton 
Rouge, Louisiana State University Press, 1941. 194 pages. $1.60. 

Factor Analysis; A Synthesis of Factorial Methods. By K. J. Holzinger and 


* Foster, loc. cit., equation (10), p. 249. 
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H. H. Harman. Illinois, The University of Chicago Press, 1941. 124417 
pages. $5.00. 

What is Mathematics? By R. Courant and H. Robbins. London, New York 
and Toronto, Oxford University Press, 1941. 19+521 pages. 

Fourier Sertes and Orthogonal Polynomials. By D. Jackson. The Carus Mono- 
graphs, No.6. Oberlin, Ohio. The Mathematical Association of America, 1941. 
12+234 pages. $2.00; to members, $1.25. 

Early Military Books in the University of Michigan Libraries. By T. M. 
Spaulding and L. C. Karpinski. Ann Arbor, Michigan, The University of Michi- 
gan Press, 1941. 16+45 pages; 25 plates. 

Lectures in Topology. Edited by R. L. Wilder and W. L. Ayres. The Uni- 
versity of Michigan Conference of 1941. Ann Arbor, Michigan, The University 
of Michigan Press; London, Humphrey Milford and Oxford University Press, 
1941. 7+316 pages. $3.00. 


REVIEWS 


Fundamental Theorems of Orthographic Axonometry and their Value in Picturiza- 
tion. By W. H. Roever. Washington University Studies, New Series, Science 
and Technology, No. 12. St. Louis, Missouri, Washington University Press, 

1941. 47 pages. $1.00. 


This little pamphlet gives a vivid picture of the meaning of axonometry by 
means of a detailed comparison of the representation of a bracket-shaped figure 
by the Mongean method and by the axonometric method. Then the fundamental 
theorems of the latter are derived. The foreshortening ratios, axonomatic scales, 
and the necessary analytic relations are carefully explained and derived, followed 
by a detailed analysis of the theorems of Schwarz and of Gauss. These are ap- 
plied to the solutions of two fundamental -problems: 

I. Given the axonometric projections of the coérdinate axes, to find the fore- 
shortening ratios. 

II. Given the foreshortening ratios, to find the mutual inclinations of the 
projections of the coérdinate axes. 

The style is simple and direct, and the 24 figures are excellent. 
VIRGIL SNYDER 


Odd Numbers or Arithmetic Revisited. By Herbert McKay. New York, The Mac- 
millan Company, 1940. 1+215 pages. $2.50. 


This book is an interesting presentation of arithmetic for the average lay- 
man. It is by no means a text-book. Instead, it is written in a so-called popular 
manner so as to make it especially appealing to those having little knowledge of 
arithmetic and to arouse in them an appreciation not only of its usefulness and 
application but also of arithmetic itself. The author points out that “Arithmetic 
is usually regarded as the Cinderella of Mathematics, the drudge whose duty 
it is to do everything that is dull.” He deplores the opinion that mathematics is 
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dull, and opines that the understanding and manipulation of numbers is exciting. 
He endeavors to substantiate this fact and in the reviewer’s opinion does it 
fairly well. ; 

The material covered includes powers, logarithms, proportion, weights and 
measures, the arithmetic mean, comparisons, approximations, multiplication 
and division, tables, units, oddities of numbers, and scales of notation. He tries 
to make large numbers understandable. Numerous practical examples and illus- 
trations assist to clarify the topics discussed and add to the popular interest. 

The author mentions the error which caused the Italians to celebrate the 
bimillenary of Augustus a year too soon, and H. G. Wells’s error in allowing his 
man in the moon to do some fantastic jumping. A simple explanation is given 
of the basis of logarithms. Arguments are presented both for and against the 
decimal and duodecimal systems. He explains a number of tricks in reckoning. 
In connection with weights and measures, the author defines a unit as “a con- 
venient amount of the quantity to be measured.” An explanation is given of 
how the different units came into being. | 

The book is enjoyable, stimulating, and amusing. 


F, M. WEIDA 


The Elements of Statistics. By E. B. Mode. New York, Prentice-Hall, Inc., 1941. 
16+378 pages. $3.50. 


In the announcement of a recently published work on Statistical Bibliog- 
raphy, the author states that the first objective of his book is:.“To make students 
and teachers of statistics more keenly aware of the inadequacy of much of what 
is now presented in textbooks and classes despite the fact that such statistical 
techniques are incorrect, inefficient, and obsolete.” By stressing these short- 
comings, he expresses exactly what so many research workers and teachers in 
statistics are feeling today. 

All the more do we welcome a book like that by E. B. Mode which, elemen- 
tary as it is, gives a clear and correct presentation of the problems it deals with. 
These problems are manifold. Besides the basic concepts of descriptive statis- 
tics, such as frequency distributions, averages, moments of one-dimensional and 
bivariate distributions, we find a chapter on index numbers and some remarks 
on time series. These sections form the main part of the book, whereas the 
references to theory of probability and to problems of small samples are rather 
brief. The use of various sorts of graph paper is as welcome as the valuable intro- 
duction to approximate computation. The exercises accompanying the differ- 
ent chapters, “none of. which have been borrowed from other textbooks,” are 
interesting and stimulating. The proofs of simple mathematical theorems are 
generally given; in a few other cases, the reader gets a correct statement of the 
theorem. The book will certainly be very useful for all statisticians not primarily 
interested in theoretical statistics. 


HiILpA P. GEIRINGER 
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Algebra. A Text-book of Determinants, Matrices, and Algebraic Forms. By W. L. 
Ferrar. Oxford, Clarendon Press, 1941. vii+202 pages. $3.50. 


The purpose of this book is to provide material for an undergraduate or a 
first year graduate course in the elements of the theories of matrices and alge- 
braic forms. The book is in three divisions: I Determinants, II Matrices, III 
Linear and Quadratic Forms. In a brief treatment, as this volume is, a careful 
selection of material is necessary. On the whole, the author's choice of subject 
matter is judicious, particularly in the chapter on invariants in Division III. 
The omission from Division II of the topics of similarity and matrices with poly- 
nomial elements may be questionable. 

For the most part, the clarity of the presentation is ‘commendable and the 
author in preparing the book has kept the student uppermost in his mind. How- 
ever, the statement of the separate corollaries to Theorem 7, p. 16, would be 
an insult to the intelligence of even a dull student. Following are listed several 
features which appealed to the reviewer: a novel definition of a determinant is 
used in Division I (which later affords a very neat proof of the theorem about 
the evenness or oddness of a permutation); an elegant proof of the theorem of 
Frobenius concerning the characteristic roots of a rational function of a matrix; 
a clear and elementary proof of the theorem of Darboux, that the principal 
minors of the matrix of a positive definite quadratic form are all positive; the 
well chosen problems (which do not include many arithmetical examples, how- 
ever) particularly those in connection with form theory, invariant theory, and 
manipulation of determinants. 

There are a number of features which most mathematicians will find objec- 
tionable. Those of a general occurrence are: sporadic use of dummy summation 
indices; lack of distinction between a square array and a determinant; use of X 
for matric multiplication; use of ordinary as a synonym for non-singular; use of 
transformation of instead of transform of; failure to employ matric theory to ad- 
vantage in the development of form theory. Also notable are the following: the 
first step of p. 9 is superfluous; the laws of exponents for non-singular matrices 
are awkwardly handled; the lemma on p. 165 could be made much more general 
without altering the proof; the matrix J; on p. 165 is its own inverse, and noting 
that fact would make the presentation clearer. The language in several places is 
unjustifiably vague (cf. pp. 17, 30, 189, 157 [Ex. 2]). 

More serious than the foregoing, however, is the excessive number of errors 
and slights of rigor which mar. the book: cf. the definition of field, pp. 2 and 119; 
p. 35, Ex. 4; p. 107, Ex. 9; p. 60, proof of Theorem 21; p. 115, neglecting to prove 
that the inverse of an elementary transformation is an elementary transforma- 
tion; p. 156, vitiation of proof of Theorem 48, due to failure to prove existence 
of a dy; p. 154, equation (4) is not justified by the preceding argument; p. 156, 
Ex. 1 as stated is false. 

The format of the book is pleasing and the typography is excellent (the re- 
viewer noted only three typographical errors). All in all, the book is one which 
will probably stimulate many students and irritate some teachers. 

R. F. RINEHART 
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Galois Lectures. By Jesse Douglas, Philip Franklin, Cassius Jackson Keyser, and 
Leopold Infeld. The Scripta Mathematica Library, Number 5. Scripta 
Mathematica, Yeshiva College, New York, 1941. 124 pages. 


_ The lectures here collected were delivered at the Galois Institute of Mathe- 
matics at Long Island University in Brooklyn, New York. The first of them, 

“Survey of the Theory of Integration” by Jesse Douglas, is a clear, concise 
presentation of the fundamental definitions and essential properties of Riemann, 
Stieltjes, and Lebesgue integrals, with some remarks on the Denjoy integral. 
While avoiding excessive demands on the reader’s mathematical background, 
the author deals clearly with many basic questions in a manner well adapted to 
the needs of a student of integration. The bibliography and specific references 
to sources for omitted details make the article a useful guide for a thorough 
study of the subject. 

Philip Franklin’s lecture is an exposition of the history and current status 
of the four-color problem. It contains a simplification of the problem to regular 
maps, a proof of the five-color theorem, a discussion of reducible configurations, 
and various specialized theorems on coloration. A few equivalent and inclusive 
formulations are presented. Franklin treats “perhaps the simplest unsolved 
problem of mathematics” in an interesting, lucid style, quite comprehensible 
to a non-specialist. He gives a bibliography which may tempt onward anyone 
who is lured by the fascinations of this mathematical will-o’-the-wisp. 

The third lecture, by Cassius Jackson Keyser, is on “Charles Sanders Peirce 
as a Pioneer” and contains a very few samples of Peirce’s vast and varied con- 
tributions to philosophic thought and especially to the development of logic. A 
brief biographical sketch is followed by sections telling of Peirce’s pioneer work 
in connection with pragmatism, the theory of infinite classes, propositional func- 
tions, paradoxes, and the theory of relations. It is to be hoped that readers will 
be stimulated to consult the Collected Papers being published by the Harvard 
University Press. 

The book closes with the text of a radio broadcast given under the auspices 
of the Galois Institute. It is in the form of a short dialogue between Leopold 
Infeld and a “clever pupil asking just the right questions” on the subject “The 
Fourth Dimension and Relativity.” Remaining well within the college freshman 
level of difficulty, Infeld undertakes to cure thé customary awe of the layman 
for those physicists and mathematicians who are supposed to have some intui- 
tive knowledge of a four-dimensional universe. 

S. S. CAIRNS 


The Second Yearbook of Research and Statistical Methodology Books and Reviews. 
F Edited by Oscar Krisen Buros. The Gryphon Press, Highland Park, New 
Jersey, 1941. 20+383 pages. $5.00. 


In 1938, a set of excerpts from reviews of books on statistics and related 
fields appeared under the editorship of Professor Buros of Rutgers University 
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(see this MONTHLY, vol. 46, 1939, pp. 355-356). It consisted of 635 review ex- 
cerpts from 131 journals. It was, on the whole, warmly received, and the editor 
has now published a greatly enlarged edition which is here under review. This 
edition, according to the preface, contains 1652 review excerpts from 283 jour- 
nals. It is a large, excellently printed volume, very adequately indexed. Indeed, a 
list of the indices alone gives some idea of the thorough nature of the book; at 
the beginning, there is a list of the journals used, ‘classified by fields, while at the 
end, there is a periodical directory and index, a publisher’s directory and index, 
an index of titles, an index of names, and a classified index to books. The author 
states no less than eleven objectives of the book, or more properly, of the pro- 
posed series of similar volumes to appear every two years. These objectives may 
be summarized by stating that the primary idea is to elevate the standards of 
statistical literature by giving publicity to criticism written from a broad variety 
of viewpoints; a secondary aim is to elevate the standards of the criticism itself. 

After this catalog of some of the more imposing features of the work under 
review, it will sound almost frivolous to say that, at least in the opinion of this 
reviewer, the book is really quite entertaining to read. This is undoubtedly a 
biased judgment, because several of this reviewer’s own reviews are reprinted in 
juxtaposition to reviews on the same subject by better qualified reviewers, and 
the resulting comparisons were personally interesting and instructive. But the 
wide variety of opinions expressed on any one work, and the subtle light which 
they often throw upon their author’s competence, would almost surely provide 
some entertainment even for a person not directly interested in statistics. In- 
cidentally, the new edition covers an even greater variety of scientific fields than 
the older one did, which is really saying something. Perhaps this is in line with 
the definition of statistician which Dr. W. E. Deming likes to give in his lec- 
tures, at least by implication: a statistician is absolutely anyone who makes any 
measurements whatsoever..- 

The listings still do not include English reviews of foreign language books, 
an omission which was criticized adversely when it occurred in the earlier edi- 
tion. In his preface, the editor expresses hope of remedying the situation in later 
editions, and also suggests two more major improvements toward which he is 
working. The first is to establish a noncritical abstracting service for the periodi- 
cal literature on statistics, and the second is to publish original criticisms of 
articles and papers in the periodical literature. As far as mathematical statistics 
is concerned, the first of these services appears to be adequately supplied by 
Mathematical Reviews. As to the second part of the program, the plan sounds 
good at first hearing, but on second thought, the idea of supplementing each of 
the numerous “important” papers by several critical appraisals and (presum- 
ably, to be fair) a spirited rejoinder by the author, all sounds just a little ap- 
palling. Considering the amount of work required to establish and maintain 
Mathematical Reviews, one wonders if Professor Buros knows just what he is 
letting himself in for. 

But to return to the present volume, we can say that the work as it stands 
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is both actually and potentially extremely valuable. Let us urge by all means 
that the series be continued. Every teacher of statistics courses will find the 
series indispensable, and it is now rather apparent that scientists engaged in a 
wide variety of activities will find these volumes useful. 


J. H. Curtiss 


CLUBS AND ALLIED ACTIVITIES 


EpiteD By E. H. C. HILDEBRANDT AND J. S. FRAME 


Send reports of all activities, such as club reports, special features, topics with references, student 
papers, and other material of interest to J. S. Frame, Brown University, Providence, R. I. 


A NIGHT WITH PROBABILITY 
E, E. BLANCHE, Michigan State College 


If you’re looking for a program that will give pep to any club meeting, illus- 
trate a number of mathematical principles, and, incidentally, show why gam- 
bling does not pay, then you might let probability do the job for you. 

The arrangement of the program is rather simple; the equipment and sup- 
plies necessary are inexpensive; and the conduct of the various games at which 
members try their hand is’so easy that even groups which have little mathe- 
matical background may understand the laws which “A Night With Probabil- 
ity” illustrates. | 

During the past year I have had occasion to direct this whirl with Lady Luck 
at our Pi Mu Epsilon chapter at the University of Illinois, and later at a number 
of university and church meetings. The entertainment has been received with 
such enthusiasm that it seems advisable to describe the entire procedure so that 
others may enjoy this educational and instructive evening of fun. 

The entire program consisted of a number of simple games of chance, similar 
to those which may be found at county fairs, carnivals, amusement parks, and 
the “vice dens” of the big city. Before allowing the audience to act as the so- 
called “suckers” at the various gaming tables, I introduced the program with a 
twenty- to thirty-minute talk on various forms of amusement and games of 
chance which I have investigated during the past twelve years—investigation 
which was first undertaken as a reporter on the Passaic, N. J., Daily News, and 
later as a student and instructor in mathematics. | 

, this sort of introduction acts as a stimulant, and puts the audience in the 
proper frame of mind. Some of the following games. may be described and “de- 
bunked,” or illustrated rather simply: 

1. The Numbers Racket. This is very common in large cities and especially 
in the eastern states, notably New York and New Jersey. The player may select 
any number from 000 to 999, and place his bet of anything from one cent to one 
dollar with the local “bookie” (in general, a shady character). This is a daily 
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game. Based upon the winnings of the horses at some predetermined race track, 
a certain number is obtained, which is the winner that day. If one is unfortunate 
enough not to have placed a bet on that number (which is generally the case), 
he loses. On the other hand, if he has placed a bet on the winning number, then 
the “ring” conducting the “numbers” game will pay him 500 to 1 or 600 to 1, 
depending on the locality and the operating “ring.” (The New York City area 
has recently cut its odds to 500 to 1.) If this is the case, then the player with a 
one-cent winner receives $5.00; but it is an unwritten law that the “bookie” 
will receive ten per cent of the winnings, so our player actually gets $4.50 for 
his penny. Actually, however, the odds against our friend winning are 999 to 1. 
If a wager of one cent were made on each number, totalling ten dollars, then the 
_ return would be only $4.50 on the single winning number. The gambling “ring” 
and the local “bookie” grow fat on the $5.50 which has been left in the till. 

2. Marked Cards. These may sometimes be secured from local gamblers, local 
prosecutors’ staffs after raids, or may be purchased from well known playing 
card manufacturers, some of whom do a thriving business in marked cards. (I 
shall be glad to furnish the names and addresses.) However, marked cards are 
expensive, the average cost being about five dollars a deck. The marking scheme, 
once learned, may be illustrated on a blackboard, and the cards: may he dis- 
tributed to the audience for examination. 

3. Carnival Wheel. The ordinary wheel with twelve to twenty numbers on 
it sometimes has a brake similar to that on an automobile, and may be slowed 
down or stopped by the operator when he presses a foot pedal at some point 
quite distant from the wheel. The wheel may have a movable weight which may 
be adjusted by a touch of the operator to favor any section. 

4. Pitch-Till- You-Win. This game allows you to toss hoops at prizes which 
are set up on cube or parallelopiped bases until a hoop covers the base. The bases 
of large prizes are such large cubes or parallelopipeds that it is nearly impossible 
to get a hoop completely over one on a toss from a distance of five to eight feet. 
Of course, the small prizes (ash trays; whistles, trinkets) have very tiny bases, 
which may be covered easily. 

5. The Fishing Game. Here one scoops up a wooden fish from a circular 
trough of moving water. The moving fish are enticing and deceiving. The trough 
goes behind the curtain where the operator’s confederate either removes or re- 
places winning fish at certain signals from the operator. Thus, while encouraging 
a prospect to try his luck, the operator can select a large prize winner; but when 
the prospect fishes, he always gets a small prize. 

6.-Tossing Pennies for one-inch squares which pay the tosser five or ten or 
even fifty cents for each penny lodged entirely within the square is a sure way 
to bankruptcy. Simple experimenting will show that several hundred pennies 
must be tossed before one is placed exactly inside a square. 

7. The Mouse Game attracts a goodly crowd. A horizontal wheel is divided 
into sixty six-degree sections; at the circumference a small hole is drilled in each 
section; the sections are painted réd, blue, green, yellow, orange, gold, and silver. 
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There are various numbers of sections of each color. The wheel is spun, and a 
mouse, covered by a small cup, is placed in the center. After a number of whirls, 
the cup is removed and the dizzy mouse, after regaining his equilibrium, scur- 
ries to one of the holes thinking he may find some food. The color of the section 
into which the mouse disappears determines the winner. Various odds are paid 
to the backers of the winning colors but these odds are tremendously in favor 
of the operator. The players are really paying for the privilege of watching the 
mouse run into a hole. 

8. Covering The Red Spot, ten inches in diameter, with five small white circles 
is a task that requires minute exactness and much skill. The average person, 
without practice, has no idea of the single scheme necessary to blot out all the 
red color. This game may be mastered, however, by practice and development of 
‘skill. | 

9. The odds against the player in the Rolling-Ball Game are unimaginable. 
The player rolls six balls down an incline toward thirty-six holes, six each num- 
bered one to six inclusive. The total score by the six balls which have fallen into 
various holes is the criterion by which winners are détermined. However, only 
totals less than 13 or more than 29 will be winners. This presents a nice little 
problem of determining the probability of winning, namely, 2(924)/1,947,792 
= .0008 (eight times in ten thousand, approximately). 


This type of introduction may be revised, or excluded, or supplemented by 
other games (I can supply hundreds more), according to the type of audience 
present or the amount of time allotted. 

Following the introduction, a description of the various games to be played 
on “A Night with Probability” (which I have not yet described) may be given. 

The following games have been employed with considerable success in illus- 
trating probabilities and pointing out the truth of the statement “you can’t 
win.” 

1. Roulette. A small or large roulette wheel is necessary for conducting this 
game, and may be purchased at toy shops, department stores, or borrowed from 
people who have them. The wheel consists of thirty-eight sections, numbered 
0, 00, and 1 to 36. The rules of the game and the playing table may be painted 
with black ink on white sheets. 

Bets of any size may be placed on any number 1 to 36. If the number turns 
up, the winner receives 35 to 1 or 36 to 1 for his wager. If his number does not 
turn up, he loses. In addition, the “House” or operator has the numbers 0 and 00, 
and when either appears, the “House” wins all wagers. Bets may also be placed 
on red or black, and even money is paid to winners; or sections of sets of num- 
bers may be formed with suitable odds, as illustrated. 

2. Double-Your-Money-Quick. This is a dice game, found any place that is 
frequented by dice players and gullible folk. Three dice are thrown by the opera- 
tor of the game. A cardboard, with numbers 1, 2, 3, 4, 5, 6, is placed on a table. 
Bets may be placed on these numbers by the players. Now if one bets a unit on 
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No. 1, and the dice when rolled read 1-4-5, then the operator gives the player on 
1 an additional unit. If there are players on 4 and 5, he gives each an additional 
unit. If there are players on 2, 3, and 6, he scoops up their bets. When all six 
numbers are covered by a unit each, and the operator tosses three different num- 
bers on the three dice, he simply has to turn over the three units he wins on the 
losing numbers to the three people who backed the three winning numbers. 

Now, when the dice are thrown 1-1-2, the operator gives two units to the 
player on 1, and one unit to the player on 2. If the board is filled with a single 
unit on each number, the operator will win a unit each from 3, 4, 5, and 6, and 
will then pay out two units to 1 and one unit to 2, leaving him a profit of one 
unit. ; 

When the dice turn up 1-1-1, the operator pays the winner three additional 
units while he collects all other wagers. Under the same board conditions as 
above, he wins five units and pays out three. 

Hence, whenever doubles or triples turn up on the dice, the operator takes a 
profit when the game is full. This game always wins for the operator when the 
players continue for some length of time. 

3. Maich a Card. The betting board has a set of cards exposed. The player 
simply picks out some card and places his bet upon it. Then, the operator selects 
a card from two decks shuffled together. If the number of the card is matched 
but not the suit, the bettor is paid 10 to 1. If both the number and suit are 
matched, the bettor receives 20 to 1. After the operator of the game has drawn 
eight or ten cards from the stack, the cards in the stack should be reshuffled so 
that the players do not have the advantage of having seen too many cards be- 
fore placing their bets. 

4. Double or Nothing. Here the persons taking part in the game do all the 
throwing of the dice while the one conducting the game simply pays the winners 
and collects from the losers. The idea behind the game is whether the tosser 
can throw doubles or triples with three dice. If the tosser does not throw doubles 
(two of a kind) or triples (three of a kind), he loses whatever he has bet. On 
the other hand, if he tosses doubles or triples, he wins from the operator as much 
as he has bet, 7.e., he doubles what he bet. 

5. Old-Fashioned Horse-Race. This is a race between six horses, which may 
be made of wood by some member with a jig-saw. The horses are numbered and 
painted appropriate colors: (1) Spark Plug, (2) Barney Google, (3) Man O’War, 
(4) Whirlaway, (5) Flat Feet, (6) Zev. They are set at the starting-point of an 
oil cloth, ruled with ten spaces of five or six inches in length and two inches in 
width, in each of six lanes. Only six persons may play. The horses leave the start- 
ing-point and move one rectangle each time the number of the horse turns up 
in a toss of three dice by the operator. At the start of the race each player gives 
5 units to the operator. If the first toss happens to be 1-2-2, then horse 1 moves 
up one rectangle, and horse 2 moves up two rectangles while the other horses re- 
main at the post. Then the dice are tossed again, with various horses moving. 
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1. Roulette. 


Opps 35 to 1 


1 2 3 4 5 6 7 8 9 
10 11 12 13 14 15 16 17 18 
19 20 21 22 23 24 25 26 27 

28 29 30 31 32 33 34 35 36 


1 2 #3 |CoMBINATION| 6 7. 8 
§ 5 tol 9 10 


14 15 19 20 24 25 


RED 26 
(Even 27 
Money) 28 
29 

30 


Single No. Pays 
Two of a Kind 
Three of a Kind 


3. Match a Card. 


Matcu No. or CARD 
CLUBS 

A K Q Jj 109 8 7 
4 3 2 


DIAMONDS 
A K Q J 109 8 7 
4 3 2 


HEARTS 
A K Q J 109 8 7 
4 3 2 


SPADES 
A K Q J 10 9 8 7 
4 3 2 


Matched No. Pays 
Matched Card Pays 
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4. Double or Nothing. 


WE DouBLE Your MONEY 


WHEN You THROW 


DOUBLES OR TRIPLES 


5. Horse Race. 


STARTING Post 


FINISH LINE 


6. Twenty-One. 


21 
A ToTAL oF 19, 20, 21. 


DouBLES YouR MONEY. 
2-1 For 21 


Wits Two CARDS 


Picture Cards—10 Points 
Aces Count 1 or 11 
Others Face Value. 
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The procedure is repeated until one of the horses crosses the finish line. The 
player backing that horse is paid a win price of 12 units. 

The winner is then out of the race, and the other five players continue to 
move their horses on each toss of the dice until another horse crosses the finish 
line. Second place wins eight units. The others continue until third place has 
been decided, paying 5 units. The other three horses are “also-rans,” and their 
backers get nothing. 

6. Twenty-One, a variation of the well known gambling game, is rather in- 
teresting. The conductor of the game is always the dealer of a deck of cards, 
but as a variation, the dealer does not take a hand. Each person who plays is 
dealt a single card, face down. Then, having looked at this card, the player may 
bet up to the limit set by the operator. Picture cards (Jacks, Queens, and Kings) 
count ten points each, while the Ace may be considered either one or eleven 
points. All numbered cards are counted their face value. 

The player may draw as many cards as he wishes. If his total exceeds 21, he 
loses. If his total-is 19, 20, or 21, he receives from the operator as much as he 
wagered. Moreover, if he makes 21 with only two cards, 7.e., an ace and a picture 
card or ten, the player is paid two units for every one wagered. Of course, an- 
other variation from the regular game is that each player will decide to draw 
cards until he has won with 19, 20, or 21, or has lost by exceeding 21. 


This set of games may be supplemented by games of skill if it seems desir- 
able. Some simple games of skill which are easily set up and which will not prove 
too expensive to the “House” are these: 

1. Ping Pong Bounce. Six small glasses (fruit juice size) are placed in a tri- 
angle near a wall, with about an inch or two between each glass. A line is drawn 
about six feet in front of the triangle. Each contestant pays one unit for three 
ping pong balls, and tries to make them bounce into the glasses. Each time a 
ball bounces into a glass, the player gets five units. (Winners are rare.) 

2. Daris. The player gets five darts for one unit of money, and wins a unit 
each time a dart lodges in the bull’s eye. 

3. Muilk-Botile Drop. The player buys three ping pong balls for a unit, and 
standing erect over a milk bottle, tries to drop the ping pong balls into the bottle 
from chin level. He is paid three units for each ball inside the bottle. 

4. Shuffleboard. Five wooden wafers are given for one unit, and are shuffled 
down the board by the player. If four wafers lodge in the compartments at the 
end of the board, the player receives two units; if five wafers go into the com- 
partments, the shuffler receives three units. 

There are many other skill games which may be conducted, but the above 
have been tried with success. 

Most of the equipment necessary for conducting the games may be pur- 
chased in five-and-dime and department stores. Wager boards similar to those 
illustrated may be made on large size cardboard with black or red marking 
crayon or poster inks. The horses may easily be cut, painted and numbered. The 
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dart game, roulette wheel, ping pong balls, shuffleboard and others may be bor- 
rowed from persons who have them, or purchased if there seems to be a likeli- 
hood of using them often. 

The question of play-money is easily answered. Sheets of thin green and gold 
paper may be purchased at stationery stores (about ten cents a dozen sheets), 
and then cut to the appropriate currency size. The green paper may be consid- 
ered one dollar bills while the gold paper may be considered ten dollar bills. 
There is no difficulty in recognizing the denomination. Or the numbers 1 and 10 
may be written on the respective bills with marking crayon. (My wife and I 
made $2400 in half an hour from fifty cents worth of paper.) 

Each person taking part in the evening’s game should be given the equiva- 
lent of twenty dollars, one gold-back and ten green-backs. This small amount 
discourages wild splurging. The “House” should have in the neighborhood of 
several thousand dollars so that there will be no shortage of cash at any table 
during the evening. 

After an hour or two of playing each person should return his money to the 
cashier. Prizes may be awarded to the persons returning the highest amount of 
money, 7.e., those who have been most successful at the games. In general, most 
people will lose their stake. Only a few will show any appreciable gain. 

Besides providing plenty of laughs and fun for everyone taking part, “A 
Night With Probability” will teach those present why gambling does not pay. 


Instead of the customary note printed by one of the New York daily news- 
papers at the bottom of each story on boxing, “Don’t Bet on Fights,” we should 
publicize the slogan, “Don’t Bet on Anything.” 


PROBLEMS AND SOLUTIONS 


EDITED By OTTO DUNKEL, ORRIN FRINK, JR., AND H. S. M. CoXETER 


ELEMENTARY PROBLEMS 


Send all communications concerning Elementary Problems and Solutions to H. S. M. Coxeter, 
69 Chaplin Crescent, Toronto, Canada. 

The department of Elementary Problems welcomes problems believed to be new, and de- 
manding no tools beyond those ordinarily furnished in the first two years of college mathematics. 
To facilitate their consideration, solutions should be submitted on separate, signed sheets, within 
three months after publication of problems. 


PROBLEMS FOR SOLUTION 


E 501. Proposed by Daniel Arany, Budapest, Hungary. 


If A, B, C, I, J, X are six points on a conic, while Z, M, N are points on the 
respective sides BC, CA, AB of the triangle ABC, and if further the three pen- 
cils L(BXIJ), M(CXIJ), N(AXIJ) are projectively related, prove that the 
points L, M, N are collinear. 


E 502. Proposed by V. Thébault, San Sebastian, Spain. 

Find a number and its fourth power which together have nine digits, all 
different. 

E 503. Proposed by N. A. Court, University of Oklahoma. 


Through a point M lines are drawn meeting the pairs of opposite edges of a 
given tetrahedron in the pairs of points U, X; V, Y; W, Z. Prove that if M bi- 
sects each of the three segments UX, VY, WZ, it coincides with the centroid of 
the tetrahedron. 


E 504. Proposed by J. F. Kenney, University of Wisconsin at Milwaukee. 
If p and q are positive numbers with p+g=1, show that 


lim (peati¥npa 4. ge-ptl¥npa)n = et l2, 
X 


N—> 0 


E 505. Proposed by H. T. R. Aude, Colgate University. 
How many different proper fractions when written in the ternary scale will 
be repeaters with not more than three digits in their repetends? 


SOLUTIONS 


E 463 [1941, 210]. Proposed by N. A. Court, University of Oklahoma. 


Determine the locus of the trilinear pole of a given line with respect to the 


triangle along which a variable plane through the line cuts a given trihedral 
angle. 


Solution by Howard Eves, Pitisburgh, Pa. 
Let V be the vertex of the given trihedral angle, and ABC the section by a 
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plane passing through the given line p. Let P be the trilinear pole of p with re- 
spect to the triangle ABC, and let the plane VBC cut p in A’. Then the planes 
VAA’', VAB, VAP, VAC form a harmonic set. Therefore P lies on a fixed plane 
through VA. Similarly, P lies on fixed planes through VB and VC. Hence the 
locus of P is a straight line through the vertex V. 

Also solved by the proposer. 


E 465 [1941, 210]. Proposed by L. S. Johnston, University of Detrott. 
Without explicit use of the integral calculus, find the area enclosed by the 
curve b*y?=(b-+%)?(a2—x?), where bZ2a>0. 
Solution by Albert Furman, Marmion Military Academy, Aurora, IIl. 


The equation written in the explicit form 
y= + (1+ x/b) Ja? — 2? 


shows that the curve is a composite of the circle of radius a centered at the origin 
and the graph of the odd function («%/b)+/a?—«x?. On the right of the y-axis 
this last function adds to the area of the circle an amount equal to that sub- 
tracted from the circle on the left of this axis. Hence the required area is 7a?. 

Also solved by E. F. Allen, Howard Eves, A. K. Waltz, and the proposer. 


E 466 [1941, 266]. Proposed by W. C. Rufus, Observatory of the University of 
Michigan. 


A is travelling in a restricted zone at two-thirds the speed limit, and B passes 
him, going twice as fast. Five minutes later a “speed cop,” C, passes A and over- 
takes B. He spends two minutes giving out a ticket, then starts back at speed 
limit and meets A one mile back. Find at least one practicable solution. Discuss 
other possible solutions, limiting B’s distance to five miles. 


Solution by C. W. Trigg, Los Angeles City College. 


If the speed limit is x m.p.h., it takes the “speed cop” ¢ minutes travelling 
at y m.p.h. after he passes A to overtake B. If the distance from the point where 
C passes A to where C overtakes B be expressed in terms of B’s travel and of C’s 
travel, then 

x xt vt 


18 45 60 
Equating A’s total travel plus one mile to B’s total travel, we obtain 


ia i a | ea 
18 90 45 3 9 45 
Thus t =3(50 —x)/x. 
Speed limits are likely to be set only in multiples of 5, so we may tabulate 
the solutions as follows: 
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x (m.p.h.) ¢ (min, ) B's total travel y (m.p.h.) 
20 Ad Ag 4143 
25 3 4s 614 
30 2 42 90 


The most practicable solution would be the last of these, with A, B, and C 
travelling at 20, 40, and 90 m.p.h., respectively. 

None of these solutions is essentially correct, for no provision has been made 
for the time and distance for deceleration after C overtakes B, nor for accelera- 
tion of C on the return journey. 

Also solved by R. K. Allen, D. H. Browne, Howard Eves, Evelyn Hesseltine, 
E. P. Starke, and the proposer. Browne remarks that 90 m.p.h. is close to the 
record speed for a motorcycle; therefore he prefers the solution x =20, y =4197 


E 467 [1941, 266]. Proposed by V. Thébault, San Sebastian, Spain. 


In a given triangle, show that the radical axes of the circumcircle with the 
respective circles whose diameters are the three medians, meet the corresponding 
sides in three collinear points. 


Solution by Robin Robinson, Darimouth College. 


In the triangle ABC, let L, M, N be the midpoints of the sides, D, E, F the 
feet of the altitudes, and AH the orthocenter. Since ADL is a right angle, the 
circle on AZ as diameter passes through D. This circle, the circumcircle ABC, 
and the degenerate conic consisting of their radical axis AP and the line at 
infinity, all belong to the pencil of conics through A, P, and the circular points 
at infinity. By Desargues’s involution theorem, the pairs of points in which the 
line BC cuts them belong to an involution. If AP meets BC at D’, and A,, is the 
point at infinity on BC, these pairs of points are BC, LD, A,.D’. Thus 


BCLA, KCBDD' : 


and since BC, LA, form a harmonic set, so do CB, DD’. Hence D’, being the 
harmonic conjugate of D with respect to B and C, lies on the side EF of the com- 
plete quadrangle AEFH. Since the triangles ABC and DEF are in perspective 
from H, we deduce from Desargues’s triangle theorem that D’ and the analogous 
points on the other two sides are collinear. 

Also solved by W. B. Clarke, H. A. DoBell, Howard Eves, P. D. Thomas, 
C. W. Trigg, and the proposer. 


Editorial Note. The above proof shows that the line containing the three 
points is the trilinear polar of- the orthocenter, namely, the orthic axis of the 
triangle ABC. Clearly, this is also the radical axis of the circumcircle and the 
nine-point circle..(For, B, C, Z, Fbeing concyclic, wehave D'B:D'C=D’'E-D'F.) 
Hence the orthic axis is perpendicular to the Euler line. In the special case of an 
equilateral triangle, it is the line at infinity (and the Euler line is indeterminate). 
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ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, Washington 
University, St. Louis, Mo. All manuscripts should be typewritten, with double spacing and with 
margins at least one inch wide. 

Problems containing results believed to be new or extensions of old results are especially 
sought. The editorial work would be greatly facilitated, if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well known text-books or results found in readily accessible sources will not 
be proposed as problems for solution in this department. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


PROBLEMS AND SOLUTION 


4017. Proposed by Norman Anning, University of Michigan. 

It is easy to show that D(D?+16) will annihilate cos‘x+sin4x and also 
cos®*x -++-sin®x. Show in general that the same differential operator will annihilate 
similar expressions with exponents 4k and 4k+2, where & is any positive in- 
teger. 


4018. Proposed by N. A. Court, University of Oklahoma. 


If four points taken in the four faces of a tetrahedron are collinear, their 
trilinear polars for the respective faces cannot be (a) coplanar, or (b) hyperbolic. 


4019. Proposed by Robin Robinson, Darimouth College. 

Given a triangle ABC. Prove that the bisectors of the interior and exterior 
angles at C, the side AB and its perpendicular bisector, and the perpendiculars 
to AC at A and to BC at B, are all tangent to a parabola. Locate its focus. 


4020. Proposed by V. Thébault, Le Mans, France. 


With three consecutive odd digits form a number of five digits whose square 
has ten distinct digits. 


SOLUTIONS 


3957 [1940, 245]. Proposed by Otto Dunkel, Washington University. 


Given a triangle, ABC with angles A <B<C, show that there are precisely 
one, two, three straight line segments which bisect both its perimeter and area 
according as 
sin A 


Ss S 2 tan? (4/2) tan? (B/2), 
sin 


where we may replace B by C. If B=C, there are one, two, three such segments, 
according as A SAo, where sin (Ao/2) =+/2—1. 


Solution by E. P. Starke, Rutgers University. 
Let P be any one of the three angles, p the opposite side, and q, r the adjacent 
sides. Let a segment cut off a length 6q on side g and 6’7 on side 7 measured from 
P, with 6, 0’<1. If the segment bisects the area 4qr sin P, we must have 00’ =3. 
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If the perimeter is also bisected, we have 6q+6'r=4(p+q+r) or 26g+1r/0 
=p+q-+r. Putting 


f(0) = 20g ++r—Op+q+7), 


we require f(#)=0, 3<@<1. Now f(4) =4(r—p) and f(1) =q—p. If f’(@o) =0, 
then 0.= (p+q+r)/4g and (90) = { Sar —(p+q-+r)?} /8q. Thus if p is taken as 0, 
f(%) and f(1) are of opposite signs and there is one segment meeting sides a and c. 
If p is c, then f($), f(1), f(@0) are all negative,* and there is no segment meeting 
a and 6. Corresponding to p =a, f(4) and f(1) are both positive and there are no 
segments, one segment, or two segments meeting 6 and c, according as 
f (80) 20, 4.e., according as (a+b-+c)?=8bc}. This can be transformed into the 
proposed condition by the following steps: 


(a+ 6+ c)?(— b— a) = 8bc(— b — a) = — 8bc(a +b +6) + B8be?, 
(a+ 6+ ¢)?(b — a) = 2b(a+ b+ c)? — 8bc(a + b+ c) + 8be? 
| = 2b(a+ 6+ ¢ — 2c)?, | 
b—a,_ 2(a+6—c)? 
b (a+b+c) 
= {=P He4 b= JOE abe bo} 
(a+b+c)(b+c—a)) \(a+b+c)\(a—b+0¢) 


sin B — sin A > 
——_———— = 2 tan? (4/2) tan? (B/2). 
sin B 


If however, B=C, so that sin B=cos (A/2), then (a+b+c)? = 8bc gives 
(a +20)23 802 or (sin A +2 sin B)228 sin? B or 
sin A + 2 cos (A/2) = 24/2 cos (4/2). 


When sin A is replaced by 2-sin (4/2) cos (4/2), this becomes 


sin (4/2) 24/2 — 1 = sin (A)/2). 


whence A =A 0. 


Editortal Note. The last part, for which B =C, requires an examination of the 
values of @ excluded in the first part. The case A =B=C is easily disposed of, 
since then each of the three angles is greater than A» and there are precisely 
three segments. 


* p>q implies (6-+¢+7)?>(2q+r)? = (2g—r)?+8qr = 8ar. 
{ Since this relation involves b and c symmetrically, these letters may be interchanged in 
what follows. 
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A theorem useful for the construction of the required segments may be stated 
as follows. If a transversal of triangle POR satisfies two of the following require- 
ments, it satisfies the third; namely, it passes through the incenter J, it bisects 
the perimeter, it bisects the area. If we consider only the requirement that the 
transversal bisects the perimeter 2s, then this may be stated in the following 
manner. On PR lay off the segment PS, in the direction PR and with the length 
s; similarly, lay off on PQ the segment PS,. Then PI passes through JN, the mid- 
point of S,S,, and the perpendicular to PN at its midpoint V bisects P.S,, PS, 
in V,, V, Now take Q’ on the straight line of PR, and R’ on PQ, so that 
PR’'=(Q'S, or what is the same, PR’+PQ’=s. The two ranges of points R’, Q’ 
are projective, and hence R’Q’ is tangent to a conic which is tangent to the line 
at infinity and also to PQ, PRat S,, S,. The conic is therefore a parabola tangent 
to V,V, at V the vertex, and with the axis along VN. The perpendicular to PR 
at V,cuts VN in F, the focus. There is no tangent through J if I lies outside PV, 
and just one if it is at V. If J lies within PV, the circle on JF as diameter cuts 
V,V, in two points each of which joined to J by a straight line gives a tangent 
to the parabola. This construction gives the desired segments R’Q’ of the prob- 
lem, if there are any such for the two considered sides PQ, PR. 

We may also consider the single condition that R’Q’ bisects the area S of 
PQR. Then PQ’: PR’ =qr/2=k?; the points R’, Q’ describe projective ranges on 
PQ, PR, and the line R’Q’ is tangent to a conic. Since the conic is tangent to 
PQ, PR at infinity, it must be a hyperbola with its transverse axis along PI. On 
PR lay off'the segment PVj in the direction PR and with the length k, and de- 
termine V; on PQ similarly. Then the hyperbola is tangent to. V; Vz at its mid- 
point V’, and the focus F on the extension of PV’ is easily constructed. A 
construction for the tangents through J for this branch, if there are any such, 
may be easily obtained. There are other geometric results relating to J and the 
two conics. 

The desired conditions of the problem may be found by considering the rota- 
tion of a transversal R’Q’ through J with R’ on PQ and limited to that segment, 
while Q’ is on and limited to PR. When Q’ is at R, let the end R’ be at R;; when 
R’ is at Q, let Q’ be at Q;. Let the transversal through J perpendicular to PI cut 
PQ, PR in I,, Iz; then the order of points on PR is P, Q:, I,, R, and similarly, 
for PQ the order is P, R,, I,, 0. Let the parallel to PQ through J, cut R;:R, R’Q’, 
QQ; in R/, R’’, Oj; then Rj is inside POR and Q/ is outside. Denoting the area 
of a figure by its vertices, we find that PR’Q’=PR;R—R'’R} RQ’ when Q’ is 
on segment RI,; and if Q’ ison I,Q;:, then PR'Q’ =PI,I,+R''Q'I,. Hence, as.Q’ 
moves from R to I,, the area PR’Q’ steadily decreases from PR;R to PI,[,, and 
then steadily increases from PI,I, to POQ;, as Q’ moves from I, to Q;. The ratio 
PR;R/S21/2, according as g=p, since RR; is an internal bisector of angle R. 
We now consider only the cases where Q’ is a desired point within the segment 
ROQ;; that is, we consider non-vertex positions for the sides of lengths gq, 7. We 
have at once three results: 
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casel, gS p andrsS fp, (0); 
(1) (q,r): case2,qS pandr> fp, (1); 
case 3, g > p andr S&S f, (1); 
where the number in the last parentheses denotes the number of non-vertex posi- 


tions. There remains the case 4, where g>p and r>> ,and we must now consider 
the area of PI,I,, or of its complement J,J,QR, and we select the latter. We have 


TTQR RRQ I,.R/R_ p g a) 
S S p+q pry 
q 


S 
(2) , ; , 
=——— + tan? — tan? —; 

bP+q p+ 2 2. 


where we have used the relations 


_ Q 
cos —— sin — 
(3) ? 1,R 2{ inradi 
=p? = ; p = inradius. 
, PR " _ R P 
Sln — sin -—- Sin —— | Cos —— 
2 2 2 


Hence for case 4 there are 0, 1, 2 non-vertex positions according as the right side 
of (2) is less than, equal to, or greater than 1/2, or what is the same 


sin P 


(4) 1 —- 


> P 
= 2 tan? — tan? — - 
sin O 2 2 


This leads easily to the results of the problem when no two angles of the triangle 


are equal. For the case 0=R, the consideration of case 4 is much simpler. Let 
PI cut QR in M; then 


PIL 4 ( PI ) 1 2 1 2 


Se eeeeremm~omenms’ 


(9) ~— \pmu 


S 


—ilUd|)Ll Rey ll 
— — 


14— t4sinZ 
_—_ sin -~ 
PI 2 


and the ratio on the left is greater than, equal to, or less than 1/2 according as 
sin (P/2)24/2—1 =sin (Ao/2). Considering the three pairs of sides of ABC, we 
obtain the results given in the problem. 

We easily find directly from the figure that PI,J,/S=rq/s?, and it will be 
readily found that this leads in case 4 to the inequalities used by Starke. It will 
be observed that this ratio may be also written 2(P V7 )?/(PS,)?, thus connecting 
it with the two conics in the first part of this note. 

A solution by Kwan Chao-chih, Yenching University, was received after the 
preparation of the above for printing. In this solution the general triangle 
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A1A,A3 was considered first with a required segment cutting the two sides 
through A; in the points P; and Q;, A;P;=x:, A:Qi=y;i. Then we must have 
xi tys:=s and 2xy;=a,a;. Conditions are then easily set down for two, one, no 
distinct segments for this pair of sides. Applying this first to the case where no 
two sides are equal, and then to the case of two equal sides, results were obtained 
‘as in the problem. As in Starke’s solution, the treatment was mainly an algebraic 
study of the corresponding quadratic expression. 


3958 [1940, 322].. Proposed by Michael Goldberg, Washington, D. C. 


What is the probability P, of making a sequence of at least 7 throws of a 
number in 2 throws of a die when the probability of throwing that number in a 
single trial is p? 


Solution by C. Eisenhart, University of Wisconsin. 


The probability P, is given by the coefficient of y” in the power series ex- 
pansion of . 


. (1 — py) 
(Ly) + (1 = perv = 9) 
The contrary probability 1—P, is the coefficient of y” in the expansion of 
1 — pry? 
t—yt(1—p)pryt 


This is Proposition XLVI in the 3rd edition (1878) of William Allen Whit- 
worth’s Choice and Chance—it is Proposition LIII of the 5th edition which is 
available in reprint form from G. E. Stechert & Co., New York City—expressed 
in the notation of the present problem. Whitworth’s proof is quite direct, and, 
being: readily available, will not be reproduced here. 

Since we desire P,, we must subtract (2) from the function (1 —~y)~1 in the 
expansion of which the coefficient of y" is always unity. This gives P, as the 
coefficient of y” in the expansion of 


1 1 — pryt 
a, 
1-y 1-—y+(1— p)pry 
which, being expressed with a common denominator, gives (1). 

That P,, calculated as specified from (1) or (3) satisfies the “boundary condi- 
tions” of the problem can be seen as follows: 


(a) When r=0, (3) reduces to (1—y)~!, whence P, =1 for all ” as it should. 
(b) When r=1, (3) becomes 


(1) pry 


(2) 


(3) 


io) 


(1—yx)t-(1- [1 -p]yy t= Dad — [t — 2], 


n=0 


giving P, =1—(1—p)" as it should. 
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(c) When r=2, (1) may be written 


(4) pryn( +2 a, 

t=1 
since the fractional part of (1) has the value 1 when y =0. From this it is clear 
that P, =p” in this case. . 

(d) When r>n, P,=0 as is clear from (4) with 2 replaced by r>n. 

For other values of r it is not so easy to obtain an expression for P, valid for 
all n, but P, can be obtained from (1), or arrangements of it, by various artifices 
and perseverance with division or differentiation. For example, it is not difficult 
to see that P,=p"—-! (2—p) for r=n—1. 

Later addition. This problem was originally proposed and solved by De 
Moivre. A complete solution with discussion of approximations for large 7 is 
given on pp. 77-84 of Uspensky’s Introduction to Mathematical Probabthity. 

Solved also by R. E. Moritz. 3 


Editorial Note. R. E. Moritz gave a development of a generating function for 
O,=1—P, in the form 
peti — x7) 


p—axt(1— pat 


and then, by expansion of this function in a power series in x, found Q, as the 
coefficient of x”. This derivation is long and complicated. 

It is possible to obtain the desired probability without the use of a generating 
function, and to simplify the work we define as follows a related probability 
p2(n) upon which the desired one depends: 

In a sequence of 7 trials of the same experiment, the success S of each has 
the same probability uw. The probability of beginning the sequence with at least 7 
successes with no subsequent failure F followed by as many as ¢ successes is de- 
noted by pe(m). 

We derive first the difference equation for f2(z). If for each favorable case 
for p2(”) we follow it by an F, we get all the favorable cases for po(m+1) ending 
in an F. If for each favorable case in po(n—7), 1S7Sr—1, we follow it by an F 
and j of the S’s, we get all the favorable cases in p.(m+1) ending in j of the S’s. 
The only favorable case in po(n+1) ending in 7 of the S’s is the one for which 
each of the +1 results is an S. Hence we have 


po(m + 1) = (1 — u)[po(m) + upe(m — 1) + wepa(m — 2) +--- 

+ pr pe(m — r+ 1)] + rt 
We have obviously fo(m) =0, 1 Sn Sr—1; p2(7) =m"; and we then find easily from 
(1) that p.(0) =0. Hence, we may take as initial conditions for (1) that pe(m) =0, 


0<nsr-—1. If we write the equation (1) replacing n by n—1, multiply each term 
of it by wu, and subtract from (1), we get a simpler equation of order one unit 


(1) 
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higher. We write this equation in the form 
(2) po(m + 1) — palm) = Apo(m) = —dApi(n—7), A= (1 — w)H’, 


with the initial conditions p2.(m) =0, OSn<r—1; po(r) =p". 

Equation (2) may be derived directly. If we follow each favorable case in 
p2(n) by either an F or an S, we obtain all favorable cases in po(n+1) and some 
unfavorable cases. The latter are those of $2(7) which have at the end an F fol- 
lowed by precisely 7—1 of the S’s, so that the additional S makes it unfavorable. 
The probability of this latter is (1—y)u" po(m—r), and then (2) follows immedi- 
ately. | 

The formula for p2(m) will be found by successive steps and in each step 
we use the known formula Ax“) =kx*-), where x is any number and 
x) =x(~—1) +--+ (w—k+1), x =1. First we have Apo(n) =0, rSnS2r—1; 
hence po(m) =u" for rSnS2r. Next we have Ap.(n) = —dAw’, 27 Sn S37; and hence 
po(n) = ut{1—A(n—2r)] for 2r-<SnS3r+1, where the constant of summation 
has been determined. For the third step we have Ap.(n) =y"[—A+)2(n — 37) |, 
3rSn<4r4+1. Then | 


po(n) = u*[1 — X(m — 2r) + (nm — 3r)/2],,  3r Sn S474 2, 


where we have naturally preserved the terms already found, and the constant 
of summation is properly determined as we now show. If we set in this last ex- 
pression n = 3r, 37+1, we get results already determined in the second step, and 
thus no other constant is to be added. This suffices to indicate that 

(n — jr) G-D 


3) pln) =e (pT ye SS 4D tin], 
j=l (j — 1)! . 
(= 1,2,---). 


We now prove that this is correct by assuming that (3) has been. proved for a 
given 121 and then showing that it is also true for +1. By hypothesis, 
: nm—- (Gt ijn] Oo? 
Apo(n) = p>, (— py Ma Gt DE? ), G@4+tirsnsSs@4+2)r+i—1. 
j=1 (j — 1)! 
Then by the method of the above steps we have, after slight changes in the limits 
of the summation, 


it1 (n= jr) Gv 
po(m) = wr >) (— 1) “Gop G+td)rsnS(i4t2)r+i. 
j=1 J — 41). 


No further constant is to be added, since for (¢+1)rSn<(i+1)r+i—1, the 
term for 7=7+1 in this last expression vanishes and the expression is then the 
one of the hypothesis. Also, this last interval for 2 is common to the hypothesis 
interval and the derived interval. The formula (3) is now completely proved. We 
may avoid the overlapping of consecutive intervals by writing (3) in a form more 
convenient for computation, namely, 
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e 4 + 1 
(4) pln) =e DS (—DY pC wd, i= E | 
j=1 r+i1 


where ,,C; denotes a binomial coefficient. | 

We now define #:(”) as the probability that in 7 trials there is at least one F 
followed by at least 7 of the S’s. Then p3(”) = p1(m) + po(m) is the probability de- 
sired in the present problem. Also, gi(”) =1—1(”) is the probability that in 2 
trials no F is followed by as many as 7 of the S’s. If we consider each favorable 
case for gi(n) following r of the S’s, we get:the favorable cases for po(m-+7). 
Hence po(m+7) =y"qi(m), and then we have 


(5) p(n) = 1+ pol(m) — w"pe(n + 17); 


this completes the solution of the present problem, where w=> and p3(”) =P,- 

We now give an evaluation of p2{7) which requires neither the generating 
function nor the difference equation. Consider a straight line divided into x 
spaces for receiving a letter in each space. In each of the first 7 spaces we place 
an S, and then j blocks each consisting of an F followed by ¢ of the letters S, the 
blocks occupying j(7-+1) spaces. The number of ways the 7 blocks may be placed 
on the n—r spaces is a—(j4nrC;, where 7 <i—1, i= [(n+1)/(r+1) |. The remain- 
ing n—r—j(r+1) free spaces are then filled in any manner by the letters S, F. 
This gives a representation of m experiments with at least r of the S’s at the start 
and with at least j of the F’s each followed by at least 7 of the S’s. The prob- 
ability of m experiments resulting this way is 


(6) Vi = MW n—(H44)rC gr’. 

We shall prove that 
i-1 i 

(7) » (— 1)%; = pol) = ur >) (— 1)Ff Cyan. 
j=0 j=1 


Consider the probability of a definite arrangement of this kind, where there are 
precisely u blocks in given positions. Then this probability is counted ,C; times 
in v;,7 <u; and the number of times it is counted in the sum (7) is 


> (— 1)? WC; = 0. 
j=0 


Hence in (7) the probability of an F followed by at least r of the S’s is eliminated, 
and the proof is complete. 

The generating function is desirable in the computation of an approximating 
expression for $3(”) when 7 is large. In this case it is more convenient to obtain 
such a function for p2(z). The auxiliary algebraic equation for (2) is x7t!—x"+A 
=(0, and we set 
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o(y) = 
1— y + dyrtt _ 2 Pat) 9 ’ 


and then find easily that @(y) =n'y’. 

The special case of u=1/2 is considered in the solution of 3046 [1924, 403], 
where the difference equation for p3() is solved in a manner similar to the above. 
For ~»=50, r=5, it is there stated that 63(50) =.55188. In an article entitled 
Two types of probabilities and their difference equations, by Otto Dunkel (Wash- 
ington University Studies, Scientific Series, No. 2, 1925, pp. 119-136), there isa 
small table w=1/2, r=5, for p1(”), po(m), p3(n) with n=5, 10, 15,---, 50. In 
this MONTHLY in Dunkel’s article on Solutions of a probability difference equation 
(vol. 32, 1925, pp. 354~370), there is given the development of the generating 
function for P2(n) =2"pe(m), the computation of approximate formulas for large 
values of m, and a method for computing the root of the associated algebraic 
equation which is used in the approximate formula. In the solution of 3363 
[1930, 319] the case of wu equal to the reciprocal of an integer greater than unity 
is considered. A discussion of the absolute values of the roots of the auxiliary 
algebraic equation is given in the solution of 3162 [1929, 105]. 


3965 [1940, 491 |. Proposed by H. S. Wall, Northwestern University. 


Show that for a real or complex x, |x| $1, 


Jx]a+]«]) 
(tte 


| | 


</1 1 < 
tye] = og ( +x)|< 


I. Solution by S. E. Warschawski, Washington University. 


To prove the right-hand inequality we make use of the Taylor series for 
log (1+2) which represents the principal value of the logarithm for | 2| <1. We 


write 
A gz gt 
(«-45-=4...) 
2 3 4 


I 
—~ 
— 
+ 
Noy, 


(1 + 2) log (1 + 2) 


=g—-—+———-+ 
2 3 4 
93 34 
4+ 22——-1-—_... 
2 3 
g Z° zt 
=2+—-—-+— 
2 2:3 3-4 
1 Z gZ 
2 2:3 3: 
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Hence, since |z| <1, we have 


| (1 + 2) log (1 +2)| S|2| 1! 


=|2| {1+]2| [ -p)t+--- JJ 
=|2/ {1+ 2] }, 
or 
| log (1+ 2)| S ae 
We now consider the left-hand inequality. The function 
w= log (1+ 2) = *_o 
o 14+t' 


(which is the principal value of the logarithm) is regular in,the region D obtained 
from the z-plane by cutting it along the negative real axis from —1 to — o. The 
map of D in the w-plane is the strip —r<JI(w) <a. Take a fixed point 2) in D; 
let its map in the w-plane be wo=log (1+20). Connect wo with the origin in the 
w-plane by the straight line segment Ow). The map of this line in the z-plane by 
means of the inverse function =e” —1 is a certain curve C which connects z=0 
with z=2o. The length of the line Ow, may now be expressed as 


ae 
jwo| =f 
co |1+¢| 


Let C’ be the arc obtained when C is traversed from z=0 to its first point of 
intersection with the circle |z| =|20|. Then certainly 


w= f lal 
co | 1+: 


Since |1+¢] 14+ |¢| S1+]20| on C’, we have 


jo = f | de | fle | 20 | 
~ Jor 1 +{ 20| ST ESPaI =TH]n) 


The left-hand inequality has now been proved for the whole z-plane. 


Il. Solution by A. M. Gleason, New Haven, Conn. 
(1) The upper inequality. Since 


ee at 
Jo Ltt 


Xx 
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log (1 + x 1 dt 1 
SS 7 sf iti] some: [itil 
(1) If x is in the right half plane, then M=1S(1+|x|)/| 1+x|. 
(ii) If |x+3| $4, then M=1/|1+x| S(1+|x|)/[1+<]. 
(714) If x falls within neither of these regions, then if R(x)2 —1, the triangle 


.OAP, 1O (0, 0), A (—1, 0), P(x) } has all acute angles, and hence the sum of the 
sines of the angles is greater than 2. Using the law of sines, we have 


4 OA + OP 1 —_OA+OP. 14] «| 
snO AP sinP+sind AP |1i+a| 


This establishes the upper inequality throughout the half-plane R(x)=—1. 
(2) The lower inequality. This is apparent graphically along the real axis 
from —1 to +. Along the unit circle, we have 


| log (1 + e#) | = | log 2 cos $0 + 40i| 4, | 
since if 9 = 1 and if 9 <1 < 60°, then log 2 cos 40 > log /3 > 3. 


Consider a path along which | 1+x| is constant, extending from the real axis to 
the unit circle. The functions | log (1+x)| and | 2c /(At+ | |) are both continu- 
‘ous along this path, and differentiable within the interior. Using @=arg (1+x) 
as independent variable, we have : 


d| x , 
[al?=(1+«¢/2?+1—2]1+4 «| cos¢,. 2| «| —— = 2|1+ «|sing. 
Then 
ofitog a+ e— (YL 2 Shao |p tale or-th 
ao 1+ |x| d¢ +] a))f 
a 1 d| x| 
= 26 — 2——_, —____— —— 
1+|e;/ 1+ ]e«|)? d¢ 
}1+ «| 1 
= 26 —- n @, 


——_—__—— ——___—_— gj 
1+|"| (1+|«*|)? 


which cannot vanish for 60. Applying Rolle’s theorem, and remembering that 
the inequality has been shown at either end-point, we know that if it failed 
anywhere in the middle the derivative must vanish somewhere in the interior. 
This establishes the lower inequality. 

Solved also by E. S. Pondiczery. 


Editorial Note. Pondiczery’s solution considered 2 | <1, and then extended 
the results to |x| =1, excluding x= —1. His proof of the right-hand side of the 
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inequality is similar to the one in solution I. For the left-hand side, after setting 


x= |x| e”, we have 
ee | 
0 1+ re 


log (1 + x) 
|= dr ltl dr | 
SJ reel® SD et 
0 1+ re o 1+ re® 


f Iz] dy a 

> a 

0 t+]e| 1+ [2 

The last parts of the reduction follow from the inequalities 


a} 1 \ 1+ 7 cos 0 1 . 1 
L+re®f 1+ 72+ 2r cos 6 t+r 14+ |[2| 


The trigonometric theorem used in solution II may be obtained from the 
identity sin?A +sin?B+sin?C=2(1+cos A cos B cos C), where A+B+C=r. 
For an actual acute angled triangle the sum of squares of the sines is greater 
than 2, and this must also be true for the sum of the sines. 

In the last part of this solution it follows from the final steps that dy/d@, 
where y is the expression in brackets, is zero if 6=0 and positive if 6>0 when 
| 1+x| is constant. When ¢=0, y20, and hence for 6>0 we must have y>0. 
This proves the left-hand side for the whole upper half-plane without use of the 
unit circle. Then for the lower half-plane it must also be true by considerations 
of symmetry with respect to the axis of reals. 


= 


| log (1 + x) | 
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MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 


The following is a list of the Sections of the Association, with dates of future meetings so far 
“as they have been reported to the Secretary. 


ALLEGHENY MOUNTAIN NORTHERN CALIFORNIA, Berkeley, Jan. 31, 

Iuyinors, Decatur, May 8-9, 1942 1942 

INDIANA, Crawfordsville, May 1-2, 1942 Outro, Columbus, April 2, 1942 

Iowa, Mt. Pleasant, April 17-18, 1942 OKLAHOMA, Oklahoma City, Feb. 13, 1942 

Kansas, Hays, March 27-28, 1942 PHILADELPHIA, Philadelphia, Nov., 28, 1942 
Roexy Mountain, Golden, Colo., April 


KENTUCKY, Lexington, April 11, 1942 

‘LOUISIANA-MissIssipP1, Jackson, Miss., 
March 6-7, 1942 

MARYLAND-DISTRICT OF COLUMBIA-VIR- 


17-18, 1942 

SOUTHEASTERN, Emory, University, Ga., 
March 26-27, 1942 

SOUTHERN CALIFORNIA, Los. Angeles, 


, GINIA, Ashland, Va., May 1942 March 14, 1942 

METROPOLITAN NEW York, New York, SOUTHWESTERN, State College, N. M., 
April 18, 1942 April 27-28, 1942 

MICHIGAN Texas, Lubbock, April 3-4, 1942 

MINNESOTA Upper NEw YorkK STATE, Rochester, May 

Missour!, Kansas City, April 17, 1942 2, 1942 

NEBRASKA, Omaha, May 9, 1942 WISCONSIN, Oshkosh, May 2, 1942 


Twenty-fifth Summer Meeting, Ithaca, New York, September 7-9, 1942. 


SELECTIVE SERVICE FOR MATHEMATICIANS 


The object of this open letter is to give to interested mathematicians a report 
concerning developments in the problem of the use of mathematicians of the 
draft age. 

At a July meeting of the Roster of Scientific and Specialized Personnel in 
Washington these matters were discussed at length and a number of those pres- 
ent, including the writer, urged that the Roster is the body best equipped to 
take up the problem of the proper use of scientists. It should be understood at 
the beginning of this letter that the Roster has no power to defer scientists, but 
is concerned only with making recommendations as to whether or not a man be 
regarded as “necessary” in the sense of the law. 

In order to make proper recommendations it was necessary that the Roster 
obtain considerable additional information concerning men of draft age on its 
lists. The matter of procedure has now been systematized. Any man who is on 
the Roster and who finds himself likely to be called may write the Roster for a 
standard questionnaire. Among other things this questionnaire seeks to find out 
the man’s present occupation and scientific status and the names of references. 
These references and the man’s employer are then sent questionnaires calculated 
to assist in determining whether the man may be regarded as “necessary.” 

The Roster then calls in men in the various scientific fields to review the as- 
sembled data and advise the Roster on each individual case. The mathemati- 
cians were the first so treated, and Murnaghan, Hotelling, and Morse recently 
served as consultants for the Roster. The Roster had assembled excellent data 
bearing on 300 cases, all of which was carefully reviewed by each of the three 
mathematicians. In general we tried to follow the resolutions which were voted 
at the recent Chicago meeting of the mathematicians and are to be’ published 
in the Bulletin of the American Mathematical Society. 

The Roster makes its recommendations to the Selective Service Head- 
quarters, which in turn may pass on the recommendations to the local boards. 
The local boards are free to follow the recommendations or not. 

In case a man is inducted, the Roster acts in an advisory capacity to the 
personnel department of the Adjutant General’s office, offering information 
which will aid the personnel officers in properly using the scientists on the Roster. 

In addition to making recommendations as to individual men, the Roster 
also seeks information concerning shortages in various scientific fields and passes 
on this information to the Selective Service Headquarters and the Labor Office. 
Our Committee on the Supply and Demand for Mathematicians will materially 
aid the Roster in this respect, and will help to clarify the situation. 

In conclusion I wish to recommend that problems of the use of scientists on 
the Roster be taken up with the Roster whenever they arise. With the advice 
of consultants in the various fields, the Roster is the group best organized and 
equipped to handle these questions. 

December 26, 1941 Marston Morse, Chairman 
War Preparedness Committee 
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With Tables. Without Tables. Tables alone. 


® Concise but thorough treatment; the acute angle treated before intro- 
duction of the general angle; full recognition given to both the numerical 
and analytical sides of the subject; uniquely convenient three-, four-, and five- 
place tables. [ 


@ Considerable emphasis on applications, particularly those relating to 
vectors, forces, and typical surveying situations, enhances the value of these 
texts for courses pointed at preparation for national defense. 


@ In the Spherical Trigonometry, a chapter on applications presents ex- 
cellent preparation for courses in navigation. 
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Plane Trigonometry 


By RAYMOND W. BRINK, Ph.D. 


Professor of Mathematics, University of Minnesota 


Modern in purpose and material, conservative in method, the revised edition of this 
widely used text is designed to simplify the approach to analytical trigonometry and 
to emphasize the practical uses of trigonometry. These ends are accomplished through 
the use of many more simple identities and equations than appeared in the previous 
edition, the early introduction of the notion of inverse trigonometric functions, and 


the immediate application of principles in the solution of new and up-to-date problems. 
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For survey courses in mathematics in liberal arts 
and teachers colleges 


TO DISCOVER MATHEMATICS 


By GAYLORD M. MERRIMAN 
Associate Professor of Mathematics, University of Cincinnati 


This book is designed to give the student an understanding and appreciation 
of mathematics. Its content follows very closely recent recommendations for 
the proper development of a course in general mathematics. The material is 
carefully arranged to give unity to the whole subject. The style is discursive 
and interesting. The extensive appendix presents historical and critical notes, 
and the elaboration of certain discussions, not included in the main text. More 
than seven hundred exercises are given in the appendix. 


435 pages 6 by 9 $3.00 
Send for an “on approval” copy 
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PLANE AND SPHERICAL TRIGONOMETRY 


BY PAUL R. RIDER 


This new basic text for courses in trigonometry, prepared 
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bra, is pedagogically sound and clear. Applications are 
introduced early. Numerically simple problems are used 
first in order that principles and methods may be learned 
without the usual maze of computations. The use of ap- 
proximate numbers in computations and the question of 
significant figures have been stressed. The arrangement of 
chapters makes it possible for the instructor to use a differ- 
ent order if he prefers. Extensive sets of carefully graded 
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By JosepH Mitter THoomas, Duke University. 252 pages, 6 x 9. $2.50 


This important book contains all the mathematical information required by artillerymen, 
presented in concise, usable form. The topics include angles, tables, geometric theorems, 
model solutions of triangles, maps, location, parallax, difference in level, trajectory in 
vacuo, range tables, probability, and adjustment of fire. 
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By Lyman M. Ke tts, Wittis F. Kern and James R. BLanp, U.S. Naval Academy. 
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restricted to plane trigonometry. The new volume is therefore designed to meet the 
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a good mathematical foundation and to show him how to apply mathematics to the 
solution of problems relating to electricity and radio. The text contains 600 illustrations 
and 3,000 problems. 
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By Raymonp E. Davis, University of California. 455 pages, 6 x 9. $3.00 
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and much new material has been added, 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, Inc. 
330 West 42nd Street New York, N.Y. 


GEORGE BANTA PUBLISHING COMPANY, MENASHA, WISCONSIN 


THE AMERICAN 
MATHEMATICAL MONTHLY 


DEVOTED TO THE INTERESTS OF 


COLLEGIATE MATHEMATICS 


VOLUME 49 NUMBER 2 


CONTENTS 


The Calculus of Variations for Multiple Integrals . . G.A.Buiss 77 
Rational Curves Defined by an Algebraic Correspondence.E. R. Orr 89 


The Numerical Integration of y’’+g(a)y=f(z) . . .W.E. MILNE 96 
An Inverse Problem in Correlation Theory . . . HENRY ScHErFFE 99 
Means and Endsin Mathematics. . . . . . Carn DENBow 105 
Universal Functions of Polygonal Numbers . . Loris W. Grirritus 107 


Discussions and Notes... . . . . 2... a 
~MarK Kac ann J. F. RaAnpoutea, M. F. Smitzey 110 


Recent Publications. . . . . . . . . . . . . . . 1T4 
Clubs and Allied Activities. . . . . . . he. OS 
Problems and Solutions. . . . . . . . . . . . . 120 
News and Notices . . . . . . . . 2. eee 1886 
Meetings of the Association and Its Sections . . . . . . . 4188 


FEBRUARY 1942 


The AMERICAN MATHEMATICAL MONTHLY 


THE OFFICIAL JOURNAL OF THE 
MATHEMATICAL ASSOCIATION OF AMERICA, INC. 


Tsis Monrarty was FounpveEp In 1894 sy BENJAMIN F. Finxen 


LESTER R. FORD, Editor-in-Chief 
WITH THE CO-OPERATION OF 


L. M. BLUMENTHAL B. F. FINKEL EK. J. MOULTON 
W. B. CARVER J. S. FRAME J. R. MUSSELMAN 
N. B. CONKWRIGHT ORRIN FRINK, Jr. C. O. OAKLEY 

H. 8. M. COXETER M. R. HESTENES VIRGIL SNYDER 
W. M. DAVIS E. H. C. HILDEBRANDT R. J. WALKER 
OTTO DUNKEL R. E. LANGER MARIE J. WEISS 


EDITORIAL CORRESPONDENCE should be addressed to the Eprror-in- 
Cuier, L. R. Forp, Illinois Institute of Technology, 3300 Federal St., Chicago, Il. 


BOOKS FOR REVIEW should be addressed to Review Epitror, American Mathe- 
matical Monthly, 531 West 116th Street, New York, N. Y. 


BUSINESS CORRESPONDENCE should be addressed to the SecrETARY-TREAS- 
URER of the Association, W. D. Carrns, 450 Ahnaip Street, Menasha, Wisconsin, 
or 97 Elm Street, Oberlin, Ohio. 


NOTICE OF CHANGE OF ADDRESS by members of the Association should be 
sent promptly to the SecreraRy-TREasuRER, W. D. Carrns, 97 Elm Street, 
Oberlin, Ohio, to reach him five weeks before the change becomes effective. 


OFFICERS OF THE ASSOCIATION 


EXECUTIVE ComMITTEE: President, R. W. Brinx, Minnesota; First Vice-President, 
Tomuinson Fort, Lehigh; Second Vice-President, B. H. Brown, Dartmouth; 
Secretary-Treasurer, W. D. Cargns, Oberlin; Editor-m-Chief, L. R. Forp, Illi- 
nois Institute of Technology. 


Additional Members of the Boarp or GovERNors: R. P. Acnew, W. L. AYREs, 
H. M. Bacon, L. M. Buumentuat, W. B. Carver, W. F. Cuenery, D. R. 
Curtiss, H. J. Erruincer, Pome FRANKLIN, CoRNELIUS GouweEns, F. L. 
Grirrin, A. J. Kempner, W. C. Kratrawoun, C. G. Latimer, Mayme I. 
Logspon, E. J. McSuane, W. E. Mirne, F. W. Owens, O. H. Recuarp, H. A. 
Rosinson, 8S. T. Sanprers, G. T. Woysurn, R. L. Witper. 


Entered as second class matter at the post office at Menasha, Wis. Acceptance for mailing 
at special rate of postage provided for in the Act of February 28, 1925, embodied in 
Paragraph 4, Section 538, P. L. and R., authorized April 1, 1926. 


SUBSCRIPTION Price: To Members, $4 a Year, 45 cents a Single Copy. 
To Others, $5 a Year, 60 cents a Single Copy. 


PUBLISHED BY THE ASSOCIATION Menasaa, Wis., anp Cuicaao, IL. 


THE CALCULUS OF VARIATIONS FOR MULTIPLE INTEGRALS* 
G. A. BLISS, University of Chicago 


Introduction. On page 158 of his article on the calculus of variations in 
the Encyclopédie des Sciences Mathématiques Lecat [1916|} makes a state- 
ment concerning the theory for multiple integrals which may be translated as 
follows: 

“The theory of the calculus of variations for multiple integrals is much less 
advanced than for simple integrals. Some of the theory for simple integrals is 
easily carried over, it is true, but for the most part difficulties increase, largely 
as a result of the fact that ordinary differential equations must be replaced by 
partial differential equations. One cannot develop a satisfactory theory of the 
problems of Lagrange or Mayer for multiple integrals until one has established 
numerous properties of partial differential equations which are now lacking. 
Multiple integrals have been made the objects of very few rigorous researches.” 

These statements are still to a large extent applicable in 1941. Though prog- 
ress has been made in the twenty-five years which have elapsed since 1916, 
the theory of the calculus of variations for multiple integrals is still far from com- 
plete relative to that for simple integrals. The purpose of this paper is to de- 
scribe some of the progress which has been made, and to call attention to some of 
the hiati in the theory which still remain. The field isa large one and the author, 
in confining himself to those portions of the theory which have interested him 
especially, must omit much of importance which has been of great interest to 
others. 


1. Formulation of the problem. The integral to be studied is 


(1) r= { fe,y, ¥ae 
x 
with the understanding that 
= (x1, sty Xm) y= (v1, my Vn), yy" = Oy :/Axal| = | ie ) 
(a=1,---,m;i=1,---, 7), 


dX = dxy- ++ dum. 
The manifolds on which the values of the integral are to be taken are defined 


* Presented to a joint session of the Mathematical Association of America and the American 
Mathematical Society at Chicago, Illinois, September 3, 1941. 

} The references in the text are to the chronological bibliography at the end of this paper. The 
references there are taken from a “Bibliography for the theory of multiple integrals in the calculus 
of variations” which is scheduled to appear about the time this paper will be printed. This Bib- 
liography is the last section of a book entitled “Contributions to the calculus of variations 1938- 
1941” edited by members of the Department of Mathematics of the University of Chicago. It 
contains about 350 titles and is divided into three parts in which the papers are listed chronologi- 
cally, alphabetically, and by subject matter, respectively. 
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by functions of the form 


(2) y (x), (x on X), 


where X is the range in x-space on which the set of functions y(x) is defined. 
The boundary of X will be denoted by %. The problem is then to find in a class 
of m-dimensional spaces (2) defined over the same range X and having identical 
values on the boundary % of X, one which minimizes the integral I. 

The first variation of the integral J on a space (2) is 


(3) i= Kea + fionia) EX, 


with the notations 
fi = Of /d¥i, fia = Of /OV ies Via = 07;/OXa- 


It is found as usual by replacing y(x) by y(x)-+an(x) in J, differentiating with 
respect to a and setting a=0. In formula (3) the repeated indices 7 and a indi- 
cate, as customary in tensor analysis, that sums forz=1,:--,nxanda=1,-::.-, 
m are to be taken. The symbol n(x) stands for a set of “admissible” functions 
ni(x) defined on the range X and vanishing on the boundary % of X. Similarly 
the second variation, found by differentiating twice with respect to a and setting 
a=0O, has the form 


(4) In = [ 20¢ n, ')dX 
x 


in which 7’ =| Nio|| and 2w is the homogeneous quadratic form in the elements of 
n, 7” whose coefficients are the usual second derivatives of the function f with 
respect to the elements of y and y’. It is evident that on a minimizing space (2) 
the conditions 4;=0, J220 must be satisfied for all choices of admissible sets 7 
which vanish on the boundary % of X. 

It should be noticed that the very general problem formulated in the preced- 
ing paragraphs includes, when (m, n)=(1, 2), the classical problem of the 
calculus of variations with fixed end points for simple integrals, and when 
(m, 1) =(m, 1) the simplest problem with fixed boundaries for multiple integrals. 

It is understood in the following pages that without further specification the 
integrand function f is supposed to have continuous partial derivatives in a 
region of values (x, y, y’) of as many orders as may be needed at any time to 
carry through the part of the theory which is being studied. A set (x, y, y’) in- 
terior to ®t is called “admissible.” All of the sets (x, y, y’) beonging to the spaces 
(2) under consideration are supposed to be admissible. 


2. Conditions for a minimum associated with the first variation. The La- 
grange equations for the integral J are the equations 


(5) df io /dXa = fis (@=1,---,n). 
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A space (2) having continuous second derivatives and satisfying these equations 
is called an extremal. It has long been known that each piece of a minimizing 
space (2) on which the functions y(x) have continuous second derivatives must 
be an extremal. The proof for the problem of Plateau, for which (m, ) = (2, 1) 
and f= [1+ 4%,1-y%|!2, was made by Lagrange [1762], and for the general 
case (m, n) =(2, 1) also by Lagrange [1806]. The proofs for more general values 
m,n are quite similar and have been made by many writers. The second deriva- 
tives of the space (2) appear both in the transformations of the first variation 
used in the proof, and in the resulting equations (5) themselves. 

For a piece of a minimizing space only assumed to have continuous first 
derivatives Haar [1919, 1930] has deduced independently some interesting 
equations. His results are also a consequence of a paper by Mason [1905]. The 
simplest form of these results for application to the general integral J was sug- 
gested by Coral [1937]. Let ¥o be a sub-region of the region ¥ with boundary 
8. Let the direction cosines of the outer normal to Bo be designated by J,, 
and let d8 be the generalized element of area on Bo. Then on every region Xo 
on which a minimizing space (2) has continuous first derivatives the equations 


(6) [Ac = J fisted, (@=1,:--,n), 


must hold. The equations of Lagrange are consequences of these when the 
minimizing space has continuous second derivatives. 

Haar deduced his results especially for the cases when m=2 and m=3. For 
the general integral J the Haar-Coral equations (6), and a number of other inter- 
esting results, are consequences of methods introduced by Hestenes [1941 | and 
pursued by Carson [1941 |. The latter considers the equation 


(7) [on + y,07/0%e)dX = J sctend® 
x B 


in which w, v, are given functions of the variables x, and the other symbols have 
the same significance as before. Following the procedure of Hestenes for the 
two-dimensional case Carson finds a variety of necessary and sufficient condi- 
tions that the equation (7) shall hold for all admissible sets of functions y. 
From these he shows that the Haar-Coral equations are necessary and sufficient 
in order that the first variation (3) shall have the value zero for all admissible 
sets 7 vanishing on the boundary %, and he finds also an independent proof of 
the analogue of Green’s theorem for higher spaces. His results are applicable 
further to the deduction of the ridge condition mentioned in the following 
paragraph. 

A ridge on a continuous space (2) is an (m—1) dimensional boundary be- 
tween two pieces of the space on each of which the space has continuous first 
derivatives. On the ridge itself these derivatives are not continuous. The so- 
called ridge condition says that across a ridge on a minimizing space (2) the 
sums fio. must be continuous, where the arguments of the derivatives fi, are 
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those belonging to the minimizing space and the /, are the direction cosines of 
the normal to the ridge. The ridge conditions seem to have been deduced first 
for multiple integrals by Kobb [1892, 1893] for the parametric case in 3-space. 
A more recent proof for non-parametric problems when (m, 2) =(2, 1), with 
integrands of the form f(x, y, 2, p, g), has been given by Bliss [1939]. By trans- 
forming this latter problem into parametric form and applying the conditions 
of Kobb it is found that across a ridge on a minimizing surface 2(x, y) the three 
determinants of the matrix. 


to fa bho + fa —f 
dx dy dz | 


must be continuous when dx, dy, dz define the tangent to the ridge curve and 
the arguments of f are x, y, 2, p=22, g=2y. The general case for arbitrary values 
(m, n) has been treated by Powell [1931]. For the problems of Dirichlet and 
Plateau the ridge conditions imply that a minimizing surface can have no 
ridges. The conditions have an important application in the proof of the 
analogue of the condition of Jacobi by the method suggested by Bliss (1939). 


3. Conditions analogous to those of Weierstrass and Legendre. The func- 
tion E(x, y, y’, Y’) of Weierstrass is by definition 


E = f(x, y, Y’) — f(x, y, 0) — (Via — Via) fial%, Vy 9”). 


It is provable that at every element (x, y, y’) of a minimizing space (2) the con- 
dition E=0O must be satisfied for all sets Y’ such that (x, y, Y’) is admissible 
and the matrix } Vie—Yie|| has rank 1. The proof for multiple integrals of this 
so-called condition of Weierstrass was first made for the case (m, n) =(2, 1) 
by Levi [1915], and for the general (m, 2) case by McShane [1931]. Simpler 
proofs have been given for (m, n)=(2, 2) by Coral [1937] and for arbitrary 
(m, n) by Graves [1939]. 

The requirement that the matrix | Via—Vial| Shall be of rank 1 is no restric- 
tion when either of the integers m or n is unity, since the matrix has then only 
one row or one column. The requirement is a restriction, however, when m2 2 
and n=2, and at first it may seem an unnatural one. But the following simple 
example for the case (m, n) =(2, 2), proposed by Reid, shows that from the 
nature of the problem the restriction is unavoidable. The integral J whose 
integrand is f=~yiyee—yieye is independent of the path, since its Lagrange 
equations are identically satisfied. It is therefore minimized by every space (2) 
with suitable continuity properties. Its E-function, which has the form 


E = (Vu — yu)(Vo2 — yor) — (Ve — ye) (Vor — yor), 


vanishes when the matrix | Vio—Vial| is of rank 1, and when y’ is given & may 
be made either positive or negative by properly choosing Y’. Thus it is hopeless 
to expect to prove the necessity of the condition that on a minimizing space 
(2) we must have E=O for unrestricted values Y’. 


1942] CALCULUS OF VARIATIONS FOR MULTIPLE INTEGRALS 81 


The necessary condition of Legendre states that at every set (x, y, y’) belong- 
ing to a minimizing space (2) the quadratic form fie,.gTiet~g Must be non- 
negative for all sets of values 7; such that the matrix || sal | has rank 1. This 
condition is a consequence of that of Weierstrass by a well-known method which 
uses Taylor’s formula (see Bliss [1939]|). It was proved for the case (m, n) 
=(2, 1) by Mason [1907]. If the quadratic form is everywhere positive for all 
of the sets 70 specified, the space (2) is said to satisfy the “strengthened” 
condition of Legendre. From a rather complicated transformation of the second 
variation by Clebsch [1859 | Hadamard [1902, 1905 | inferred that the necessity 
of the non-negativeness of the quadratic form of Legendre could be proved 
only for matrices | T io|| of rank 1. It was this remark which called attention to the 
similar restriction in the case of the condition of Weierstrass. 


4. Conditions analogous to that of Jacobi. For the problem formulated in 
section 1 above the so-called accessory equations belonging to a space (2) are 
the Lagrange equations formed from the integrand 2w of the second variation, 


(8) Ji(n) = d&in/dt, — wo; = 0 


with the notations 
oO, = dw/0N3, Wig = 00/0 Nia 


They are linear and homogeneous in the functions y and the first and second 
derivatives of these functions with respect to the variables x. The coefficients 
are expressible in terms of derivatives of the integrand f which are well-defined 
functions of the variables x when the functions y(«) occurring in them and be- 
longing to the space (2) have continuous second derivatives. The necessary 
condition of Jacobi states that on a minimizing extremal space (2) there can be 
no solution 7(«) of the accessory equations (8) defined over a sub-region Xo of X, 
vanishing on the boundary 8» of Xo, and having derivatives nig =07n;/0x, not 
all zero at a point of Bo interior to %. 

A relatively simple proof of this theorem for the case (m, n)=(2, 1) was 
given by Sommerfeld [1899] following a method suggested by Schwarz [1885]. 
Perhaps the simplest modern proof is analogous to one suggested for simpler 
cases by Bliss. Assume that there exists a solution of the accessory equations 
with the properties described in the condition. Extend the definition of n(x) to 
be 7=0 over the part of X outside of Xo. For this extended n(x) it can be proved 
that the second variation has the value zero, and that the set n(x) does not 
satisfy along %, the ridge condition for a minimum of the second variation. 
Thus zero is not the smallest value possible for the second variation on the 
space (2), and this space cannot minimize J since on a minimizing space the sec- 
ond variation is necessarily positive. Proofs have been made by this method 
for the case (m, n) =(2, 1) by Kubota [1916], and for arbitrary (m, n) by Raab 
[1932]. Reid [1939] proves the condition with more general regions X%) and 
boundaries 8). Haar [1930] replaces the accessory equations (8) by equations 
analogous to those deduced by him from the first variation. 
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The early literature of the calculus of variations concerning the conditions 
of Legendre and Jacobi, in forms not always clearly stated, is voluminous and 
complicated. Its purpose is for the most part to attain necessary conditions for 
a minimum by transformations of the second variation or other methods similar 
to those used by Legendre and Jacobi themselves in simpler cases. For this 
literature the reader is referred to the sections of the Bibliography mentioned 
above on the Jacobi condition and the second variation. 

Boundary value problems associated with the second variation have been 
formulated in a number of related forms. One of them is the problem of finding 
a solution 7, \ of the equations and boundary conditions 


(9) Ji(n) + Ani = 0, 1=0 on &, 


where \ is a parameter. A second necessary condition for a minimum, related 
to that of Jacobi, states that on a minimizing space (2) satisfying the Lagrange 
equations and the strengthened condition of Legendre there can be no solution 
of the boundary value problem (9) with a negative value of the parameter \X. 
The first proof of a theorem like this seems to have been given by Schwarz 
(1885) for the Plateau problem. The case (m, n)=(2, 1), with a different 
boundary value problem, has been discussed by Lichtenstein [1915, 1917, 1920 | 
and Picone [1922]. Reid [1932] relates the different points of view hitherto 
adopted, but further possibilities might also well be studied. When the minimum 
problem of section 1 is replaced by one with variable boundaries a necessary 
condition similar to that of the first paragraph of this section is in general lack- 
ing. Conditions arising from boundary value problems of the second variation 
have, however, been considered for the case (m, n)=(2, 1) by Lichtenstein 
[1919| and Simmons [1926], and for the case (m, n)=(m, 1) by Simmons 
[1934 |. 


5. Fields and sufficiency proofs. A field for the integral J of section 1 is de- 
fined to be a region F of xy-space with a set of slope functions p;.(x, y) and an 
invariant integral 


[* = [oe y, y')dx 
such that 
(10) D(x, y, ~) =f(%,9, P), Dialx, y, p) = fial(%, y, p). 


An integral is said to be invariant if it has the same value on all spaces (2) 
having a common boundary. Since every space (2) is a minimizing space for an 
invariant integral, and therefore satisfies the Lagrange equations of the integral, 
it is provable with the help of equations (10) and a very simple argument that 
every solution (2) of the equations 


(11) O9i/OXa = PialX, ¥) 


is a solution also of the equations of Lagrange for the integral 7. A space (2) 
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which satisfies equations (11) is called an extremal of the field, and the equations 
(11) are called the differential equations of the field. It follows readily from the 
first equation (10) that on an extremal space € of the field 7(€) =I*(€). 

The importance and use of fields in making sufficiency proofs was first 
emphasized by Weierstrass for simpler cases. In general let © be an extremal 
space imbedded in a field §, and let © be an arbitrary space of the form (2) 
in the field having the same boundary as ©. Then from the properties of the 
integral J* it follows readily that 


(12) (6) —-1@) = 1/6) —- I*(@) = 16) - (SG) = fg — D)dX. 


It is evident from the last equation that if the function f—D is everywhere non- 
negative then J(€) is a minimum. If a space € whose minimizing properties are 
to be established is given in advance one may seek to imbed € in a field § as 
an extremal of the field, and then to show that the integrand f—D is non-nega- 
tive. For the case of simple integrals, when (m, ~) =(1, 7), it is well known that 
suitably strengthened conditions of Lagrange, Weierstrass, Legendre, and Jacobi 
insure the possibility of carrying through this process. For the case (m, 2) = (2, 1) 
some of the corresponding theorems have been established by Lichtenstein 
[1917] and other writers, but in general the theory for multiple integrals is still 
only fragmentary. 

The differential equations (11) of a field § may be incompatible and have no 
solution, in which case the field seems to have little interest, or they may have 
a particular space & as a solution but not be compatible everywhere in ¥, or 
they may be “completely integrable” in § and define an z-parameter family of 
extremals 


(13) yi = vila, nt King CA 7 7 y Cn) = vila, c) 


simply covering the region %. A well-known necessary and sufficient condition 
for this last to happen is that the integrability conditions 


OPia/ Oxe +prs0Pia/OVE = OPig/OXa + Prod Pis/OV 


are satisfied identically in §. The field is then called a field of extremals. In that 
case the equations (13) have solutions c;(x, y) and the slope functions of the 
field are the slope functions 


Pia(x, y) = Vio [x, C(x, y) | 
of the family. 


6. The construction of fields. One of the first problems which arises in the 
construction of fields is the determination of the possible forms for the invariant 
integral J*. Two ingenious special types of such integrals and the fields asso- 
ciated with them have been studied by Carathéodory [1922, 1929] and his 
associates, and by Weyl [1935]. The integrand D for the invariant integral of 
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Carathéodory is a functional determinant, and for that of Weyl is a divergence. 
The most general integrand D of an invariant integral was determined by 
Smiley in 1938 as a sum of determinants of all orders of the matrix | Viel| with 
coefficients functions of the variables x, y satisfying a certain system of partial 
differential equations. The integrand D is evidently a polynomial in the vari- 
ables yy’ =| Vial| of degree equal to the smaller v of the integers m and n. The con- 
ditions of Smiley are consequences of the fact that a necessary and sufficient 
condition for an integral J* to be invariant is that the Lagrange equations 
formed with the integrand D of J* shall be satisfied identically in the variables 
x, Vy yy’, yl, 

Every integrand function D belonging to a field must be related to the slope 
functions p(x, y) of the field by the equations (10). If D is expanded in powers 
of the variables y’—p by Taylor’s formula the terms of degree less than 2 are 
completely determined by the conditions (10), and D has the form 


(14) D = f(x, ¥, ’) + (Via — Pialfia(%, y, p) + De + +++ 5 


where D;, (k=2) is asymbol for the terms of order & in the expansion of D and is 
a sum of determinants of order k of the matrix y’— with coefficients which 
are functions of the variables x, y. The functions p(x, y) and these coefficients 
must satisfy the equations of Smiley deduced for this form of D. The difference 
f—D has the form 


(15) f—D= E(a,y,~,') —De—-+-: : 


If the E-function is also expanded in powers of the variables y’—> it is found 
that 


(16) f-—D= Via — pia) (Yip — Pip) fia,ns — Dia,np) + GPs — Ds)+--- 


where the arguments of the second derivatives of fand D are x, y, p, and f;,(k 22) 
is a symbol for the terms of order k in the expansion of f. 

For simple integrals when (m, m) =(1, ), and for multiple integrals with a 
single dependent variable when (m, n)=(m, 1), the value of v is unity, D is 
uniquely determined as the sum of the terms of orders <2 in (14), and the sign of 
f—D=E in (15) is that of #. For the case of simple integrals it can be proved 
from Smiley’s equations that every field is a field of extremals. Except when 
n=1 not every n-parameter family of extremals simply covering a region § of 
xy-space has slope functions belonging to a field. The families belonging to 
fields are called Mayer families and are special in character, as is well known. 

When (m, ~)=(m, 1) the integrals involved are multiple integrals whose 
integrands depend upon only one function y. In this case there may be fields 
which are not fields of extremals, but every one-parameter family of extremals 
simply covering a region %§ of «y-space has slope functions forming a field over §. 

The case (m, n) =(2, 2) is the one which inspired the remarks of Hadamard 
mentioned above concerning the form of the conditions of Legendre. It was 
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studied in some detail by Alaoglu in 1938. The expansion (14) for D has in this 
case no terms of order greater than 2, and D; has the simple form 


Dz = B(x, y)[ (yu — pir) (y22 — pre) — (912 — pre) (yor — por) |. 


The slope functions p and the coefficient B must satisfy four partial differential 
equations of the first order. These equations doubtless have solutions not be- 
longing to any field of extremals. But by a pleasantly skillful manipulation 
Alaoglu shows that when the functions p(x, y) are given as the slope functions 
of a 2-parameter family of extremals two of the equations are identically satis- 
fied and the remaining two are linear in B and its first derivatives and com- 
patible. Thus the slope functions p(x, y) of every two-parameter family of 
extremals simply covering a region § in xy-space are the slope functions of an 
infinity of fields associated with the family. 

The analysis of the invariant integrals associated with fields of extremals 
becomes much simpler if the coordinates x, y are replaced by x, c, where the 
c’s are the parameters of the extremal family, and if the integrand f is replaced 
by f—D where D is the integrand of some particular invariant integral. This 
last modification does not affect the solutions of the problem since the integral 
I* is invariant. When these changes have been made and the new coordinates 
have been designated again by x, y the family of extremals of the field is the 
family y;=c;, the slope functions p(x, y) of the family are all identically zero, 
and it turns out that 


f(x, V5 0) = 0, fiala, y, 0) = 0. 
The equations (15) and (16) for the case (m, n) =(2, 2) take the forms 


(17) f —-D= f(x, yy y") + B(yiryee — yi2Vor) 
= Via nafia, na(x, ¥, 0) + Blyiye2 — yreyer) +fs+ ---: 


The equations of Smiley are satisfied if and only if B is a function of the vari- 
ables y alone. They will certainly be satisfied if B is a constant. 

In order to find a field in which f—D is non-negative we seek to determine 
the coefficient B(y) so that the terms of the second order in the second expres- 
sion (17) for f—D form a positive definite quadratic form. So far this has not 
been done for the whole of the region %. But it can be shown that when the 
strengthened condition of Legendre is satisfied by an extremal space € of a 
field then there exists for each particular point (x, y)) of © a constant B such that 
at (x, y)o the quadratic terms in (17) are positive definite. The difference f—D 
will then be non-negative at all points (x, y) of the field § sufficiently near to 
(x, y)o and for all sufficiently small values of the variables y’. From the formula 
(12) it follows that each piece ©’ of € sufficiently near to (x, y)) will minimize 
the integral J relative to other spaces having sufficiently small values of the 
variables y’ and passing through the boundary of ©’. This means, in other words, 
that each sufficiently small piece ©’ of an extremal € of a field gives to the 
integral J a weak relative minimum. 
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The existence of a constant B which will made the second order terms in 
the expression (17) positive definite at a particular point (x, y) is a consequence 
of a theorem on quadratic forms which has interested a number of writers.* 
This theorem says that if a quadratic form P(z) in variables z1,---, 2, with 
real coefficients is positive at every set of real values z not all zero making a 
second quadratic form Q(z) vanish, then there exists a constant B such that the 
quadratic form P(z)+BQ(z) is positive definite. The quadratic form in the sec- 
ond expression (17) with coefficients derivatives of f is positive for all sets yin 
not all zero making the determinant yiyo2—ywyer vanish, on account of the 
strengthened condition of Legendre which is supposed to hold on the extremal 
space © under consideration. Thus by a suitable selection of a constant value 
for B the quadratic terms in the second expression (17) can be made positive 
definite at a particular point (x, y)»), and f—D will be positive for all sets (x, y, 
y’) with (x, y) sufficiently near to (x, y)) and elements y’ sufficiently small. 

The theorem on quadratic forms mentioned in the last paragraph has been 
generalized by Hestenes and McShane [1940] so that similar arguments are 
effective for the case (m, n) =(2, ”), and one can perhaps treat the case (m, 7) 
=(m, 2) ina similar manner. An example has been given by Terpstra [1938] to 
show that when m23, n=3 the generalization of the quadratic form theorem 
which might be expected to hold in general is no longer true. For these cases 
therefore the arguments made above would need to be modified in some way 
not yet discovered. 


7. Conclusion. From what has been said above it is clear that the theory of 
the calculus of variations for multiple integrals is still very imperfect. For the 
cases (m, n)=(1, ~) involving simple integrals the equations of the extremals 
are ordinary differential equations for which existence and imbedding theorems 
are well known. If an extremal arc € in the (x-+1) dimensional xy-space satisfies 
suitably strengthened conditions of Weierstrass, Legendre, and Jacobi, then 
& belongs to an m-parameter family of extremal arcs whose slope functions form 
a field surrounding € in which the difference f—D is non-negative, and J(€) is 
therefore a minimum. 

For the case (m, n) =(2, 1) Lichtenstein [1917] proved a similar succession 
of theorems, using his boundary value problem form of Jacobi’s condition. In 
this case therefore, and for this form of the condition of Jacobi, the theory is 
comparable to that for simple integrals. 

Let us consider for the moment, in the general case (m, ~),an extremal space 
© satisfying the strengthened condition of Legendre and imbedded in an 
n-parameter family of extremals simply covering a region %§ of xy-space. From 
the results of Smiley and Landers [1939] it follows that when m2=2, n=2 there 
is an infinity of invariant integrals 7* which form fields in § with the slope 
functions p(x, y) of the extremal family. But only for special values (m, ~) and 


* Finsler [1937], Albert [1938], Reid [1938], Terpstra [1938], Hestenesand McShane [1940], 
Dines [1941 ]. 
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for limited portions @’ of € is it known that among the possible integrals J* 
there are some such that the condition f— D 20 is satisfied in the field near @’, 
with the consequence that we can be sure that J(G’) isa minimum. This seems, 
however, a much too restricted result in any case. One would hope to be able 
to prove that the whole space € has the minimizing property. 

Weyl [1935] has given a proof that an extremal space € with suitable prop- 
erties is imbedded in a field of the type which he devised, and Boerner (1936) 
has a similar theorem for fields of the Carathéodory type. If the condition 
f—D2z0 holds near € in one of these fields then J(€) will be a minimum. But 
so far as I know this condition has not been proved to be necessary for a mini- 
mum in either case. The question as to whether © can be imbedded in a field 
in which f—D=20 near € is still unanswered. 

There are many topics of interest and importance in connection with the 
theory of the calculus of variations for multiple integrals which are not discussed 
in the preceding pages. The reader is referred to the fourth section of the 
bibliography mentioned in the introduction above, in which the classification 
of papers is by subject matter. Among the topics there mentioned and recently 
studied, some of them in a large number of papers, are problems with variable 
edges, the inverse problem, the character of the solutions of the equations of 
Lagrange and Haar, existence theorems, the problem of Dirichlet, and especially 
the problem of Plateau. 
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RATIONAL CURVES DEFINED BY AN ALGEBRAIC 
CORRESPONDENCE 


E. R. OTT, The University of Buffalo 


1. Introduction. Let F(\y, de, X43) be an irreducible homogeneous polynomial 
of degree win Ay, As, As, of degree m in \y, and of degree 1 in Ag. Then the equation 


(1) F(a, 2, A3) = O 


establishes an (m, 2) algebraic correspondence* between the ratios (A1:A3) and 
(Ag:A3); that is, any value assigned to the ratio (Ay:A3) determines 2 values of 
the ratio (A2:A3), and any value assigned to (Az:A3) determines m values of 
(Ar:A3). When (Ar:A3) and (Azg:A3) are interpreted in homogeneous rectangular co- 
ordinates as the two pencils of parallel lines x1/x3=)1/A3 and x2/x3=)e2/As, the 
locus of the intersection of corresponding lines as established by (1) is the most 
general algebraic plane curve; the equation of the locus is F(x1, x2, x3) =0. Thus, 
every algebraic plane curve is defined, as is well-known, as the intersection of 
corresponding lines of two mutually perpendicular pencils of lines, where the 
correspondence is established by (1). 

Let Pi(\1:A3) give a point range on the line A;(1, 0, 0), A3(0, 0, 1), and let 
P2(de:d3) give a point range on the line A3, Ae(0, 1, 0), where 


Py = N\A 3 — 3A 1 = (— N23, Q, N41) on A As, and 


2 
( ) Py = hoA3 — AgAe (0, — Xz, de) on AoA3. 


Then the equation of the line joining P; to a corresponding point Pe, will be 
Nix + Aoxe + Agx3 = O; 


that is, the line coordinates of P,P. (4.e., the parametric line equations of the 
envelope) are 


(3) ou; = Ni, (4 = 1, 2, 3). 


* M. Chasles, Comptes Rendus, vol. 58, 1864, p. 1175; W. L. Edge, The Theory of Ruled Sur- 
faces, Cambridge, 1931, p. 9. 
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Thus it follows that an (m, ”) correspondence established by (1) defines the most 
general algebraic plane curve* whose line equation is F(u1, ue, u3)=0. Since F 
was assumed to be irreducible, then m+n2Zuy; let m+n—yu=y. Then since F is 
of degree yu, the envelope established by this correspondence is of class uw; since 
F is of degree m in u; and of degree m in ue, the lines [1, 0, 0| and [0, 1, 0| are 
tangents of the envelope and of multiplicities (n—y) and (m—vy), respectively. 

A non-degenerate line conic is a simple example of a curve defined by an 
(m, m) correspondence, with m=n=1; it is the totality of lines joining corre- 
sponding points of a (1, 1) correspondence between two projective, non-perspec- 
tive ranges of points. The constructions of other particular types of curves by 
means of (m, n) correspondences have appeared frequently in the journals. 

In §2, we obtain parametric line equations of the envelope R of a line joining 
corresponding points of an (m, ~) correspondence established by two involution- 
ranges of degrees z and m on two fixed lines; every rational plane curve can be 
so defined. The existence of line singularities is considered in $3, and the Pliicker 
characteristics of R are obtained. It is shown in §4 that every rational curve is 
the envelope of the Pascal line of a hexagon inscribed in a conic when two of the 
vertices of the hexagon are allowed to vary by being rational functions of a 
parameter, and that every algebraic plane curve is the envelope of the Pascal 
line when the two vertices are related through a general algebraic correspond- 
ence. 


2. Arational envelope and its parametric equations. If (,:/,) is the parameter 
pair of a point on a line and fi(f1, te) and fo(t, ¢2) are relatively prime homogeneous 
polynomials each of degree m in t, te, then the set of ~ points determined by 
Nofi(é1, te) =Arfe(t1, #2) is said to trace out an involution-rangef of degree n as 
\1/Az2 varies. We shall now consider the envelope R of the line P;P2 when the 
(m, n) correspondence between Pi(A1:A3) and Pe2(Ag:A3) is established by two in- 
volution-ranges in the following way.t Let 


pr; = b(t, te), (4 = 1, 2, 3), 


where each ¢ is a homogeneous polynomial of degree uw. Let d; be the greatest 
common divisor of ¢e and @¢3, let dz be the G. C. D. of ¢3 and ¢1, and let d3 be 
the G. C. D. of ¢; and ¢2, so that 


o\y = di = ded3 ky, 
(4) pr\o = oo = d3diKo, 
p\3 = 3 = did2Ksg, 


with each d prime to each other d and each K prime to each other K. Let d; be of 
degree u—m, and dz of degree »—n, and K; of degree y, so that m+n—-y=n. 


* Virgil Snyder, Bulletin of the National Research Council, no. 63, p. 166. 
+ H. Hilton, Plane Algebraic Curves, Oxford, 1920, p. 375. 
t The following representation was suggested by Professor W. B. Carver. 
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Equations (4) represent a rational curve of class u since its line coordinates are 
rational functions of degree uy. The correspondence between Pi, P:2 of (2) is es- 
tablished by the ratios, 


M d3Ky _ fills, te) 
Ng 7 aiKs 7 folts, te) 
de 7 d3Ke _ gr(ty, te) 
Xs aK; 7 go(ti, te) ) 


(S) 


where the f’s are relatively prime homogeneous polynomials each of degree x, 
and the g’s are relatively prime homogeneous polynomials each of degree m. 
These functions establish involution-ranges of degrees » and m on the lines A;A3 
and A2A3, respectively, and an (m, ~) correspondence between the points Py, Pe, 
on these two lines. For example, a fixed value of \i/\3 determines a polynomial 
equation Aife=Asfi of degree ” whose x roots (t1:42) determine 7 values of \2/A3. 
Since the parametric line equations of any rational plane curve are of the form 
(4), we have the following theorem. 


THEOREM 1. Every rational plane curve is defined by an (m, n) correspondence 
between the points of two lines in a plane where the correspondence 1s established by 
the two involution-ranges (5). 


It is apparent, from (2) and (5), that the point A; corresponds to the parame- 
ter pair (A1:A3) =(1:0) on A1A3 and (A2:A3) = (1:0) on A2A3. Consequently, the 
point A; isa self-corresponding point of multiplicity y in the correspondence and 
its parameter pairs (1:t2) on each of the two lines are the y roots of K3(t, t2) =0. 
It is apparent from (4) that the lines 4143= [0, 1, O| and A2A3= [1, 0, O| are 
tangents of multiplicities (m—vy) and (n—vy), respectively, with parameter pairs 
(t;:t2) which are the roots of d.=0 and d;=0. 


3. Other multiple tangents of the rational curve R and its Plticker character- 
istics. It is possible to obtain* immediately the Pliicker characteristics of the 
envelope when the correspondence is established by (1) when it is assumed that 
the only line singularities are A143 and A2A3. A rational curve of class y= 3, for 
example, can have at most one bitangent; if AA; is a bitangent, the line A2A3 
can be at most an ordinary tangent. When the value of yu is larger, however, it 
will be seen that R can have other multiple tangents. 

The deficiency of a curve of order », class wu, with 6 nodes, x cusps, 7 stationary 
tangents, and 7 bitangents is 


(6) p= 3 — 1)~— 2) —8-—K = gn — Ile 2) —7 2. 


For the curve R we have w=m+n-—y and p=0; consequently, 


* A. Emch, The symmetric (”, ~)-correspondence and some geometric applications, American 
Jour. of Math., vol. 54, no. 2, 1932, pp. 285-292; Hilton, loc. cit., pp. 372-374. 
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(7) T+tt=3(m+n—-—y-—1)\(m+u—-y-— 2). 
The two known multiple tangents of R account for* 
(8) m1 = 3l(m — y)(m—y-1) + (a—ya-—y-1)] 


bitangents and stationary tangents. When the roots of dz.=0 and di=0 are dis- 
tinct the corresponding contact points of Ron A;A3 will be distinct ordinarily, 
and these two tangents will account for 71 bitangents and no stationary tangents. 
Then it can be seen from (7), (8) that the remaining} number to account for is 


(9) (m — 1)(m — 1) — ay(y — 1). 


Ordinarily, the variable point Pi will occupy any fixed position A on A,A;3 
for » different parameter pairs (é1:/2) and, consequently, the 2 corresponding 
positions of P: on A2A3 are usually distinct. If two of the parameter pairs for 
which P; is at A (A #As3) are hiite=xiz and tith=yiz, with xy, and also if 
P,is at B on A2A; for these two ratios, then the line AB is a bitangentt of R. 
From (5), this relationship will exist for certain pairs of solutions, (x:z) and 
(y:z) of the equations, 


{i 2) fol, z) _ fily, 2) fax, Z) = 0, 


(10) 
gia, 2)g0(y, 2) — gily, 2)ge(x, 2) 


In these equations, since the terms of highest degree in x, y cancel, the factor z 
can be removed from each, and since any pair x =y is a formal solution the factor 
(x—y) can be removed from each. Then the resulting pair of equations, 


6i(x“, ¥, 2) =O and 62(x, y, z) = 0 


will be of degrees (2x —2) and (2m—2) in x, y, 2. But 6; is of degree (n—1) in x 
and of degree (x—1) in y so that 6,=0, as a curve, has the points (1, 0, 0) and 
(0, 1, 0) as points of multiplicity (z—1). Similarly the curve #.=0 has these 
same two points as points of multiplicity (#—1). In general these two multiple 
points account for 2(m—1)(m—1) solutions of (10) which do not determine bi- 
tangents. Furthermore, the y roots of K;=0 are the parameters of A3 on each 
line and they account for y(y —1) solutions of (10). Since each of the equations 
6;=0 is symmmetrical in x and y and the solutions (x, y, z) and (y, x, 8) give 
parameters of the same bitangent, the remaining 2(m—1)(z—1)—y(y—1) solu- 
tions of (10) determine 


(11) (m — 1)(n — 1) — v7 — DD 
bitangents of R. By comparing (9) and (11), it is seen that the solutions of (10) 


* Any k-tuple tangent with a distinct points of contact is equivalent to [42(k—3)+e] bi- 
tangents and (k—a) stationary tangents, a total of $k(k—1). See Hilton, loc. cit., p. 116. 

t In an (m, 1) or a (1, 2) correspondence, only one of the two lines is a multiple tangent, and 
it accounts for all of the bitangents and stationary tangents of the curve. 

t The line AB would be a stationary tangent only if the coefficients of f; and g; were such that 
the two pairs (x:z) and (y:z) give the same contact point of Ron AB. 
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determine the remaining bitangents and stationary tangents. 

If of the solutions there is a pair such that x=¥y, the two points of tangency 
of Ron AB will be coincident, and the line AB will be a stationary tangent of R. 
If the coefficients of f; and g; satisfy the conditions necessary to produce 8 pairs 
of solutions x =y, the solutions of (10) will determine 


T2 = (m — 1)(n — 1) —B — av(v — 1) 


bitangents and 8 stationary tangents. Consequently the number 7 of bitangents 
and the number 7 of stationary tangents of R has been determined to be 


T=1t+rm=3(m+unu-—y-1)\(m+u—-y-2)-8B 
and 
t= B. 


The remaining Pliicker characteristics of the curve can now be determined and 
are the following: 


y=2(m+n—-y-—1)—-8, 
k= 3m+n—y — 2) — 28, 
6=U(m+n-y—2)(m+n—-— 7-8 — 3) + 28(6 4 3). 


4, The curve R as the envelope of a Pascal line. If six points are selected on 
a conic and these points are taken as the vertices of an ordered hexagon, then 
the three pairs of opposite sides meet in three collinear points, Pi, Pe, and P3. 
This is Pascal’s theorem; the points P; (¢=1, 2, 3) are called the Pascal points 
and the line through them is called the Pascal line. 

If five of the vertices are fixed and the sixth is then allowed to move around 
the conic, the Pascal line will revolve about a fixed Pascal point. Certain other 
interesting loci will be generated, however, and they have been investigated by 
Bunch.* When two of the vertices, say Q; and Q2 are related by having parame- 
ters on the conic which are functions of a common parameter pair (t1:t2), the 
Pascal line will envelop a curve as (41:42) varies. This curve will be merely the 
fixed Pascal point when Q; and Q2 are opposite vertices of the ordered hexagon. 
We shall consider in this section the envelope which is generated when Q; and Qp2 
are not opposite vertices of the hexagon. 

Any non-degenerate conic through any four fixed points Bi, Be, B3, and Ba, 
no three collinear, is the locus of a point P which moves so that the cross ratio 
of the four lines PB; is a constant k (k0, 1, ©). The four points B; may be 
projected into the four fixed points Ai(1, 0, 0), A2(0, 1, 0), A3(0, 0, 1) and 
A,(1, 1, 1), and if the cross ratio of the lines PA; joining any point P on the 
conic to the A; is equal to a constant k, the equation of the conic is 


(12) Xex%3 — kxix3 + (k — 1)x1x%_ = 0. 


* W.H. Bunch, this MonTuHLY, vol. 40, 1933, pp. 251-260. 
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Then it follows that the parametric point equations of any conic may be written 
as follows: 


px, = So(Sy + Se), 
(13) px. = RsiS2, 
px3 = (k —_ 1)si(s1 + Se). 


The three conics of the pencil which correspond to k=0, 1, © are degenerate. 
The parameter pairs (51:52) corresponding to Ai, A2, As, and Aon the conic are 
(0:1), (1: —1), (1:0), and (1:k—1), respectively. Now let the variable points Q; 
and Q2 on the conic correspond to the parameter pairs (s{):s$?) and (s?:s), 
respectively. We establish an (m, 2) correspondence between Q; and Q2 by letting 


(1) (2) 
Sy filts, te) Sy gi(ty, te) + ge(ti, te) 
= ——— and = 


(14) = ee 
sQ fa(t1, te) 5) — go(ti, te) 


where the f’s are relatively prime homogeneous polynomials each of degree n, 
and the g’s are relatively prime homogeneous polynomials each of degree m, as 
in §2. We shall now prove the following theorem. 


THEOREM 2. Every rational plane curve is defined as the envelope of the Pascal 
line of a hexagon inscribed 1n a conic by an (m, n) corresponding between two vari- 
able vertices, where the correspondence 1s established as in (14). 


In order to show the relationship between the envelope of the Pascal line 
and the locus R of §2, it is convenient to choose the vertices of the ordered hexa- 
gon inscribed in the conic to be A, A3, Ao, Qi, Aa, Oo, respectively. Corresponding 


to each point Q there is first (see the figure) a Pascal point P; on A1A3 and, sec- 
ond, there are n values of (¢::f2) and therefore z positions of Qe; these 2 positions 
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of Q2 determine Pascal points Pzon A2A3. Consequently, the (m, ~) correspond- 
ence between Q; and Q2 on the conic established by (14) also establishes an (m, 2) 
correspondence between the Pascal points P; and P: of A1A3 and A2A3. With the 
equations (13) of the conic, the parameters (14) of the Q’s, and the parameters 
(2) of the P’s, the coordinates of the points P can be determined to be 
Pi(—d3, 0, A1) and P2(0, —As3, Ae), where as in (5) 


h1/Xz3 = fil fe and he/Ag = 21/0. 


Then as the Q’s move along the conic, the Pascal points P:, P: move along the 
two fixed lines exactly as in §2, and the Pascal line will envelope any rational 
plane curve. 

Of the 60 ordered hexagons whose vertices are the preceding six points in 
some order, there are 12 in which the Q’s are opposite vertices. The locus which 
corresponds to each of the remaining 48 orders is essentially the same as the one 
for the ordered hexagon described above. In each of these 48 cases there are at 
least three fixed consecutive vertices, say A, B, C. The (m, ~) correspondence be- 
tween the Q’s which is determined by (14) establishes an (m, ~) correspondence 
between the Pascal points on AB and BC provided there are exactly three fixed 
consecutive vertices. When there are four fixed consecutive vertices, A, B, C, D, 
the (m, 2) correspondence will be established between the Pascal points of AB 
and CD. The (m, 7) correspondence will be established by parameter pairs which 
are rational homogeneous functions of degrees z and m, respectively. 

It can be noted that every algebraic curve, whether rational or not, can be 
defined as the envelope of the Pascal line of the hexagon Aj, Az, As, Qi, Aa, Qe, 
by means of an (m, ”) correspondence between Q; and Q2 on the conic when the 
other four vertices are fixed. Let F(Ai, Az, A3) = 0 be the line equation of the curve 
where F is of degree m in \y, of degree 7 in Ag, and mw in Ay, Ae, As. Then as in §2 
this equation establishes an (m, ~) correspondence between the point ranges 
P,=),A3—)3A1 and the point range P2=d2A3—A3A2. When the parameters of Q1 
and Qe on the conic (13) are chosen to be (A1:A3) and (Ag-+-As3: —As3), the Pascal 
line will envelop any algebraic plane curve F(Ai, )2, As) = 0. 


THE NUMERICAL INTEGRATION OF y’+¢(x)y=f(x) 
W. E. MILNE, Oregon State College 


This note presents a simple procedure for the numerical integration of the 
linear differential equation 


(1) y’ + g(x)y = f(x), 


in which primes denote differentiation with respect to x, and g and f are known 
functions. 


1. Formal derivation. To derive a suitable formula for our purpose we dif- 
ferentiate Stirling’s central difference interpolation formula twice, set the argu- 
ment equal to the central value, and obtain (using Sheppard’s central difference 
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in which / denotes the length of the interval between equally spaced values of x. 
Next we operate on (1) and (2) with the operator 62, which gives 


(3) dy" + 8[2(x)y] = 5f(x) 

and 

(4) sty” = | oty |, 
h? 12 


From equations (1), (2), (3), and (4) we eliminate the three quantities y’’, 62y’’, 
and 64y. 
The resulting equation is 


h?g( x) h*d°f(x) — d®y 
5 §2 j2 — fy os Lt Lee, 
©) | yt y [+ atglayy = ape) + 2 4 
The substitutions 
h?g( x) ] h?g( x) 
1 = 2, ————— = G(x), 
+ 12 a ' h?.g(x) ) 
12 
and 
hh? 
h? f(x) + a = F(x), 
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carry this equation into 


(6) is + Gla) = Fa) — . 


Now if the interval is small enough so that the term 6%y/240 is negligible, 
equation (6) reduces to a simple linear difference equation of the second order. 


2. Tabular arrangement. The procedure in solving (6) numerically is obvi- 
ous. First we select a suitable value for 4, then tabulate the values of G(x) and 
F(x) according to the scheme shown below: 


x F(x) G(x) 2 Az A’ 

Xo Fo Go 20 

xy PB, Gy 21 Azo 

Xe FP, Ge Ze Az, Argo = 6221 
X3 Ps G3 

x4 Fy, G4 


The first two values Zz) and 2 are assumed to be known, and from them we get 
Azo =21—2 9. Then from (6) we have 


A’zg = 621 = — Gigi + Fri, 
and we complete the line for x2 with the formulas, 
Az, = Agy + A2%o, 
Zo = 21 + Az. 


The integration proceeds by repetitions of this process. When it is completed, 
the values of y, or at least as many of them as are desired, are obtained from 


2 


h*g(x) 
12 


y= 


If the general solution of (1) is required it may be obtained by solving 
6°u + G(x)u = 0, uy = 0, “u.=h, 


6°vy + G(x)v = 0, Vo = 1, = 1, 
and 


w+ G(x)w = F(x), Wy = Ww, = 0. 
The general solution of (6) is then 
s,>= Cyu + Cov = WwW, 


and from 2 we readily obtain y. 
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3. Example. Consider the differential equation 


y = 0, y= 1, y’ = 0, at x = 1. 


Since f(x) =0 we need calculate only G(x), which for h=0.1 proves to be 
12(3 + 4x) 


G(s) = ———---_—_- - 
19200x? + (3 + 4x) 


The values of G(x) are calculated from this expression and tabulated as shown 
below. We find by a few terms of Taylor’s series that yi =0.997911, so that 
29 = 1.000364, 21= 0.998228. Everything needful is now known and the calcula- 
tion is completed to x =2.0 as follows: . 


x G(x) z Ag As y 
1.0 .0043734 1.000364 1.000000 
1.1 38211 .998228 — 2136 

1.2 33845 .992278 —5950 — 3814 

1.3 30318 .982970 —9308 — 3358 

1.4 27417 .970682 — 12288 — 2980 

1.5 24995 .955733 — 14949 — 2661 

1.6 22945 .938395 —17338 — 2389 

1.7 21190 .918904 — 19491 —2153 

1.8 19673 .897466 — 21438 — 1947 

1.9 18349 . 874262 — 23204 — 1766 

2.0 17185 . 849454 — 24808 — 1604 . 849333 


The equation chosen above can be solved explicitly, and the particular solu- 
tion desired proves to be 


y = x/4lcos (x/2 — 1) — 0.5 sin (x2 — 1)]. 
The substitution of x =2 in this expression gives y = 0.8493293 which differs only 


by about four units in the sixth decimal place from the value found by numerical 
ntegration. 


AN INVERSE PROBLEM IN CORRELATION THEORY 
HENRY SCHEFFE, Oregon State College 


1. Introduction. The present problem, more of mathematical interest than 
practical, grew out of a question which may confront the instructor in statistics. 
He might, in concocting exercises in the computation of multiple and partial 
correlation coefficients, give the students a square array of numbers r;; such that 
rig=1xi, Ty, rux=1. If these have not actually been computed from data (ob- 
served or manufactured), how can he be sure of the existence of a set of data which 
would give rise to such hypothetical correlation coefficients r;;? Under the restriction, 
usually desired in such exercises, that the determinant of the array be not zero 
(non-singular case), a simple criterion is found in Corollary 4 below. Otherwise, 
the general case (possibly singular) is considered. Sections 2 and 3 may be of 
some general interest inasmuch as the language of matrices is used to exhibit the 
dependence of the coefficients 7;; on the data and to state necessary conditions 
on these coefficients. In the course of proving the existence theorem in section 4, 
particular solutions are constructed and the most general solution is character- 
ized. Some corollaries are drawn in section 5. 


2. Matrix formulation. m sets of measurements on each of 2 variables may 
be written in the form of a matrix,* 


Vi1 Yi2 °° * Vin 


(1) ymxn = Yo1 Yoo °° * Yan 


Vm1 VYVm2°* * Ymn 


where y;; denotes the zth observation on the jth variable. A matrix (1) will be 
referred to as a statistics problem. 

The present approach employs the concepts of unitary vectors and orthogo- 
nal vectors. A vector, é, that is, a column matrix, is unitary if £’€=1. Two vec- 
tors, £, 7, are orthogonal if £’7=0. At this point it is convenient to define the 
unitary vector y”X! all of whose elements are m~1/2. Then w’ applied to the left 
of a matrix gives a row matrix equal to m—!/? times the sum of the rows of the 
original. M=yy’ is an mXm matrix all of whose elements are m—!; applied to 
the left of a matrix it yields a new one all of whose rows are the same, and the 
mean of the rows of the old. The matrix of means is defined as 


(2) Yuxn = MY, 


* Some of the notation differs from standard practice in order that the following scheme may 
be rigidly followed: Upper case Latin letters denote matrices; lower case Latin, scalars; lower case 
Greek (except the Kronecker delta), vectors. A superscript st attached to a matrix signifies that 
it has s rows and ¢ columns. All matrices and scalars are real. A’ means the transpose of A. 
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The matrix of deviations is defined to be 
(3) X™xXn= VY — YJ, 
or 
X = DY, where D”™X™ = [™Xm — Wy’, 
and I is the identity matrix. We note 
WX =0, since YWD=y—-y =0. 

In order to obtain unitary vectors from the columns of X, we define S"X” as 
that diagonal matrix whose jth diagonal element is the non-negative square root 
of the jth diagonal element of X’X, that is, s;;=(&/ &;)/?, where &; is the jth 
column of X. The diagonal matrix S~! exists unless one of the columns of Y 


has all identical elements, and we now exclude this trivial case. The matrix of 
normalized deviations* is now defined as 


(4) Zmxn = XS, 
We note again, | 

(5) WZ =pxS1= 0. 
Finally, the correlation matrix is defined to be 

(6) R°X" = Z'Z, 


in agreement with the usual definition of 7;,, the element in the 7th row and the 
jth column. The matrix R is thus a function of the statistics problem (1), 


(7) R=F(Y) = SY'D'DYS. 
3. Necessary conditions. It will be convenient to refer to the following as 


Conditions (@): (C—1): R ts symmetric. 
(—2): The diagonal elements of R are unity. 
(C—3): Rts positive, t.e., rank R=1ndex R. 


A test for (@ —3) if (@—1), (@—2) hold is found in Corollary 3 below. 
LEMMA 1. The conditions (() are necessary if R= F(Y). 


The necessity of (@—1) follows from the rule for the transpose of a product, 
(A B)'’=B’'A’, applied to (6), that of (@—2) from the unitary property of the 
columns of Z. To prove (@—3), we note first that the determinants of the princi- 
pal minors of R are non-negative, since} they are Gramian determinants formed 


* The matrix of deviations in standard units is simply T=m/2Z, but we shall not need this 
in the present discussion. Also, the diagonal elements of S are s;;=ms;, where s; is the standard 
deviation of the jth variable. 

+ Courant-Hilbert, Methoden der mathematischen Physik, Berlin, 1931, vol. 1, ch. 1. 
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from certain columns of Z. This in turn is sufficient* to insure that R is positive. 
The lemma suggests the question, are the conditions (() sufficient that 
R=F(Y)? The theorem below contains the answer. To prove it we need another 


LEMMA 2. Rank R=rank Z<m. 


Since the rank of a product cannot exceed the rank of a factor, p(R) S$ p(Z), 
where p(A) denotes rank A. But we can pick p(Z) independent columns from Z, 
and their Gramian matrix appears as a non-singularf minor in R. Hence 
p(R) 2 p(Z). This proves the equation in the lemma; the inequality follows from 
(5) which implies that the m rows of Z are dependent. 


4. The existence theorem: Given any matrix R"X” of rank pb and satisfying 
the condtttons ((), consider the possibility of a solution Y"X" of the equation 
R=F(Y). There is no solution with mSp, but there are ~% solutions for each 
m>p, withg=2n+p(2m —p—3)/2. 


The negative aspect of the theorem follows immediately from our Lemma 2. 
To prove the positive statement we transform the problem. By a finite number 
of rational operations on the elements of R, and ” square root extractions, a 
non-singular matrix P”X” cant be constructed such that 


P’'RP = E, 
a matrix whose first p diagonal elements are unity, and all other elements zero. 


A 1:1 correspondence is established between matrices Z”*” and V”X” by the 
equations 


(8) V =ZP, Z=VP-1, 

If 

(9) ZZ=R and ywZ=0, 
then 

(10) VV=E and yV=0, 


and conversely. 
Contemplating the transformed problem (10), we see that the first p columns 


of V, say ki, Ke,***, Kp, must be unitary and mutually orthogonal, «/ x,= 6;;, 
and the remaining columns all zero. Hence if we write V as a composite matrix 
(11) V = (K™X2Q™X(r—-P)) 

where K is the matrix whose columns are kj, ke, ° + * , Kp, then 

(12) K'K = [°x?, y'K = 0. 


* L, E. Dickson, Modern Algebraic Theories, N. Y., 1930, ch. 4. 
+ Courant-Hilbert, loc. cit. 
t Dickson, loc. ctt. 
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Consider the (m —1)-dimensional subspace L of m-space composed of vectors 
x orthogonal to y, y’xk=0. A unitary orthogonal basis for £, may be constructed 
as follows: Define the matrix L”*“~—» as that obtained by bordering the identity 
matrix of order m—1 with a row of m—1 elements each of which is —1. Obvi- 
ously y’L=0. The m—1 independent columns of L form a basis for £. To 
achieve a unitary orthogonal basis we can select* suitable linear combinations 
of these columns by a finite number of non-tentative steps (Schmidt procedure). 
If the coefficients in each linear combination are written as a column in a square 
matrix C of order m—1, then the columns of 


Umx(m—) = LC 


form the desired basis for L£, 
UWU=T1 and YU=WIC = 0. 


Particular solutions of the problem (12) can now be obtained by choosing any 
p columns of U for the columns of K. The most general solution is of the type 


K = UW(-) xp, 
where 
W'W =I. 
First, note that any such K is a solution, 
K'K = W'U'UW = W'W = T, WK =yUW =); 


secondly, that any solution is of this form: Suppose K satisfies the equations 
(12). Then its columns are in the space £ and hence are linear combinations of 
the columns of U, K= UW. Furthermore, J=K’K=W’'U’UW=W’'W. 

The number of distinct solutions for K is the same as the number of distinct 
matrices W“"-)X? for which W’W=T, since there is a 1:1 correspondence be- 
tween possible K and W, given by 


K = UW, W = U'K. 


The restriction W’W=TJ**” puts p? conditions on the (m—1) elements of W. 
But since W’W is automatically symmetric, only p(p+1)/2 of these con- 
ditions are independent. Hence the number of solutions for K is ©% where 
ga=p(m—1)—p(p+1)/2. V is then uniquely determined by (11) and Z by (8). 
The z diagonal elements of S can now be chosen as arbitrary positive numbers, 
after which X is determined by 


xX = ZS. 


Finally, the x elements of the equal rows of Y may be chosen arbitrarily, de- 
termining 


* Courant-Hilbert, loc. cit. 
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V=X+4+Y. 
The number of solutions for Yis thus ~ 2% with g=q+2nz. 


5. Some corollaries. Corollaries of some inherent algebraic interest may now 
be deduced from our theorem by noting necessary conditions other than ((°) for 
R=F(Y) and then asserting these as properties of any matrix satisfying ((°). 
We illustrate by using familiar properties of the multiple and partial correlation 
coefficients for the problem (1). 

If 41, nz are any vectors of m elements, then £;= Dm, &= Dye are the respec- 
tive deviations from the means, and the correlation coefficient between the vec- 
tors is 7(71, No) = Ef £e/ (EL &1- EY &)1/", providing the denominator does not vanish. 
The Schwartzian inequality yields immediately 771. Since the coefficients of 
multiple and partial correlation mayt be defined as 7(m, y2), where m1 and 
are certain linear combinations of the columns of Y, they satisfy the relation 
0 <r?<1 whenever they are defined. Using well-known formulas for these coeff- 
cients, we get inequalities on determinants of minors of R of order n—1 and 2. 
Further inequalities may be obtained by the device of considering a “sub-prob- 
lem Y*” of (1), where the columns of Y* are a subset of the columns of Y. Then 
R* = F(Y*) is a principal minor of R, say of order 2, and the corresponding in- 
equalities involve determinants of minors of R of order ,—1 and 7. 

We now define bordering sequences 


(13) di, do, ns) dy 


as follows: Pick any principal diagonal element Ry of R, then any 2 X2 principal 
minor R¢* containing R;*, then any 3X3 principal minor R;* containing R¢*, etc. 
A sequence (13) consists of the determinants of a sequence R;*, Re*,---, R. In 
terms of 

Conditions (D): Every bordering sequence (13) formed from R has the property 


l=aq2a@2:--:2d,2 0, 
we may state 
LEMMA 3. The conditions (D) are necessary 1f R= F(Y). 


That all determinants of principal minors are non-negative was noted in con- 
nection with Lemma 1. If d;_1>0, then 1—d,/d;_; is the square of a multiple 
correlation coefficient r for a sub-problem Y*, and since 7?20, dj;12d;. If 
d;.1=0, then d;=0, since d;_; is the Gramian determinant of a subset of those 
columns of Z which lead to the Gramian determinant d;. Hence in every case 
d;12d;. 


COROLLARY 1. Any matrix R satisfying the conditions ((°) satisfies the condt- 
tions (D). 


+ Yule and Kendall, An Introduction to the Theory of Statistics, London, 1937, pp. 277 
and 266. 
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By similart reasoning applied to the partial correlation coefficients of sub- 
problems Y*, we are led to the following: Let R* be any principal minor of R 
(including R as a special case). Let d,#* be the determinant of the minor of R 
obtained by striking out the 7th row and jth column of R.* 

Conditions (€): For every R* and every i, j Sorder R,* 


dif? < dif dj*. 
Lemma 4. The conditions (€) are necessary if R= F(Y). 
COROLLARY 2. Any matrix R satisfying the conditions (() satisfies the condt- 
tions (€). 
We conclude with a procedure for answering the question raised in section 1: 


CoroLLARY 3. A method for testing whether or not a given symmetric matrix R 
with main diagonal elements unity ts a possible correlation matrix, R=F(Y), ts 
the following: Start constructing a bordering sequence (13). Suppose a stage 1s 
reached where di, do,- +--+, d,areall positive. If a dyy1 18 picked such that dp41<9O, 
Ris ruled out. If the chosen dy41=0, others have to be evaluated.[ If all dp41=0 the 
test is always concluded at the next step: if some dpi240, R is ruled out; tf all 
dyi2=0, R is a possible correlation matrix of rank p. 


An important special case of this is 


CorROLLARY 4. Necessary and sufficient conditions that a symmetric matrix R 
with main diagonal elements unity be a non-singular correlation matrix are the n—1 
conditions that the determinants 


1 112 «118 
; 191 1 193 ,rre, [R| 


731 32 1 


be all positive. 


It is clear that the determinants in Corollary 4 may be replaced by those 
from any other bordering sequence (13). This again implies that if R is to be 
a non-singular correlation matrix all off-diagonal elements must be numerically 
less than unity. 


+ We now use the second of the inequalities 0S7?<1. A separate argument for Lemma 4 must 
again be made in the case where d;.* or d;/* =0. 

t If p-+1=order R, there is of course a unique dpy1= | R| . Then if | R| =(0, R= F(Y) and rank 
R=p. 


MEANS AND ENDS IN MATHEMATICS 
CARL DENBOW, Ohio University 


It seems to the writer that the outstanding weakness of mathematical in- 
struction is its failure to make clear to the students the purpose, the aims, of 
various parts of the curricula, and its failure to show how the means used in 
mathematics follow naturally from those ends. In other words, while our courses 
are organized more or less logically from the postulational point of view, they 
are not so organized from the point of view more important to the student, that 
of meaning and purpose. 

Although trigonometry or analytic geometry would exemplify these state- 
ments, let us use instead the pervasive subject of algebra. Much of the prevalent 
fear and dislike of algebra arises from our failure to make clear to students and 
to prospective students the aims of algebra, and from the inevitable resultant 
feeling that algebra is artificial, unnatural. A brief discussion of the purposes of 
algebra may help to substantiate this idea. 

First, let us make a distinction between “basic arithmetic” and “applied 
arithmetic” and between “basic algebra” and “applied algebra.” The purpose 
of basic arithmetic can be simply stated: it is to develop ability in performing 
the four fundamental operations, on whole numbers and on fractions. (This 
omits reference to taking roots, and to irrational numbers in general.) It is im- 
portant for our discussion to note that, as far as the better students are con- 
cerned, basic arithmetic completely achieves its purpose. What, then, is the 
purpose of basic algebra? It must be different from that of basic arithmetic. 
Our students often think that the aim of algebra is to deal with a new kind of 
number, the literal number. But we know that letters are not a new kind of 
number, in fact are not numbers at all, but new names for numbers. What new 
purpose creates the need for these new names? 

Sometimes our students think that the aim of algebra is to solve problems 
and find unknown numbers. (I have often been told by students with two or 
more years of college mathematics that algebra deals with unknown numbers, 
arithmetic with known numbers, as if the answer to an arithmetic problem were 
more “known” than that of an algebra problem!) They, of course, are thinking 
of applied algebra. This is a very important branch, but before one can have 
applied algebra, he must have some basic algebra to apply. 

In any text we find a clue to the answer to our query. We see the equation 
x +x = 2x, which is not a statement about unknown numbers, but about al] num- 
bers, just as “Man is born to die,” though it uses the singular form of the noun, 
is a statement about all men. Most of algebra is, in a sense, an elaboration of 
the distributive law, x(y+z) =xy+«z, which is a truth about all triples of num- 
bers (real or complex, at least). The purpose of basic algebra is to discover such 
truths, and to state them in a convenient language. Stated postulationally, one’s 
aim is to discover certain statements, and deduce others from these, such that 
the totality forms a system suitable for “ordinary” applications. 
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Not even in college courses do students ordinarily learn to look upon “identi- 
ties” as actual truths about numbers. This can be shown by a simple test. A 
group which apparently has mastered 4x+8x=12x, i.e., which “knows” that 
it is an identity, is asked “If, for some reason, you wished to add 5 times 17 to 
3 times 17 without first multiplying, what would you get?” A large majority of 
the answers are “8 times 34.” Other examples could be given, but the fact is too 
well known to require further illustration. 

A student who understands that basic arithmetic has achieved its aim, and 
that algebra has this new aim, hardly touched before, of discovering the general 
truths or “laws” of numbers sees readily the need for new words “x,” “y,” etc., 
in algebra. He sees how clumsy it is to write or state in English that “If I take 
any two numbers and add them together, and multiply the result by a 
third, --- ,” i.e., the distributive law. Understanding the need for new words 
eliminates the apparent artificiality of algebra. 

When we remember that it took thousands of years for mankind to discover 
such algebraic truths, and to formulate them in a convenient language, we be- 
come skeptical of the speed with which we expect our students to grasp these 
truths, and their formulation. What reason is there to expect such a grasp at all, 
if we do not state over and over the purpose of algebra, and of its identities, if 
we do not train our students to read the abstract language of algebra, with time 
and patience comparable to that which we use in their English training? If we 
do not help them, over a period of months or years, to assimilate the truth of 
equations such as x«(y+z) =xy+ xz, rather than to look upon it as a problem in 
multiplication, when read from left to right, or in factoring, when read from right 
to left? 

A final conclusion from our analysis of the purpose of algebra is: algebra and 
arithmetic should be integrated. In no other subject do we spend eight years 
teaching specific facts, without ever hinting at the general truths underlying 
them. In no other field do we so artificially divorce theory and practice, when 
the goal is to integrate them. The language of algebra, when introduced in a 
week, with no comprehension of its purpose, is not understood by our students, 
and they fall back on memorizing. If introduced gradually, starting in the early 
grades, with emphasis always on the meaning of statements, it is not difficult, 
as the writer has verified. A ten-year old boy accepts the statements that “a is 
a new word, which means ‘every number’,” and “a plus a is always the same as 
2 times a” as interesting and meaningful, and he can verify the latter for the 
numbers in his range of experience. Algebra, to him, has a purpose. 

This note has used algebra as an example of its thesis. In other fields of math- 
ematics the emphasis on meaning and purpose does not, in the writer’s opinion, 
imply as drastic a reorganization of methodology but, in every case, such em- 
phasis seems to be required by the very goals of teaching. 


UNIVERSAL FUNCTIONS OF POLYGONAL NUMBERS* 
LOIS W. GRIFFITHS, Northwestern University 


1. The four-square theorem of Lagrange. Among all positive integers an in- 
teresting subset, from the point of view of additive number theory, is the set 
of squares, that is, the integers 1, 4, 9, 16, 25,--.-. Thus, for example, the 
integer 7, which is not in the subset of squares, is a sum of four integers in the 
subset, since 7=4+1-+1-+1. No fewer than four summands would yield 7, 
and no other summands, apart from the order in which they are written in the 
equation, would yield 7. The integer 14, however, requires only three sum- 
mands, and can not be obtained with exactly four summands. The integer 19 can 
be obtained with three summands or with four summands. Other positive in- 
tegers require only two summands. The integer 7, for which three summands do 
not suffice, is not an isolated case. It was first proved by Gauss that three 
squares do not suffice for any of the positive integers in the infinite arithmetic 
progression 8z-+7. The general fact that four squares suffice for all positive 
integers was proved by Lagrange in 1770. This theorem, and many similar 
theorems, can be stated more simply if the integer 0 is permitted as a sum- 
mand. Then the fundamental Lagrange theorem is that every positive integer 
is a sum of four squares. 

This Lagrange theorem will be restated in terms that are more useful for 
purposes of generalization. The fact that a positive integer A is a sum of four 
squares is equivalent to the fact that the equation A =x?+y?+2?+w? has a 
solution in integers which are greater than or equal to zero. It is then said that 
A is represented by the function «?+y?+2?+w?. A function which represents 
every positive integer is said to be universal. Hence the Lagrange theorem states 
that «*+ y?+2?+w? is universal. 


2. Fermat-Cauchy theorem on polygonal numbers. The polygonal numbers 
of order 4 are precisely the squares, 0, 1, 4, 9, 16,---.In general, if mis a 
positive integer, fixed but arbitrary, then the polygonal numbers of order m+2 
are the integers which are the values of the expression «-++m(x?—x)/2 when x 
takes the values 0, 1, 2, 3, -- - . Thus the polygonal numbers of order m+2 are 
the integers 0, 1, m+2, 3m+3, 6m+4, 10m+5,--.-. 

The Lagrange theorem on representation of integers by sums of squares is a 
particular case of a general theorem on representation of integers by sums of 
polygonal numbers of order m+2. The first published proof of this general 
theorem was by Cauchy, but the theorem was first stated by Fermat. The 
Fermat-Cauchy theorem will be stated after it is illustrated further. 

If m=1, the polygonal numbers of order 3 are the integers 0, 1, 3, 6, 10, 
15,---. They are the triangular numbers. The equations 14=10+3-+1, 
7=6+1-+0, 19=15+3-+1 illustrate the general fact that every positive integer 


* Delivered at a meeting of the Mathematical Association of America, Chicago, Illinois, 
September 1, 1941. 
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is a sum of three triangular numbers. It is not possible to use fewer than three 
triangular numbers to obtain 14. 

If m=6 the polygonal numbers of order 8 are the integers 0, 1, 8, 21, 40, 
65,---. The equations 15=1-8+7-1 and 19=2-8+3-1 illustrate the general 
fact that every positive integer is a sum of 8 polygonal numbers of order 8, 
and that there are integers for which fewer polygonal numbers of order 8 would 
not suffice. 

The expression «-+-m(x?—x)/2 which defines the polygonal numbers of order 
m+2 is denoted by p(x). Also #:; denotes p(x1), p2 denotes p(x2), and so on, but 
po is not necessarily different from 1. In these f1, po, - - - the same m is used, 
although it is not explicitly indicated in the notation. The general Fermat- 
Cauchy theorem states that every positive integer 1s a sum of m+2 polygonal 
numbers of order m+2, and that no fewer summands suffice for all positive integers. 
These facts may be stated by saying that the function pitpe+t --- +hm4. is 
universal, and that no such function in fewer that m+2 variables is universal. 


3. Dickson’s generalization of the theorem of Lagrange. One generalization 
of the Lagrange theorem is illustrated by the function «*+ y?+2?+ 2w? and by 
the function x«?+y?+22?+3w?. Each of these functions is universal. In 1927 
Dickson proved that there are exactly fifty-four such functions in four variables 
which are universal. If a function is obtained from one of these fifty-four func- 
tions by adjoining a term cf?, in which c is a positive integer and ¢ is a fifth vari- 
able, then the new function is trivially universal. Dickson proved that there are 
exactly six such functions in five variables, and no such functions in six or more 
variables, which are universal and which are such that no function obtained by 
deleting one or more terms is universal. Since no such function in three or fewer 
variables is universal, the problem of representation of integers by such func- 
tions ax?+ by?+cz?+ --- was completely solved. 


4. Generalization of the Fermat-Cauchy theorem. In 1930 the author of this 
paper published the complete solution of the analogous generalization of the 
general Fermat-Cauchy theorem on polygonal numbers if m 23 and the sum of 
the coefficients is not greater than m+2. The universal functions af1+ 0p2+ eps 
of triangular numbers were determined by Liouville in 1862. The general results 
for m= 3 will be illustrated for m=5 and for m=6 before they are stated. 

If m=5 the polygonal numbers of order 7 are the integers 0, 1, 7, 18, 34, 
55,-°-. The function :+f2.+63+21+2p; is universal. This function will be 
designated by (1, 1, 1, 2, 2), since the coefficients are under investigation. 
That this function represents 13, for example, is indicated by the equation 
13=1-7+1-14+1-1+2-14+2-1. The other universal functions for m=5 are the 
Fermat function (1, 1, 1, 1, 1, 1, 1) and the functions (1, 1, 1, 1, 1, 2) and 
(1,1, 1,1, 3). That the function (1, 1, 1, 4) is not universal is illustrated by the 
fact that 17=2-7+3-1 is the only representation of 17 as a sum of seven or 
fewer non-zero polygonal numbers of order 7. 
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If m=6 the polygonal numbers of order 8 are, as stated previously, 0, 1, 8, 
21, 40, 65,---. The universal functions are (1, 1, 1, 2, 3), (1, 1, 1, 1, 1, 3), 
(1,1,1,1, 2,2), (1,1,1,1,1,1,2), and the Fermat function (1,1, 1,1, 1, 1,1, 1). 
It is clear that the representation of a positive integer A by the function 
(1,1, 1, 2, 3) implies its representation by the function (1, 1, 1, 1, 1, 3), because 
the solution of the equation A = 1+ p2.+43+24+3>3; in integers x1, --- , x3 im- 
plies the solution of the equation A=f;+/.+43+f1+3;+3. in integers 
x1, °° , Xs. Hence the universality of the function (1, 1, 1, 2, 3) implies that of 
each of the other universal functions. It was not possible to use this fact in the 
proof, because the details of the proof were much more complicated for functions 
not having the first four coefficients each unity. The fact is mentioned, however, 
to emphasize the fact that the universality of each of the functions different from 
the Fermat function implies. that of the Fermat function. 

These results for m=6 constitute five theorems, including the Fermat theo- 
rem. Each of the other four theorems implies the Fermat theorem. The results 
for m=5 constitute four theorems, including the Fermat theorem. Each of the 
other three theorems implies the Fermat theorem. A contrast in the cases m=5 
and m=6 is to be noted. The universal functions for m=6 can all be obtained 
from the one universal function having the fewest number of variables, that is 
from (1, 1, 1, 2, 3) by the method of partition illustrated above. However, for 
m=5 there are two universal functions, namely (1, 1, 1, 2, 2) and (1, 1, 1, 1, 3), 
each having the fewest number of variables, neither of which can be derived from 
the other by partition. 

If m is a fixed but arbitrary integer which is greater than or equal to three, 
and x is the number of variables in a function, then the function is written 
(a1, @2,° °°, Gn). The coefficients ai, --- , @, are integers each greater than or 
equal to unity, and have been arranged for convenience so that aq1S ---: San. 
The sum ai+ --- +a, of the first k coefficients is denoted by w;. The positive 
integer A is represented by the function (a1, --- , a@,) if and only if there exist 
integers %1,-°--, X,, each of which is greater than or equal to zero, such that 
A=apit --- +anp,. The function is universal if and only if it represents every 
positive integer. ° 

The general results on universal functions of polygonal numbers, if m 23 and 
the sum of the coefficients is not greater than m+ 2, are easily stated, using these 
notations. If w,<m-+d2 then there are no universal functions. If w,=m-+2 then 
the universal functions are the following functions: (1, 1, 1, 2); (1, 1, 1, 1, 3); 
(1,1, 1, 1, as, ---,@,), with a;=1 or 2, and with a,=w,1—1 (5SkSn); and 
(1,1, 1, 2,as,---+,@n), with a, Swz1—1 (SSkSn). 

The author of this paper has just published a determination, for m23, of 
the minimum value N of x and a characterization of m such that there is a unique 
universal function having = WN. The results are that the minimum 1 is the in- 
teger N uniquely defined by the inequalities 2%-’—1<msS2%—-?—1, and that 
there is a unique universal function having n= N if and only if m=3, 4, 2N-?—2, 
2N-2—1,. If m2=3 then the integers 1, 1, 1, 2, 2?,---, 2%-*4, m+1—24-8, after 


110 DISCUSSIONS AND NOTES [February, 


they have been arranged in order of increasing magnitude, are the coefficients 
of a universal function having n= N. If m=5 then N=5 and the two universal 
functions having »= WN were noted to be (1, 1, 1, 2, 2) and (1, 1, 1, 1, 3). If mis 
odd and greater than 5 and not equal to 2"—-?—1, then a set of integers which 
yield, after they have been arranged in order of increasing magnitude, a uni- 
versal function having x= WN which is different from the function mentioned 
above, is the set 1, 1, 1, 2, 22,---, 24-5, b, c with b=(m+1—2%-3)/2 and 
c=m+1—2%—-4—b). If m is even and greater than 4 and not equal to 2%~?—2 or 
2N-3 then this last set of integers with 6 = (m+2—2%-8)/2andc=m+1—2%—-!—b 
yields such a function. If m=2%—-8 then this last set of integers with b=2 and 
c=m+1—2%-4—6 yields such a function. 

The author has investigated universal functions of polygonal numbers of 
order m+2 in which w,2m-+3. The methods of proof for the case w, S$m-+2 in 
general do not apply to the case w,2m-+3. The proofs of the preceding facts 
for the case w, {m-+2, and other references, will be found in the author’s papers 
A generalization of the Fermat theorem on polygonal numbers and A note on repre- 
sentation by polygonal numbers.” 


DISCUSSIONS AND NOTES 


EDITED BY R. J. WALKER, Cornell University, Ithaca, N. Y. 


The department of Discussions and Notes in the MONTHLY 1s open to all forms of activity in 
collegiate mathematics, except for specific problems, especially new problems, which are reserved for the 
department of Problems and Soluttons. 


DIF FERENTIALS 


Mark Kac AND J. F. RANDOLPH, Cornell University 


As easy and desirable as it is to get along without differentials, they seem to 
be with us to stay. The fact that differentials enable one to arrive at correct 
results when he thinks of dx and dy as “little pieces of x and y” makes him believe 
he is thinking correctly and he therefore will not give up his concept of differ- 
entials because some pedantic mathematician tells him he ts just lucky. 

Granted, then, that we are not going to dispense with differentials, can we 
not do something to help students understand what they are? The unsophisti- 
cated undergraduate who tries to believe everything he reads and his instructor 
tells him is hopelessly confused. One day he tries to believe (but does not suc- 
ceed) that dy/dx is not dy divided by dx. The next day he may have momentary 
comfort when he learns that it is true after all that dy/dx is dy divided by dx 
and that limaz.0 Ay/Ax =dy/dx. However, he is then told or, heaven forbid, sees 
“proved” that dy =Ax. He may admire the cleverness of dx for being able to 


* Annals of Mathematics, (2), vol. 31, 1930, pp. 1-12, and a current issue of the Bulletin of 
the American Mathematical Society. 
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“remain constant on one side of an equation and (since dx =Ax) approach zero 
or the other,” but it bothers him just the same. 

In the usual way of representing a function (please do not fight with us about 
this functional notation) let x be the independent variable and y=f(x) the de- 
pendent variable. Then let Ax be a number 0 and such that f(x +Ax) is defined 
but otherwise let Ax be arbitrary. Consider the number f(x+Ax) —f(x) (if x in- 
sists on living up to its reputation as a variable, replace x by x), let 

Ay, Af, Af(«) 
be alternative notations for this number, and define each of the symbols 


Dzy, Def, Df(x), Wf, f(x) 
to be the following limit, assumed to exist, 
_ f(w + Ax) — f(x) 
lim ———_________ . 
Az—0 Ax 


Above all things do not define dy/dx to be this limit. 
Now let dx be an absolutely arbitrary number and define 


dy = f'(«)dx. 
Clearly if dx =0 then dy =0, and if dx #0 then dy/dx =f’ (x). Then from the very 


beginning dy/dx, dx0, is dy divided by dx. 
Since Ax and dx are quite arbitrary, there is no inherent reason why they 
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should be the same, and we therefore first take them different. Consequently, 
instead of the usual picture illustrating the relation of dy and Ay we have the 
geometric interpretation given in the figure. Since the slope of the chord ap- 
proaches the slope of the tangent as Ax—0 we clearly have 


and there is no worry about a strain on dx as Ax—0. 

If now we wish to use differentials as approximations to increments, it should 
be clear to the student that dy is an approximation to Ay if we choose, as we 
may, dx =Ax and “small.” Also if it is thought that infinitesimals are desirable 
in this connection, then write 


_  dy— dy dy Ay 

lim = ——— = hm —— lm — 

dzx=Az—0 Ax dz=Az-0 dx dzx=Az-0 Ax 
= him , f(x) — f(x) = f(x) — f(x) = 9, 


and thus have that dy—Ay is an infinitesimal of higher order than Ax(=dx). 
This definition of dx and dy amounts to what is essentially the Leibnitz defi- 
nition of differentials; namely, dx is arbitrary and 


ty = imi t a = fe) 


Differentials are, to besure, not a great help when dealing with a function of 
one variable, but they become more important in the theory of functions of two 
or more variables. However, if differentials are introduced early in the course, 
their use will seem more natural to the student in later more complicated situa- 
tions. It should, from the very beginning, be emphasized that a differential of an 
independent variable is itself independent, but a differential of the dependent 
variable is not independent but is determined. 

In a course in mechanics when “virtual displacement”, i.e., displacement 
along the tangent to a path, is introduced, the symbols 6x and 6y are generally 
used for the x- and y-components of this displacement. The reason why two 
symbols, 6’s and d’s, should be introduced when the algebraic manipulations are 
the same is never clear to the student. The student is right in this case; the 6’s 
are only differentials and this symbol is therefore superfluous. 


AN INDUCTIVE PROOF OF BUDAN’S THEOREM 
M. F. Smitey, Lehigh University 


We shall be concerned with Budan’s theorem in the following form: 


If f(x) ts a polynomial of degree n with real coefficients, and V(x) is the number 
of variations in sign of the sequence 


f(a), f(x), F'(%), ooo FO (%), 
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then the number of real roots of f(x) =0 on the interval a<x Sb (a root of multi- 
plicity pw being counted as pw roots) ts V(a) — V(b) —2k, where k 1s a positive integer 
or Zero. 


The proofs of this theorem which are given in the elementary textbooks 
usually involve a rather intricate examination of the behavior of the derivatives 
of f(x). We present here an inductive proof involving a minimum of such detail. 

Budan’s theorem, as stated, is an immediate consequence of the following 
lemma. 


Lema. If ais a root of f(x) =0 of multiplicity* uw (u 20), then Via+0) = V(a) 
and V(a—0)= V(a)+y+2kR(a), where k(a) ts a positive integer or zero. 


Proof. We employ induction on the degree, , of f(x). If n=1, the lemma is 
obviously true. Suppose that it holds for all polynomials of degree at most k —1. 
Consider a polynomial g(x) of degree k. Let Vi(x) be the number of variations 
in sign of the sequence (1) with the first term suppressed and the f’s replaced 
by g’s. We divide the proof that g(x) has the property of our lemma into two 
cases. 

Case 1. u>0. The hypothesis of our induction applies to g’(x), Vi(x), and the 
root x=a of g’(x) =0 of multiplicity ~—120. We obtain Vi(a+0) = Vi(a@) and 
Vila—0) = Vila) +u—1+2ki(a), with ki(a) a non-negative integer. But it is 
clear that g(x) and g’(x) have opposite signs just before and equal signs just after 
x =a. Hence Vi(a—0)+1 = V(a—0) and Vi(a+0) = V(a+0). But, since g(a) =0, 
we have V(a) = Vi(a). The desired result for g(x) follows easily. 

Case 2. u=0. Here g(a) #0, and the application of the hypothesis of our induc- 
tion to g’(x) and Vi(x) yields Vi(a+0) = Vi(a) and Vi(a—0) = Vila) ++ 2h (a), 
with ki(a) a non-negative integer and v=0 the multiplicity of the root x =a of 
g’(x) =0. If v=0, then g’(a) #0, and hence V(a—0) — Vi(a—0) = V(a) — Vila) 
= V(a+0) — Vi(a+0); from which the conclusion of our lemma for g(x) fol- 
lows easily. On the other hand, if y>0 we note that g?*)(qa@)+0 and that 
g(a) =e" (a) = +--+ =g?t) (qa) =0, while g’(x), g’’(x), --- , gt (x) alternate in 
sign just before «=a and all have the same sign just after x=a. Hence 
V(a+0) — Vi(a+0) = V(a) — Vila), which proves that V(a+0)=V(qa). If v is 
even we see that g’(x) and g(x) have the same sign just before x =a. Whether 
or not this is the sign of g(a), we obtain the conclusion of our lemma with 
2k(a) =v+2ki(a). If v is odd and g(x) and g’(x) have the same sign just be- 
fore x=a, then V(a—0)= Vi(a—0) and V(a)=1+ Vila), and it follows that 
2k(a) =v—1+2hk:(a) is effective. Finally, if v is odd and g(x) and g’(x) have op- 
posite signs just before x =a, then V(a—0) = Vi(a—0)+1 and V(a) = Vila); and 
consequently 2k(a) =v+1-+2kh;(a) is effective. This completes the induction and 
the proof of our lemma. 


* For economy of statement we have designated a value «=a at which f(x) #0 as “a root of 
f(x) =0 of multiplicity zero.” The notation V(a@+0) [V(a—0) | means the right-hand [left-hand ] 
limit of V(x) at x=a. 


RECENT PUBLICATIONS 


EDITED BY VIRGIL SNYDER, Cornell University 


All books for review should be sent directly to the editor of thts department, American Mathe- 
matical Monthly, 531 West 116th Street, New York, N. Y., and not to any of the other editors or 
officers of the Association. 


REVIEWS 


A New System of Reckoning which Turns at 8. By Emanuel Swedberg. Translated 
from a photostat copy of the original Swedish MS. by Alfred Acton. Phila- 
delphia, Pa., Swedenborg Scientific Association, 1941. 34 pages. 60 cents. 


This translation from an original manuscript written in 1718 will be of inter- 
est to two groups. Collectors of Swedenborgia will welcome this addition for its 
own sake while mathematicians will be interested from a theoretical and prac- 
tical point of view. Students of Swedenborg will read the translator’s preface 
with greater attention than the actual translation because of the generous quo- 
tations from two other papers of Swedenborg, setting the historical scene for 
this particular work. They will notice that the earlier spelling Swedberg is used 
since the change in spelling did not occur until after this paper was written. 

Mathematicians will concentrate on the paper itself which contains a short 
preface by the author followed by a detailed discussion of the new system con- 
sisting of eight characters made up of letters. Directions for reading and writing 
the corresponding numbers are carefully given. Addition and multiplication 
tables are compiled with diagrams for Napier’s sticks using the octonary system. 
There follow sections on applications to monetary problems and problems on 
weights and measures. Although the arguments are quite convincing, they would 
be more so if the translator had not confessed in his preface that Swedberg 
himself advocated in 1719 the use of the decimal system. It would have been 
apropos here to state that the decimal system for all weights and measures was 
introduced into Sweden in 1879 and became obligatory in 1889. 

The translator has been very diligent in discovering errors in the manuscript. 
Unfortunately, there are several mistakes in the translation, some of them typo- 
graphical. For the sake of those students of Swedenborg who may not be trained 
mathematicians, we list the mistakes noted in reviewing the paper: 

p. 18: in the Addition Table, the end of the second line of the second column 
should read ii [Jyl] instead of [JJ] Ly/. 

p. 19: the last two problems in multiplication should be arranged as follows: 


nm mv 
sn ls 
Lsm Lif 

“yo MV 

losm fof 
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p. 22: in the example at bottom of page. The last two lines should have 
}and 1 under Rzksd. instead of under Mark. 

p. 28: line 2 from top. The expressions 1;m,nn;nm; should be (J) ;(m,nn) ;(nm). 
Also in line 6 from top the expressions J;nn;mn; should be (2) ;() ;(mn). 

p. 28: footnote marked ft. The computation should be arranged as follows: 


Rtksd. 


nn 
“IN 
Lsl 


Ln 


fof 


p. 29: fourth line above footnotes: 142 should be 144. 
p. 30: fourth line above footnotes: 3065 should be 3675. 
p. 30: footnote marked {, next to last line should have the number 1 under 
the column headed 1/2 quart. 
p. 33: line 10 should read: the cube root of Jp is s. 
HARRIET F. MONTAGUE 


CLUBS AND ALLIED ACTIVITIES 


EDITED By E, H. C. HILDEBRANDT AND J. S. FRAME 


Send reports of all activities, such as club reports, special features, topics with references, student 
papers, and other matertal of interest, to J. S. Frame, Brown University, Providence, R. I. 


BIBLIOGRAPHY ON METHODS OF APPORTIONMENT IN CONGRESS* 


On November 15, 1941, President Roosevelt approved the automatic ap- 
portionment bill (H.R.2665, now Public Law 291) which replaces the method 
of major fractions (devised by Professor W. F. Willcox of Cornell in 1910) by 
the method of equal proportions (devised by Professor E. V. Huntington of 
Harvard in 1921). The twenty-year controversy thus brought to an end affords 
an instructive example of the application of the scientific method to a political 
problem. The following bibliography may therefore be a timely convenience for 
students of this problem. 

For the most comprehensive list of numerical examples illustrating all known 
methods, see Huntington’s A Survey of Methods of Apportionment in Congress, 
Senate Document No. 304, 76th Congress, 3rd Session, 1940 (Government Print- 
ing Office, 41 pages, $0.10). On legal aspects, see Z. Chafee, Jr.’s article on Con- 
gresstonal reapportionment in the Harvard Law Review, vol. 12, pp. 1015-1047, 


* Compiled from data supplied at our request by E. V. Huntington. 
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1929, and his forthcoming paper on Reapportioning the house of representatives 
under the 1940 census in the Proceedings of the Massachusetts Historical So- 
ciety, vol. 66, 1942. See also L. F. Schmeckebier’s book on Congressional A ppor- 
tionment, Brookings Institution, Washington, 1941. On the theoretical side, the 
fundamental paper is Huntington’s The apportionment of representatives in con- 
gress, Transactions of the American Mathematical Society, vol. 30, po. 85-110, 
1928. The text of the main part of the bill is given in the Congressional Record 
for October 20, 1941, p. 8261. 

Hearings before the House Committee on the Census have been held as fol- 
lows, but must be read with caution: December 1920 to January 1921 (H.R. 
14498, etc.); January to February, 1927 (H.R. 13471); February 1928 (H.R. 
130); February 1931 (H.R. 15983, etc.); February to March, 1940. Also, before 
the Senate Committee on Commerce, February to March, 1941 (H.R. 2665). 

For the report of the census advisory committee, see the Quarterly Publica- 
tion of the American Statistical Association, December, 1921, pp. 1004-1013; or 
the Congressional Record for April 7, 1926, pp. 6840-6842; or the 1927 Hearings, 
pp. 53-58; or the 1928 Hearings, pp. 80-85. For the report of the National Acad- 
emy of Sciences, see the Annual Report of the Academy for 1928-1929, pp. 20-23; 
or the Congressional Record for March 2, 1929, p. 5059; or the 1940 Hearings, 
pp. 70-71. 

For the origin of the method of equal proportions, see Huntington, A New 
Method of Apportionment of Representatives, Quart. Pub. Amer. Statistical 
Assoc., September 1921, pp. 859-870; or a brief abstract in the Proceedings of 
the National Academy of Sctences, vol. 7, pp. 123-127, April 1921. On the origin 
of the method of major fractions, see Willcox, House Report No. 12, 62nd Con- 
gress, 1st Session, April 15, 1911; or his presidential address as president of the 
American Economic Association in the American Economic Review, vol. 6, no. 1, 
supplement, pp. 1-16, March, 1916, or in the 1927 Hearings, pp. 79-86. See also 
F. W. Owens’ paper On the apportionment of representatives, Quart. Pub. Amer. 
Statistical Assoc., December, 1921, pp. 958-968. On Dr. Hill’s method of alter- 
nate ratios, see J. A. Hill, House Report No. 12, loc. cit., 1911, and his statement 
accepting the method of equal proportions, on p. 16 of the 1927 Hearings. 

An interchange of papers by Huntington and Willcox may be found in Sci- 
ence: Huntington, vol. 67, pp. 509-510, May 18, 1928; vol. 68, pp. 579-582, 
December 14, 1928; Willcox, vol. 69, pp. 163-165, February 8, 1929; Hunting- 
ton, vol. 69, p. 272, March 8, 1929; Willcox, vol. 69, pp. 357-358, March 29, 
1929; Huntington, vol. 69, pp. 471-473, May 3, 1929. See also Huntington, 
American Political Science Review, vol. 25, pp. 961-965, November, 1931. Also 
C. L. Dedrick’s paper in the 1941 Hearings, pp. 42-44, and a short statement by 
Huntington, printed in the Appendix of the Congressional Record for April 28, 
1941, page A 2053. 

The controversial aspect of the situation has culminated in a tripartite ar- 
ticle published in Sociometry, vol. 4, August, 1941: The role of mathematics in 
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congressional apportionment, pp. 278-282, by Huntington; a Reply, pp. 283-298, 
by Willcox; and a Rejoinder, pp. 299-301, by Huntington. 


I DOUBT IT—A MATHEMATICAL CARD GAME 
IRENE PRICE, Oshkosh State Teachers College 


The cards for this game consist of a deck of 50 or more cards which may be 
made by cutting cardboard into small rectangles (or some other geometric fig- 
ure) and placing a number from 0 to 7 on each one. The numbers are not written 
in the usual manner but in some symbolic way so that the players must do a little 
work before knowing the number. Zero may be written in the following ways: 
1+-cos 180°, log 1, cos 7/2, 0—0, 6° —1, etc. One may be written 74, cos 0°, log. e, 
tan 225°, etc. For two write d(2x)/dx, 41/2, cos? 45°, oC, V/12/v/3, sec 1/3, 
2 tan? 225°. For three write ~/81, 3 sin 90°, /7+4/4, 3(5)°, cot? 30°, 6/+/8, etc. 

Choose the numbers in such a way that they will be within the ability of 
the group; that is, if students have not studied trigonometry, then omit those 
forms which contain trigonometric functions; if the students know calculus, add 
cards containing integrals and derivatives. 

This game may be played by any number of players from 2 to 8. The cards 
are distributed to the players, one at a time, until all cards are given out. The 
dealer starts the game by placing a card face down on the table and calling it 
zero. The player to his left places a card face down on the table in front of him 
and calls “one”; the next player does likewise and says “two,” and so on around 
the table. If at any time a person doubts that the player put down the number 
he declares, the challenger says, “I doubt it” at which the player exposes the 
card played. If it was the card declared, the challenger takes all of the cards the 
player has on the table in front of him; if it was not the card declared the player 
must take all of the cards the challenger has before him. The object of the game 
is to see who can get out of cards first. When all cards in the hand have been 
played, the player must pick up all the cards he has placed upon the table and 
play them again. After counting to seven the next player may lay down any 
number he wishes but the next players to his left must then lay down the next 
consecutive numbers until 7 is reached. 


BOOKS FOR CLUBS 
(Continued from December 1938) 


46. What is Mathematics? An Elementary Approach to Ideas and Methods, by 
R. Courant and H. Robbins. New York, Oxford, 1941. 521 pages. $3.75. 
Contains a wealth of material for new topics for discussion at club meetings. 
A few samples are: repeated reflections, drawing with mechanical instru- 
ments, Schwarz’s triangle problem, Steiner’s problem, Appollonius’ prob- 
lem, an instrument for doubling the cube. 


47. Fundamental Mathematics, by D. Harkin. New York, Prentice-Hall, 1941. 
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434 pages. $3.00. Secondary school as well as college clubs will find many 
worthwhile subjects for consideration, such as: development of the number 
concept, the decimal system, finite modular arithmetic, stories about frac- 
tions, symbolism, continued fractions, tesselation, stellated polyhedra, and 
many others. 


48. Fundamentals of Mathematics, by M. Richardson. New York, Macmillan, 
1941. 525 pages. $3.25. One chapter entitled “Impossibilities and unsolved 
problems” discusses a number of popular subjects. Other interesting topics 
as well as references for further study can be found. 


49. Mathematics—Its Magic and Mastery, by A. Bakst. New York, Van 
Nostrand, 1941. 790 pages. $3.95. Program committees interested in at- 
tractive topics for club meetings will find interest aroused in such chapter 
headings as: how to multiply and like it, Napier’s escape from drudgery, 
every number has its fingerprint, algebra hits the jackpot, the perils of flat- 
land, railroading among the stars. The chapter on ballistics contains an un- 
usually simple introduction to the subject. 


KAPPA MU EPSILON 
FIFTH BIENNIAL CONVENTION 


The fifth biennial convention of Kappa Mu Epsilon was held at Central Missouri State Teach- 
ers College, Warrensburg, Missouri, on April 18 and 19, 1941, with the Missouri Beta chapter as 
host. Twenty-three chapters were represented by one hundred and fifty-nine delegates and visiting 
members. The convention opened with a general assembly on Friday evening which included an 
address by Dr. W. C. Morris of Warrensburg entitled Playing a little with electricity, and a demon- 
stration of a reed organ converted into an electronic organ by George W. Wood, a student at 
Warrensburg. The educational program on Saturday morning consisted of two student papers, 
Projective measurements by William Wallis of Texas Alpha and Some interesting facts about the 
cyclotd by Jerry Falvey of Louisiana Alpha, and discussions by Professor O. J. Peterson of Kansas 
Beta and Professor E. R. Sleight of Michigan Alpha on ABCD and Early English arithmetics, re- 
spectively. Professor C. V. Newsom, national president, presided at all meetings. Professor Emmett 
Ellis of Warrensburg was the convention chairman. 

A number of revisions of the constitution were made at the business meeting on Saturday 
afternoon. The fraternity voted to publish an official journal at least oncea year. Sectional meetings 
were encouraged but mathematical contests were not favored. The convention concluded with a 
banquet on Saturday evening at which Albro F. Stepp, student at Missouri Beta, served as toast- 
master. 

The following were elected to serve as the officers for the next biennium: 

President Pythagoras, Professor O. J. Peterson, Kansas Beta, State Teachers College, Emporia, 

Kansas 
Vice-President Euclid, Professor E. D. Mouzon, Texas Beta, Southern Methodist University, 

Dallas, Texas 
Secretary Diophantus, Professor E. Marie Hove, Nebraska Alpha, State Teachers College, Wayne, 

Nebraska 
Treasurer Newton, Professor H. Van Engen, Iowa Alpha, State Teachers College, Cedar Falls, lowa 
Historian Hypatia, Miss Orpha Ann Culmer, Alabama Beta, State Teachers College, Florence, 

Alabama 
Past President Zeno, Professor C. V. Newsom, New Mexico Alpha, University of New Mexico, 

Albuquerque, New Mexico. 


1942| CLUBS AND ALLIED ACTIVITIES 119 


UNDERGRADUATE PUBLICATIONS 


The Pentagon, official journal for Kappa Mu Epsilon, national honorary fraternity in mathe- 
matics, made its initial appearance in the fall of 1941. Edited by Professor C. V. Newsom of the 
University of New Mexico, its sixty-eight pages contain articles on Mathematics and national de- 
fense by W. L. Hart, Dyadic arithmetic by H. D. Larsen, and Robert Record’s Whetstone of Wttte 
by E. R. Sleight as well as a section devoted to The mathematical scrapbook and a summary of 
activities of the twenty-six chapters. Professor E. R. Sleight of Albion College, Albion, Michigan, 
will edit all student papers submitted for publication. Professor E. A. Hazlewood, Texas Techno- 
logical College, Lubbock, Texas, is making a collection of items for The mathematical scrapbook. 
News notes are submitted to Miss Orpha Ann Culmer, Alabama State Teachers College, Florence, 
Alabama or to Miss E. Marie Hove, Nebraska State Teachers College, Wayne, Nebraska. Clubs 
or individuals not members of the national fraternity may subscribe for the magazine at thirty 
cents a copy or one dollar for two years. Subscriptions and business communications should be 
sent to C. B. Barker, University of New Mexico, Albuquerque, New Mexico. 


CLUB REPORTS, 1940-41 
Pi Mu Epsilon, University of Arizona 


The 40th chapter of Pi Mu Epsilon was installed on April 7, 1941 at the University of Arizona 
at Tucson. The installation ceremony was conducted by W. E. Milne, Director-General of Ps Mu 
Epsilon, with the assistance of Professor James B. Shaw. Thirty-one of the thirty-three charter 
members were initiated into membership during the ceremony. At a banquet following the installa- 
tion, Professor Milne gave an address on Primitive number systems. 


Oberlin Mathematics Club 


References used in preparing papers for club meetings are always welcomed by this depart- 
ment. The report of the Oberlin Mathematics Club lists a number which were used. John Hammerle 
spoke on Boolean algebra and concluded his talk with applications given in the paper Relaitons and 
reason by W. V. Quine in the Technology Review, vol. 41, 1939, p. 299. Allen Strehler gave a demon- 
stration of soap films with wire loops based on Soap film experiments with minimal surfaces by 
R. Courant, this MONTHLY, vol. 47, pp. 167-174. Roselyn Siegel found the article on map making 
in the Encyclopedia Britannica, 14th Edition, an excellent guide. Other speakers were Dr. R. W. 
Wagner on Topology, Bolton Strauch on Applications of life and interest tables to the problems of 
life insurance and annuities, Miss Orpah Clark on The regular solids and related polyhedrons and 
crystals, and William Hosier on Continued fractions (see Hall and Knight’s Higher Algebra). In 
addition short biographical sketches of mathematicians chosen from Bell’s Men of Mathematics 
were given at each meeting and a student contest held was based on twenty-five trick questions 
and puzzles and modeled on the plan of the radio program Information Please. 


Regis College Mathematical Club 


A typical meeting includes talks and demonstrations on popular mathematical subjects and 
some time devoted to recreational mathematics. Mary Kelly gave a demonstration of the ruler and 
compasses construction of a Clifford chain and Margaret McCarthy at a later meeting explained 
the analytical approach to the Clifford chain problem. Sister Thomas 4 Kempis gave a digest of 
The walking polygot which appeared in Scripta Mathematica, December 1939. Teresa Launie dis- 
cussed Mathematics and defense in which she stressed the importance of training in mathematics 
and discussed applications in ballistics and used for reference the field and coast artillery manuals 
published by the U. S. Government Printing Office for the Army and Navy. Evelyn Carrellas de- 
scribed The Snellius approximation and its construction and application to the three famous problems 
of antiquity, from Dantzig’s Number, the Language of Science. The fourth dimension was discussed 
by Eleanor Fleming, Primitive counting by Marjorie Sullivan, Evariste Galots by Gertrude Mc- 
Donald, The life of Pascal by Cecelia Reininger, and The trisection problem by Helen Cleary. 
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Harold Young, superintendent of personnel of the Employers Insurance Group of Boston, spoke on 
Insurance as a future for mathematics majors. The club also participated in the activities of the 
Greater Boston Mathematics Clubs Association, acting as host for the April 1941 meeting. En- 
tertainments at meetings were based on Ball’s Mathematical Recreations and Essays, Jones’ Mathe- 
matical Wrinkles, and Steinhaus’ Mathematical Snapshots. Officers were: President, Irene Thomas; 
Vice-President, Cornelia Dinneen; Secretary, Eleanor Fleming; Treasurer, Marjorie Sullivan; 
Faculty Adviser, Sister Leonarda. 


Mathematics-Physics Club, Haverford College 


Topics discussed at meetings included: The problem of apportionment of representatives by 
R. B. Dickson, Problems in television by T. H. Chambers, Fermat’s last theorem by R. Strohl, Some 
figures tn topology by Dr. E. E. Betz, Development of Wilson cloud chambers by K. A. Wright, and 
Linear Diophantine equations by P. R. O’Connor. Guest speakers were Professor Arnold Dresden 
of Swarthmore College who gave a talk entitled Intuition in mathematics, and Dr. T. F. Anderson, 
RCA research fellow, who gave an illustrated lecture at a joint meeting of the Mathematics- 
Physics, Biology, Engineering, and Chemistry Clubs of the college on The electron microscope. Win- 
ners of the freshman prize examination were R. Day and E. C. Alvord, Jr. Officers were: President, 
G. R. Strohl, Jr.; Secretary, W. Franzen. 


PROBLEMS AND SOLUTIONS 
EDITED BY OTTO DUNKEL, ORRIN FRINK, JR. AND H. S. M. CoOXETER 


ELEMENTARY PROBLEMS 


Send communications concerning Elementary Problems and Solutions to H. S. M. Coxeter, 69 
Chaplin Crescent, Toronto, Canada. 

The department of Elementary Problems welcomes problems believed to be new, and de- 
manding no tools beyond those ordinarily furnished in the first two years of college mathematics. 
To facilitate their consideration, solutions should be submitted on separate, signed sheets, within 
three months after publication of problems. 


PROBLEMS FOR SOLUTION 


E 506. Proposed by R. V. Heath, Wall St., New York. 
Show that, for every positive integer 7, the last n+9 digits of 


906252” 
form an automorphic number. [See 1941, 407. | 


E 507. Proposed by V. Thébault, San Sebastidn, Spain. 


In an orthocentric tetrahedron with orthocenter H and circumcenter O, show 
that the radical planes of the circumsphere with the respective spheres whose 
diameters are the four medians, meet the Euler lines of the corresponding faces 
in four points lying in a plane perpendicular to OH. (Cf. E 467. The medians 
of a tetrahedron join its vertices to the centroids of the opposite faces.) 


E 508. Proposed by R. K. Allen, Montpelier, Vermont. 


How many bridge hands are there where all thirteen tricks can be taken at 
no trump regardless of the distribution of the cards? It is assumed that declarer 
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will always play his highest cards and not intentionally lose any tricks. (Cf. 
E 448.) 


E 509. Proposed by the late J. E. Trevor, Cornell University. 


An architect is designing a house for his client’s seventy-five foot lot. The 
“square bedroom” is to have a square floor, and it will contain an ordinary 
double bed and other furniture. The owner specifies that the music room shall 
be two feet longer than it is wide, and that its floor-area in square feet shall be 
three times that of the square bedroom. It is also specified that the widths of the 
two rooms shall be integer numbers of feet. Find these widths. 


E 510. Proposed by S. H. Gould, University of Toronto. 


Given @),¢=@p,¢-1 + GAp-1,q) Gp 1 =U, g=1, (, g=1, 2, 3,---), prove 
= p+ 4 
tone Eornefat nen (24 OR. 
(p )ap,q 2 p—kiq XC ) e+ 
SOLUTIONS 


E 464 [1941, 210]. Proposed by Emma Lehmer, Berkeley, Calif. 
Prove that, for any prime p>3, 


k a k a—-y 
( p )=( p ) (aoa pre-rts) 
np® npe-7 
Solution by the Proposer. 


This result follows from repeated applications of the corresponding theorem 


in which y =1, namely, 
k a k a—l 
(i) a (2°) ate 
np® npr} 
We first consider those factors of the binomial coefficient 
(‘*") _ kpe(kpx — 1)(kpe — 2) «+» (koe = np? + 1) 


which are multiples of p; and after dividing out p from each factor of the numer- 
ator and denominator, we obtain 


kpe(kpe __ 1) te (kp _ np} _ 1) 7 ( e) 
1-2--- (npe-! — 1)np 7 npe-) | 


The remaining factors can be grouped into batches of p—1 ratios each of factors 
lying between any two multiples of p, as follows: 
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(ket — (ip + 1} thor — (tb + 2)} > Lkpe — (ip + pV} 
(tp + 1)(tp + 2)--- (p+ p-1) 


p—l p—l 1 
=1— kp 4 Repre SS 4... = 1 (mod p). 
, “ ip +r , 2.40049 imod 


For, it is well known that any elementary symmetric function of the first p—1 
integers (or of any p—1 integers lying between two multiples of p) is divisible 
by ~; moreover, the expression 


3 1 pod 3 1 
= — — pl — 
r=1 Lp + Y ral) 7 p r=1 v2 


is divisible by p?, since >) (1/r) is divisible by p? (for p>3) by Wolstenholme’s 
theorem [1941, 269], and >°(1/r?) is divisible by p. 


E 468 [1941, 266]. Proposed by W. R. Ransom, Tufts College. 


The Fibonacci numbers, defined by fi=fe=1, fisi1=fj;at+f;, are known to 
yield a puzzle in which a square of side f, is cut into four pieces which can appar- 
ently be rearranged to form a rectangle f,_1 Xfn41. Show that the same four pieces 
can be rearranged to form a figure which appears to consist of two rectangles 
Fn—1X 2fn—2 connected by a rectangle f,_4Xfn—2, the error being again one unit of 
area. 

Solution by H. W. Eves, Pittsburgh, Pa. 


We divide the given square into four pieces and rearrange these as in W. W. 
Rouse Ball’s Mathematical Recreations and Essays, London, 1940, p. 85. To 


fa-1 


fu-2 


fu-2 


fr-1 


show that the error in area is one unit, we observe that 


(1) Fatifn—1 = fr + (- 1). 
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This is readily proved by induction as follows. Assume that (1) holds for n=k; 
then we have 


fesofe = (furr + fede = fersfe + fi 
= frrife + frrife-1— (— 1)* 
= frri(fe + fr-1) — (— 1)* 
=fiat(-1). 


The second rearrangement, depicted above, is possible since 


tn — fn—1 = fn—2 
and 
2fn—2 — fr—1 = fr—2 — (fn—1 — fn—2) = fn—2 — fn—3 = fa. 
To show that the error in area is again one unit, we notice that 


Afn—tfn—2 + fn—2fn—4 = Afn—1fin—2 + fn—2(2fn—2 — fn—1) 
= fr—2(4fr—1 + 2fr—e — fr—1) 
= fr—o(3fn—1 + 2fn—2) 
= fn—2(fn + fn—2 + 2fn-1) 
= frfrn—2 + fi + 2fr—1fr—2 
= fram (— 1)" + fae + 2fn-afns 
= (fn—1 + fn—2)? — (— 1)” 
= fa (— 1)". 
Also solved by the proposer. 
E 469 [1941, 266]. Proposed by Virgil Claudian, Bucharest, Roumania. 
Show that the exradii and circumradius of a triangle satisfy the identity 
a?(b? — c?) 7 


Volt, — £2) 


AR. 


Solution by C. W. Trigg, Los Angeles City College. 


From the well known relations 


1 1 1 
y=—) la = ) — = —+— + —, and A? = #7 ol fey 
S S—- @ A Va 1d V¢ 


it may be shown that 


(Vo trd(ra —71) = @ and (r,—-7) (ra +7) = B? — C?. 
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It follows that 


2,.2 2 2 2 
a(b —c Ya — 1 1 
yp tO TO Ly = Vrn-P> —=rntrnt+rn—7r = AR. 
rar, — 1°) Va Vg 
(See Altshiller-Court, College Geometry, p. 73.) 
Also solved by F. A. Alfieri, H. W. Bailey, W. E. Buker, H. W. Eves, Albert 


Furman, Edward Smith, E. P. Starke, and P. D. Thomas. 


E 470 [1941, 266]. Proposed by W. E. Buker, Pittsburgh Public Schools. 


Circle J has its center on another circle J. They intersect at A and C. From 
any point B on J, draw BC, intersecting J again at D. Prove that BD=BA. 


Solution by D. H. Browne, Buffalo, N. Y. 


Let O be the center of J. Since the arcs AO and CO are equal, BO bisects 
ZABC (internally or externally). Hence D is the image of A by reflection in 
BO, and BD=BA. 

Also solved by F. A. Alfieri, W. B. Clarke, H. A. DoBell, William Douglas, 
H. W. Eves, Albert Furman, F. W. Morgan, E. P. Starke, P. D. Thomas, 
C. W. Trigg, and the proposer. 


E 471 [1941, 337]. Proposed by L. G. Johnson, Ann Arbor, Michigan. 


A watch attached to a chain is swung around in a circle with the same angu- 
lar velocity as that of its second hand. Show that the path traced by the tip 
of the second hand is a limacon or a circle according as the sense of motion is 
clockwise or counterclockwise. 


Solution by E. P. Starke, Rutgers University. 


Let T be the tip of the second hand, and P its axis. Choose the fixed point 
of the chain (around which the watch is swung) as the origin, and let the posi- 
tive x-axis be the direction in which PT points directly away from O. Let the 
lengths OP and PT be designated by a and 3, respectively. Then at any instant 
the coérdinates of P are (a cos 0, a sin 8), and those of T are 


(1) x= acosdé+bcos(@+¢), y=asinéd+ sin (@+ 4), 


where @ is the angle POX and ¢ is the angle which PT makes with OP produced. 
The two cases of the problem are given by ¢=6 and ¢= —6. For ¢=9, (1) be- 
comes 


asin@-+ 6 sin 26, 


x = acos@- bcos 26, y 
or 


x + 6b = (a + 26 cos 8) cos 8, y = (a + 20 cos @) sin 8, 


which is a limacon, having the polar equation r=a+20 cos 0 if the pole ts taken 
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at (—b, 0). On the other hand, for 6 = —6, (1) becomes the circle 
x = acosé-+ Bb, y=asin 6, 
with center (0, 0) and radius a. 


E 451 [1941, 65]. Proposed by W. E. Buker, Pittsburgh Public Schools. 


There are three containers, having capacities of a, b,c quarts, where a>b>c 
(positive integers). With the largest container full and the others empty, it is 
desired to divide the liquid into two equal portions, using these containers and 
no others. For what values of a, 0, c is a solution possible? 


Partial Solution by D. H. Browne, Buffalo, N. Y. 


It is implied, of course, that a is even. The successive operations consist, es- 
sentially, in increasing or decreasing the amount of liquid in the largest con- 
tainer by 6 or c quarts. There is no loss of generality in assuming } and c to be 
relatively prime; for, any common divisor d must divide 4a also, and we merely 
have the problem for a/d, b/d, c/d, in terms of a new unit equal to d quarts. 
It is found that solutions are always possible when 


b+c—2S a8 26+ 0). 


(See Uspensky and Heaslet, Elementary Number Theory, p. 184.) The latter in- 
equality is clearly necessary in order to be able to reduce the liquid in the largest 
container by as much as $a quarts. There are certain “adventitious” solutions 
with a<b+c—2;e.g. when a =22, b=16, c=9, or a=40, }=27, c=17. In these 
instances the successive amounts in the three containers are as follows: 


22 0 0 40 0 0 


13 0 9 13 27 0 
13 9 0 13 10 17 
4 9 9 30 10 0 
4 16 2 30 0 10 
20 0 2 3 27 10 
20 2 0 3 20 17 
11 2 9 20 20 0 


Also solved to this extent by the proposer. 


Editorial Note. The actual solution for given values of a, 6, c can be written 
concisely by giving the successive amounts in the two smaller containers to- 
gether. This amount is initially 0 and finally 4a. Thus, in the above instances 
we have the sequences 


0,9,18, 2,11; 0,27, 10, 37, 20. 


Adopting the notation of H. D. Grossman’s Generalization of the water-fetching 
puzzle [1940, 374], we see that such a sequence occurs as part of the cycle of 
s’s or o's, defined as follows: 
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Sso=0, St = 06, Sit = 5; +0 0r 5; — c according as s; < cors; 2. 


The definition for o; is the same with 6 and c interchanged. The complete cycle 
of a’s is just the cycle of s’s written backwards. If b and ¢ are relatively prime, 
there are b+c distinct numbers in the cycle, namely so, 51, - - - , So4c_1, and these 
are a permutation of 0, 1,--+-,6+c—1. Thus we can solve the problem if and 
only if, in running round the cycle, either forwards or backwards, from 0 to 4a, 
we do not pass any number greater than a. 

In the case when a= 22, b=16, c=9, the cycle of s’s (with the relevant part 
emphasized) is as follows: 


0, 16, 7, 23, 14, 5, 21, 12, 3, 19, 10, 1, 17, 8, 24, 15, 6, 22, 13, 4, 20, 11, 2, 18, 9. 


Here we could not have a= 20 instead of 22, since it is impossible to go from 0 to 
10 without passing 21 or 22. 

Since the cycle contains no number greater than 6-+-c—1, the forward and 
backward routes from 0 to $a are both available whenever a2=b+c—1 (giving 
different solutions). When a=b+c—2, one of these routes is blocked by the 
number 6-+c—1, but the other is still open. The following theorem provides a 
sufficient condition for the existence of solutions with a<b+c—2: 

If c=+r (mod b—c), where 0<r<4(b—c)—1, there are solutions for 
a=2(c+nr) with n=0,1,2,---. 

Proof. lf c=m(b—c)—r, we have 


SorR—1 = hb — (h —_ 1)c and Son = hb — he 


for him, but Senyi=mb—(m+1)c=r. The greatest of the first 2m+1 s’s is 
Sam1=2¢+ 7. The next batch of s’s is given by 


(1) Somtitk = Sze +7 


for k<2m-+1, and the greatest of these is Sem_itr=2c+2r. The sequence con- 
tinues to satisfy (1) so long as the “maxima” 


SnQ@mpy—2 = 2¢ + mur 
remain less than b-+c. Hence we can proceed from s)=0 to 
— — 1 
SnQm-l)-1 = C+ nr = 5a 


without passing any number greater than 2c+nr=a—unr. 
If c=m(b—c)+r, we may suppose m>0 (since the solution is trivial when 
3a is a multiple of c). Thus we have 


Oon-1 = ho — (h—1)b and oo, = (h+ 1)c — (hk — 1)8 


for hSm-+1, including gemy1=(m+1)c—mb=r and demy2=ct+r. The greatest 
of the first 2m-+1 o’s is og=2c. Thereafter, we have demsi4n=on+7 SO long as 
the maxima 
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On(Qmpij+2 = 2¢ + nr 


remain less than 6-+c. Hence we can proceed from o9=0 tO Gnemsi1y41=C+n4r 
without passing any number greater than 2c-+nr. 

A proof that the above condition is necessary as well as sufficient, or a 
counter-example, will be welcomed. 


ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, Washington 
University, St. Louis. Mo. All manuscripts should be typewritten, with double spacing and with 
margins at least one inch wide. 

Problems containing results believed to be new or extensions of old results are especially 
sought. The editorial work would be greatly facilitated, if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well known text-books or results found in readily accessible sources will not 
be proposed as problems for solution in this department. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


PROBLEMS FOR SOLUTION 
4021. Proposed by Orrin Frink, Jr., Pennsylvania State College. 


The differential operator D?+1 may be factored in many ways; for example, 
it may be written (D+cot «)(D—cot x), or (sec x-D)(cos x-D+sin x), or 
(sin x«-D+2 cos x)(D csc x). Show that the most general method of expressing 
the differential operator (D-+a)?+6? as the product of two real first order dif- 
ferential operators is given by the formula 


(D+ a)??+ 8? =r [D+ a-— btan(dx+c) — 7 /r|-7[D + a+ b tan (bx + o)], 


where a, 0, and ¢ are real numbers, and + is a differentiable function of x. 


4022. Proposed by H. K. Humphrey, Winnetka, Il. 

Derive a formula for the number of sets of p distinct integers taken from 
the first positive integers, each set of p integers having the given sum S. 
Thus, for z=16, p=4, S=34, the number is 86. 

4023. Proposed by J. A. Greenwood, Duke University. 


Find an expression for the determinant of order 2” 


) 


| OL ns Ax 
An, OL n 


where @/, is a square matrix of order » having the variable 6 in the principal 
diagonal and zeros elsewhere, and A, is a square symmetric matrix of order n 
with a for each principal diagonal element, unity for the elements in the two 
parallels immediately above and below this principal diagonal, and zeros else- 
where. 
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4024. Proposed by N. A. Court, University of Oklahoma. 


Given two twin tetrahedrons (T)=ABCD, (T’)=A’'B'C'D’ (see the pro- 
poser’s Modern Pure Solid Geometry, p. 58, art. 191), consider the tetrahedron 
(A’) formed by the face BCD of (T) and the three planes forming the trihedral 
angle A’ of (T’); let (B’), (C’), (D’) be the analogous tetrahedrons for the 
vertices B’, C’, D’ of (T’). Show that the twelve-point spheres of the tetra- 
hedrons (A’), (B’), (C’), (D’) (cbtd., p. 251, art. 764) are tangent to the twelve- 
point sphere of (7). 


4025. Proposed by V. Thébault, San Sebastidn, Spain. 


Let Aj, A¢d,---+,Ae2, be the vertices of equilateral triangles constructed 
externally (or internally) on the sides A1Aeo, A2A3,---,AonAdi of a plane 
polygon of 2m sides (P)=A1A_--- Aon, and Mi, Me,---,M, be the midpoints 
of the principal diagonals A1A n41, AcA nie, > ++, AnAon of (P). The midpoints 
Mi, Ms,---, M/ of the principal diagonals A{Aju1, Ad Adys, > ++, Ai Abn 
of the polygon (P’)=Aj/Az,--+, An are the vertices of equilateral triangles 
constructed upon the sides of the polygon (p)=MiMe2--- My. 

Generalize by replacing the equilateral triangles by similar isosceles tri- 
angles. 


4026. Proposed by V. Thébault, San Sebastidn, Spain. 


(1) Construct a triangle ABC knowing a, A and given that the median 
and symmedian from A are perpendicular and parallel to two given directions. 
(2) Indicate the properties of this special triangle. (3) Let B’ and C” be the 
projections of B and C on a variable straight line AP which cuts BC in P. The 
locus of the harmonic conjugate of P with respect to B’ and C” is a right strophoid 
having the vertex A for a double point and tangent to the bisectors of angle A. 


SOLUTIONS 


3961 [1940, 323]. Proposed by V. Thébault, San Sebastian, Spain. 


Each face angle of a given trihedral angle O—X YZ is 7/3, and on the re- 
spective edges the points A, B, C are located. Show that the Monge point of 
the tetrahedron OA BC describes a sphere as A, B, C vary on the edges so that 
OA?+OB?+ OC? remains constant. 


Solution by the Proposer. 


This interesting problem is an application of a known formula, but seldom 
used, which expresses the circumradius R of a tetrahedron OABC in terms of the 
lengths of the edges a’, b’, c’ through O and the angles a, 8B, y between these 
edges, namely, 


(1) 4V2R?2 => a’? sin? a + 2>> d’c'(cos B cos y — cos a), 


where V?=1+2 cos a cos 8 cos y—(cos’a+cos’B+cos*y). Setting each of the 
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three angles equal to 60°, we have 


(2) 8R?2 = 3) a’ — 290 d'c’. 
After introducing the edges BC =a, CA =b, AB=c, we find that 
(3) 8R?2 = 2>> a — >> a’? 


Then using the formulas (6) in this MonTHLY [1935, 430], we find that 
8R? — Dia = 2[)/ a? — Dia’) = 8[R? — (09)?], 
where {2 is the Monge point. Finally we have 
(02)? = $2, a”, 
and this justifies the proposition of the problem. 


Editorial Note. A solution may be obtained without the use of the circum- 
radius R; and for convenience we alter the notation. Let the three points be 
A;, «=1, 2, 3), determined by the vectors OA;=a,e;, where e; is the unit 
vector OE;, the vectors e1, €2, es; forming a right-hand system. Also, let e/ be 
a unit vector orthogonal to e; and e; so that e;, e;, e¢ is a right-hand system. 
Since Of, E23 is a regular tetrahedron, we have at once 
(1) e;xe; = ‘ee, e;°(e€;xe;) = “, ef/-e/ = —1, ee! = 7%. 
We now use the well known theorem that the plane through the midpoint of 
A;A;and perpendicular to the opposite edge OA; passes through M, the Monge 
point of OA,A2A3, with the vector m. Then we have 2m*e;,=a,(e;* e,) +a,;(e;° ex), 
or 


(2) 4m*e, = a; + aj. 


The vector m may be written 


Vim = Di (exmef, 43m = DY (a; + aes, 
Sem? = D1 (a; + a3)? — 3D) (as + a,)(a; + ax), =m? = $7 al, 


Since in this problem the right side is constant, the Monge point WM lies on a 
fixed sphere with center O. 

The circumradius R of OA1A42A3, where the angle between the edges e,, e; is 
now a, may be found in a similar way. Since the circumcenter C, with the 
vector c, lies on the plane perpendicular to OA; at its midpoint, we have 
2c*e;=a;, (¢=1, 2, 3). We now define the associated vectors by the equations 
e; X €;=sin a,e,, (e; X e;)°e,= V, the volume of the parallelopiped with the 
three edges OF, OEs, OF3. Then we have 


(3) 
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Ve = Di (cre) sinae/,  22WVe= D) asin ael, 
2_2 2 2 . ° 
(4) 4V R = > \a;sin a; + 2>) aja, sin a; sin a, ef eZ, 
2 ., 2 
= » a; S1n a; + 2 > a;a;,(cos Q@; COS @, — COS Q;). 


The determinant formula for V* has been given several times in this MONTHLY 
and here it reduces to 


= COS 1 COS G2 COS @3 — (COS” QA, COS" Qo COS” 3). 
V2 1 + 2 2 + 2 + 2 


In the case of this problem where a;=60°, we get 


= 3) a; — 2>5 ajay. 
3963 [1940, 399]. Proposed by V. Thébault, San Sebastian, Spain. 


In an orthocentric tetrahedron the first sphere of twelve points is the locus 
of points the sum of whose powers, with respect to the spheres having as di- 
ameters the edges (or bimedians), is zero. Generalize. 

Note. The bimedians are the straight line segments joining the midpoints 
of opposite edges. 


Solution by Frank Ayres, Jr., Dickinson College. 

In n-space, let P;=(x!), x, -- +, x”) =(x,), @=1, 2,---, n+1) be the 
vertices of an orthocentric (n-+1)-point and P=(x) be its orthocenter. Let the 
radii of the »+2 mutually orthogonal hyperspheres having these points as 
centers be r; and 7, respectively. When the origin is taken at the center of the 
hypersphere circumscribing the (z+ 1)-point, it may be shown (Ayres, On n+2 
mutually orthogonal hyperspheres, National Mathematics Magazine, vol. 10, 
1936) that 


Sask, XO vies = R -— 2 +1)), 
tx] 
Sx =R+mr, Dax =2R —r+(n- dr, 


where >. indicates summation with respect to the superscripts and 


2 (n — i 


R = ——— rtd 


is the square of the radius of the circumscribing hypersphere. 
The power of a point (X) with respect to the hypersphere whose diameter 
is the edge P;P; is given by 


2 


hence, summing for all the edges, we have 
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1 2 2 2 
(1) ("> )cmx +R) 9D Xm to + ten) — > Dre 


The power of (X) with respect to the hypersphere whose diameter is the 
bimedian joining the midpoints of P;P; and P,P; is given by 


» Xx? — 1» X(xi + 47 + x + ¥.) + to (ai + #5) (%. + x1); 


hence, summing for all the bimedians, we have 
n+ 1 1f/n 
(2) ( ri yoraxt + R)-L( 7) oO xt $a) (7 )rK 


Consider now the hypersphere G, whose center is the center of gravity of the 
orthocentric (7+ 1)-point, the square of whose radius is }>7?/(n+1)2, and whose 
equation is 

2(n — 


2 
3 xX — —— XX R- —— ,; = 0. 
(3) » "oey + ahd Lr 


Since both (1) and (2) reduce to the left member of (3), we have the follow- 
ing: 
The hypersphere G is the locus of points the sum of whose powers, with 


respect to the hyperspheres having the edges (or bimedians) of an orthocentric 
(1-+1)-point as diameters, is zero. 


A generalization may also be made as follows: 


The first 2(7+1)-point hypersphere of an orthocentric (7+1)-point is the 
locus of points the sum of whose powers, with respect to the hyperspheres 
centered at 

n+1 «+ 4%; 2 (n— 3)2 4, (7 + 1)? 


TTT and ith rad. = TY + ——_____ (yr 
2in—1) 2 “ 16 32(n — 1 +n) 


is zero. 


The first 2(m+1)-point hypersphere is the locus of points the sum of whose 
powers, with respect to the hyperspheres centered at 


1 4 7 8 — 3 2 
RTE EET eT ee th ag? = 
2(m — 1) 4 16 
(n+ 1)?(m — 2) 
ia pe itr; tre + re), 


is zero. 
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In 3-space, these are the theorems of the problem. 
Solved also by L. M. Kelly. 


Editorial ‘Note. Kelly considered only the tetrahedron, and his solution 1s 
based on two theorems, one by Thébault in his article, On spheres associated 
with the tetrahedron, in this MONTHLY, 1935, p. 433: 


The sum of the powers of any point in space with respect to the spheres described 
on the edges of a tetrahedron as diameters 1s twice the sum of the powers of the same 
point with respect to the spheres described on the bimedtans. 


For the orthocentric tetrahedron, the three spheres with the bimedians as 
diameters coincide. The other theorem is due to Lagrange and states that, if 
masses m; are at points A ;, the center of mass is denoted by G, the lengths A;A; 
are denoted by e;;, and the distances of any point X from the points A; are de- 
noted by x;, then 


> Mik; > mi ses; 
1 xG|? = —.—_ - =. — 
(1) [XG] Som (me) 


For the present problem a unit mass is considered at each of the six midpoints 
of the edges of the orthocentric tetrahedron. His generalization is the above 
Thébault theorem. 

The solution by Ayres can be formally simplified by using vectors a; from 
the orthocenter H as origin to the vertices A; of the simplex A1A2, +--+, Ani, 
denoting by g and c the vectors of the centroid G and the circumcenter C of the 
simplex, and by R the circumradius. It is easily shown that a;°a; is a,constant 
m, t%j. If we set m=r?, the sphere with center H and radius 7 is sometimes 
called the polar sphere, or conjugate sphere, of the simplex. We shall set down 
some results which are reasily deduced: 


1A}. 


aj;°aj; = M; 2c = (n+ 1)g = Do ai; c? = R* + um; 


2) Tal = (n+ Ye" — nln + Vm = AR — nln — 3)m. 


The power of the point with the vector x with respect to the sphere on A;A; 
as diameter is x2—(a;+a,;)°x-+m, and the sum of all such powers is 


1\. 
(3) ("* ) xt = 2g-x + mi 


The expression in the brackets set equal to zero is the equation of a sphere with 
center G, the square of whose radius is g?—m; hence this sphere (G) is orthogonal 
to the polar sphere (#7). 

We now consider the special case where x is odd. Let g:, be the vector of the 
centroid of (n+1)/2 vertices A;,, and g;, that of the centroid of the remaining 
vertices A;,, and let b;, be the length of the segment joining the two centroids. 
Then 0],=(g,—gi.)?, 48?=(gi,+g:,)?, and we then find that bf =4(g?—m). 
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Hence these ,C(n41/2 bimedians have equal lengths and bisect each other at G. 
They determine a single sphere (G) with center G which is the same as the one 
mentioned above. Other theorems may be obtained for the general simplex, re- 
placing H by the Monge point M. The proof of the Lagrange theorem is quite 
easy, taking the origin of vectors at the point X. 

The system of +2 spheres used by Ayres contains the polar sphere (#) 
whose radius may be zero, real, or a pure imaginary number; the spheres (A;) 
with center A; are fixed by making each orthogonal to (#1); hence we must have 
ri=aj—m. Then (A;) and (A,) are orthogonal, since 7{+7)=a?+aj—2m 
=(a,;—a,)?; and we now have a system of +2 spheres orthogonal in pairs. 
Using (2) we easily find that }°7? =4R?—(n—1)2m, which is the same as an 
equation in the above solution. 

The inverse of a point with vector x with respect to (A) has the vector 
mx /x?. The sphere (C’) which is the inverse of the circumsphere (C) is important 
and its equation can be easily obtained. The equations of the four spheres men- 
tioned above and of their common radical plane [P] are given below for refer- 
ence: 


(H): x? —m = 0; (C’): nx? — 2c*x +m = 0; 
(4) (G): x? — 2g°x+m = 0; (C): x? — 2c°x-+ um = 0; 
[P|] g-x—m=0. 


The isogonal conjugate of H is H’ with vector 2c/n, and the projections of H, 
H’ on the face opposite to A; have the vectors ma;/a?, [(n+1)g—a;|/n; these 
points are, respectively, the foot of the altitude from vertex A; and the centroid 
of the face opposite to A ;. These last two points together with the point a;/z lie 
on (C”’), so that we have 3(m-+1) of its points. 

If H ‘does not fall on a vertex, then m is not zero; if it does, say H=A,41, 
then m=0. In this latter case the equation of the face opposite to An41 is 


x+ Do as/a; = 1; 


whereas, if m0, the equation of the face opposite to A; is a;*-x=m, (4=1, 2, 
-, m+1); that is, it is the polar plane of A; with respect to the polar sphere 
(7). 


3964 [1940, 399]. Proposed by V. Thébault, San Sebastian, Spain. 


The sum of the powers of the vertices of a tetrahedron, with respect to the 
Monge sphere of the circumscribed ellipsoid of Steiner, is equal to the negative 
of half the sum of the squares of the edges. 


Editorial Note. If we take the centroid as origin of vectors a; to the vertices 
of the tetrahedron AiA:A3A,4 and denote by e,; the length of the edge A;A,, 
then we have 
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0= (Da) = Dart 2D ara, 
Ye: = (a; —a) =3 30a; —2>. aja; = 40 ay. 


Let (D) be the sphere with center D at the end of vector d, and radius r. In order 
for the sum of the powers of the vertices with respect to (D) to have the required 
value, we must have 


D (ai — dear td —r)=tDen+ 4d —r) =-4Des, 
2 2 5 2 
ry =d + vs Do Cije 
The proposer stated that the sphere designated in the problem has its center 
at the centroid and the square of its radius is (3/16)>_é;; hence, for this sphere 
d=0. 
3967 [1940, 491]. Proposed by V. Thébault, San Sebastidn, Spain. 


For a given triangle ABC a second triangle A’B’C’ is formed, where AA’, 
BB’, CC’ are segments of altitudes and AA’/BC=BB’/CA=CC'/AB=R. 
(1) Show that the two triangles have the same centroid. (2) Examine the varia- 
tion of the area of A’B’C’. (3) For what value of k do the two triangles have the 
same angle of Brocard? (4) If R= +1, show that the centers of squares con- 
structed exteriorly, or interiorly, on the sides of A’ B’C’ are the vertices of ABC. 


Solution by F. Underwood, University College, Nottingham, England. 


The required results can be obtained by elementary coérdinate geometry’ 
Taking B as origin and the positive x-axis along BC, we find for the coérdinates 
of the vertices of ABC and A’B’C’ the following: 


A(c cos B, sin B); B(0, 0); C(a, 0); 

A’(¢ cos B,c sin B — ka); B’(kb sin C, kb cosC); C’'(a — kc sin B, kc cos B); 
X,+ Xe+ X3=ccosB+a+k(b sinC —csin B) =ccosB+ a4; 
Yi,+ Yeo+ Y3; = csin B — k(a — bcosC — c cos B) = c sin B; 


(1) 


where X1, Yi are coérdinates of A’, etc. The last two results prove that ABC 
and A’B’C’ have the same controid. 

Let A, A; denote the areas of ABC, A’B’C’; then, writing the determinant 
for 2A; and using reductions, we find that 


(2) 2A, = 2A(1 + 322) — Bt, f= @+ R402. 


The algebraic minimum for A; is A—??/48A, when k=#/12A. The area A, in- 
creases without limit as k takes on large positive or negative values. 

Let the Brocard angles for the two triangles be w, w:. Then cot w=cot A 
+cot B+cot C=Rt/abc=t/4A. Denote the sides of A’B’C’ by a, b1, c1; then 
we have 
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ay = (B’C’)*? = (a — 2kd sin C)? + k2(c cos B — bcos C)? 
= (a — 4kA/a)* + k2(c? — 6?)?/a?. 
Now 16A?+ (c?—0?)? =a?(2b6?+ 2c?— a”); and hence 


(3) a? = a? — 8kA + h2(2b? + 2c? — a), 
with similar expressions for 6; and cy. Then, setting 4;=a1+6:+ca, we shall have 
t(1 + 3k?) — 24kA 
(4) cot w, = 4/4A = iL pS) = 24RA 
AA(1 + 3k?) — 2ki 


If w=, we find that after reductions, kt?=48RA?, and there are two cases; 
either k=O, or #2=48A. The second case requires that (a2?+b? +6)? =3(2) be? 
—)~a*t), or )jat—)>5b2c? =0, or 


(b? — c?)? + (c? — a)? + (a? — b?)? = (). 


Hence ABC and A’B’C’ have the same Brocard angle if and only if the two 
triangles coincide or ABC is equilateral. 
When k= +1, the equation (3) gives 


ay = + 8A + (26? + 2c?) = 2(6? + c? F 2bc sin A). 
Fork =1, we have 
(A B’)? = (c cos B — b sin C)? + (c sin B — 6 cos C)? = 6? + c? — 2be sin A; 
(AC’)? = (a — c sin B — c cos B)? + (c sin B — c cos B)? 
= (bcos C — csin B)?+ (6 sin C — c cos B)? = 6? + c? — 2be sin A. 


Hence A is the center of one of the squares with side B’C’. For k= —1, similar 
computations give for aj, (4B’)*, (AC’)? the above results with the minus sign 
changed to plus. Hence, in this case also, A is the center of one of the squares 
with side B’C’. This completes the proof of (4). 


Editorial Note. We may also write 
A, = A(3k? — 2k cot w + 1), 


so that A,;=0 for 3k=cot wtWVcot2w—3. Hence, if cot w=2 and k=1/3 or 1, 
we have A,=0. 

The proposer gave the above expressions for cot w, and considered k as 
positive when AA’ is directed toward the opposite side, etc. He said that part 
(1) follows easily on observing that the points A’, B’, C’ are the centers of 
similar rectangles constructed interiorly (or exteriorly) on the sides of A,BeCy, 
the anticomplementary triangle of ABC. (2) The area of A’B’C’ vanishes under 
certain conditions: thus for k=1 and cot w=2, the points A’, B’, C’ are collinear. 
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(3) It is necessary and sufficient that cot w=3. (4) The points A’, B’, C’ are 
centers of squares constructed interiorly (or exteriorly) on BeCe, CoA2, AeBe, and 
triangle A’B’C” is the anticomplement of the one whose vertices are centers of 
squares on BC, CA, AB. The desired results follow from these facts. 


NEWS AND NOTICES 


Readers are invited to contribute to the general interest of this department by sending news ttems 
to C. O. Oakley, Haverford College, Haverford, Pennsylvania. 


A few more copies of the MONTHLY for October 1940 are needed to replace 
losses to members and libraries in the British Isles. Copies for this purpose sent 
to the Secretary of the Association will be forwarded by him. 


The editors of the Annals of Mathematics have taken an action similar to 
that of the Duke University Press and have agreed to continue to allow the half 
rate after 1942 to those whose membership in the Association and whose sub- 
scription to the Annals of Mathematics are unbroken from 1942 to the year in 
question. This arrangement is expected to be permanent. Those members of the 
Association who contemplate subscribing for either of these journals should, 
therefore, do so before the end of this year at the rate of $2.50 a year for the 
Annals of Mathematics and $2.00 a year for the Duke Mathematical Journal. 


Professor G. D. Birkhoff of Harvard University has been elected an honorary 
member of the London Mathematical Society. 


The honorary degree of doctor of laws has been conferred by Lehigh Univer- 
sity upon Dean R. G. D. Richardson of Brown University. 


Professor L. C. Bagby of Linsly Institute of Technology has been appointed 
educational director of the air school of the Hartung Aircraft Corporation, De- 
troit, with a special assignment to mathematics, drafting and course planning. 


Dr. H. R. Branson of Dillard University has been appointed an assistant 
professor at Howard University. 


Dr. W. B. Caton of Athens College, Alabama, has been appointed acting 
head of the department at Southwestern College, Winfield, Kansas. 


Associate Professor J. E. Davis of Drexel Institute of Technology has been 
promoted to a professorship. 


Dr. F. G. Dressel of Duke University has been promoted to an assistant 
professorship. 


Professor Emeritus W. F. Durand of Stanford University has been appointed 
a member of the National Advisory Committee on Aeronautics. 
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Dr. A. S. Galbraith of the University of Rochester has been appointed an 
assistant professor at Colby College. 


Professor I. M. Hostetter of Howard College, Alabama, has been appointed 
an assistant professor at Oregon State College. 


Dr. L. F. Ollmann of the College of Wooster has been appointed an associate 
professor and head of the department at Hofstra College. 


Dr. W. J. Schart of Ohio State University has been appointed professor of 
mathematics at the Aviation Cadet Replacement Center, Maxwell Field, Ala- 
bama. 


Dr. C. E. Sealander of the State University of Iowa has been appointed an 
assistant professor at the University of South Dakota. 


J. W. Sheedy of Michigan State College has been promoted to an assistant 
professorship. 


Associate Professor E. C. Stopher of Ashland College has accepted a position 
at Brockport, New York, State Normal School. 


Dr. W. F. Whitmore of the University of California has accepted a position 
at the Naval Ordnance Laboratory, Washington, D. C. 


Assistant Professor Louise A. Wolf of the University of Wisconsin Extension 
Division has been appointed lecturer at the University of Wisconsin. 


The following appointments to instructorships have been announced: 


Colorado College: Dr. Margaret M. Hansman 

Cornell University: Dr. Joseph Lehner, J. C. Smith 

Frostburg, Maryland, State Teachers College: Dr. W. N. Hallett 
Illinois Institute of Technology: Dr. W. S. Snyder 

Indiana Technical College: H. S. Kieval 

University of Maryland: Dr. L. C. Hutchinson 

Mundelein College, Chicago: E. L. Godfrey 

New Mexico College of A. and M. A.: J. A. Joseph 

University of Oklahoma: Dr. Ingo Maddaus 

Oregon State College: Dr. Rhoda Manning 

Pennsylvania State College: Dr. Abraham Schwartz 

University of Pennsylvania: E. K. Ritter 

Purdue University: Dr. J. W. T. S. Youngs, Dr. G. W. Whitehead 
United States Naval Academy: T. J. Benac, Dr. E. E. Betz 
Wells College: Dr. Mary D. Clement 

University of Wisconsin: H. N. Laden 

College of Wooster: H. L. Meyer, Jr. 

Yale University: Dr. R. P. Dilworth 
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Professor R. L. Charles of Franklin and Marshall College died December 13, 
1941, at the age of fifty-six. He was a charter member of the Mathematical 
Association. 


Dr. W. P. Durfee, who was head of the department of mathematics at 
Hobart College from 1884 until his retirement in 1929, and dean of the college 
from 1888 to 1925, died December 17, 1941, in his eighty-seventh year. He was a 
charter member of the Association. 


Professor C. E. Magnusson of the University of Washington died July 10, 
1941. 


E. J. Maurus, professor of mathematics at the University of Notre Dame 
from 1897 to 1939, died November 26, 1941, at the age of sixty-nine. He had 
been a member of the Mathematical Association for twenty-one years. 


Dr. U. G. Mitchell, professor of mathematics and until last September chair- 
man of the department at the University of Kansas, died early January 1, 1942, 
at the age of sixty-nine years. He was a charter member of the Association and 
served as an associate editor of the MONTHLY from 1915 through 1921. 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 
Twenty-seventh Annual Meeting, New York, N. Y., December 30-31, 1942. 


The following is a list of the Sections of the Association, with dates of future meetings so far as 
they have been reported to the Secretary. 


ALLEGHENY MOUNTAIN 

ILtinois, Decatur, May 8-9, 1942 

INDIANA, Crawfordsville, May 1-2, 1942 

Iowa, Mt. Pleasant, April 17-18, 1942 

KANSAS, Hays, March 27~28, 1942 

KENTUCKY, Lexington, April 11, 1942 

LouisiIANA-MississippPlI, Jackson, Miss., 
March 6-7, 1942 

MARYLAND-DISTRICT OF COLUMBIA-VIR- 
GINIA, Ashland, Va., May 1942 

METROPOLITAN NEW York, New York, 
April 18, 1942 

MICHIGAN 

MINNESOTA 

Missouri, Kansas City, April 17, 1942 

NEBRASKA, Omaha, May 9, 1942 


NORTHERN CALIFORNIA, San Francisco, 
Jan 30, 1943 

Oxn10, Columbus, April 2, 1942 

OKLAHOMA, Oklahoma City, Feb. 13, 1942 

PHILADELPHIA, Philadelphia, Nov. 28, 1942 

Rocxy Mountain, Golden Colo., April 
17-18, 1942 

SOUTHEASTERN, Emory University, Ga., 
March 26-27, 1942 

SOUTHERN CALIFORNIA, Los Angeles, 
March 14, 1942 

SOUTHWESTERN, State College, N. M., 
April 27-28, 1942 

Texas, Lubbock, April 3-4, 1942 

UprEerR NEw York STATE, Rochester, May 
2, 1942 

Wisconsin, Oshkosh, May 2, 1942 


CURTISS & MOULTON’S 


Essentials of Trigonometry 
WITH APPLICATIONS 


A BOOK KEYED TO OUR WAR PROBLEMS 


Published in January and designed for a basic course emphasizing the essen- 
tials of plane and spherical trigonometry and their applications 


The final chapter discusses the mil and its use in artillery fire and 
presents problems associated with military maps, the mathematical 
elements of plane sailing by sea and by air, and a variety of prob- 
lems in celestial navigation essential for deep sea sailing and long 
distance flying. With Tables, 278 pages. Without Tables, 182 pages. 


Tables separately, 96 pages. 


D. C. HEATH AND COMPANY 


Boston New York Chicago Atlanta San Francisco Dallas London 


For Your War Courses 


i REVISED EDITION | 


Plane Trigonometry 


By RAYMOND W. BRINK, Ph.D. 


Professor of Mathematics, University of Minnesota 


Modern in purpose and material, conservative in method, the revised edition of this 
widely used text is designed to simplify the approach to analytical trigonometry and 
to emphasize the practical uses of trigonometry. These ends are accomplished through 
the use of many more simple identities and equations than appeared in the previous 
edition, the early introduction of the notion of inverse trigonometric functions, and 


the immediate application of principles in the solution of new and up-to-date problems. 
Complete with tables, $2.00 
Without tables, $1.65 Tables alone, $1.20 


D. APPLETON-CENTURY COMPANY 


35 West 32nd Street, New York, N.Y. 


Just Published 
Sixth Carus Monograph 


Fourier Series and Orthogonal Polynomials 


by DUNHAM JACKSON 
Professor of Mathematics, University of Minnesota 


xii + 230 pp. 


HE UNDERLYING THEME of this monograph is that the fundamental simplicity of the proper- 

ties of orthogonal functions and the developments in series associated with them not only 
commends them to the attention of the student of pure mathematics, but also renders them 
inevitably important in the analysis of natural phenomena which lend themselves to mathematical 
description. 

For the reading of most of the book no specific preparation is required beyond a first course 
in the calculus. A certain amount of “mathematical maturity” is presupposed, or should be 
acquired in the course of the reading. 

A set of exercises relating to the various chapters, and intended for the most part to illus- 
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placed at the end.—Author’s Preface. 
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THE TWENTY-SIXTH ANNUAL MEETING OF THE ASSOCIATION 


The twenty-sixth annual meeting of the Mathematical Association of Amer- 
ica was held at Bethlehem, Pennsylvania, on Wednesday and Thursday, 
December 31, 1941, and January 1, 1942, in conjunction with the meetings 
of the American Mathematical Society, the Association for Symbolic Logic, and 
the National Council of Teachers of Mathematics. About five hundred ten were 
in attendance at the meetings, including the following one hundred ninety-five 


members of the Association: 


C. R. ApAms, Brown University 

R. P. AGNEw, Cornell University 

C. B. ALLENDOERFER, Haverford College 

J. E. ALman, Lincoln School, Columbia Univer- 
sity 

H. A. ARNOLD, Princeton University 

Laura M. AsHBAUGH, Moravian College for 
Women 

H. P. ATKINS, University of Rochester 

ROBERT ATKINSON, The Shipley School 

FRANK Ayres, Jr., Dickinson College 


H. M. Bacon, Stanford University 

N. H. BALL, U. S. Naval Academy 

I. A. BARNETT, University of Cincinnati 

E. G. BEGLE, University of Michigan 

J. A. BENNER, Lafayette College 

A. A. BENNETT, Brown University 

Brother BERNARD ALFRED, Manhattan College 

WILLIAM Betz, Rochester, New York, Public 
Schools 

A. H, Biack, Lebanon Valley College 

H. F. BOHNENBLUST, Princeton University 

Jutia W. Bower, Connecticut College 

L. E. Boyer, State Teachers College, Millers- 
ville, Pa. 

J. W. BrapsHaw, University of Michigan 

C, C. BRAMBLE, U. S. Naval Academy 

R. W. Brink, University of Minnesota 

H. W. BrinKMANN, Swarthmore College 

FoOsTER Brooks, Kent State University 

N. R. Bryan, University of Maine 


S. S. Carrns, Queens College 

W. D. Carrns, Oberlin College 

P, A. Caris, University of Pennsylvania 
MILDRED E. CARLEN, Brown University 

I. S. CARROLL, Syracuse University 

W. F. CHENEY, Jr., University of Connecticut 
RANDOLPH CHuRCH, U. S. Naval Academy 

L. W. CouHEN, University of Kentucky 
NANCY CoLE, Sweet Briar College 


J. B. CoLEMAN, University of South Carolina 
RICHARD CouRANT, New York University 

H. B. Curry, Pennsylvania State College 

E. H. Cuter, Lehigh University 


D. R. Davis, State Teachers College, Mont- 
clair, N. J. 

J. E. Davis, Drexel Institute 

L. J. Deck, Muhlenberg College 

F,. F, DECKER, Syracuse University 

Cart DENBOW, Ohio University 

L. L. Dinegs, Carnegie Institute of Technology 

ARNOLD DRESDEN, Swarthmore College 

JANET C. DuRAND, Beaver College 


W. E. FErGuson, University of Missouri 

F, A, FICKEN, Cornell University 

W. W. FLEXNER, Cornell University 

M. M. FLoop, Princeton University 

L. R. Forp, Illinois Institute of Technology 

TOMLINSON Fort, Lehigh University 

R. M. Foster, Bell Telephone Laboratories 

J. W. Foust, Central Michigan College of Edu- 
cation 

J.S. FRAME, Brown University 


R, E. GASKELL, University of Alabama 

H. M. Geuman, University of Buffalo 

Rev. F. J. Gerst, Loyola University, Chicago 

B. P. Gtx, College of the City of New York 

J. S. Gotp, Bucknell University 

MiIcHAEL GOLDBERG, Bureau of Ordnance, 
Navy Department 

H. H. GoupstTineE, University of Michigan 

CORNELIUS GOUWENS, Iowa State College 

H. S. Grant, Rutgers University 

C. H. Graves, Pennsylvania State College 

L. J. GREEN, Georgia School of Technology 


F, L. GrirFin, Reed College 
D. W. HALL, Brown University 
H. H. HARTZLER, Goshen College 
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L. A. HAZELTINE, Stevens Institute of Tech- 
nology 

E. R. HEprRIck, University of California at Los 
Angeles 

C. E, HEILMAN, Elizabethtown College 

COLEMAN HERPEL, Hazleton Undergraduate 
Center, Pennsylvania State College 

H. C. Hicks, Carnegie Institute of Technology 

E. H. C. HILDEBRANDT, State Teachers Col- 
lege, Montclair, N. J. 

MartTHA HILDEBRANDT, 
High School 

T. R. Hoticrort, Wells College 

W. A. Hurwitz, Cornell University 


Proviso Township 


E. D. JENKINS, Eastern Kentucky State Teach- 
ers College 

Fritz JOHN, University of Kentucky 

EVAN JOHNSON, Jr., Pennsylvania State College 

P. S, Jonss, Edison Institute of Technology 


Mark Kac, Cornell University 

J. L. KELLEY, University of Notre Dame 

A. J. KEMpNER, University of Colorado 

R. B. Kiernscumipt, Schuylkill Undergradu- 
ate Center, Pennsylvania State College 

J. R. Kunz, University of Pennsylvania 

P, A. KNEDLER, State Teachers College, Kutz- 
town, Pa. 

T. L. KoEHLER, Muhlenberg College 

W. C. KRATHWOHL, Illinois Institute of Tech- 
nology 

P, V. KUNKEL, Cedar Crest College 


W. A. Larrerty, High School, Warren, Pa. 
O. E. LANCASTER, University of Maryland 
R,. E. LANGER, University of Wisconsin 

V. V. LatsHaw, Lehigh University 
SOLOMON LEFSCHETZ, Princeton University 
A. J. Lewis, University of Denver 

Mayme I. Locspon, University of Chicago 
C. I. Lupin, University of Cincinnati 


C. C. MacDurFreeE, Hunter College 

SAUNDERS Mac LANE, Harvard University 

H. M. MacNEIL.e, Kenyon College 

H. F. Mac Nersu, Brooklyn College 

Carou V. McCamMan, McKinley Tech. High 
School, Washington, D. C. 

J. J. McCartnuy, St. John’s University 

N. H. McCoy, Smith College 

E. J. McSuHAng, University of Virginia 

V.S. MALLory, State Teachers College, Mont- 
clair, N. J. 
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A. E. MeEperr, Jr., New Jersey College for 
Women 

H. L. Mever, Jr., College of Wooster 

E. R. C. Mites, War Department, Washington, 
D.C. 

F. H. MILier, Cooper Union 

DEANE MONTGOMERY, Smith College 

RICHARD Morris, Rutgers University 

Marston Morse, Institute for Advanced 
Study 

E. J. Moutton, Northwestern University 

F, D. Murnacuan, Johns Hopkins University 


C. A. NELson, New Jersey College for Women 
M. A. NorDGAARD, Upsala College 


C. O. OAKLEY, Haverford College 

E. G. Ops, Carnegie Institute of Technology 
OYSTEIN ORE, Yale University 

F. W. Owens, Pennsylvania State College 
HELEN B. OwEns, State College, Pa. 


B. C. PATTERSON, Hamilton College 

G. W. Patterson, National Bureau of Stand- 
ards 

E. K. Paxton, Washington and Lee University 

E. W. PEHRSON, University of Utah 

J. W. Peters, University of Illinois 

C. R. Puees, Harvard University 

A. E. PitcHer, Lehigh University 

J. C. PoLtey, Wabash College 

G. B. Price, University of Kansas 

T 


IBOR Rapd, Ohio State University 

G. Y. RArnicuH, University of Michigan 

J. F. RANDOLPH, Cornell University 

W. W. RANKIN, Duke University 

C. H. RAw.ins, Jr., U. S. Naval Academy 

G. E. Raynor, Lehigh University 

MAXWELL READE, Ohio State University 

O. H. Recuarp, University of Wyoming 

W. D. REEVE, Columbia University 

G. E. Reves, The Citadel 

J. B. REYNoLpDs, Lehigh University 

Moses RICHARDSON, Brooklyn College 

R. G. D. Ricuarpson, Brown University 

C. C. RICHTMEYER, Central Michigan College 
of Education 

R. F. RINEHART, Case School of Applied Sci- 
ence 

R. E. Root, U. S. Naval Academy 

J. B. Rosser, Cornell University 

S. G. Rota, New York University 
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S. T. SANDERS, Louisiana State University Ruta W. STOKES, Winthrop College 
S. A. SCHELKUNOFF, Bell Telephone Labora- J. L. Syncg, University of Toronto 
tories Otto SzAsz, University of Cincinnati 


W. S. Scu~aucu, New York University 
I. J. SCHOENBERG, University of Pennsylvania CARRIE B, TALIAFERRO, State Teachers Col- 


E. W. SCHREIBER, Western [Illinois State lege, Farmville, Va. 
Teachers College J. D. TAMARKIN, Brown University 
Verv_ G. Scuutt, Wilson Teachers College, J. I. TRacEy, Yale University 
Washington, D. C. A. W. Tucker, Princeton University 
ABRAHAM SCHWARTZ, Pennsylvania State Col- J. W. TuKey, Princeton University 
lege 


C. A. SHoox, Lehigh University R. N. Van Arnaw, Lehigh University 


C. N. SHUSTER, State Teachers College, Tren- OswaLD VEBLEN, Institute for Advanced 
Study 
ton, N. J. 
Mary EmI_y SINCLAIR, Oberlin College R. W. Wacwer, Oberlin College 


C. H. Srsam, Colorado College R. J. WALKER, Cornell University 

L. L. SMAIL, Lehigh oniversty J. L. Watsu, Harvard University 

ean M. oun eth ehem, Pa. Mary EvELYN WELLS, Vassar College 

M. F, Smitey, Lehigh University E. A. WHITMAN, Carnegie Institute of Tech- 
C. V. L. Smitu, Lafayette College nology 

W. M. Smitu, Lafayette Col lege P. M. WHITMAN, University of Pennsylvania 
VIRGIL SNYDER, Cornell University W. D. Wray, Williams College 


I. S. SOKOLNIKOoFF, University of Wisconsin F. L. Wren. G Peabody Coll 
VivIAN E. SPENCER, U.S. Department of Com- a » eorgZe Peabody \oMege 


merce R. C. YATEs, Louisiana State University 
G. W. STARCHER, Ohio University 
E. P. STaRKE, Rutgers University Oscar ZARISKI, Johns Hopkins University 


Those attending the meetings had rooms in the dormitories of Lehigh Uni- 
versity and took their meals at the cafeteria nearby. The parlor and committee 
rooms of Drown Hall served as a social center with very convenient access from 
the lecture hall and dormitories. The ladies of the department of mathematics 
gave a delightful tea Tuesday afternoon to the large number of mathematicians 
and guests. The streets and homes of Bethlehem were elaborately lighted in 
Christmas fashion and were greatly enjoyed by all, including visits to the older 
parts of Bethlehem and to the Christmas festivities. 

The joint dinner was held Wednesday evening at Hotel Bethlehem. Following 
the dinner Professor W. M. Smith acted as toastmaster, and President Williams 
gave a cordial welcome to the group, speaking of his concern over the problems 
of the new year and giving voice to his confident hope and expectation that in 
the new year the developments in social security and similar policies might not 
affect our colleges adversely. To the great delight of the audience a quartet from 
Bethlehem sang Lisa Lehmann’s “Persian Garden.” Following this Professor 
Snyder exhibited a beautiful parchment scroll, presented on behalf of many 
members of the Society, giving appropriate tribute to Professor Raymond Clare 
Archibald for his able services as librarian of the Society the past twenty-one 
years. Professor Kline spoke eloquently of the experiences of an organization 
secretary and of the important work in defense and.war activities that must be 
done by mathematicians. The quartet and members of the department of mathe- 
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matics then presented a light opera “Confusion Overthrown,” written by Dean 
Fort; it need not be said that this had a great deal of mathematical as well as 
romantic content. A resolution of thanks was adopted unanimously recognizing 
the hospitality of the administration of Lehigh University, the efficient work of 
the local committee, and the hospitality of the ladies of the department. The 
evening’s novel celebration closed only with the coming of the New Year. 

The American Mathematical Society held sessions from Monday afternoon 
through Wednesday afternoon. A symposium was held Tuesday afternoon con- 
sisting of two addresses, “The mathematical theory of traveling waves” by Pro- 
fessor L. V. Bewley, and “Some new methods of solution of two-dimensional 
problems in elasticity” by Professor I. S. Sokolnikoff, with discussions by Alan 
Hazeltine, Ernst Weber, D. L. Holl, J. L. Synge, and J. N. Goodier. An invited 
address was given by Dr. Oscar Zariski on “Normal varieties and birational cor- 
respondences.” 

The Association for Symbolic Logic held two sessions on Wednesday after- 
noon. Professor H. B. Curry gave the retiring presidential address, and following 
this a joint session was held with the Society at which five papers were read. 

The National Council of Teachers of Mathematics held morning and after- 
noon sessions on Wednesday and Thursday with numerous addresses by teachers 
of college and secondary school mathematics. An unusual feature of the meetings 
was a session on multi-sensory aids, organized under the supervision of Professor 
E. H. C. Hildebrandt; various moving pictures of a mathematical nature, draw- 
ings and trivision films were exhibited. A very gratifying attendance was ob- 
served at these sessions and the members of the National Council joined with 
the other mathematicians on all the social occasions. 

The Mathematical Association held sessions Thursday morning and after- 
noon, the notable program having been arranged by Professors Arnold Dresden 
and L. L. Dines, chairman. The program follows, together with abstracts of some 
of the papers numbered in accordance with their place on the program: 


First SESSION OF THE ASSOCIATION 


1. “On semi-continuity” by Professor T1sor Rap6, Ohio State University. 

2. “The role of function spaces in function theory” by Professor C. R. 
ApAMsS, Brown University. 

3, “Remarks on divisors of zero” by Professor N. H. McCoy, Smith College. 


1. The paper of Professor Radé will appear.in an early issue of the MONTHLY. 

2. In the case of each of several familiar classes of functions Professor Adams 
described the procedure of introducing a metric, or definition of distance from 
one function of the class to another. For the metric space thus obtained he de- 
fined the fundamental notions of Cauchy sequence of elements of the space, 
density of one set of elements with respect to another, and category of a set of 
elements, as well as completeness, separability, and compactness of the space. 
Emphasis was laid on the fact that, since a set of second category is never empty, 
these general ideas may sometimes profitably be employed to establish the exist- 
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ence, in a given class of functions, of functions with certain specified properties. 
In particular and by way of illustration, the speaker sketched Banach’s proof 
that in the class of continuous functions most (in a sense determined by cate- 
gory) of them have at no point finite upper and lower derivative numbers on 
either side of the point. 

3. The paper of Professor McCoy will appear in an early issue of the 
MONTHLY. 


SECOND SESSION OF THE ASSOCIATION 


1. “On a proof of Eisenstein for the law of quadratic reciprocity” by Pro- 
fessor H. A. RADEMACHER, University of Pennsylvania. 

2. “What mathematics has done for me” by Professor B. L. NEWKIRK, 
Rensselaer Polytechnic Institute. 

3. “Operational calculus” by Professor T. L. Smitu, Carnegie Institute of 
Technology. 


2. The paper by Professor Newkirk was a case history of the effect of a 
mathematical background on a period of activity in science and engineering. 
The author’s undergraduate course was classical. It was followed by three years 
of graduate work and teaching, and three years’ study in Germany, all with 
astronomy (celestial mechanics) as the major and physics and mathematics as 
minors. 

After a short period of work in astronomy he followed a developing interest 
in engineering in accepting an invitation to teach mathematics and mechanics 
in an engineering college. His mathematical background enabled him to handle 
courses in mechanics of materials and hydraulics in which he had no previous 
training or experience. 

He developed an interest in gyroscopic phenomena which led to a study 
(theoretical and experimental) of dynamic balancing. This resulted in a patent- 
able improvement in the art of balancing, and the development of a balancing 
machine that was well received especially in the automotive field. 

A study was made of critical speeds of rotating shafts and of other features 
of behavior of rapidly rotating shafts. This study was both theoretical and ex- 
perimental and it explained a number of points of considerable economic impor- 
tance. 

Details of the study of dynamic balancing and of shaft behavior were given 
in this paper to illustrate the parts played respectively by the mathematical 
theory,and by experimental studies. 

Facts were presented to speak for themselves but the author’s feeling is that 
mathematical theory furnished the approach through the literature, suggested 
experimental studies, facilitated interpretation of experiments and led to im- 
portant results through coordination of the two angles of attack. It is to be noted 
also that the mathematical background enabled the author to follow developing 
interests in a rapidly changing world. 
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3. Professor Smith gave an account of the operational calculus of Oliver 
Heaviside (1850-1925) who made extensive use of operational methods in solv- 
ing differential equations, mainly in electrical circuit problems. His method was 
to replace the operator d/dt by », whenever it operated on a function which 
vanished initially. 

The Heaviside method combines a differential equation and the initial condi- 
tions (which are ordinarily used last to evaluate the integration constants) in 
a single equation. Then this equation is solved for the unknown function algebra- 
ically and simplified by separation into partial fractions or expansion in series 
in 1/p; when # is now again treated as an operator, the solution corresponding to 
the given initial conditions is obtained. 

The use of the Laplace transform as an operator is equivalent to the Heavi- 
side method. It is just as convenient and fast, but allows everything to be made 
rigorous. It also increases the power of the method by making use of the Brom- 
wich contour integral which is the inverse of the Laplace transformation. The 
Bromwich contour can be frequently deformed into a closed curve, so that the 
integral is evaluated by the Cauchy residue theory. 

An electrical circuit problem serves to illustrate another advantage of the 
operational method when applied to simultaneous differential equations. In- 
stead of first finding the general solution, inserting the initial conditions and 
solving the resulting simultaneous equations for the integration constants, the 
operational method makes it possible to solve immediately for the unknown 
current in any mesh produced by the given initial conditions. 

Boundary value problems in partial differential equations may be often 
solved expeditiously entirely by the use of operator methods. For example, con- 
sider the motion of a stretched string with fixed ends and given initial displace- 
ment and velocity. Using the Laplace transform-and then the finite sine trans- 
form, the differential equation together with the end-point and initial conditions 
are all combined into a single equation. After solving this for the unknown func- 
tion, the solution is found by taking the inverses of both transforms. 

The first boundary value problem for an infinite strip is easily solved by tak- 
ing successively the Laplace transform and the Fourier transform (obtained, 
with its inverse, by splitting the Fourier integral theorem into two transforma- 
tions). The result defines a function over a half-plane, which coincides over the 
strip with the solution of the problem. 


MEETINGS OF THE BOARD OF GOVERNORS 


Members of the outgoing and of the incoming Board met on Wednesday 
afternoon and Thursday noon, respectively. 

The.following five institutions and forty-seven persons were elected to mem- 
bership on applications duly certified: 
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To Institutional Membership 


LoyoLa UNIVERsITY, New Orleans, Louisiana 

LoyvoLa COLLEGE, Baltimore, Maryland 

COLLEGE OF THE Hoty Cross, Worcester, 
Massachusetts 


AUGUSTANA COLLEGE, Sioux South 
Dakota 
ESCUELA DE INGENIEROS INDUSTRIALES, Santi- 


ago de Chile 


Falls, 


To Individual Membership 


H. C. ARNOLD, A.M.(Ohio State) Tech. Di- 
rector, Federal Enamel & Stamping Co., 
Pittsburgh, Pa. 

J. E. BELLARDO, M.S. (St. Bonaventure) Instr., 
Aquinas Coll., Grand Rapids, Mich. 

S. U. BENscoTEer, M.S., C.E. (Illinois) Asst. 
Engr., U.S. Eng. Dept., U. S. Eng. Office, 
Vicksburg, Miss. 

W. H. Braprorp, M.S.(Louisiana) Instr., 
McNeese Jr. Coll. of L.S.U., Lake Charles, 
La. 

B. H. Burxstra, M.S.(Kansas State Coll.) 
Instr., Kansas State Coll., Manhattan, 
Kans. 

F, A. Butter, Jr., Ph.D.(Stanford) Asst. 
Prof., Univ. of Southern California, Los 
Angeles, Calif. 

W. S. H. Crawrorp, B.A.(Mount Allison) 
Teaching Asst., Univ. of Minnesota, Min- 
neapolis, Minn. 

L. E. CurrmMan, M.S.(Colorado) Prof., Kan- 
sas State Teachers Coll., Pittsburg, Kans. 

Myrtze F. Dickinson, M.S. (Catholic Univ.) 
Teacher, Orleans Parish School Board, 
New Orleans, La. 

W. H. Durrez, A.M. (Harvard) 
nell Univ., Ithaca, N. Y. 
PAUL EBERHART, A.M.(Kansas) Asst. Prof., 
Head of Dept. of Math. and Eng., Wash- 

burn Mun. Univ., Topeka, Kans. 

IstAM Eroxan, M.C.E.(Cornell) Lt., Turkish 
Army, Turkish Embassy, Washington, 
D.C. 

F, D. FAULKNER, B.S. in Educ. (Kansas State 


Instr., Cor- 


T.C., Emporia) Instr., Kansas State 
Coll., Manhattan, Kan. 
R, A. FETTERER, M.S. (Catholic Univ.) Instr., 


St, Francis Seminary, St. Francis, Wis. 

E. L. FITZGERALD, B.S.(California), A.B. 
(Gonzaga Univ.) Instr., Univ. of Santa 
Clara, Santa Clara, Calif. 

J. W. Foust, Ph.D.(Michigan) Asst. Prof., 
Central Michigan Coll. of Educ., Mt. 
Pleasant, Mich. 


R. W. Garpner, A.M.(Boston Univ.) Vice 
Pres., Head of Dept., Northwest Nazarene 
Coll., Nampa, Idaho 

W. J. Harrincton, Ph.D.(Cornell)  Instr., 
Pennsylvania State Coll., State College, 
Pa. 

W. R. Harvey, M.S.(Michigan) Memb. 
Tech. Staff, Bell Telephone Labs., New 
York, N. Y. 

J. R. HEvERzy, M.S. (Pennsylvania State Col- 
lege) Instr., Math. and Physics, Pennsy]- 
vania State Coll., Mont Alto Undergrad. 
Center, Chambersburg, Pa. 

Raymonp Huck, M.S. (Illinois) 
bama Poly. Inst., Auburn, Ala. 

EvAN JOHNSON, Jr., Ph.D.(Chicago) Asst. 
Prof., Pennsylvania State Coll., State Col- 
lege, Pa. 

J. S. KNAppErR, M.S.(Pennsylvania State) 
Asst. Supervisor of Math., Pennsylvania 
State Coll., Central Exten., Lemont, Pa. 

D. M. Krasitt, Ph.D.(Ohio State), Instr., 
Potomac State School, Keyser, W. Va. 

EpNA E. KRrAMER-LAsSER, Ph.D. (Columbia) 
Chm. of Dept., Thomas Jefferson High 
School, New York, N. Y. 

R. L. Krurcer, Ph.D.(Marquette) Prof., 

Wittenberg Coll., Springfield, Ohio 

RACHAEL A. LAROE, A.M.(Tennessee)  Instr., 
Mary Hardin-Baylor Coll., Belton, Texas. 

W. T. MacCreapiz, Ph.D.(Cornell) Asst. 
Prof., Bucknell Univ., Lewisburg, Pa. 

Sister MaAry ROBERDETTE, A.M. (Illinois) 
Instr., Clarke Coll., Dubuque, Iowa 


Instr., Ala- 


Mrs. Epita J. McKissocx, M.E. (Akron) 
Prof., Youngstown Coll., Youngstown, 
Ohio 


H. L. Meyer, Jr., M.S. (Chicago) 
of Wooster, Wooster, Ohio 

Q. E. NELSon. Student, Eastern New Mexico 
Coll., Portales, N. M. 

ADRIEN Pou.ioT. Dir. of Dept., Dean of Fac- 
ulty of Sciences, Laval Univ., Quebec, 
P.Q., Canada 


Instr., Coll. 
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L. M. Reacan, A.M.(Kansas) Asst. Prof., 
Poly. Inst. of Brooklyn, Brooklyn, N. Y. 

E. C. Rex, M.S.(Washington) Lecturer, 
Univ. of Southern California, Los Angeles, 
Calif. 

R. B. Rice, A.B.(Wooster) Grad. asst., Ohio 
State Univ., Columbus, Ohio 

J. B. Rosser, Ph.D.(Princeton) Asso. Prof., 
Cornell Univ., Ithaca, N. Y. 

ABRAHAM SCHWARTZ, Ph.D.(Mass. Inst. of 
Tech.) Instr., Pennsylvania State Coll., 
State College, Pa. 

C. E. SEALANDER, Ph.D.(Iowa) Asst. Prof., 
Univ. of South Dakota, Vermillion, S. D. 

R. S. Seamons, A.B. (Utah) High 
School, Pocatello, Idaho 


Instr., 
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C. V. L. Smita, Ph.D.(Harvard) Asst. Prof., 
Lafayette Coll., Easton, Pa. 

Rutu C. (Mrs. C. C.) Sorretis, A.M. (Col- 
umbia) Teacher, Highland Park High 
School, Dallas, Texas 

M. F. StTmMitwe tu, A.M. (Syracuse) 
Rensselaer Poly. Inst., Troy, N. Y. 

H. L. Stuart, A.B.(Dickinson) 402 S. Han- 
over St., Carlisle, Pa. In war service. 

Mrs. Lota B. Taytor, A.M.(Peabody) Head 
of Dept., Clifton Jr. Coll., Clifton, Texas 

Brother LADISLAUS WALBERT, B.S. (St. Mary’s) 
Instr., Christian Brothers Coll., Memphis, 
Tenn. 

J. E. Woop, A.M. (Colo. State Coll. of Educ.) 
Instr., Math. and Phys. Sci., Jr. Coll., 
Scottsbluff, Nebr. 


Instr., 


The Secretary announced the names of the Regional Governors elected by 
the membership of various regions for a two-year term: 

Region 1 (New England), W. F. CHENEY, Jr. 

Region 2 (New York and Eastern Canada), R. P. AGNEW 

Region 5 (Alabama, Georgia, Florida, North Carolina and South Carolina), 
H. A. ROBINSON 

Region 7 (Kentucky, Ohio and Tennessee), C. G. LATIMER 

Region 10 (Kansas, Missouri and Nebraska), L. M. BLUMENTHAL 

Region 12 (Arizona, Colorado, New Mexico, Utah and Wyoming), O. H. 
RECHARD 

Region 13 (Northwestern States and Western Canada), W. E. MILNE 

The financial report for the year 1941 was presented and accepted. It had 
been previously examined by Professor Langer for the Finance Committee and 
by President Brink. The securities of the Association have now been transferred 
to the custody of the Cleveland Trust Company which is to serve as financial 
adviser for the year 1942. 

At the invitation of the Board, Professor S. T. Sanders reported that, due 
to the policy of economy instituted by the Governor of Louisiana, the administra- 
tion of Louisiana State University has recommended to the State Board of 
Supervisors a reduction in the subsidy of the National Mathematics Magazine 
from approximately $2,700 to $600. As the result of the discussion, the President 
and Secretary were requested and instructed to send letters to President C. B. 
Hodges of the University and to J. E. Smitherman, chairman of the Louisiana 
State Board of Supervisors, expressing our appreciation of the importance of the 
magazine and of the contribution which the University has thereby made in 
recent years to the cause of mathematics, and of general education, in the South 
and in the whole country, our great regret at the loss of influence that a discon- 
tinuance of the Magazine would entail, and our hope that the proposed reduc- 
tion in the subsidy will be annulled. 
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The Board voted (1) to nominate G. B. Price as the representative of the 
Association in the American Documentation Institute; (2) to appropriate fifty 
dollars for expenses of the joint War Preparedness Committee of the Association 
and Society; (3) to appoint D. R. Curtiss member of the Finance Committee for 
a four-year term. 

The following associate editors of the MONTHLY were elected for the year 
1942, as recommended by Professor L. R. Ford: 


L. M. Blumenthal B. F. Finkel E. J. Moulton 
W. B. Carver J. S. Frame J. R. Musselman 
N. B. Conkwright Orrin Frink, Jr. C. O. Oakley 

H. S. M. Coxeter M. R. Hestenes Virgil Snyder 
W. M. Davis R. E. Langer R. J. Walker 
Otto Dunkel Marie J. Weiss 


ANNUAL BUSINESS MEETING 


The annual business meeting and election of officers was held Thursday 
morning, January 1, 1942. The Secretary announced the names of those who 
had been elected to membership at the meeting of the Board. He reports here 
the deaths of the following members: 


Ei ALLISON, Head of department of mathematics, Franklin School, New York, N. Y. (November 
11, 1941) 

C. S. ATcH1son, Head of department of mathematics, Washington and Jefferson College. (Novem- 
ber 21, 1941) 

W. C. Boyrer, Accounting engineer, Consolidated Edison Co., Charleston, S. C. (September 28, 
1940) 

R. L. Cuarves, Professor of physics and electricity, Franklin and Marshall College. (December 13, 
1941) 

S. DicKsTEIN, Professor of mathematics and history, University of Warsaw. (1939) 

O. C. Epwarps, Assistant Professor of mechanical engineering, University of Minnesota. (July 17, 
1941) 

Rev. F. J. FEINLER, Pastor, St. Ann’s Church, Grants Pass, Oregon. (August 1941) 

J. W. GLoveEr, Professor emeritus of mathematics, University of Michigan. (July 15, 1941) 

. C. GRAUSTEIN, Professor of mathematics, Harvard University. (January 22, 1941) 

. J. Hrrscu er, Professor of mathematics and astronomy, Bluffton College. (May 22, 1941) 

. D. Lers, Professor of mathematics, Connecticut College. (June 15, 1941) 

Jj. Maurvs, Professor of mathematics and surveying, University of Notre Dame. (November 26, 

1941) 

. G. MitTcHELL, Professor of mathematics, University of Kansas. (January 1, 1942) 

THEL I. Moopy, Instructor in mathematics, Pennsylvania State College. (April 11, 1941) 

. E. Moritz, Chairman of department of mathematics, University of Washington. (December 28, 

1940) 

C. M. Sparrow, Professor of physics, University of Virginia. (August 30, 1941) 

H. L. Sweet, Mathematics teacher, Phillips Exeter Academy. (March 27, 1941) 

T. H. TALIAFERRO, Dean of the Faculty, Chairman of department of mathematics, University of 
Maryland. (September 25, 1941) 

J. E. Trevor, Professor emeritus of thermodynamics, Cornell University. (May 4, 1941) 

ALICE WINBIGLER, Professor emeritus of mathematics, Monmouth College. (May 27, 1941) 


WHC aries 
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The results of the election of officers were as follows: 

First Vice-President for a two-year term: TOMLINSON Fort, Lehigh Univer- 
sity. 

Governors at large for a three-year term: W. L. AYRES, Purdue University, 
and R. L. WILDER, University of Michigan. 

The Association adopted the two amendments proposed for action at the 
meeting, one according to which two nominations are made by the Executive 
Committee only in the case of the Second Vice-President and members of the 
Finance Committee, the other whereby the By-Law offering life membership 
was cancelled, the Association voting at the same time'‘that the contracts al- 
ready made under this By-Law are to be fulfilled. The Association also voted 
blanket approval to the draft of the By-Laws as printed in the Register of Octo- 
ber 1941, subject to the two amendments just adopted. 

The following resolution, offered by Professor Langer, was unanimously 
adopted: 

The functioning of an organization, such as this Mathematical Asso- 
ciation of America, is at all times dependent upon the appeal through 
which it enlists in its service, without the promise of any material recom- 
pense, men of energy, vision and good will. That the Association has 
unfailingly succeeded in doing this is eloquent of-the support which its 
purposes and ideals have enjoyed. Of crucial importance to the Associa- 
tion is the editorial direction of its organ, the AMERICAN MATHEMATICAL 
MontTHLY. The Editor-in-Chief, the officer entrusted with this, fulfills a 
task which is incessantly demanding upon his time and thought. At this 
meeting Professor Moulton lays down this office. For over five years he 
has given steadily and in large measure of his care and energy, to the 
end that he has maintained for the MONTHLY an editorial policy guided 
by a continual striving after an optimum of usefulness, without ever a 
recession from the highest of scholarly standards. 

Be it, therefore, resolved: That the Mathematical Association of 
America acknowledges that Professor Elton James Moulton has served it 
with singular ability and generosity, and assures him of its sincere thanks 
and genuine appreciation. 

On recommendation of a committee appointed by the President, the Chau- 
venet Prize of one hundred dollars was awarded to Professor Saunders Mac Lane 
for his two papers, “Modular fields,” AMERICAN MATHEMATICAL MONTHLY, vol. 47 
(1940), pp. 259-274 and “Some recent advances in algebra,” AMERICAN MATHE- 
MATICAL MONTHLY, vol. 46 (1939), pp. 3-19. In view of the fact that the Chauve- 
net Fund does not now produce the amount hitherto given each three years, the 
recommendation of the committee was adopted that the award continue to be 
made at three-year intervals but that hereafter the amount of the prize be re- 
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duced to $50, with the further provision that only such papers be considered for 
the prize as come within the range of profitable reading of Association members. 


REPORT OF THE SECRETARY-TREASURER AS TREASURER, DECEMBER 20, 1941 


RECEIPTS 


Balance Dec. 12, 1940........... 
1940 indiv. dues....... $ 381.98 
1940 instit. dues....... 52.50 
1941 indiv. dues....... 
1941 instit. dues....... 


1941 subscriptions..... 1,069.10 
Initiation fees......... 342 .00 
Advertising........... 573.50 
Reprints.............. 297.53 
Sale copies of MONTHLY 724.13 
Sale First Carus Mon... 21.25 


Sale Second Carus Mon. 21.25 
Sale Third Carus Mon.. 25.00 
Sale Fourth Carus Mon. 15.00 


Sale Fifth Carus Mon... 16.25 
Sale Sixth Carus Mon... 296.25 
Sale Archibald’s Outline 

of Hist. of Math....... 188.47 
Life membership fee. . . 56.03 
Annals subscriptions. . . 5.00 
Duke Journal subscrip- 

tiONS...... 2. eee eee 4.00 
Math. Reviews subscrip- 

tIONS.... eee eee 13.00 
Sale Rhind Papyrus.... 20.00 
Drury Coll. int. Hardy 

fund............04- 120.00 


Refund Chicago meeting 21.47 
Profit sale Youngstown 


Bonds.............. 78.78 
Profit sale Firestone 

Bond...... eee 34.17 
Int. Genl. End. Fund.. 634.76 
Int. Carus Fund....... 164.37 
Int. Chace Fund...... 271.40 
Int. Chauvenet Fund... 15.00 
Int. current funds..... 60.99 
Payment from restricted 

Carus Fund......... 49.70 
Payment from restricted 

Chace Fund........ 2.20 


Total 1941 receipts to date...... 


$6,176.09 


14,217.78 


$20, 393.87 


EXPENDITURES 


Publisher’s bills (Nov. ’40-Oct.’41) $ 5,784. 
108. 
.61 
52 
23 
37 
.66 
.09 
.92 
.54 


Supplement “Math. in Industry”. 
Reprints........ 0... c cece ee eee 
Preparing Register. ............. 
Printing Regtster............0005 
President’s office............... 
Editor-in-chief’s office........... 
Expense Executive Committee... 
Expense Finance Committee..... 
Membership campaign.......... 
Conference Committee on Educa- 


Postage............ $ 477.43 
Bond...........00- 11.26 
Office expense....... 143.58 
Express, tel., etc..... 85.50 
Clerical work....... 2,361.47 
Printing............ 282.40 
Bank charge........ 17.03 


Annals subvention.. 

Duke Journal subvention........ 
Math. Reviews subvention........ 
Expense of sections............. 
Expense acct. regional governors. . 
Baton Rouge meeting........... 
Chicago meeting................ 
Lehigh meeting...............4. 
Paid Annals subscriptions....... 
Forwarded Annals subscriptions. . 
Forwarded Duke Journal subscrip- 


Forwarded Math. Reviews sub- 

SCriptionS....... 0... cee eee eee 
Sust. memb. in Amer. Math. Soci- 

a Lee eee eee 
Insurance back copies MONTHLY. . 
Storage back copies MONTHLY.... 
Paid B. F. Finkel int. Hardy Fund 
Refund subscriptions............ 
Paid back copies MONTHLY...... 
Library expense..............5- 


42 
33 


.00 


67 
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RECEIPTs (continued) EXPENDITURES (continued) 
Paid Eudemus int. from Chace 
Fund... .. cece eee 215 
Printing Archibald’s Outline..... 323. 
Expense account Outline........ 12. 
Expense account Carus Com..... 12. 
War Preparedness Com.......... 96. 
Distributing War Preparedness re- 
00) os 99. 
Printing Sixth Carus Mon........ 1,250. 
Honorarium Sixth Carus Mon.... 300. 
Total expenditures.............. 16,581.75 Total expenditures.............. $16,581. 
Balance to end of 1941 business.. $ 3,812.12 Checking account............... 217. 
Received on 1942 business....... 2,512.86 Oberlin Savgs. Bk. acct. restr icted 583. 
—__—__._. Peoples Banking Co. savgs. acct... 1,835. 
Cleveland Trust Co. savgs. acct... 1,688. 
U.S. Defense Bonds Leen eee ees 2,000. 
Book Balance Dec. 20, 1941..... $ 6,324.98 Bank Balance Dec. 20, 1941..... $ 6,324. 
EXHIBIT OF THE FUNDS OF THE ASSOCIATION 
Carus MONOGRAPH FUND 
Balance, December 12, 1940.0... 0. ccc ccc ence ence teen eee enenes $7,320. 
Receipts: Sales... 6... cee nee ee ett e nes $ 395.00 
Interest... ccc ccc ccc ee cee ence eee e en eeees 205.62 
Profit sale Firestone Bonds............ 0.0 cece eee eee eees 34.17 634. 
$7,955 
Expenditures: Expense acct. Carus Fund............ 2.000 e eee eee $ 12.36 
Printing Sixth Carus Monograph...............0.4. 1,250.29 
Honorarium Sixth Carus Monograph................ 300 .00 1,562. 
$6 , 392 
Market Value Cost or 
Dec. 31, 1941 Face 
Certificate of deposit....... 0... ccc cece cee eee nee $1,681.51 $1,681.51 
C. & O. 34% Ref. Mort.- Bonds Ser. D, 1996......... 2,030.00 2,000.00 
U.S. Treasury 34% Bond of 1946-49. .............. 1,082.50 1,000.00 
HOLC 3% Bond 1944-52..... 0.0... cece eee ee reese 1,046.25 1,000.00 
U.S. Savings Bonds. ..... 0.0... 0. c cee eee eee 164.00 150.00 
U.S. Defense Bond..... 0.0... cece eee eee eens 1,000.00 1,000.00 
Cash in bank, restr., certif. of participation.......... 347 .90 347.90 7,179 
Due to the general treasury... 0.0... cece cece eee eee ee ee eee teen ents 786 


Balance December 20, 1941........ 0.0 ccc ccc cece eee eet ee een eae $6 , 392.82 


41 


59 
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ARNOLD BUFFUM CHACE FUND 


Balance December 12, 1940...... 0... ce cece cect e eee e eee e ee $8,088.29 
Receipts: Sale Papyrus........ 0.0... e cece ete ete n ees $ 20.00 

Interest... ccc ccc cece teen eee te tence eenes 271.40 291.40 

$8 , 379 .69 

Expenditures: Paid Hudemus int. from Chace Fund........... 0... cee eee ee eens 215.71 

$8 , 163.98 


Market Value Cost or 
Dec. 31, 1941 Face 


U.S. Treasury 34% Bonds 1946-49................. $2,165.00 $2 ,000 .00 
HOLC 3% Bond 1944-52..... 0... eee 1,360.12 1,300.00 
U.S. Savings Bonds. ..... 0... 0. cece cee ee ene 1,270.00 1,125.00 
Montana Power Co. 32% First Mort. Bonds 1966.... 1,045.00 1,000.00 
North American Co. 4% Deb. Bond 1959............ 1,040.00 1,000.00 
4 Shawinigan W. & P. Co. 44% First Mort. Bond 1970. 436.25 500.00 
N. Y. Steam Corp. 34% First Mort. 1963........... 1,053.75 1,000.00 
Cash in bank, restr., certif. of participation.......... 15.40 - 15.40 
Cash in bank, unrestricted........... 0.0.0 cee e eens 223.58 223.58 
Balance December 20, 1941.00... 0. ccc cc ce cc ee cece e eee eee e teen ene eteas $8 , 163.98 


Balance December 12, 1940.... 0.2.0.0 e eee ten ens $7 ,928 .94 
Receipts: Interest... 0... ce ee ee ee eee eee eee ence eee ents eeea 252.23 
$8 , 181.17 


Market Value Cost or 
Dec. 31, 1941 Face 


U.S. Treasury Bonds, registered...............005. $4,375.00 $4,000.00 
13 Shawinigan W. & P. Co. 44% First Mort. Bonds 1970 1,308.75 1,500.00 
Gatineau Power Co. 33% First Mort. Bond 1969..... 800.00 1,000.00 
Peoples Banking Co. savings acct..........000 ee eens 1,681.17 + 1,681.17 
Balance December 20, 1941... 0... 0. ccc cc ccc cc eee e eee eee ete eens ee neeee $8,181.17 


Balance December 12, 1940..... 0.0... 0c ccc ee eee eee ee ee eee eens $ 617.94 
Interest... . cc eee eee cece eee ee eee een ene ee eee ee eneeneeneennes 15.00 
$ 632.94 


Market Value Cost or 
; Dec. 31, 1941 Face 
HOLC 3% Bond 1944-52..... 0.0... ees $ 523.12 $ 500.00 
Cash in bank... 1... cee eee ee eee 132.94 132.94 


Balance December 20, 1941......0 0... ccc ccc ccc cece en en enn eneeeeeeeeueees $ 632.94 
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LIFE MEMBERSHIP FUND 


Liability on life memberships as of January 1, 1941..... 0.0.00. ccc c eee e ce eee $ 867.39 
Received on life membership............ 0. ccc cece cece een eee eee ae eee e eens 56.03 

$ 923.42 
To be transferred to current funds, surplus... 1.0.0... 0.00 c cece ce eee een eens 23.25 
Liability on life memberships as of January 1, 1942......... 0.0... e eee $ 900.17 


GENERAL ENDOWMENT FUND 
Balance December 12, 1940..... 0.0... 0. ccc cece cece cece eee ee eee erereenenes $18, 200.00 


Market Value Cost or 
Dec. 31, 1941 Face 


U.S. Treasury 34% Bonds 1944-46................. $1,050.00 $1,000.00 
U.S. Treasury 34% Bonds 1943-45.............0.5. 1,042.50 1,000.00 
HOLC 3% Bonds 1944-52... 0... 0.0 0c cece eee 5,754.37 5,500.00 
Land Trust Certificate, Hotel Cleveland Site......... 550.00 700.00 
Montana Power Co. 33% First Mort. Bonds 1966.... 2,090.00 2,000 .00 
Texas Power & Light Co. 5% First Mort. Bond 1956.. 1,070.00 1,000.00 
C. & O. 33% Ref. Mort. Bond Ser. D 1996.......... 1,015.00 1,000.00 
Penn. R. R. Co. 33% Genl. Mort. Bonds Ser. C 1970.. 1,782.50 2,000.00 
Cols. & So. Ohio Elec. 34% First Mort. Bonds 1970... 2,145.00 2 ,000 .00 
Oberlin Savings Bank savings account............... 2 ,000 .00 2,000.00 
Balance December 20, 1941...... 0.0... cece ccc ete eee cence eee ee nens $18 , 200.00 


Of the funds on hand, indicated in the first division of this financial report, 
$786.59 is due the general treasury from the Carus Monograph Fund, $223.58 is 
due from the general treasury to the Chace Fund and $132.94 to the Chauvenet 
Prize Fund, while $900.17 is held as a Life Membership Fund, representing the 
liability on life memberships already paid for, as of date January 1, 1942. 

When the accounts were closed December 20, 1941, in order to make a com- 
plete report, there remained on the total business for 1941 the following items: 


BILLs RECEIVABLE BILLs PAYABLE 

1941 individual dues....... eae $ 200.00 Publisher's bills (Nov., Dec. ’41).. $1,250.00 
Advertising...... 0.0.0.0 150.00 Editor-in-chief’s office............ 80.00 
From Carus Mon. Fund.......... 786.59 Secretary-Treasurer’s office....... 150.00 
———— Subsidy Duke Journal............ 50.00 

$1,136.59 Chace Fund...................0. 223.58 

Chauvenet Fund...............4. 132.94 

Life membership fund............ 900.17 


$2 , 786.69 


If to the balance on 1941 business shown in this report, $3,812.12, there be 
added the estimated bills receivable, $1,136.59, and there be subtracted the esti- 
mated bills payable, $2,786.69, there results an estimated final balance at the 
close of 1941 business of approximately $2,160. 

W. D. Cairns, Secretary-Treasurer 


THE TWENTY-FIFTH ANNUAL MEETING OF THE 
KENTUCKY SECTION 


The twenty-fifth annual meeting of the Kentucky Section of the Mathemati- 
cal Association of America was held at Eastern Kentucky State Teachers College 
on Saturday, April 26, 1941, in conjunction with the annual meeting of the 
Kentucky Academy of Science. Professor H. A. Wright, chairman of the Sec- 
tion, presided. 

There were fifty-one in attendance, including the following twenty members 
of the Association: N. B. Allison, J. G. Black, M. C. Brown, L. W. Cohen, 
H. H. Downing, L. A. Fair, Charles Hatfield, W. R. Hutcherson, E. D. Jenkins, 
Fritz John, C. G. Latimer, F. Elizabeth LeStourgeon, R. S. Park, Sallie E. 
Pence, D. W. Pugsley, D. E. South, Guy Stevenson, S. Helen Taylor, Mary E. 
Williams, H. A. Wright. 

A luncheon meeting was held in the Student Union Building at which the 
following officers were elected for the next year: Chairman, L. A. Fair, Morehead 
State Teachers College; Secretary, D. E. South, University of Kentucky. 

The following papers were presented: 

1. “On regular polyhedra” by Charles Hatfield, Jr., University of Kentucky, 
introduced by Professor Cohen. 

2. “Reading ability as a factor in solving problems in algebra” by Dr. S. R. 
Hemphill, Berea College, introduced by Professor Hutcherson. 

3. “Amateur research in astronomy” by Professor W. L. Moore, University 
of Louisville. 

4. “Dimensionality” by Professor L. W. Cohen, University of Kentucky. 

5. “Graphical representation of complex roots” by Frances Hamilton, Tran- 
sylvania College, introduced by Professor Wright. 

6. “Biological problem solved by difference equations” by Professor N. B. 
Allison, Kentucky Wesleyan College. 

7. “Suggestions for the teaching of mathematics from American Council on 
Education tests” by Dean S. Helen Taylor, Ashland Junior College. 

Abstracts of the papers follow, numbered in accordance with their place on 
the program: 

1. Mr. Hatfield used the five regular polyhedra of solid geometry as the 
basis for a set of five polyhedra which have interesting properties. A given one 
of this “derived” set is had by replacing the faces of a given polyhedron by pyra- 
mids ,whose bases are faces of the original polyhedra. If these pyramids for a 
given polyhedron are the same size, then the exterior vertices of the “derived” 
one become vertices of one of the five regular polyhedra. Under such a “trans- 
formation” the tetrahedron transforms into a tetrahedron, the hexahedron into 
the octahedron, and vice versa, the dodecahedron into the icosahedron, and vice 
versa. As a special case of the above pyramid construction, we have the type of 
polyhedron whose faces are rhombi by making the pyramids of such size that the 
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triangular faces of a given pyramid form rhombi with the faces of other pyra- 
mids. 

2. Dr. Hemphill reported on an experimental study to improve the ability of 
pupils to solve verbal algebra problems. More than five hundred students in ten 
schools in seven cities in eastern Kansas participated in the experiment. Special 
efforts were made to master the vocabulary of the text, extensive use was made 
of reading exercises involving mathematical material, and the study of verbal 
problems was distributed throughout the semester. Achievement was measured 
by a test prepared for that purpose. The findings of the study indicate that most 
pupils in beginning algebra will improve in ability to solve verbal problems if, 
under the supervision of their classroom teachers, they effectively study the 
vocabulary of their text and selected reading exercises that involve mathemati- 
cal material. Pupils of superior mental ability seem more likely to benefit by 
such procedures than pupils of average or low mental ability. 

3. The fields of research discussed by Professor Moore were those by which 
cooperation by large groups of amateurs are desirable. These include observa- 
tions of variable stars, meteors, occultations by the moon, observations of the 
moon to determine if there are any changes in its surface features, comet seeking 
and the search for novae. Professor Moore also described the work of the Louis- 
ville Astronomical Society in the observation of the transit of Mercury Novem- 
ber 11, 1940. This work was in cooperation with the Naval Observatory of 
Washington. 

4. Some points in the history of the notion of dimension were indicated by 
Professor Cohen and the work of Vrysohn and Menger-was discussed. 

5. Miss Hamilton’s paper was an elaboration of an article of the same title 
by J. A. Ward in the National Mathematics Magazine, vol. 11, no. 7, page 297, 
(Apr. 1937). Carefully prepared large-scale graphs of cubic and quartic equations 
were used to illustrate the theory and to indicate the range of practical use. 

6. Professor Allison discussed a difference equation with constant coefficients 
derived from biological reproduction. The solution involves the sum of like pow- 
ers of roots of an algebraic equation and its discriminant. 

7. Dr. Taylor made a study of the Thurstone Psychology Tests, the Achieve- 
ment Tests in Mathematics and the Literary Comprehension Tests (a test on 
reading ability). Correlation coefficients were: Mathematics and Psychology, 
r= .61; Mathematics and Literary Comprehension, rv = .44; Literary Comprehen- 
sion and Psychology, 7 =.59. These coefficients were computed from data of 306 
students who took the tests in three successive years, 1938, 1939, 1940 as a part 
of the Freshman orientation program at Ashland Junior College. 

It is suggested that the accrediting agencies such as the State University and 
the Southern Association should be in agreement as in other sections of the coun- 
try and that the University should not accredit schools for college entrance un- 
less they are able to be admitted to the Southern Association. The students in 
the group above were from five Southern Association high schools and from a 
large group of unaccredited schools. There should be improvement of instruction 
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in intermediate algebra and solid geometry; there should be more intelligent 
counselling of students as to the amount and kind of mathematics courses taken; 
up-to-date texts should replace many of those now in use; and constructive cur- 
riculum study should be undertaken by the teachers in each school in their own 
department groups. 

D. E. Soutu, Secretary 


THE SPRING MEETING OF THE MARYLAND-DISTRICT OF 
COLUMBIA-VIRGINIA SECTION 


The spring meeting of the Maryland-District of Columbia-Virginia Section 
of the Mathematical Association of America was held at the United States Naval 
Academy, Annapolis, Maryland, on Saturday May 10, 1941, with a morning 
session, luncheon, and afternoon session. Dean T. McN. Simpson, Jr., chairman 
of the Section, presided. 

The attendance was sixty-five, including the following thirty-six members of 
the Association: H. A. Arnold, A. A. Aucoin, M. W. Aylor, N. H. Ball, G. A. 
Bingley, Archie Blake, W. E. Bleick, C. C. Bramble, Randolph Church, G. R. 
Clements, L. S. Dederick, J. A. Duerksen, W. C. Flaherty, Michael Goldberg, 
Bertha I. Hart, G. A. Hedlund, L. M. Kells, Solomon Kullback, A. E. Landry, 
C. L. Leiper, Florence P. Lewis, S. B. Littauer, E. J. McShane, Sister Thomas 
Marie Maloney, T. W. Moore, C. H. Rawlins, Jr., J. N. Rice, Irwin Roman, 
R. E. Root, J. B. Scarborough, T. McN. Simpson, Jr., F. W. Sohon, G. C. 
Vedova, C. H. Wheeler 111, G. T. Whyburn, R. H. Wilson, Jr. 

At the business meeting the following officers of the Section were elected for 
1941-1942: Chairman, E. J. McShane, University of Virginia; Secretary, C. H. 
Wheeler 11, University of Richmond; to the Executive Committee, Archie 
Blake, U. S. Coast and Geodetic Survey, and G. C. Vedova, University of Mary- 
land. The Section accepted invitations from Georgetown University for the fall 
meeting of 1941, and from Randolph-Macon College for the spring meeting of 
1942. A motion was passed expressing the appreciation of the Section to the au- 
thorities of the United States Naval Academy for their generous hospitality. 

At the invitation of the Section, Professor E. J. McShane of the University 
of Virginia delivered an address on “Computation of flat trajectories.” 

After an address of welcome by Captain G. H. Forte of the United States 
Naval Academy, the following papers were read: 

1. “The basic equations of interior ballistics” by Professor C. C. Bramble, 
United States Naval Academy. 

2. “Some mathematical tools for the young scientist” by Dr. Irwin Roman, 
United States Geological Survey. 

3. “Symmetric recursion formulas for the reversion of power series” by Dr. 
W. E. Bleick, United States Naval Academy. 

4. “Rocketry” by Professor W. A. Conrad, United States Naval Academy, 
introduced by Professor Kells. 
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5. “Computation of flat trajectories” by Professor E. J. McShane, Univer- 
sity of Virginia. 

Abstracts of the papers follow, numbered in accordance with their place on 
the program: 

1. Professor Bramble pointed out that most interior ballistic systems are 
based on (1) the gas law, (2) the energy equation, or (3) the law of burning. The 
procedure of investigators using the latter method has differed, but in many 
cases has led to a set of auxiliary tables determined by some form of approxi- 
mate integration. In other attempts to solve the problem, the law of burning has 
been replaced by an empirical relation connecting the distance the projectile 
has moved with the velocity of the projectile. Professor Bramble also stated that 
there are formulas which use the results obtained with a known gun asa “model 
experiment” for the purpose of making predictions as to the behavior of a new 
design. 

2. Dr. Roman stated that many mathematical tools are available to young 
scientists who have had a course in calculus, but are usually lost in the intricacies 
of specialized fields. He gave typical examples illustrating numerical roots, poly- 
nomial evaluation, Lagrangean multipliers for linear systems, interpolation, 
differences, least squares, successive approximations, recursion formulas, de- 
partures from standard conditions and the use of computation aids. 

3. Dr. Bleick gave the relations between the coefficient 0, of the series 
y =x-+)o1d.x‘t1and the coefficient c, of the reversed series x =y +3 Pc +! which 
were in terms of a;=> 1 bicj1, where j =2, 3, -- - , m. He pointed out that these 
formulas were considerably simpler than those which have appeared in the litera- 
ture. . 

4. Professor Conrad discussed the problem: Given the solar system as it is, 
to place a man on the planet Mars. He pointed out the many difficulties of 
travelling from the Earth to Mars by rocket, but stated how all of these, with 
the exception of the fuel problem, could be satisfactorily overcome. Professor 
Conrad suggested the expensive step rocket or the equally costly artificial satel- 
lite as a solution for the fuel problem. 

5. Professor McShane stated that if we ignore the small motion perpendicu- 
lar to the vertical plane containing the initial direction, the motion of a projectile 
is given by two second order differential equations. These can be solved to an 
arbitrarily high degree of approximation by numerical integration. But some- 
times adequate accuracy can be obtained by approximation methods involving 
less computational labor. Professor McShane discussed four such methods, of 
varying degrees of accuracy and correspondingly varying degrees of computa- 
tional difficulty. One of these was the Hitchcock-Kent method; another was a 
modification of that method with more accurate estimate of air density. The 
other two methods are presented in detail in a paper which will be offered to 
this MONTHLY. 

C. H. WHEELER III, Secretary 


ON EQUAL SUMS OF SQUARES 


I. A. BARNETT, University of Cincinnati 
C. W. MENDEL, University of Illinois 


Many special cases of the Diophantine equation 
ie eo 


have been discussed* by various writers. The methods used apply for the most 
part to the special equations considered by each writer. In this paper we shall 
give a complete parametric solution of the above equation. In section 1 we 
first develop a new treatment of the linear homogeneous Diophantine equation 
in 2 variables. In section 2 we consider the above equation for m =n and give a 
complete parametric solution in terms of an arbitrary integral vector and an 
arbitrary integral skew-symmetric matrix. The number of parameters in this 
solution may be reduced if we use the results of section 1, though a certain 
simplicity of form is lost in this way. 
In section 3 the system of equations 


i tog tee tan = vite bees + In, 
My ke Pn = Me Mn 


is considered and it is shown how the results of section 2 permit us to give a 
complete solution of this problem in a form which is more symmetrical than 
the one usually presented. 

In sections 4 and 5 we return to the equation first mentioned with unequal 
m and n and apply the results of section 2 to give a complete solution to this 


problem. Finally, in section 6 we solve the problem of the sum of m squares 
equal to a square. © 


1. Linear Diophantine equation. Let small Roman letters represent ”-partite 
vectors whose components are integers. We shall denote by A(a@) or A(q, a2, --:, 
a,) the greatest common divisor of these integers. As usual a-x will stand for 


the inner product, AX +A2xXe+ ++ + +OnXn. 
We consider first the homogeneous Diophantine equation 
(1) a-x = 0 


and suppose A(a) =1. It is readily seen that equation (1) is satished by x= Ca 
where C is a skew-symmetric matrix with arbitrary integers for elements. This 
solution was given by Betti} but it was first shown by Giudice} who used a 


method of induction, that every integral solution of (1) is given by this expres- 
sion. 


* Dickson, History of the Theory of Numbers, vol. 2, chapters VI, VII, VIII. 


{ Cf. J. Bertrand, Traité elem. d’algebre, 1850, translated by G. E. Betti, Florence, 1862, p. 
285. 


¢{ Giornale di Mat., 36, 1898, p. 226. 
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The number of arbitrary parameters entering in the solution x=Ca is 
clearly n(n—1)/2 and Giudice showed* further that the general solution of 
equation (1) can be expressed in terms of n—1 parameters. The formulas which 
he obtained are rather involved and we shall give in this section a simpler expres- 
sion for x in terms of a and n—1 integral parameters. 


Let €;=A(qi, do, -°** , Gi-1, Gigt, ++ * , Gn). Since A(a) =1 it follows at once 
that A(e;, €;)=1, (447), and A(a;, €;) =1. Hence the ith component a; of a will 
be divisible by e€: - + - €;_1€:41 ° * * €, SO that, if we let e=ee,.-- - €, there will 
exist an integral vector a such that a;=a,e;/e, (¢=1, 2, +--+, 2). From the defini- 


tions of the e; and the vector a we see that the m components a; of the vector a 
are relatively prime in sets of n— 1. We also observe from equation (1) that each 
component x; must be divisible by the corresponding e; so that, by setting 
x;=e; and dividing by €, equation (1) becomes 


(2) a:? = 0. 
Equation (2) is of the same form as (1) but with the added restriction that 
A(ay, Qe, ++ * , Wit, Aig,’ + * , Qn) =1. Since A(ay, ae, > + + , n—1) =1 there existt 
sets of integers 71, 72, ° °° , %n-1, fixed once for all, such that 

11Qy + ToQ9 + vs. + Pn1An1 = 1 — An. 


Hence, if we define 7, =1 the last equation may be written as 
(3) rea = 1, (rn = 1). 
In equation (2) let us set 
i= or — 0, 


where @ is a parameter vector and @ is a scalar to be determined. We see at once 
that 


a:t = a(a-r) — a8, 


so that, by (2) and (3) we find 


(4) g¢=a-O. 

Thus, for every integral vector 8, 

(5) t; = (a: O)r; — 4:, (@=1,2,---,n), 
furnishes a solution of (2) and 

(6) a: = e{(a-O)r; — 0}, i= 1,2,---,n), 


yields a solution of equation (1). This solution involves m parameters 0; but 
we shall show presently that one of these may be taken to be zero without loss 
of any generality of the solution. 


* Tbid., p. 230. 
{ Dickson, Introduction to the Theory of Numbers, Theorem 2, page 2. 
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It remains to show that all solutions of equation (1) are given by the expres- 
sions (6). Corresponding to a given solution x of equation (1) there is a unique 
t of equation (2), defined by x;=e,;. It will suffice to show that every such 
solution ¢ may be obtained from (5) by a suitable choice of the integral param- 
eters 6;. 

Considering first the mth equation of (5) we see that (since 7, =1) 


a0 = ta + On, 
and using this last expression for a-@ in the remaining equations of (5), we find 
0; = 1i(tn + On) — ti (= 1,2,---,n— 1). 


Now @, may be assigned arbitrarily (say, 6,=9), and we thus determine a 
unique set of integral values for the remaining parameters 61, 62,--- , On—1- 
Thus it is clear that every integral solution of equation (2) is given by the ex- 
pressions (5) with #,=0, and, hence, every integral solution of equation (1) is 
given by (6) with 6,=0. 

We may summarize the procedure as follows: Compute ¢,=A(ai, do,°--, 
Qs1, Vist, + * + On), C= Eo * + En, A; =A4€;/€. Find a particular solution of r-n=1 
(7n=1). Then the general solution of a-x=0 ts given by x5 =€;| (a-0)r;—6;}. 

Example. To solve the equation* 


(7) 341 + 6x2 + 16x3 _— 80x4 + 360%5 = 0, 


we observe that a= (3, 6, 16, —80, 360), e,=2, € =e,=eg=—e,=1, e=2, a= (3, 3, 8, 
—40, 180). The equation (3) becomes 


3, + 3r2 + 873 — 407, = —179 (r5 = 1), 


of which a solution is r=(0, —1, —2, 4, 1) and by (4) 
c=a d= 36, + 302 + 84; — 4004, (05 = 0) 


Hence the general solution of (7) is 
y= — 2h, HO (o + 62), 30S (20 + 63), %4 = 40 — 64, X55 = OC. 
2. Equal sums of » squares. We consider next the Diophantine equation 
ttt fan =v toetes + y, 


which may be written as x-x=y-y, or 


(8) (x — y)-(«+ y) = 0. 
“Define a positive integer y and an integral vector a by the relations 
(9) y=Ale-—y), «-y=ya, A(a) = 1, 


so that equation (8) becomes 


* Giudice, page 231. 
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(10) a-(x-+y) = 0. 
By Betti’s formula we know that 
(11) c+ y= Ca, 


where C is an arbitrary skew-symmetric integral matrix, gives all integral solu- 
tions of (10). From x—y=vya and (11) we obtain 


(12) 2x= (C+ yI)a, ty = (C — yI)a, 


where J is the nth order identity matrix. Thus we see that every solution of (8) 
is given by (12), but, while all vectors x, y obtained from (12) will satisfy equa- 
tion (8), it is not true that all these vectors will be integral. We could, of course, 
select the parameters a, C, y to make x and y integral vectors, but we would still 
have the problem of giving the precise description of these parameters in order 
to obtain all integral solutions of the equation (8) and no others.* 

We shall find it convenient to introduce certain vectors and matrices for 
the purposes of the exposition that follows. Let 


w=(-14,sJ=]- ; 
0000---01 
»0000---00 


The element in the 7th row and jth column of the 2 by 2 matrix J may also be 
written as 


j +n 

Oi41 + W841, 
where 63 is the Kronecker delta with a, B=1, 2,---, 2m. Further, let u=(1, 
1,---, 1) be the n-partite vector each of whose components is unity and let U 


be the ” by ” matrix, each of whose elements is unity. 
We may readily show that 


(i, 0) 
Jt = ’ 
wl, 0 


where J, is the rth order identity matrix, and also that 


(13) J7=ol, (J)! = oJ, 

where the prime indicates the transpose matrix. Finally, let 
K=J-—-P+HP—+++-— oJ, 

and we find 

(14) I+J)(I-—K)=2I, I-— K =U (mod 2). 


* Cf. Dickson, Introduction to the Theory of Numbers, page 46, first paragraph. 
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Returning to equation (8) we find, on substituting «—-ya for y that 
(15) 2a-x = ya-a. 


From this last equation we see that ya-a must be even, and we let p=1 or 2, 
according as a-a is odd or even. By the first equation of (14) we see that [+J 
is non-singular so that the vector equation. 


(16) 2a = pI+J)b 
defines a unique vector b. The solution of (16) for 6 yields, by the first of (14) 
(17) b= UI — K)a/p. 


In case p=2, we must show that the components of 0} are integers. In any case 
(0 =1 or 2) we note that a-a=p (mod 2) and hence 


(18) ua = a-a = p (mod 2). 
Also, by the second of (14) we have J—K=U (mod 2), so that 
pb = I — K)a = Ua = pu (mod 2), 


and hence pb=pu (mod 2). Thus every component of 0 is an integer and in 
case p=1, every component of 0 is odd, since b= (mod 2). 

Using (16) we see that the condition A(a) =1 requires A(b) =1 or 2. However, 
if A(b) =2, the case p=2 would make A(a) =2; and in case p=1, we have just 
seen that the components of b must be odd. Hence in both cases A(d) =1. The 
two conditions A(b)=1, b=u (mod 2) when p=1, together are sufficient to 
insure that the components of the vector a obtained from the vector } by means 
of (16) will be integers with A(a) =1. 

Returning now to equation (16) we find 


4a-a = p(T + J)b-(I + J)b = p2(b-b + Jb-b + b-Jb + Jb- Jb). 


Since Jb is a vector. we have Jb=(Jb)'=bJ' and by the second of (13), J’ 
=wJ"-!, Also, b:Jb=Jb-b so that 


2a-a = p*(b-b + Jb-b) = p2(6+ Jb)-b = p(T + J)b-b. 
Hence, equation (15) becomes 
2o(I + J)b-% = py(I + J)b-b, 
or | 
(19) (I + J)b-(2” — ypb) = 0. 


Now let py=2A. This determines an integer \ since ya-a=yp (mod 2) from 
which follows that y must be even when p=1. Equation (19) becomes 


(20) (I + J)b-(x — db) = O. 
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If this is multiplied throughout by p/2 so that, by equation (16), A[p(I+J)b/2 | 
=1, we find by Betti’s formula that 


— Jb + pC(I + J)b/2, 


Xx 


y 


(21) 


give all integral solutions of equation (8). Thus we see that all integral solutions 
of x-x=y-y are given by (21) where b, C, \ are parameters satisfying A(b) =1, 
C'=—C, p=1 or 2, and in case p=1, every b; ts odd. 

If, in formulas (21) we replace b by its expression in terms of a as given by 
(17), and make use of the identity JJ—K)=I+K (which is readily derived 
from the first of (14) ), we obtain 


px = (D + AI )a, 


(22) 

py = (D _ AI )a, 
where 
(23) D= pC — dK. 


Formulas (22) give the complete solution of the equation (8) provided 
(i) Dts an arbitrary integral skew-symmetric matrix, 
(ii) a ts an arbitrary integral vector with A(a) =1, 
(iii) A 2s an arbitrary positive integer, 
(iv) p=1o0r 2 but when p=2 all the elements of D—)dI must have the same parity. 
The truth of (iv) follows if we observe that, in order that C.as given by (23), 
be an integral matrix when p=2, we must. have 


D— I = 2C — XI + K) = XU (mod 2). 


Also, in case p=2, and A odd, it is necessary that we require a-u=0 (mod 2). 
The earlier requirement (18), viz., @a:u=p (mod 2) need not be retained in the 
other cases, though, dropping it may lead to a duplication of solutions. | 

Formulas (22) bear a striking resemblance to formulas (12) but we have now 
accomplished our purpose, namely, to give the precise descriptions of C, y, a 
for obtaining all integral solutions. 

If we observe that Jb= (bo, b3- +--+, bn, wb) where w=(—1)"*1, we may write 
the solutions (21) in the form 


(24) x; = ABE + pDicss(by + By41)/2, ys = — NBtur + p Dicis(by + by41)/2, 
j=l j=l 
where c;;= —cj and Dbijn=0;, (n odd); bizn= —Oi, (m even). 

Instead of employing the formulas of Betti for the solutions of equation 
(10), we may use the expressions (6) to put the solution of equation (8) in a 
form involving fewer parameters. We readily see that, by the use of (6) and 
x—y=vrya, the solution of (8) is 
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(25) x= NO; + e:| (a6)r; —_ 0;}, y= 7 ANDi + e;| (a: 6)r; —_ 0;}, 

where the vector 0 is related to the vector a by equation (16), bi4,=0; (m odd), 
and bisn= —0; (n even), and €&, a, 6, r;, are defined as in section 1. Formulas 
(25) may readily be written in the matrix form. If we denote by D(a) the 
diagonal matrix having a, do, -- + , @, as the elements of the diagonal, the solu- 
tion (25) becomes 


hb + D(e)[D(ry)UD(a) — T]8, 
—\Jb + D(e)[D(r)UD(a) — Té. 


x 
J 


3. A simultaneous set of Diophantine equations. As an application of for- 
mulas (24) we shall now consider the problem of finding all integral solutions of 
the system of equations 


By Pte Po hn = WP Ye Mey 
ito ba = tb et toe 


In his Introduction to the Theory of Numbers, Dickson gives* the complete 
solution of the problem for n=3 and n=4 and indicates in an exercise how the 
problem could be solved for general m. We see at once from formulas (24) that 
> 7.1%; =>_1y; implies te (bi +:41) =0. In case n is odd, this reduces to 
>.” ,b;=0 and in case n is even, the condition becomes )7.22b;=0 (since das 
= —6,. In either case these relations could be used to eliminate 0, in formulas 
(24) and the general solution of the system (27) would result. 

As an illustration, let us consider the case »=3. We shall use formulas (25) 
instead of (24), since this will reduce the number of parameters. Using equation 
(16), we have ayta.+a3=p(bitb.+63), and since we require 0,+02.+03 to 
vanish, we see that a,+a,.+a;=0. In view of this last condition'and A(q, ds, 
a3) =1, we see that the a’s are relatively prime in pairs, so that, in the notation 
of section 1, €, =€,=e;=1. Also, since a,+a2.+a;3=0 it follows that p=2, so that 


di = b, + bo, Ge = bg + 03, G3 = b3 + . 
Recalling that 6;=0, we see that the solution (25) becomes 
x, = AB, + or, — 4, Wy = — Abe + on — Hy, 
(28) xo = Abo + of, — br, yo = N(b1 + be) + or, — Ob, 
x3 = — A(b, + db.) +, y3 = — d\b +0, 


(26) 


(27) 


where 
CG = 6,(b; + bo) — Oob1, ri (dy + be) —_ ¥ob1 — by = |. 
Rewrite the last equation in the form 


(29) (11 _ 1) (b + be) — (ro —_ 1)b, = 1, 


* Pages 52, 54, and page 58, ex. 3. 
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and set 
6, = dil(ri — 1) + hobs, 02 = di(re — 1) + Go(di + be). 


These last equations may be solved for integers ¢; and ¢2 in view of (29), and 
we find 


c= 1, off — = — dobi + Gi, of, — 62 = — do(bi + be) + 1. 


The solution (28) of the system (27) now takes the form 


%1 = (A — do)bi + di, Yr = — Abe — dobi + di, 
(30) x2 = (A — ¢2)be — gobi + di, yo = (A — oo) (br + de) + di, 
%3 = — A(di + be) + gi, ys = — Abi + Gr. 


These are precisely the solutions given by Dickson (page 52), if we set \=G, 
b,= —A, bo =A—B, d2=D+G, and observe that ¢,; is the arbitrary constant 
which he mentions. 


4. Sum of » squares equal to sum of m squares. Let us now consider the 
equation 


(31) atop te ss tae aexi tt. s+ yx, (m<n). 


This problem has been treated by Ballantine and Brown* who gave an algorithm 
which enables them to go from one solution to another, and, by repeated applica- 
tion of this method, to reach eventually any prescribed solution. 

In this section we shall show that, by relating the choice of the vector a enter- 
ing in the formulas (22) to the choice of the skew-symmetric matrix D, we are 
able to find all integral solutions of equation (31). 

Let X be a given positive integer and D a given integral skew-symmetric 
matrix. We wish to determine those vectors a which, when used in formula 
(22), will cause the last »—m components of the vector y to vanish. Let the 
adjoint of the matrix D—)I be denoted by R=| r;j\|, and let & stand for the 
matrix consisting of the first m columns of R, so that 


E= 


Til] 9 (i = 1,2, ct yn a= 1, 2, -* +, m) 

Let us introduce in the customary fashion, the determinantal factors D; and 
the invariant factors d; for the matrix E. As is well known d,=D,, d;=D;/D;_1 
(1=2, 3,---+, m), and for each value of 7, d;_, is a divisor of d;. Furthermore, 
there exist} two integral matrices A and B with dimensions n by n and m by m 
respectively, and each of determinant unity, such that A4EB=E* where E* is 
the normal form of £ and is given by the matrix 


* Pythagorean sets of numbers, this MONTHLY, 1938, vol. 45, p. 298. 
t+ Veblen and Franklin, On matrices whose elements are integers. Annals of Mathematics, 
Sec. ser., vol. 23, p. 6. 
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a00:-:-0 
0 d 0 ---0 
E*=|0 0 0 +++ dm 
- 0 
000---0 | 


Since the matrix A is of determinant unity, its reciprocal A~! is also an 
integral matrix. Now, let 


(32) a= A-'9, 


where @ is an arbitrary integral n-partite vector. Since 6=Aa every integral 
vector a can be represented in the form (32). Also, it is clear that the condi- 
tion A(a) =1 is equivalent to A(@) =1. 

Substituting the expression a as given by (32) in the second of the formulas 
(22), we obtain 


py = (D — AD) A“0. 


Multiplying both sides of this last equation on the left by the matrix AR, we 
find 


(33)  pARy = AR(D — XI)A~19 = A| D—XI| A710 = | D—2I| 8, 


since R(D—\I)=|D—2I|I. Denoting by F the matrix consisting of the last 
n—m columns of the adjoint R, we may write R=(E, F). Hence we have 


AR = A(E, F) = (AE, AF) = (E*B-, AP), 
since AH B=E*, From the form of the matrix, E* we see that the matrix AR 


may be written 
G V 
AR = ( ) 
O W 


where the dimensions of G, V, and W are m by m, m by n—m, and n—m by 
n—m, respectively. Since the matrices A and R are non- -singular,* the same is 
also true for the matrices G and W. Hence, by (33) we obtain 


(34) | D—AI| @= o(¢ 7)? 


Denoting by § and ¥ the vectors composed of the last »—m components of 6 
and y respectively, we have from (34) 


* As is well known, the characteristic equation of a skew-symmetric matrix has no non-zero 
real root. Consequently, the matrix, D—dJ, \>0, is non-singular as is also its adjoint R. 


166 ON EQUAL SUMS OF SQUARES [March, 


(35) | D—XrI| 6 = pW, 


and, since W is non-singular and | D—dJI| #0 we see that the condition 7=0 
is equivalent to 6=0. 

Finally, it remains to be seen that for the case p= 2 integral values of y, and 
not merely halves of integers, are obtained from (34). We know in this case that 
all the elements of.the matrix D—2I are of the same parity and, in fact, that 
D—)dI=NU (mod 2), from which it is seen that 


py = (D — AI A~'6 = AU AW"6 (mod 2). 


Clearly, all the components of the vector \UA~'@ have the same value, say, c, 
so that py;=c (mod 2). But fort =m+1, m+2, ---, 2, we know that each y;=0. 
Hence c is even and all the y,’s are integers. | 

Thus we see that, if the prescribed \ and D and the associated vector a, given 
by (32) with O@n11=Omy2= ++ ° = On=0 and A(O)=1, are substituted in the 
formulas (22), we obtain solutions of equations (31) and all solutions are found in 
this way. | 

In applications it is usually simpler not to compute the matrices A and B but 
rather choose an m by m integral matrix Q, such that every element of the matrix 
EQ is divisible by d,,. That there exist such matrices Q is readily seen by con- 
sidering the diagonal matrix P having the integers dm/d1, dm/d2, ++ + 5 Gm/dmn—t, 1 
for diagonal elements. One easily observes that BP is one such Q, since EBP 
=A—1E*P and the right side is readily found to be divisible by d,. Having 
found such a matrix Q, we set 


1 
a = — EO, 
dm e 


where @ is now an m-partite integral vector with A(@) =1. With this value of a 
substituted in formulas (22), we again obtain all solutions of equation (31). 
An Illustration. Let us start with A\=3, 


0 5 5 — 3 5 5 
p=(-: 0 | parr (—3 — 3 :): 
—5 —1i1 0 —5 —-1 —3 
We may take p =1 or 2 but shall consider only the case p =2, so that y =2\/p=3. 
The determinant |D—XJ| has the value —180. The adjoint of D—XT is 


10 10 20 
R={ — 20 34. — 22 }> 


— 10 — 28 34 
so that 
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10 10 
e-(-» a) Di=2, D,=180, d=2, d= 90. 


0 5 


10 10 

EQo 1 9 4 

a= ds ~ 90 — 20 34 (|; ~) 9= (Oh by, ~ 261 + bh, 0 — 26). 
— 10 — 28 


We may take 


When this vector a is substituted in 
px = (D+XI)a, py = (D— dI)a, 
we obtain 
x = (— 66; — 02, — 66; — 262, — 30, — 662), 
y = (— 96; — 402, — 562, 0) 


as the solution corresponding to the given D and A for p=2. 
If, however, we wish to use the first method given in this section, we should 
have to find matrices A and B which, in this case, may be taken to be 


12 0O 1 

1 4 

A={-—19 0 —10 }> B= ; 

1 5 
5 1 3 

and 


We find ; 
10 1 0 
te ( fod ) 
—-19 —2 0 
and, since 6;=0, 


a = A-19 = (100, + 02, 701 + 62, — 196; — 26). 
On introducing this a in formulas (22), we obtain 

x= (— 150 — &, — 246, — 20s, — 576, — 66s), 

y = (— 450, — 4, — 4561 — 56s, 0). 
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It may readily be shown that this solution is equivalent to the one given above. 


5. Parametric solution of equation (31). An illustration. The reader will ob- 
serve that, strictly speaking, the method given in the previous section does not 
give a complete solution of equation (31) in parameters, inasmuch as, for a 
matrix of indeterminates D, one could not exhibit the matrices A and B. How- 
ever, the complete solution in parameters could be given by the use of the 
notations of tensor analysis. We shall illustrate the method by finding the 
general solution of the problem 


(36) at + ag + og = vi + 98, 


and point out as we go along what the modifications would be for the general 
problem. 
Let the matrix D—NXI be given by 


-~A fF —1% 
D-d = fc —-drA —€E" Js 
n g —hk 

where &, n, ¢, \ are arbitrary integers and A is positive. Consider the matrix 

oi o2 3 

Z=\| 0 8 463 

n §& Xd 
For the general equation (31) the matrix Z is obtained by replacing the first 
row of D—XI by 1, do, - + + » bn, the next m—1 rows by aset of n(m—1) param- 
eters* O.g(a=1, 2,---,m—1; B=1, 2,---, m7), and leaving the remaining 


n—m rows of D—XI unaltered. Let uw be the g. c. d. of all the (z—m)th order 
determinants formed from the last n —m rows of the,matrix Z. Then 7 the vector 
a, defined by setting ya; equal to the cofactor of 6; in the matrix Z, 1s substituted in 
the formulas (22), the general parametric solution of equation (31) will be obtained. 
Returning to our special equation (36), we have uw=A(&, n, A) and 


a1 = — Od + 03, Mde = OA — O3n, ma; = — OF + nbr. 
Using upx =(D+ADua, wpy =(D—dAL)ya, we find 
wpe = — O(n + AS) + O2(n? — dA7) — 03(EX + nf), 
ppX, = A(X? — £7) — O(AS — En) + O3(Xq — EF) 
wpxs = 2d(E01 — 162), 
* The number of parameters introduced here will, in general, be larger than the m parameters @ 
employed in the solution of this problem in section 4. This indicates that in certain special situations 


not all of these parameters would be essential, but the relative simplicity of the solution given in 
this section, compensates for this loss. 
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Bpy = — O(&q + AS) 4 O(A2 + 0?) + O3(EAX — 76), 
wpy, = — O(d? + &) — O(AE — En) — O3(EE + d2), 
Lpy3 = 0. 


where w» =A(E, 7, A), A(O1, 62, 83) =1, X is a positive integer, p=1 unless X, &, 7, ¢ 
are all of the same parity, in which case p=1 or 2. Thus we have a general para- 
metric solution of equation (36) 


6. On the sum of 2 squares equal to a square. We are now in a position to 
give a complete parametric solution of the Diophantine equation 


(37) wi a+ ++ + an = i. 
In this case (m=1) the formula a= EQ0/d» of section 4 takes on a particularly 
simple form. Here £ consists of one column whose elements are 711, fo1, - + * y Ynt; 


D,=d, is the g. c. d. of these elements, and the matrix Q has only one element 
which would, in fact be unity. The single arbitrary pardmeter 6 would be re- 
stricted to be +1 by the condition A(@#) =1. Hence, if we represent by y either 
of the values +A(?u, 701, +--+ , %n1) We have a;=7i/u. Using these components 
of the vector a in formulas (22), we see that a complete parametric solution of 
equation (37) is given by 
1 2r 2r 
(38) ym =—| D—XI|, MW = w+ — fru, Hy = — Pi, (1 = 2, 3, °°, M), 
pL pl pL 


where we should keep in mind that the ” quantities 7;, must be expressed in 
terms of the elements of the matrix D—)I which are the parameters for our 
solution. We recall that p=1 unless all of the elements of D—)I have the same 
parity, in which case p may be 1 or 2. 

We know, of course, that the solution (39) satisfies the equation (37). If one 
attempts to verify directly that this is the case, he is led to an identity in- 
volving the elements of the adjoint of the characteristic matrix of a skew-sym- 
metric matrix. This identity is believed to be new and may be derived as fol- 
lows. 

Since R is the adjoint of the matrix D—)I we have 


(D—-d\DR=| D—drI| J, 
from which we get 
(39) DR =| D—dI| +)R. 
Taking the transpose of both sides of this last equation, we obtain 
(40) — RD=|D—dI| +R’, 


where we have denoted by R’ the transpose of R and have used the defining 
property of D, viz., D'= —D. Multiply the equation (39) by R’ on the left, and 
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the equation (40) by R on the right and add. We obtain 
(41) | D—2dI| (R+ R) + 2RR = 0, 


the desired relation, an identity in \ and the elements of the matrix D. One may 
obtain a similar relationship with R and R’ interchanged, so that R is com- 
mutative with R’. 

In particular, the identity (41) yields 


| p—x| m+rx Dr =, 
t==1 


the relation which one needs in order to verify directly that (38) is a solution of 
equation (37). 


THE ADAMS SPHERE* 
V. THEBAULT, San Sebasti4n, Spain 


1. Introduction. Among the analogies existing between the triangle and the 
tetrahedron are some remarkable circles and spheres. Corresponding to the nine- 
point circle of a triangle there has long been pointed out two twelve-point 
spheres for an orthocentric tetrahedron and more recently a twelve-point sphere 
for any tetrahedron [1]. Likewise, for the.isodynamic tetrahedron, spheres are 
known corresponding to the two Lemoine circles of a triangle [2]; more recently 
a system of Lemoine spheres has been given for any tetrahedron [3]. Finally, 
for the general tetrahedron, we have pointed out the Longchamps sphere, pre- 
viously obtained only for the orthocentric tetrahedron [4] and having many 
analogies to the circle of the same name for the triangle [5]. The present article 
concerns the synthetic study of a sphere of a general tetrahedron corresponding 
to the Adams circle [6] of a triangle. In collaboration with R. Bouvaist (Nantes, 
France) we first pointed out this sphere without giving any derivation [7]. 


2. Adams Circles. Given a triangle ABC, its incircle (J) with center J and 
touching BC, CA, AB at A’, B’, C’, consider a concentric circle (J, p) of radius p 
cutting BC, CA, ABin X and X’, Yand Y’, Zand Z’. The lines XZ’, ZY’, YVX' 
form a triangle A,;B;C, homothetic to ABC, the homothetic center being the 
pdint P, the intersection of the lines 4A’, BB’, CC’, i.e., the Gergonne point 
of ABC or the Lemoine point of A’B’/C’ and of A,;BiCi. 

The sides BC, CA, AB being perpendicular to the radii JA’, IB’, IC’ of (J) 


* Translated from the French by J. E. LaFon, University of Oklahoma. 
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at A’, B’, C’, the equal segments XX’, YY’, ZZ’ are antiparallel to BiCi, C)Au, 
A,B, in the angles Aj, Bi, C, of AiBiC,. Thus (J, p) ts a Tucker circle of the tri- 
angle AiBiCi. ° 

The circles (Wa), (ws), (w-) of radii pa, ps, pe tangent respectively to AB and 
AC at Zand Y’, to BA and BC at Z’ and X, to CB and CA at X’ and Y are 
orthogonal to a circle (P) of center P, for the radical center of these circles is P 
since A’, B’, C’ bisect XX’, VY’, ZZ’ and AY=AZ’', BZ=BX', CX=CY'’. 
Conversely, given a circle (P) the circles (Oz), (Os), (O.) orthogonal to it and 
tangent to AB and AC, BA and BC, CB and CA meet these sides in six points 
of a circle concentric with (J). | 

When (P) is of zero radius, the circles (O.) =(wd ), (Os) =(we ), (Oc) = (wd ) 
whose centers are within the segments AJ, BI, CI touch the sides of ABC at Z"’ 
and Y’"’, Z’’’ and X"’, X’"’ and Y"”’ in such a manner that the lines Y’’Z’’’, 
LUX", X"'V'"' meet in P and are perpendicular to the bisectors AI, BI, CT. 
The circle (I, p’) passing through X’’, X’"’, Y"’, Y'"’, Z"', Z'"' is the Adams 
circle of the triangle ABC as well as the first Lemoine circle of the triangle Ay , By , 
Ci , formed by the lines X"'Z'""", Z''V'"'", VYUX'", 

It should also be observed that X’’Y'"’, V"'Z'"’, Z"'X'"' are the radical 
axes of (wd ), (we ), (we ) of radii p? , p? , p¢ associated with the circles (w,’), (wy’), 
(wé’) of radii p/’, pi’, pe’ which pass through P and its symmetrics with respect 
to AI, BI, CI and then touch AB and AC, BA and BC, CB and CA at Z/ and 
Vi, Zi and X/, X¢ and Yj in such a manner that A’X/ =A’Xs =B'Y] 
=B'YVy =C'Z{ =C'Zy =3X'X"'/2. Thus the six points X1, X¢, Vi, Ve, Z1, Zed 
lie on a circle (I, p’’) concentric with the inscribed circle of the triangle ABC which 
may be called the second Adams circle. In addition (J, p’’) 1s a Tucker circle of 
the triangle Az By Ci determined by the lines X¢ Zi, Yi Zi, XL Ve. 

Using the customary notations for the triangle ABC and putting 4R+7=6, 
simple calculations give successively 

B C 


A 
XUX' = Y"V"" = Z"Z'" = BRr cos — cos — cos — /'8 = 25/6, 


A A 
Pa = ARs cost — /'s pal = tr(1—3R cos? < /%), 


A B C 
pd + p¢ + pd = 4Rr (cos 7 + cos? 7 + cos? =) fi = 2r, 


A Bo C 
pd’ + pd’ + pl’ = ar| 3 ~ 3R (cost = + cost = + cost — Js | =6r, 


ph = rll + (6/8)7]"?, pl” = r[t + (3p/8)2}. 


The associates of the Gergonne point P of the triangle ABC give similar results 
and there are four first circles and four second circles of Adams. 
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3. Adams Spheres. In a tetrahedron T=ABCD, the inscribed sphere (J) 
with center I touches the faces BCD, CDA, DAB, ABC at A’, B’, C’, D'. A 
sphere (J, p) of arbitrary radius p concentric with (J) cuts these same faces in 
equal -circles (A’), (B’), (C’), (D’) which meet the lines (A’B, A’C, A'’D), 
(B'C, B'D, B'A), (C'D, C’'A, C'B), (D'A, D’B, D'C) respectively between B 
and A’, Cand A’,DandA’,:-:,AandD’, Band D’, Cand D’ at (Xi, X., Xa); 
(Y., Ya, Va), (Za, Za, Zs), (Va, Vo, Ve). The triangles X»X-Xa, YeVYaYa, ZaZaZv, 
V.V.V, are equal for their circumcircles are equal and the angles BA’C, CA'D, 
DA'B formed by the lines joining the vertices of the tetrahedron T to the points 
of contact A’, B’, C’, D’ of the insphere (JZ) with the faces are equal for the four 
faces [8]. 

The planes YiZaVa, XsZsVo, XeVeVe, XaVaZa form a_ tetrahedron 
T:=A1B:iC:D: homothetic to A’B’C'D’. The faces of T being perpendicular 
to. the radii of (I) which circumscribes the tetrahedron T’=A’B’C'D’ are anti- 
parallel to the opposite faces of T; in the trihedrons (A1), (Bi), (C1), (D1). They 
meet the edges of JT; in the vertices of the tangential triangles X $XeXd, 
Vi Vd V2, Zi Z¢d Zi, Vi Vi Ve of the equal triangles XpXeXa, VeVaVa, LaLaLr, 
ViVsVec. These tangential triangles are equal in turn and the homothetic center 
of T and the tangential tetrahedron TY of T; is the point L whose distances to 
the faces of T/ are proportional to the circumradii of these faces [9]. But L is 
also the homothetic center of T’ and 71; thus, im the tetrahedron Ti, the sphere 
(I, p) belongs to a Tucker system of axis OL, where O, is the corcumcenter [10]. 

If the spheres (wz), (ws), (wc), (wa) are inscribed in the trihedrons (A), (B), 
(C), (D) of T and touch respectively the three adjacent faces at (Ya, Za, Va), 
(Xs, Ze, Vo), (Xe, Ye: Ve), (Xa, Ya, Va), the points A’ and Aj, B’ and By, C’ and 
C:, D’ and D; belong to the radical axes of the spheres [(ws), (We); (wa) |, 
[(we), (wa), (a) ], [wa), a), (we) ], [(Wa), (@s), (We) ]. The radical center of the 
spheres (wa), (ws), (We), (wa) ts thus the point L which remains fixed when the sphere 
(I, p) varies; these spheres (wa), (ws), (We), (wa) are orthogonal to a sphere (L), which 
reduces to a point sphere when the spheres meet in this point. Conversely, a sphere 
(L) of center L being given, the spheres (O,), (Os), (Oc), (Oa) orthogonal to this 
sphere and inscribed in the trihedrons (A), (B), (C), (D) respectively, touch the 
adjacent faces in twelve points of a sphere concentric with the insphere (I) of T. 

In particular, when (L) is a point sphere, the spheres (w. ), (we ), (wd), (wd ) 
passing through L and having centers within the segments Al, BI, CI, DI are 
tangent to the faces of T at twelve points of a sphere concentric with the insphere (I). 
(Adams sphere) [7]. 

, In the general case, we have fixed the positions of the points (Xs, Xe, Xa), 
-++ (Va, Vo, Ve), but as BA’, CA’, DA’ cut the circle (A’) in six points, there 
are four groups of spheres like [(wa), (ws), (@e); (wa) | to consider. Furthermore, 
to each of the tetrahedrons A’B’C'D’ corresponding to the eight centers of the 
spheres tangent to the four faces of T, corresponds a point L, there being in all 
eight positions of L, with each of which can be associated quadruples of spheres, 
like [(wa), (wv), (we), (wa) | and [(wd ), (we), (we), (wd ) |, these latter spheres hav- 
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ing their centers on AJ, BI, CI, DI,-+--+ at points different from (w,, ws, We, Wa), 
-++,, Here, we shall not continue this study which goes beyond the task which 
we undertook. 


4. Isogonic Tetrahedrons [11]. In this particular tetrahedron ABCD in 
which the lines AA’, BB’, CC’, DD’ meet in the previously mentioned point L 
of the tetrahedron T’=A’B’'C’D’, the tangent planes of the spheres (w/ ), (w/), 
(we ), (wd ) inscribed in the trihedrons (A), (B), (C), (D) and passing through L 
are parallel to the faces of BCD, CDA, DAB, ABC of T. Consequently the points 
Xd, L, Vd, for example, are collinear with the external center of similitude of 
(wd ) and (w/ ). Likewise, the lines Xf YJ, XZ), Vi Zi, V4 Zd, Z¢ Vi meetin L. 
The planes through L parallel to BCD, CDA, DAB, ABC determine in T four 
homothetic tetrahedrons. The planes (Xd Vi, Z¢ Ve), (Zd V2, Vd Vd), (Yd Vi, 
Xd Ve), +++ are thus perpendicular to axes BI, CI, DI, AI of T. 

Accordingly, the intersections X/ Vi, Yi V8, Zi V2, XE Vd, XE Zi, VIZd 
of the planes are parallel to the edges of the tetrahedrons T’ and T; associated 
with 7. In the present case T’ and T; being isodynamic, the Adams sphere of 
center J, containing the twelve points of contact of the spheres (w/ ), (w¢ ), (w?), 
(wd) with the faces of J and passing through L, is for T’ and 7; a known 
Lemoine sphere [2]. 

If the configurations consisting of the isogonic tetrahedron T and the spheres 
(wa ), (ws), (we), (wd ) are transformed by a homography leaving the plane at in- 
finity invariant, the following proposition is obtained: [7] Let a quadric (Q) be 
tangent to the faces |A|, [|B], [C], [D] of a tetrahedron ABCD at A’, B', C’, D’. 
Suppose the lines AA’, BB', CC’, DD' meet at a point L. Let Tz, Ts, T., Ta be 
cones with vertices A, B, C, D circumscribing (Q). The planes through L parallel 
to the planes B'C'D’, C'D'A’, D'A'B’, A'B'C' cut T., Ts, Te, Ta in four conics 
which lie on a quadric (Q’) homothetic and concentric to (Q). 
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A STUDY OF A QUADRILATERAL INSCRIBED IN A CIRCLE 
R. GOORMAGHTIGH, Bruges, Belgium 


1. Introduction. The analytic treatment, by means of complex coérdinates, 
of the properties of a quadrilateral inscribed in a circle suggests several consid- 
erations, which do not seem to have been developed before; particularly, the 
introduction of the generalized Simson line leads to remarkable properties, most 
of which are believed to be new, especially those on the envelope of the Simson 
lines of such a quadrilateral; similarly interesting properties will be obtained re- 
garding orthopole-lines. 

Let A1A2A3A, be a quadrilateral inscribed in the base-circle I, having as 
center 0 and as radius unity, ( the point with coérdinate 1; 41, ¢2, és, tg the turns* 
corresponding to the vertices; 01, 2, 03, 04 the symmetric functions of these turns 


01 = Zh, 02 = Liyle, 03 = Liles, 04 = Eylolst.. 
If d is the conjugate of a, then 
o1 = 03/04, C2 = 02/64, G3 = 01/64, C4 = 1/o4. 


Further, 7 being the coérdinate of any point M on TI, the Simson line A of M 
with respect to the quadrilateral ist 


(1) 4xr? + 4f04 = 373 + oir? — oot + 03 + 3o4/r. 


It is also useful to mention here a few properties we have givent about the 
geometric meaning of the symmetric functions 


Sp = ht ig tts, Se = tle + tots + igh, S3 = hilels 


of the turns corresponding to the vertices of a triangle A,42As3. 

As is well known, si is the orthocenter of A14:,A3; Ss. is the image of s; in the 
circumdiameter parallel to the Simson line of Q with respect to the triangle 
A,A:2A3 and s3 is the point where I meets again the perpendicular drawn from 
Q on that Simson line; the point (s:+53)/2 is the orthopole§, in the triangle 
A,A,A3, of the circumdiameter d perpendicular to OQ. 

It may further be recalled that s2/s; is the Feuerbach point of the tangential 
triangle of A,A.2A3,|| or the point of I having its Simson line with respect to 
A,A.,A3 parallel to the Euler line of that triangle. 


* Frank and F. V. Morley, Inversive Geometry, 1933, p. 15. 

} The projections of M on its Simson lines with respect to the triangles A243A4, A3sA4Au, 
A14i1A2, A1A2A3 are on a straight line, the Simson line of M with respect to the quadrilateral 
A,A2A3A4 (E. M. Langley, Educational Times, vol. LI; M. Kobayashi, Téhoku Mathematical 
Journal, vol. 28, 1927, p. 46; see also my paper in this MONTHLY, vol. 47, 1940, pp. 466-468). 
Continuing the process, we find the definition of the Simson line of the point M with respect to 
any polygon inscribed inT. 

t Mathesis, 1939, p. 72; this MONTHLY, vol. 46, p. 269. 

§ See paragraph 6. 

|| P. Delens, Mathesis, 1937, p. 265; J. R. Musselman, this MonruHLy, vol. 45, 1938, p. 423, 
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2. The fundamental points. The points P:, P2, P3, Ps having as coordinates 
01, 02, 03, O4 are Important in the geometry of the quadrilateral. 

The point P; is fixed for any given quadrilateral, whatever the position of Q 
on I’ may be. The point G with codrdinate o1/4 is the center of gravity of four 
equal masses placed at the points A,(é;), and, asG lies on the join of O to P,(0;) 
and is such that OP,=40G, we find the following construction for P,: 

If G ts the center of gravity of four equal masses placed at the vertices, P is the 
point such that OP, =40G. 

The point G ts also the common mid-point of the joins of mid-points of the pairs 
of the opposite sides and diagonals. 

For a given quadrilateral A,A.A3A4,, the position of the point P, is variable 
and depends on the position of the unit-point on I. For, if a new unit-point Q/ 
were chosen, the new coérdinate of the point corresponding to P:, say P?, would 
be o2/\? and that of the primitive one o2/\, so that the angles (OP/, OP.) and 
(OQ, OQ’) are equal. 

When, for a given quadrilateral A,A,A3A4, Qis a moving point on I, Pe, de- 
scribes a concentric circle. 

The construction of P, for a given unit-point 2 is very simple: if g is the 
center of gravity of equal masses placed at the points where I’ meets again the 
parallels drawn through Q to the sides and the diagonals of the quadrilateral, 
then OP, = 60g. 

For the parallel to A,A3, for instance, drawn from { meets I at the point fof3; 
the point g has for coérdinate o,/6 and lies on the straight line joining O to the 
point with coérdinate o>». 

When Qis at Aa, o2/2 is 


Bh th + b+ th + hh + th) 


and is therefore the projection of the orthocenter of A,A4,A3 on the circum- 
diameter parallel to the Simson line of A4 with respect to A1A2A3; so we find 
the following theorem: 

If A\A2A3A4ts a quadrilateral inscribed 1n a circle with center O, the perpendicu- 
lars drawn from the orthocenter of each of the triangles AxA3A4, AsA4A1, AsAiAg, 
A,A.A30n the respective Simson lines of Ay, Az, As, Ag with respect to these triangles 
are at the same distance from O. 

The Simson line of Q with respect to the quadrilateral being 


4xn + 4f0, = 3 + o1 — o2 + 03 + 3o4, 


the point P, 1s the second intersection of the circle T with the parallel drawn through 
Q to the Simson line of that point with respect to the quadrilateral. 

As o3=0104, P3 will be derived from the image of P; in OQ by a rotation 
(OQ, OPs). 

Hence, for a given quadrilateral, when Q describes I, P3; describes a circle 
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having O as center.and OP as radius. 
The equations of OP, and P1P; being 


x — Xo, = OQ, 4% + fo4 = 01 + 93. 


OP, is perpendicular and PiP; parallel to the Simson line of with respect to 
the quadrilateral, and, as further OP; =OP3, P; and P; are symmetric with re- 
spect to OP». 

When o1=0 or o3=0 the quadrilateral is a rectangle. But the case o.=0 is 
interesting: then 44=52/s1, and we find the following theorem: 

When a quadrilateral inscribed in a circle is such that one of the vertices 1s the 
image in the circumcenter of the Feuerbach point of the tangential triangle of the tri- 
angle formed by the three others, the same property applies to the four vertices.” 


3. A square associated with the quadrilateral. Let us consider the points M 
such that their Simson line is perpendicular to the radius OM, which has the 
equation x= “r2; then r4=o4, and it is easy to verify that the corresponding 
values of 7 are fixed whatever may be the position of QonT. 

There are four points Ly, Lo, Ls, Ls, forming a square, such that the Simson lines 
of the points L; are perpendicular to the circumdiameters passing through these 
points. 


4. Envelope of the Simson lines. The values of 7 corresponding to the Simson 
lines drawn from a point @ are given by 


3r4 + (0, — 4a)r3 — oot? + (03 — 4e04)7 + 304 = 0. 
If +6; and +6, are the values of r when a is the point G, i.e. the roots of 
(2) 374 — oor? + 304 = 0, 
the equations of the double tangents A;, A, from G to the envelope £ are 


4x0; + 4%o4 = 010; + os, 


4005 + 4éo4 = 0102 + 03. 
But 


3(72 — 61) (7° — 63) = 374 — oor? + 304. 
The straight line (1) cuts A; and A, at points x1(&) and (£2) such that 


Ai = 01 + 3(r? — O)/t, 482 = 01 + 3(7? — 61) /7, 
and the square of their distance is 


* The Simson line of any of the vertices with respect to the triangle formed by the three others 
is then perpendicular to the Euler line of that triangle. | 

+ A similar property applies to any polygon inscribed in a circle and having an even number 
of sides; when the number 1 of sides is odd, the points L; having as coérdinates the m values of 


oi,” are such that their Simson lines are parallel to OL;. 
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2 =(%&—4(h-&) =—-— i= Oy 
= (& 2)(& — &&) = i a 
hence, from (2), 
(3) Ad = (36 — ondn) = (36 — OP)”, 


i.e. a constant, and the envelope of A is an astroid A. 
The perpendiculars erected at Xi and X_ on A; and A, are 


016; + 36:(r° — 63) /r — o3 + 3o4(r — 65) /7 82, 
01% + 309(7 — 61) /7 — o3 + 3o4(r — 61) /70;, 


46, — 4fo4 


4x6, — 4fo4 


and their intersection 
x = 01/4 + 37/2 


describes a circle having G as center and 3/2 as radius. 

The envelope of the Simson lines of a quadrilateral inscribed in a circle TY 1s an 
astroid having as center the common mid-point of the distances between the mid- 
points of the pairs of opposite sides and diagonals; it 1s a parallel curve to a regular 
astroid inscribed in a circle having as radius one and a half times the radius of T. 

When o2,=0 (see section 2), the astroid becomes a regular one.* 


5. Determination of the astroid. The complete determination of A is very 
simple. Let Mi and Mz be the points on I having as Simson lines A; and As, 
and My and Mj? the points on I such that, between arcs in the same rotation 
sense on I, M,M/ =QM, and M,Ms =QM); the coérdinates of M/ and My are 
then 6 and 6. 

As 663 =01, M{/ Md is parallel to QP,. Further, as 67+63=02/3 we find the 
following construction for A; and Ag: 

If J is the point on OP, such that OJ =OP,/6 and if the perpendicular at J 
on OP, meets I at Mi, Mé, the lines A:, A, are the Simson lines of the mid- 
points M,, M2 of the arcs OM/, OM?. 

The astroid A is. the envelope of the join of the projections X; and X_2 on 
A, and A, of a point moving on a circle having G as center and 3/2 as radius. 

The constant length X,X-2 is given by (3) and easy to construct. 


6. Orthopole and orthopole lines. The perpendiculars dropped on the sides 
of a triangle A,A,A3 from the projections of the corresponding vertices on a 
straight line, 6, 
g/at+ #£/a@=1 


* Another regular astroid may be mentioned here in connection with any inscribed quad- 
rilateral: The line drawn through a moving point on the circumcircle, parallel to the Simson line of that 
point with respect to the quadrilateral, envelopes a regular astroid; see my paper on “A theorem ona 
cyclic polygon,” this MONTHLY, vol. 47, 1940, p. 466. 
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concur at the orthopole of 6 with respect to the triangle. 
The projection of A; on 6 being 


(a+ ty — a/4h)/2, 
the orthopole is 
(a + sy + ds3/a) /2. 
Let us now consider the orthopoles Ki, K2, K3, K4 of 6 with respect to the 


four triangles 4243A4, 434441, AsA1Ao, A1A2As. 
The point K4 is 


x= (ato, — tet dos/ats)/2, 
and 
= (+ 03/04 — 1/tg + ats/do4) /2. 
If we eliminate ¢, from the above equations, we find that Ky, is on the line 


2ax + 2do4% = do, + dog + a? + Go, 


and, the equation being symmetric in h, ¢2, é3, ta, the four points K,, Ke, Ks, K, 
are on that straight line. 

The orthopoles of any straight line with respect to the triangles having as vertices 
three of the vertices of the quadrilateral are on a straight line. 

When 6 is the circumdiameter passing through the point 7 on I’, the equation 
of the line of orthopoles 


2x72 — 2Xo4 = or? — a3 


is satisfied by x =o,/2. 

The line of orthopoles of a circumdiameter is perpendicular to the Simson lines 
of its extremities with respect to the quadrilateral and passes through the image of O 
an G. 

When 6 is the tangent to [I at the point M(r), the orthopole line is 


2x7? + 2%o4 = or? + o3 + 273 + 2064/7. 


The orthopole line of the tangent at a point of the circumcircle 1s parallel to the 
Simson line of that point with respect to the quadrilateral. 

We will now find the envelope £’ of that orthopole line when M(r) de- 
scribes I’. 

/As the tangents from a point a to EZ’ correspond to the points of I having as 
turns the roots of the equation 


(4) tT! — (a — o1/2)r? — (@o4 — 03/2)7 + o4 = 0, 


the turns of the contact points of I with the tangents whose orthopole lines are 
the double tangents to #’ are given by r+++0,=0. 
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The ‘orthopole lines of the tangents to T parallel to the sides of the square 
Iy,L,L;L,4 coincide two by two and are perpendicular to each other at the mid-point 


of OP. 
If p? =(—o,)/? and p32 = —(—o,4)1/?, the equations of the double tangents are 
Qxpi + 2%o4 = pior + 93, 
2xps + 2%o4 = 201 + o3, 
and as 


(7? — pi)(r” — po) = 73 + 04, 


(4) cuts these lines at the points 


o1/2 + (7° — p2)/t, 01/2 + (7? — pi) /7; 


the distance of these points being 4, we have the following theorem: 
The orthopole lines of the tangents to the circumcircle envelope a regular astroid 
having its inscribed circle equal to the curcumcircle of the quadrilateral. 


7. Remarkable circles. As s;=o,—t4, the expression o,—? represents succes- 
sively the orthocenters of 424344, A344A1, 444142, A142A3 when ¢ is replaced 
by h, do, ts, ta. 

The orthocenters of the four triangles having as vertices three of the four vertices 
of the quadrilateral are on a circle equal to the carcumcircle and having as center the 
point Pi. 

Further the relation 


Sy + s3 + tg = 01 — o4/te 


shows that, if wi, we, ws, w4 are the orthopoles of the circumdiameter a@ with re- 
spect to the triangles 4243A4, A344A1, AsgA1Ao, A1A2A3, the just mentioned or- 
thocenter-circle, contains also the extremities wi, wd, w3, wi of segments 
Ayo, Aqwy , Azws, Agwf parallel to Ow1, Owe, Ows, Ows and equal to twice these 
respective segments. 

It may also be noted that the projection on A,A;_ of the point 204/03, which 
is the inverse, with respect to I, of the mid-point of OP;, has for coérdinate 


o4/o3 + (th + be) /2 — tite/or 


and the centroid of the pedal triangle of the considered point with respect to 
A,A.A3 is 


2 
o1/3 — 02/301 + o4/ 03 — ta/301. 


The centroids of the pedal triangles of the inverse of the mid-point of OP1, with 
respect to I’, of the triangles ArA3A4, AsA4A1, AsA1Ao, A1A2A3 are on a circle. 


8. Conics connected with the quadrilateral, The turns corresponding to the 
intersections of I with the conic 
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0 + axk + 022+ cx + fe + g=0 
are the roots of the equation 
4+ cf + (a+ g)P + fi+ b= 0; 
hence the equation of the conics circumscribed to the quadrilateral is 
x2 + axk + 04h? — 01% — 03% + op — a = 0. 


The center is (20;0,—a03) /(404—a?). 

When a=0 the conic is the circumscribed equilateral hyperbola and the 
center is the mid-point of OP;. When o,=0, the hyperbola passes through O and 
we find this theorem: 

When a quadrilateral ts such that each of the vertices is, in the triangle formed 
by the three others, the image of the Feuerbach point of the tangential triangle, the 
circumscribed equilateral hyperbola is the common Jerabek hyperbola*™ of the four 
triangles formed by the vertices of the quadrilateral. 

When, in the general case, the circumscribed conic passes through O, a=o~ 
and the tangent at O is 


O1Xx + o3k = Q. 


The tangent at the circumcenter to the circumscribed conic passing through that 
point is parallel to the Simson lines of the extremities of the circumdiameter passing 
through the point Py. 

Circumscribed parabolas will be obtained when a= + (o4)'/?; their equation 
is therefore 


(x + fo1!?)? — o1% — o3% + oo F 201” = 0. 
The axes are 
a + fot! = (0; + o3/0,!?) /4; 
they meet at right angles at G and are parallel to the diagonals of the square 
formed by the points L;. 


9. Various theorems. In the triangle A1A2A3, S2/s; is the Feuerbach point of 
the tangential triangle. But 


So/S1 + ty = 02/51. 


Hence, the distances from O to the straight lines joining Ai, Ao, As, As to the 
Feuerbach points of the tangential triangles:ArA3A4, A3A4A1, AsA1Ao, A1A2Az, are 
inversely proportional to the distances from O to the orthocenters of these triangles. 

Similarly, the point s3/s2 is the inverse of the orthocenter of A142A3 with re- 
spect to I; but 


53/S_ + ts = o3/Se. 


* Isogonal conjugate to the Euler line, © 
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The distances from O to the mid-potints of the joins of Ai, Ae, As, As to the in- 
verse, with respect to I, of the orthocenters of the triangles AzA3A4, A3A4Ai1, AsAiAz, 
A,A.As3 are inversely proportional to the distances from O to these orthocenters. 
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ON GENERALIZED HERMITIAN MATRICES 


H. SCHWERDTFEGER, University of Adelaide 


1. Let 
t 
@(1) 
/ 
(2) 
» (YH l,rr- in 
A = (aq oe a{n)) = e = (An), 
° ey = 1, eee , mM 
/ 
@(m) 


be a matrix with x columnsa and m rows a, over a field §. A matrix A of rank 7 


will be called a P,-matrix if there is a set of 7 indices pi, ue, - > , wr Out of the 
numbers 1, 2,--- , Min (m, ~) such that the 7 rows 

/ / / 
(1) Buy)1 Biu)s °° + Buy) 


and they columns 
(2) a‘), q Sa) ce, q (Hr) 


are at once linearly independent. Important examples of P,-matrices are the 
symmetric, hermitian and skew-symmetric matrices. The following theorem will 
be proved here: 


In every P,-matrix A there 1s an r-rowed principal submatrix A, of rank r. 


This is a natural generalization of a well known theorem for all the special 
P,-matrices mentioned ;* however the notion of P,-matrix suggests the following 
simple proof: 


* Cf. C. C. MacDuffee, The theory of matrices, Berlin 1933, p. 12, where the proof is based 
on a rather complicated lemma of G. Kowalewski, or J. H. M. Wedderburn, Lectures on matrices, 
New York 1934, p. 89. This proof refers to some properties of the characteristic polynomial of A. 
Our proof makes use only of the notion of linear dependence, thus showing the elementary char- 
acter of the theorem. 
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Consider the “section matrix” A, of the rows (1) and the columns (2), 7.e. 
the square array of the rv? elements of A which belong to one of the rows (1) as 
well as to one of the columns (2). This obviously is a principal submatrix of 4; 
for the elements aye (9 =1,---,7) form the main diagonal of A,. Now let s be 
the rank of A,; then s<7 and s columns with the indices p,,, Up, °** » Mp, are 
linearly independent whilst the other y—s columns of A, are linearly dependent 
on these s ones. Let A be the matrix with 2 columns whose rows are the 7 rows 
(2). The v-th column é™ of this matrix A depends linearly on d@, G2), - - - , gun) 
and these being linear combinations of @#-), @ez),--- , ges), the column ad” 
will also be linearly dependent on these s columns of A. Thus the rank of A is s. 
But A has ¢ linearly independent rows; hence s =? which proves the theorem. 


2. The preceding theorem is useful in the transformation theory of ¢-sym- 
metric matrices.* Departing slightly from Albert’s method this notion may be 
introduced in the following way. Let a, 8 be elements of the infinite field §. Let 
(a) be a transformation of § into itself such that either +@(a) or —¢(q) is an 
automorphism of § which leaves invariant all elements of a certain subfield §¥ 
of § and only these. Then one has | 


(3) o(a + B) = o(a) + $(8), o(a8) = o(1)o(a) (8), (1) = + 1, 
for all a, Bin § and 
(4) @(A) = $(1)-d for all \ in F™, 


whilst for all other w in § one has ¢(a) #@(1)-a. If —@ is an automorphism then 
@ may be called an antimorphism. The repeated operation ¢(¢(a)), shortly de- 
noted by #2, is always an automorphism. | 

Let YI, be the ring of all n-rowed square matrices A over §, (n=1,2,3,--- ). 
Every auto- or antimorphism ¢ in § induces a transformation in ,. If A = (aj) 
we put 


Ay = ((a,)). 
Then by (3) 


(A + B)g =Agt Bg, (AB), = @(1)AgBe 


for any two matrices A, B in W,. Further (A’),=(A4)’ if A’ is the transpose of A. 
Particularly consider the matrices A in Y, for which 


(5) Ag=A’, 
Then — 

Ay = (Ag)a = (Ag = (Ay) = AU =A. 
Further let T be any non-singular matrix out of Y,. The matrix 


* The content of §§2 and 3 is not new; cf. A. A. Albert, Modern Higher Algebra, Chicago 1937, 
Chapter V. However in §2 of the present paper a reason is given why in the study of ¢-congruence 
one has to restrict oneself to involutions ¢. 
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B=T,AT 


may be called ¢-congruent with A. When does this ¢-congruence transformation 
not destroy the property (5) of a matrix? Evidently 


Bs = $(1)(T4A) Ts = OO) T PA oT 9 
B'=T ATs 


TA Ts 


and hence B, = B’ if and only if ¢? is the identity. Thus one is led to restrict one- 
self to the involutory auto- and antimorphisms ¢. If ¢ is such an involution a 
matrix A which satisfies (5) is called ¢-symmetric. 

A ¢-symmetric matrix A is symmetric if ¢(@)=a, skew-symmetric if 
o(a) = —a, hermitian if (a) = &@ where § is a field of complex numbers and & the 
conjugate complex number of a. 


3. Now the first step in the reduction of a ¢-symmetric matrix A to a “con- 
gruence normal form” Tj AT, i.e. the elimination of the singular case, can be 
carried out by means of the theorem of §1. Indeed, every ¢-symmetric matrix A 
of rank ris a P,-matrix: If a), --- , a) isa maximum set of linearly independ- 
ent columns the rows 


/ , 
Qiup) = (ap) 4 (p =1,---, r) 


form a set of 7 linearly independent rows of A. Let A, be the section matrix of 
these rows and columns. If P further is the permutation matrix which has resp. 
as first, second, - - -, 7-th column the i-th, po-th, --- , u,-th column of the unit 
matrix, one obtains because of Py3=@(1)P 


PLAP = g(1)P'AP = ocn( ‘), 


whence follows that one can suppose p= p, i.e. the first 7 columns and rows in A 
linearly independent. 
Thus one has 


a = Sota” (u=r+ti,-++,n) 
and by (5, 
(6) Buy = O(1) D) (04) ao). 
=] 


With the coefficients o% defined by these relations we form in the usual way the 
matrices of the “elementary transformations.” Let E“%) be the matrix which at 
the place (p, uw) has a one, and zeros at all other places; put 


se = E- Yo otEo (u=r+i,-++,n) 


p=1 
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where £ is the unit matrix. Then AS“ arises from A by replacing the y-th col- 
umn by the zero column. Further because of Ef"=@(1)E%™ one has 


(u) (ps) 
(1)Sp = E—9(1) DE” ; 
p=1 
therefore, as HE »)’= HH») and by (6), the matrix o(1)SM ASH arises from 
AS™ by replacing the y-th row of this latter matrix by the zero-row. Now put 
S = SOD SCt2) 22. Slr), 


and correspondingly 


n—r—1_ (r+1)_ (7+2) (n) 
Ss = $(1) Se Se +++ Sg. 
Then* 
SUAS = oc“ ) 
_— 0 0/7 


APPROXIMATION TO A CIRCULAR ARC 
J. M. Bruce, Chicago, Ill. 


We give here an approximation to a circular arc in terms of its chord and 
the chord of half the arc. Let a be the length of an arc of a circle of radius 7, 
subtending a central angle 6. Let c be the length of the chord of the arc, and b the 
length ‘of the chord of half the arc. We shall find it convenient to put ¢=0/4. 
Then 


a = 4rd, b = 27 sin ¢, c = 2r sin 2¢ = 47 sin ¢ cos ¢. 

Hence 

b = Ar(e — 63/3! + gF/S51 +--+), 
and so 

2b/a = 1 — $7/3!+ P4/5!+---. 
We also have 

c/2b = cosd¢ = 1— ¢2/2!4+- 4/41 +--+. 

Hence 

6b/a — c/2b = 2 — g4/O0 +--+. 
As an approximation we can therefore take 

6b/a — c/2b = 2, 


* This is the theorem 7 of Albert, l.c. p. 105. 
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which gives 
(1) a = 12b?/(c + 40d). 


The error in this approximation is easily obtained by expanding the right- 
hand side in powers of @. 


12b2/(¢ + 4) 


48r? sin? ¢/(4r sin @ cos @ + 8r sin ¢) 
127 sin ¢/(2 + cos ¢) | 

r(4p — 65/45 — 67/378 +--+) 

a(1 — 4/180 — $°/1512 + ---) 

a(1 — 64/46080 — 6°/6193152 +---). 


Thus the relative error is about 64/45000. This is about .014%, or 45’’, when 
6=90°. 

From (1) we can get a good approximation to cos ¢. For we have approxi- 
mately 


3c/a = (c® + 4bc)/4b® = (c/2b)2 + 2(c/2b) 
= cos? ¢@ + 2 cos ©. 
This gives 


cos@¢ = —1+ 71+ 3c/a. 


There is an error of about 3/24” when 0=90°. 


A PROOF OF STURM’S THEOREM 
M. F. SmILey, Lehigh University 
Our purpose is to give a proof of Sturm’s theorem* (including the case of 
multiple roots) which, in the opinion of the writer, exhibits in two lemmas the 


essential facts on which the theorem is based. 
Let us consider the equations 


(1) fo = fig: — fo, fr = foga — fay ++, ia = igi — fist +» fea = fege 


where fo, - +--+, fi, G1, °° * » Qe are polynomials with real coefficients. Let v(x) de- 
note the number of variations in sign of the sequence 


fo(x), f(x), oe » fx(x). 


Lemna 1. If fo(c) 40, then v(x) ts constant neart x=c. 


* See, for example, Dickson, First Course in the Theory of Equations, pp. 76~82. 

t We shall use the phrase “near x=c” in place of the longer “for all x on some interval con- 
taining ¢ as an interior point.” Similar interpretations should be given the phrases “just before 
x=c” and “just after x=c” used in Lemma 2. 
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Proof. lf nof;(c)=0 (#=1, - ++ , R) the conclusion is obvious. If some f;(c) =0 
(a=1,---,k), then fis(x)fisi(x) <0 near x =c. To see this notice that the equa- 
tions (1) require that 
(2) fialo) = filodgile) — filo) = — firr(e). 


But f:_1(c) #0, because otherwise the equations (1) would yield 
file) = finlgala — filc) = 0, 


and eventually fo(c) =0, contrary to hypothesis. From the equation (2) we now 
see that f:_1(c)fiai(c) <0, and hence that fi_1(x)figi(x) <O near x=c. It is now 
easy to check that v(x) remains constant near x=c. 

Remark. Note that we do not require that f; be the derivative of fp in Lemma 1. 


Lemma 2. If fi=fd and fo(c) =0, then v(x) 15 constant just before x =c and just 
after x=c, and v(x) 1s one greater just before x=c than just after x=c. 


Proof. We write fo(x) = («—c)*(x), where $(c) #0. It follows that 
fila) = fo (x) = (@ — c)#[ud(x) + (x — o)¢’(x)]. 
Define F;=(x—c)!—4f;. Then we obtain the equations 
Fy = geFe — Fs,° +--+, Pia = @Pi — Fins +, Pea= anh 


from the equations (1). Note that Fi(c) =yd(c) #0. Apply Lemma 1 and we find 
that the number of variations in sign of the sequence 


F(x), F(x), my F ,(x) 


is constant near x=c. But Fo(x)=(x—c)d(x) and Fi(x) =pd(x) + (« —0) od’ (x) 
have opposite signs just before x =c and the same signs just after x =c. Thus the 
number, V(x), of variations in sign of the sequence 


Fo(x), Fi(x), Fe(x), +++, Fx(x) 


decreases just one at x=c. But the number of variations in sign of a sequence is 
unchanged by multiplication by a nonzero number, and hence V(x) =v(x) except 
possibly at x =c. The conclusions of Lemma 2 are now obvious. 

We conclude with a statement of Sturm’s theorem, which follows immedi- 
ately from Lemmas 1 and 2. 


THEOREM. If a<b, fo(a) 0, fo(b) 40, and fi=fo then the number of distinct 
roots of fo(x) =0 on the interval aSx Sb is v(a) —v(b). 


RECENT PUBLICATIONS 


EDITED BY VIRGIL SNYDER, Cornell University 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York, N. Y., and not to any of the other 
editors or officers of the Association. 


The Dozen System. By George S. Terry, Longmans, Green and Company, 1941. 
53 pages. $.50. 


Mr. Terry has set forth a comparison between the decimal and duodecimal 
systems of numbers in this book. He stresses throughout the advantages of the 
use of twelve instead of ten as a base for numbers. The book is written clearly 
and in language that an intelligent school boy can understand. There are exer- 
cises, problems, charts, and tables to demonstrate and clarify his points. 

The comparative ease of calculation in the fundamental processes with the 
duodecimal system is shown. The advantages of the system in factoring, finding 
factorials, and powers and roots of numbers are demonstrated. The convenience 
of expressing many simple fractions exactly in what he refers to as “point form” 
is one of the major advantages of the system. 

Commerce has long used the dozen-base for buying and selling in dozens and 
gross but has yet to take advantage of the dozen system for multiplication of 
feet and inches, or expressing large numbers in fewer digits. 

Mr. Terry has made a duodecimal slide rule, adapted Napier’s Bones to aid 
in calculation and, in his earlier work, “Duodecimal Arithmetic,” given sets of 
tables, to make the dozen system practical. He is convinced of the practicality 
of the use of duodecimal system and is doing everything in his power to convince 
others. 

C. A. LESTER 


Tables of Natural Logarithms. Volume III. Contains the Logarithms of the Deci- 
mal Numbers from 0.0001 to 5.0000. (Prepared by the Federal Works Agency 
Works Projects Administration for the City of New York. Conducted under 
the Sponsorship of the National Bureau of Standards.) New York, Work 
Projects Administration, 1941. 17-+501 pages. $2.00. 


This is Volume III of a series of four volumes of natural logarithms. It con- 
tains the natural logarithms of decimal numbers from 0 to 5 at intervals of 
0.0001. 

The corrections of errors in the Wolfram Tables, and the explanation of the 
procedure for direct and inverse interpolation are repeated from the earlier vol- 
umes. The arrangement of the page and the safe-guards for a high degree of 
accuracy are the same as in the preceding volumes. A fourth volume will con- 
tain the natural logarithms of decimal numbers from 5 to 10 at intervals of 0.001. 

VIRGIL SNYDER 
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Statistical Method from the Viewpoint of Quality Control. By Walter A. Shewhart 
with the editorial assistance of W. Edwards Deming. The Department of 
Agriculture Graduate School. Washington, D. C., 1939, 9+155 pp. 


The industrial world is indebted to Dr. Shewhart for his introduction of sta- 
tistical methods to the problem of quality control. A realization of the practical 
significance of his contributions can best be attained by a study of his earlier 
text “Economic Control of Quality” and of the numerous technical articles pub- 
lished by Dr. Shewhart and his associates at the Bell Telephone Laboratories. 
This latest book is an important contribution to both industrial and scientific 
thought. It is based on a series of four lectures delivered by Dr. Shewhart to the 
Graduate School of Agriculture and, consequently, is not a beginner’s textbook. 
Derivations of standard statistical formulae are omitted and thereby a critical 
viewpoint of the réle of statistical methods in quality control is obtained by the 
reader without the interruptions of mathematical manipulations. A beautiful 
parallel is drawn between mass production and scientific methods: the author 
regards the cycle of specification, production and inspection in industry as cor- 
responding to the cycle of hypothesis, experiment and test of hypothesis in sci- 
ence. 

Briefly described, Dr. Shewhart’s monogram is a criticism of statistical meth- 
ods but it is definitely constructive. One cannot refute his claim that the lan- 
guage of the statistician is “emotive” rather than scientific, when one considers 
his list of such common statistical phrases as “statistical facts,” “confidence 
limit,” “probable error,” “most probable value” and “best estimate.” In the 
opinion of this reviewer, both the scientist and the industrial statistician will 
profit by a careful study of this sincere and interesting monogram. 


WALTER BARTKY 


College Geometry. By Paul H. Daus. New York, Prentice-Hall, Inc., 1941. 15 
+200 pages. $2.50. 


This text is a good introduction to the synthetic goemetry of the triangle 
and circle and related topics. It is by no means exhaustive, but it does introduce 
many of the topics which should be made a part of the curriculum of prospective 
teachers of mathematics. 

After a brief historical introduction the author takes up the subject of similar 
and homothetic figures, with special emphasis on homothetic circles. 

The second chapter is devoted to the subjects of concurrency and collinear- 
ity. The theorems of Menelaus and Ceva are discussed and applications of these 
thedrems are given. The second part of this chapter deals with harmonic division 
and orthogonal circles and the harmonic properties of the complete quadrilateral 
and quadrangle. Although this chapter is brief it affords a good introduction to 
these subjects. 

The author next introduces the subject of inversion, discussing the inverse 
of the point, line and circle, the angle and distance relations and geometric con- 
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structions. This is followed by a short chapter on the pole and polar relation with 
respect to the circle and a brief discussion of the trilinear polar and isogonal 
conjugates. ' 

This is followed by a rather complete discussion of coaxal circles, emphasizing 
their harmonic properties. The involution determined by a coaxal system of cir- 
cles on a line, and the corresponding involution of lines through a point are in- 
troduced. 

The author devotes two chapters to a discussion of the notable points, lines 
and circles associated with a triangle. Although this discussion. is brief it is suff- 
ciently complete to serve as a good introduction to the interesting geometry con- 
nected with the nine-point circle, the orthocentric quadrilateral, the Simson line 
and associated theorems. The last chapter contains an interesting collection of 
ruler and compass constructions. 

The student with the limited mathematical background provided by the 
usual high school courses in plane geometry and trigonometry will have little 
difficulty with this text. The discussions are clear and the diagrams numerous 
and well done. Ample problems for a short course are included. A novel feature 
of this text is the-key to the solution of the problems which the author has in- 
cluded at the end of the text. Your reviewer was dubious about the value of this 
feature until he had observed its use in practice. At first glance it appears that 
the author has offered a crutch to the poor student, as indeed he has, but your 
reviewer was agreeably surprised to find that his students used the key only as 
a last resort or as a check on their own work. 

Your reviewer believes that a text on college geometry to be of greatest 
service to prospective teachers of high school mathematics should contain a 
chapter or two devoted to construction problems involving geometric loci and 
triangles from indirect elements. The practice in developing the analysis, synthe- 
sis and discussion of results of such problems would prove to be a valuable item 
in his training and also of great value in developing many of the theorems and 
problems contained in a text of this sort. This text is weak at this point. 

The reviewer has found this book teachable and, from the point of view of 
both teacher and student, readable. It is an excellent addition to the texts on 
this beautiful and interesting field of synthetic geometry. 

H. N. Husss 


El Sexo desde el Punto de Vista Estadistico. By José Gonzalez Galé. Buenos Aires, 
Imprenta de la Universidad, 1941. 54 pp. 


‘Vital statistics appear to show, with remarkable unanimity, that “masculin- 
ity” (the ratio of male to female births) is roughly 22/21, with circumstantial 
aberrations. The present memoir is devoted to an investigation of this and other 
statistics related to the determination of sex. Though without technical interest 
to a mathematician, the material is presented in a lucid and entertaining way. 
The first two chapters (about half the pamphlet) are given over to description 
and historical background, in which vital statistics are found to have been origi- 
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nally collected at the direction of Henry VIII during the epidemics of the early 
sixteenth century. The third chapter presents data on “masculinity.” In the last 
chapter, the determination of sex is explained on the basis of chromosomes and 
the Mendelian laws, and it is indicated that no satisfactory account of “mascu- 
linity” has yet been iound. 

F, A. FICKEN 


Algebraic Solid Geometry. An Introduction. By S. L. Green. Cambridge, Uni- 
versity Press; New York, The Macmillan Company, 1941. 9+133 pages. 
14 figures. $1.75. 


This little book is based on a course of lectures given repeatedly at Queen 
Mary College for general students. It assumes a knowledge of elementary alge- 
bra, including determinants, and an outline of trigonometry. The salient feature 
is its directness and brevity. Much of the discussion is based on -the interpreta- 
tion of the sides of a plane, thus avoiding most of the ambiguity arising from 
signs. The treatment is entirely in terms of rectangular cartesian codrdinates. 
The subjects include planes, lines, spheres, central quadric surfaces, paraboloids 
and cones, with an introduction to generators of central quadrics, poles and 
polars, harmonic section, and inversion. A generous list of well-chosen exercises 
is inserted: at frequent intervals. Answers are not provided. The printing and 
press-work are excellent. 

VIRGIL SNYDER 
NEW BOOKS RECEIVED 


Tables of Natural Logarithms. Volume III Contains the Logarithms of the 
Decimal Numbers from 0.0001 to 5.0000. (Prepared by the Federal Works 
Agency Works Projects Administration for the City of New York. Conducted 
under the Sponsorship of the National Bureau of Standards.) New York, Works 
Projects Administration, 1941. 17+501 pages. $2.00. 

Methods of Correlation Analysis. By Mordecai Ezekiel. Second Edition. New 
York, John Wiley and Sons, Inc.; London, Chapman and Hall, Limited, 1941. 
19-+531 pages. $5.00. 

An Introduction to the Theory of Newtonian Attraction. By A. S. Ramsey. 
Cambridge, at the University Press; New York, The Macmillan Company, 1940. 
9+184 pages. $2.50. 

Dimension Theory. By Witold Hurewicz and Henry Wallman. Princeton 
Mathematical Series, Volume 4. Princeton University Press; London, Humphrey 
Milford and Oxford University Press, 1941. 7+165 pages. $3.00. 

Algebraic Solid Geometry. An Introduction. By S. L. Green. Cambridge, Eng- 
land, at the University Press; New York, The Macmillan Company, 1941. 9+ 
133 pages. $1.75. 

Science and Sanity. By A. Korzybski. Second edition. Chicago, Illinois, In- 
stitute of General Semantics, 1941. 382 pages. $3.50. 

To Discover Mathematics. By G. M. Merriman. New York, John Wiley and 
Sons, 1942. 435 pages. $3.00. 


CLUBS AND ALLIED ACTIVITIES 


EDITED BY E. H. C. HILDEBRANDT AND J. S. FRAME 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to J. S. Frame, Brown University, Providence, 
RI 


A MATHEMATICAL CONTEST 


A contest like the one that follows has been tried several times at Wellesley 
College and has seemed to interest the students. Perhaps it may appeal to Math- 
ematics Clubs in other colleges. It is obviously not suitable for a club meeting, 
since it involves the use of histories of mathematics, anthologies of poetry and 
so on. However, the officers of.a club might like to sponsor such a contest and 
offer a prize to its members or to all students taking mathematics in the institu- 
tion in question. 

HELEN A. MERRILL 
MARION E. STARK 


“A prize is offered for the best set of answers. Any student who has taken a 
course in mathematics in college may compete. To win the prize a student must 
have at least fifteen answers correct. After each answer give an exact reference, 
stating where it was found.” 


A. Name the following: 


1. A mathematician, now dead, who wrote very popular books for children. 

2. The man responsible for the codrdinates x and y of a point. 

3. A woman mathematician who married at the age of eighteen in order to 
escape from Russia. 

4, A Greek mathematician who was also a musician and a philosopher. 

5. A mathematician whose name furnishes the title of a well-known poem by 
Robert Browning. 

6. The man who wrote the oldest mathematical textbook still in actual use. 

7. A father and daughter who were both mathematicians of note. 

8. A professor of romance languages who has written an unusually inter- 
esting arithmetic. 

9. The first famous woman mathematician. 

10. A man deflected by a fire from mathematics to architecture as a profes- 
sion.’ 

11. An English mathematician who knew only two tunes. One of them was 
“God save the Queen” and the other wasn’t, and he recognized the first by the 
fact that people stood up to sing it. 

12. A mathematician who is a fine violinist. 
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13. A mathematician who wrote on geometry, astronomy, and algebra, but 
who is far better known as the author of a single poem. 

14. A brilliant mathematician who at twenty-five gave up the subject for a 
life of religious retirement. 

15. A Scotch mathematician who entered the university at the age of eleven. 


B. Name the authors, all well-known, of the following: 


16. “Let braggarts vow to do and dare 
And right abuses. 
He’d rather sit at home and square 
Hypotenuses.” 

17. “Mathematics is the queen of the sciences, and arithmetic is the queen 
of mathematics.” 

18. “Every one versed in the matter will agree that even the elements of a 
scientific study of nature can be understood only by those who have a knowledge 
of at least the elements of differential and integral calculus.” 

19. “I’m very well acquainted too with matters mathematical, 

I understand equations, both the simple and quadratical. 
About binomial theorem I’m teeming with a lot o’ news; 
With many cheerful facts about the square of the hypotenuse.” 

20. “Vet what are all such gayeties to me 

Whose thoughts are full of indices and surds? 
x? —7x—53=11/3.” 

21. “Two and two will make four if you leave ’em alone ever so. But fifteen 
and twelve don’t make twenty-seven—not of themselves. Not till you do them 
in a sum. Like this.” 

22. “Passages abound in these speeches which to almost any literary taste are 
arresting for the simple beauty of their English, a beauty characteristic of one 
who had learned to reason with Euclid and learned to feel and to speak with the 
same authors of the Bible.” 

23. “If, with the same materials, I can make both God and dragon, of what 
use is higher mathematics?” 

24. “Howe’er it be, it seems to me 

Tis only fair ourselves to please; 
Dry eyes are more than indices.” 
25. “Euclid alone has looked on beauty bare.” 


CLUB REPORTS, 1940-41 


Mathematics Club, Woodrow Wilson Junior College, Chicago 


At the twelve bi-monthly meetings held during the year the following topics were presented 
by faculty members: The abacus, Problems of map making, Zero—the trouble maker in algebra, 
Moebius surfaces, What is the fourth dimension, Paradoxes of infinity, Proofs new and old for the 
theorem of Pythagoras. Topics discussed by student members included: Measurement of distances 
and sizes of heavenly bodies, Problems of permutation and combination, The decimal vs. the duo- 
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decimal number system, The meaning of the relativity of motion, Codes and ciphers. Officers were: 
President, Earl Clendenon; Vice-President, Morton Zeman; Secretary, Mary MacNamara; Fac- 
ulty Sponsor, Dr. Luise Lange. 


Rho Theta, St. Louis University 


The society held regular monthly meetings throughout the year. At the first meetings of each 
semester new members were formally installed. At one of these, Dr. Regan proposed several prob- 
lems in plane geometry which were worked out by the members and discussed at the next meet- 
ing. Mr. Ed Walters, inactive member of Rho Theta and graduate student gave a talk at another 
meeting on Seismic prospecting and in this discussion emphasized the applications of mathematics 
in this branch of geophysics. The year closed with the annual banquet. Officers were: President, 
Alex Yokubaitis; Vice-President, Harry Brueggemann; Secretary-Treasurer, John McCann; Fac- 
ulty Adviser, Dr. Francis Regan. 


Mathematics Club, Cooper Union Institute of Technology 


The report for the year shows the following topics presented: The slide rule, by W. A. Sher- 
wood; Dimensional analysis, by S. Manson; Higher geometry, by H. Grad; Vector analysis, by 
M. Rubinowitz. The prize for excellence in first year mathematics was a slide rule and was awarded 
to Gerald Weiss. Officers were: President, Samuel Manson; Vice-President, Theodore Gold; 
Secretary-Treasurer, Murray Klamkin; Faculty Adviser, Professor F. H. Miller. 


Pi Mu Epsilon, Michigan State College 


Programs for the year were in all but one case in direct charge of faculty members. This chap- 
ter reports that talks presented by faculty members are more popular and help to maintain interest 
more than do student papers. Subjects discussed at meetings were: Simple topological problems, by 
Dr. G. B. Van Schaack; Demonstration of the slide rule, by Professor J. E. Powell and Mr. J. 
Sheedy; Determination of orbits of comets, by Professor E. T. Welmers; Music and continued 
fractions, by Professor J, M. Barbour of the department of music; Problems in probability, by 
Mr. C. Nordstrom; Descriptive geometry, by Mr. J. Zimmer; Solitaire on a checkerboard, by 
Dr. B. M. Stewart. The only student paper presented was Determination of volumes and surfaces 
of eggs, by Mr. M. Rottenstein. One meeting was devoted to the following motion pictures: Plane 
and solid geometry, Frequency curves, and Einstein’s theory of relativity. At the annual banquet 
in January, Professor Ayres of the University of Michigan spoke on Elementary problems of 
topology. Officers were: President, S. P. Schlesinger; Vice-President G. Elaine Van Aken; Secre- 
tary, Ruth L. Winegar; Treasurer, Charles F. Michalski; Faculty Director, Professor Everett T. 
Welmers. 


Mathematics Club, Eastern Illinois State Teachers College 


This club held fourteen meetings during the year. Speakers and their subjects were: Dr. Taylor 
on Observations made in German schools, Dr. Heller on The purpose of the mathematics club, 
D. Trulock on Tests and measurements in mathematics, Orval Rice on Mathematical wrinkles, 
Wilma Bond on Plans for a mathematics field day, Maxine Rennels on Mathematical fallacies, 
W. Bails on Personal experiences in aviation, Jean Fullen on Mathematics in Lewis Carroll’s Alzce 
in Wonderland, Dr. Taylor on Life of Mark Twain. Officers were: President, Maxine Rennels; Vice- 
President, Orval Rice; Secretary, Wilma Bond; Treasurer, Edwin McKittrick; Faculty Adviser, 
Dr. Heller. 


Pi Mu Epsilon, Ohio State Unwersity 


Two meetings of the Ohio Alpha chapter were held during the year. A lecture by Dr. Samuel 
Eilenberg of the University of Michigan was held jointly with'the meeting of the graduate mathe- 
matics club. At the annual initiation and banquet, Professor Lester R. Ford of Illinois Institute of 
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Technology spoke on Fractions. Officers were: President, Lawrence Ringenberg; Vice-President, 
Paul Weaver; Secretary, William Scott; Treasurer, John Ault. 


Mathematical Society, Trinity College 


Each year this society tries to have at least one speaker from the alumnae who was a former 
member or a major in mathematics and who is making use of her mathematical training in the 
teaching profession, in business, or in the field of statistical research. This meeting always proves 
to be the most popular on the year’s program. The speaker this year was Miss Rita Buechert of the 
class of 1935 who is head of the statistical research department of the District of Columbia Council 
of Social Agencies. She spoke on Statistical research in the field of sociology and social work. Two 
prizes were awarded during the year, the Sister Marie Cecilia Memorial Prize to the senior main- 
taining an average of over 90 per cent in her major mathematics courses was won by Mary Char- 
lotte Crook and the prize essay contest was won by Elizabeth Mahan for her paper on The problem 
of the apportionment of representatives. Topics discussed included: A geometric interpretation 
of the transformation HAH™ and some of its algebraic applications, by Sister Thomas; Old age 
assistance and survivors insurance, by Mr. J. Jacques of the Social Security Board; Inversion, by 
Ellen Schofield; The four color problem, by Teresa Karnes; The abacus in China and Japan, by 
Sister Marie Raymond. A gift of $10.00 was given to the department for the purchase of books, 
by the society. Officers were: President, Marie Straukamp; Vice-President, Marie Lee; Secretary, 
Marie Kehoe; Treasurer, Barbara Archibald; Faculty Adviser, Sister Thomas Marie. 


Mathematics Club, Oshkosh State Teachers College 


The program for the year consisted of the following: The fourth dimension, by Paul Haworth 
and a review of the book Flatland, by Sarah J. Richards; Cryptographs and Ciphers, by Ruth 
Savinsky and Why study mathematics, by Roland Hahn; Adapting the mathematics curriculum 
to our era, by Irvin Schudlick; Mathematical pastimes, by Leslie Kornowski; Hypsometer and 
Clinometer, by Henry Grabowski; Alexandria—shrine of mathematics, by Lucille Diedrick. New 
members were welcomed at a meeting at which mathematical games were played and Marian Pohl 
spoke on The mathematics of the suspension bridge. Officers were: President, Leslie Kornowski; 
Vice-President, Irvin Schudlick; Secretary, Sarah Jane Richards; Treasurer, Joan Miller; Historian, 
Ednie Kiddie; Advisers, Dr. M. M. Beenken and Dr. Irene Price. 


Pi Mu Epsilon, Brooklyn College 


The topic studied at the meetings of the second semester was Plucker coérdinates. Professor 
Johnson gave an introductory talk followed by further papers by A. Francis Bausch and Harvey 
Casson. Results of the annual contest sponsored by this chapter for colleges in metropolitan New 
York are as follows: Brooklyn College, first team, 41 pts.; Brooklyn College, second team, 36 pts.; 
Cooper Union, 33 pts.; Queens College, 16 pts.; New York University, 13 pts.; Columbia Univer- 
sity, 13 pts.; Yeshiva College, 7 pts. There were five men on every team and the contest had 15 
time problems. Richard Bellman of Brooklyn College won the individual prize. For the first time 
in the history of the contest, it was won by one school—Brooklyn College, entitling the school to 
retain permanent possession of the plaque which had been awarded annually. Officers were: Direc- 
tor, Professor R. A. Johnson; President, Leonard Greenstone; Secretary, Paul Rosenbluth; Treas- 
urer, Francis Bausch; Librarian, Harvey Casson. 
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PROBLEMS AND SOLUTIONS 


EDITED BY OTTO DUNKEL, ORRIN FRINK, JR., AND H. S. M. CoxETER 


ELEMENTARY PROBLEMS 


Send all communications concerning Elementary Problems and Solutions to H. S. M. 
Coxeter, 69 Chaplin Crescent, Toronto, Canada. 

The department of Elementary Problems welcomes problems believed to be new, and 
demanding no tools beyond those ordinarily furnished in the first two years of college 
mathematics. To facilitate their consideration, solutions should be submitted on separate, 
signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 


E511. Proposed by W. E. Bleick, U. S. Naval Academy, Annapolis 


A whistle, which emits a sound of constant pitch, is attached to a bomb. 
An observer at a fixed point on the ground sees the bomb dropped from rest 
at an initial angular elevation B. Assume that the bomb falls with a constant 
acceleration g and hits the ground at a distance L from the observer. The ob- 
server hears a variable whistle pitch because of the Doppler effect. The apparent 
pitch heard by the observer is a maximum when the component of the bomb’s 
velocity in his direction is a maximum. Find the angular elevation of the bomb 
at the moment when the apparent pitch is a maximum. Show that, when the 
initial angular elevation B is small, the maximum apparent pitch is heard when 
the bomb has lost one-third of its initial altitude. 


FE 512. Proposed by V. Thébault, San Sebastian, Spain 
Find the first 2 odd numbers whose sum divides the sum of their fourth pow- 
ers. 


E 513. Proposed by N. A. Court, University of Oklahoma 


A line revolves about a fixed point in such a manner that the segment inter- 
cepted on it by two intersecting planes has its mid-point in a third given plane. 
Show that the locus of the variable line is a cone of the second degree. 


E 514. Proposed by J. A. Bullard, University of Vermont 
Find the sum > 72) e* sin (y+&z). 


E 515. Proposed by H. T. R. Aude, Colgate University 


Find all the triangles with integral sides which have one side equal to 16 units 
and the cosine of an adjacent angle equal to —3. 
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SOLUTIONS 


Pythagorean Triads 


E 472 [1941, 337]. Proposed by V. Thébault, San Sebastién, Spain 

Find positive integers x, y, g (less than 100), such that x?+y?=2? and 
X?+ Y2=7Z?2 where X, Y, Z are derived from x, y, z by inserting an extra digit 
(the same for all) on the left. 

Solution by W. E. Buker, Pitisburgh Public Schools 

If x, vy, 3<10, we have (10/+4)?+(10p+y)?= (10p+2)? and x?+y?=2?. 
Hence x +y+5p=z. But since x +y>2, p would be negative. 

Suppose x, y<10, 210. Then (106+)?+ (106+y)?= (1006+<2)%. But this 
with x?+ y?=2? requires that x +y=102+490p. Here again p would be nega- 
tive. 

There remains the possibility that x«<10; y, 3210. Then 


(10p + «)? + (100p + y)? = (100p + 2)? 


and 
(1) p = 22 — y) — #/5. 


Clearly x, being divisible by 5, must be equal to 5. The only set of Pythagorean 
integers satisfying these requirements is 


x= 5,y = 12,2 = 13. 


From (1), p=1. . 
Also solved by R. K. Allen, D. H. Browne, M. L. Constable, William 
Douglas, E. P. Starke, and the proposer. 


Reciprocal Planes with respect to a Tetrahedron 


E 473 [1941, 337]. Proposed by N. A. Court, University of Oklahoma 

Two variable transversal planes POR, P’Q’R’, reciprocal with respect to a 
given tetrahedron DA BC, meet the edges DA, DB, DC in the pairs of points P 
and P’, Q and Q’, Rand R’. Show that the line of centers of the two spheres 
DPOR, DP'Q'R’ passes through a fixed point. (Two transversal planes are said 
to be reciprocal with respect to a tetrahedron if their traces on each edge are 
equidistant from the midpoint of the edge. See the proposer’s Modern Pure Solid 
Geometry, p. 122, art. 354.) 

Solution by Howard Eves, Pittsburgh, Pa. 

Let U, V, W be the midpoints of DA, DB, DC and let U, V, W be the mid- 
points of DU, DV, DW. Let O, O’, S be the centers of the spheres DPQR, 
DP'OQ'R', DUVM. Finally, Let P and P’ be the midpoints of DP and DP’. 
Then, since U is the midpoint of PP’, U is the midpoint of PP’. But the planes 
through P, P’, U perpendicular to DA pass respectively through O, O’, S, 
whence it is clear that the plane through U passes through the midpoint of 
OO’. A similar argument holds for the planes through V and W perpendicular 
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to DB and DC respectively. But the three planes through U, V, W intersect in 
S. Hence S is the midpoint of OO’, and the theorem is proved. 

The corresponding theorem for the plane can be established similarly. (See 
V. Thébault, Mathesis, 1928, p. 231, Question 2442.) 

Also solved by the proposer. 


Iterated Quadratic Surds 


E 474 [1941, 337]. Proposed by Roy MacKay, Eastern New Mexico College 
For k>1, define a1={k(R—1)}?, an={R(R—1)+an1}¥?, di =k, dp 
= (Rbn_1)'/?, Prove that 


lim a, = lim b, = k. 


nN nN—? © 


Solution by Eduardo Gaspar, Rosario, Argentina 

Since the sequences {a,} and {b,} are monotonic increasing, they have a 
limit, finite or infinite. We shall show that both sequences are bounded and 
consequently have a finite limit. We observe that 


a, = {k(k — 1)} 2 <b. 
If the same inequality holds for a,_1, we have also 
dy = {R(k — 1) + anaf?<{k(R — 1) +k} =k 
for every n. Similarly, since k>1, we have 
by = RP <R, 
If the same inequality holds for b,_1, we have also 
by = (Rbna) 2 <k. 


Thus both sequences are bounded. 
Let us put 


lim ad, = lim ad,_; = a, lim bd, = lim d,_1 = 0b. 
Then from a,= {k(k—1)+an_1} */? and b, = (kbn_1)"/? we obtain 
a= {k(k — 1) + a}?2, b = (Rb) ¥2, 
Both equations have the single positive root a=k, b=k. This shows that 
lim a, = lim db, = k. 
Also solved by R. K. Allen, D. H. Browne, E. P. Starke, and the proposer. 


Duplicating the Cube 


E 475 [1941, 337]. Proposed by J. Goodfellow, West Rumney, N. H. 
Let the diameter AB of a circle S meet a perpendicular chord HH’ at O. Take 
points C and D on AB, such that CO=OB and OD=OH. Let G be one of the 
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points of intersection of S with the circle on CD as diameter. Show that we have 
approximately 

OG? = AO-OB?. 


How close an approximation does this construction provide for the classical 
problem of “duplicating the cube”? 

Solution by D. H. Browne, Buffalo, N. Y. 

Let OA =a’?, OB=OC=0?, so that OD=OH=ab. Draw the perpendicular 
GE from G to AB. Then we have 


EG? = AE-EB = (a? + OE)(b? — OE) 
= CE-ED = (b? + OE)(ab — OE), 
whence 
ab? 2ab3(a + 6b)? ab?(2a + b 
To test the given relation, we have 
OG \? b /2a+b\3 
(soon) 7 aA; + x) 
For the duplication of the cube we put a=+/2, b=1, and find 
OG? = 1.997.-.--, 


As a/b increases, the error becomes greater. 
Also solved by the proposer. 
Editorial Note. The identity, 


b (“= ) 1 a “= —) 

a\a-+ 26 - a a+2b/’ 
shows that the approximation is very close when a and 0 are nearly equal. For 
the duplication of the cube, the above expression becomes 


1 — (/2 — 1)8/4. 
When a/b =9/8, it is 1—0.00012 - - - , so that OG*/(AO-OB?) =0.99994.---. 


Isosceles Right Triangles 


E 476 [1941, 405]. Proposed by A. H. Stone, Graduate College, Princeton 

Show that it is possible to fit together six isosceles right triangles, all of 
different sizes, so as to make a single isosceles right triangle. 

Solution by Michael Goldberg, Washington, D. C. 

The right isosceles triangle A BC is made up of six right isosceles triangles of 
different sizes. (The number in a triangle is.the length of a leg.) Incidentally, 
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five of these triangles can be arranged to form a rectangle CDEF; the addition 
of a seventh triangle gives the square ABCG. 


Also solved thus by W. E. Buker, Howard Eves, E. P. Starke, and the pro- 
poser. William Douglas and E. P. Starke give a second solution, in which there 
is a triangle with leg 3 instead of 2/2, while the other five triangles are as before 
(only differently arranged). Eves remarks that it is consequently possible to fit 
together any greater number of different right isosceles triangles to make a single 
right isosceles triangle, and wonders whether 6 is the smallest such number. The 
proposer raises the following more difficult question: Can a right isosceles triangle 
be dissected into a finite number of right isosceles triangles, no two having a 
common side? 


Spheres and Tetrahedron 


E 477 [1941, 405]. Proposed by V. Thébault, San Sebastidn, Spain 

Consider four spheres (.S:), (Sz), (S3), (Ss), whose centers are the vertices of 
a tetrahedron S1S25354. Let (G:) be the sphere whose center is the centroid of 
the face S253S, and which passes through the points of intersection of spheres 
(Sz), (53), (Sz). Defining (Gz) and (Gs) similarly, prove that the three spheres 
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(Gi), (Ge), (G3) intersect on the radical axis of ($1), (S2), (S3). (A similar problem 
for three circles was discussed in Mathesis, 1891, p. 238.) 

Solution by Howard Eves, Allen Academy, Bryan, Texas 

Let (G1), (Gz), (Gs) intersect in P and Q, and let (.S:), (S:), (S3) intersect in 
M and N. Invert the entire figure with respect to a sphere with center P. Then 
(S1), (Se), GS3), GS4) invert into four spheres (S/), (S3), GS3), GS/); and (Gi), 
(Gz), (G3) invert into planes (Gi), (G7), (G3 ) through the respective radical axes 
of the triads of spheres 


Consequently Q’, the intersection of the planes (G/), (Gz), (G3), is the radical 
center of the four spheres (S/), (Sz), (S3), (Si). Hence Q’, M’, N’ lie on a line 
(L’). This means that Q, M, N must lie on a circle (L) through the center of in- 
version P. Since the center of (Z) lies on both the parallel planes S S253 and 
G1G2G3, it follows that (L) is actually a straight line, and the theorem is proved. 
The corresponding theorem for three circles can be proved similarly. 
Also solved by Peter Chiarulli and the proposer. ' 


Successive Differences 
E 478 [1941, 405]. Proposed by D. H. Browne, Buffalo, N. Y. 
Show that the successive differences of ath powers (in the notation 
Ar* = (r+1)*—r*) satisfy the relation 


a 


>> (— 1)"Al2 = 0. 


n=0 


Solution by N. E. Sheppard, University of Toronto 
For any sequence 1%, we have 
a 1 + Aeti 
> (= 1)", = ——— 
n=0  iIi+a 
(1 + AH) En, 
(1 + At) uy, 


= U9 + Attlyg. 


U1 


If 1%, is a polynomial of degree a, Attu, =0. In the present case u, = k*; therefore 
uo=0, and the desired relation is established. 
Also solved by Howard Eves, Solomon Kullback, and E. P. Starke. 


Locus Problem 


E 479 [1941, 405]. Proposed by Daniel Arany, Budapest, Hungary 

In the plane of a given triangle ABC, find the locus of a point from which 
the sides BC and CA subtend equal angles. 

Bibliographical Note by N. A. Court, University of Oklahoma 

This problem is neither as innocent nor as new as it looks. It was first formu- 
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lated by J. Steiner for two segments having no common end, and for two equal 
or supplementary angles. Steiner states (without proof) that the locus consists 
of two circular cubics, in the Journal fiir die reine und angewandte Mathematik, 
vol. 45, 1853, p. 375. It was further discussed by P. H. Schoute in the same 
journal, vol. 99, 1886, p. 98. G. de Longchamps solved the problem in the 
Journal de Mathématiques Spéciales, series 2, vol. 5, 1886, p. 39, and considered 
the special case when the two segments are collinear in Journal de Mathématiques 
Elémentaires, series 2, vol. 5, 1886, p. 16. 

The question was proposed in Nouvelles Annales de Mathématiques, series 3, 
vol. 3, 1884, p. 351, and was solved some thirty years later by H. Brocard in 
the same journal, series 4, vol. 15, 1915, p. 138. In the same volume F. G. 
Teixeira contributed a special article on this locus (p. 362). Many other illus- 
trious names, such as Chasles and Salmon, may be mentioned in this connection. 
Finally, the problem was solved both analytically and synthetically in this 
MONTHLY, vol. 22, 1915, pp. 20-22. 

For the usual meaning of “subtend,” the locus consists of part of a strophoid 
through A and B, with its double point at C, together with the external segment 
AB. | 

Also solved by Paul Brock, W. B. Clarke, L. M. Kelly, and the proposer. 


Construction of a Pentagon 


E 480 [1941, 405]. Proposed by D. E. Lynch, Jr., Brooklyn, N. Y. 

Construct a pentagon whose sides and diagonals are a]l commensurable. (For 
definiteness, suppose there are four equal sides, and three equal diagonals.) 

Solution by E. P. Starke, Rutgers University 

Put together side by side three congruent isosceles triangles, whose sides are 
a, a, d, with a\/2 <d<2a, to form a pentagon PORST such that PQ=QR=RS 
= ST=a, PR=QS=RT =d. Let b be the length of the fifth side PT, and let c 
be that of each remaining diagonal, TQ =SP. Note that PS and RS are respec- 
tively parallel to RO and TQ. Let 0= XRPQ= XRTQ= XPRO=FROS::-. 
We have at once cos 6=d/2a. Since 


xX TRP = X< SRO — 20 = (a — 26) — 28, 
we find, in the isosceles triangle RTP, 
b = 2d cos 26 = 2d(2 cos? 6 — 1) = d(d? — 2a*)/a*. 
In the triangle T.RQ, with sides a, d, c and respective angles 0, 20, 7 — 30, we have 
c= asin 36/sin 6 = a(4 cos? 6 — 1) = (d? — a?)/a. 


Thus it is only necessary that a and d be commensurable in order that all the 
lines be commensurable as required. The condition a\/2 <d <2a corresponds to 
iz >6>0, and provides that the pentagon be convex. 

Also solved by the proposer, who finds a nearly-regular pentagon with inte- 
gral sides and diagonals by taking a=125, d=200. 
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ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, Wash- 
ington University, St. Louis, Mo. All manuscripts should be typewritten, with double spacing 
and with margins at least one inch wide. . 

Problems containing results believed to be new or extensions of old results are es- 
pecially sought. The editorial work would be greatly facilitated, if, on sending in prob- 
lems, proposers would also enclose any solutions or information that will assist the editors 
in checking the statements. In general, problems in well known text-books or results found 
in readily accessible sources will not be proposed as problems for solution in this depart- 
ment. In so far as possible, however, the editors will be glad to assist members of the Asso- 
ciation in the solution of such problems. 


PROBLEMS FOR SOLUTION 


4027. Proposed by Morgan Ward, California Institute of Technology 


In the projective plane P, a triangle with sides A, B, C and vertices D, E, F 
is the only linear configuration forming a Boolean algebra of order eight with 
respect to the operations of union and cross-cut. Here the union of A and B 
is P, the cross-cut of FE and D is the null space Z, and so on. In a three dimen- 
sional space P, two types of Boolean algebra of order eight are possible; (i) the 
configuration of three planes A, B, C through a point Z meeting in three lines 
D, E, F; and (ii) the configuration of two planes A and B through a line D and 
a line C skew to D meeting A and B in points £ and F. Here Z again is the null 
space. . 

Show that in a projective space of m dimensions, the total number of distinct 
types of linear configuration forming a Boolean algebra of order eight is asymp- 
totically equal to 2’/3!3!. Also show that. the corresponding number for a 
Boolean algebra of order 2" is asymptotically equal to n"/r!r!. 


4028. Proposed by P. D. Thomas, Norman, Okla. 


Find the equation of a family of surfaces, each surface satisfying (OP)? 
= (OQ)?, where O is the origin, P is any point on the surface, and Q is the point 
in which the normal to the surface at P meets the xy-plane. 

Find the envelope of the family. 


4029. Proposed by H. L. Dorwart, Washington and Jefferson College 


Let d1, do, d3, d4 be the distances in order from the sides of a square of length 
k units to any interior point P. Then 


(Vdide + / dads) /k and (J dids + V/dods) /k 


represent the sines and cosines of two angles 0, and 62, since the sum of the 
squares of these expressions equals 


(did, + dgd4 + dids + dod3)/k?* = (dy + ds) (de + ds) /k? = 1. 


Give a geometric interpretation for the angles 6; and 4.. 
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4030. Proposed by V. Thébault, San Sebastian, Spain 


The resultant of the nine forces represented by the distances to the sides of 
a triangle ABC from the centers of the equilateral triangles constructed ex- 
teriorly (or interiorly) on its sides is represented in magnitude and direction by 
the vector GG’ (or -—GG’) equipollent to the vector OH’ (or —OH’), where 
G, O, H’ are the centroid of ABC, the circumcenter of ABC, and the orthocenter 
of the orthic triangle (that is, the triangle with vertices at the feet of the altitudes 
of ABC). 

SOLUTIONS 
The A, Lines 

3968 [1940, 574]. Proposed by Frank Ayres, Jr., Dickinson College. 

Let the line through the vertex A;, (¢=1, 2, 3), and parallel to the opposite 
side of the triangle 414.43 meet the circumcircle in the point D;. Show that: 
(1) The Ag, lines (3929, 1939, 601 | of the pairs of points A;, D; intersect on the 
nine-point circle of 414243 midway between A; and the orthocenter of the given 
triangle. (2) The A, lines of D; intersect in the symmetrics of A1, Ae, A; as to the 
nine-point center. 

Solution by J. W. Clawson, Ursinus College 

The equation of the Ag line of any point T on the circumcircle is 


z 4 biylols 2 \ 
bth + te tts — titets + thle + tots + this 
Hence, the A, lines of A; or ¢t; and of D; or i,t,/t; are, respectively, 


S bib iby 2 
Qe tt;tt, tye, + tt; + tite 


(1) The midpoint of A; or ¢; and H or h+4+¢3 is (2t;+¢;+#;,) /2. This satis- 
fies both of these equations. 

(2) The symmetric of A; or ¢; with respect to the nine-point center or 
(itt+#3)/2 is t;+t,. This satisfies the equations of the A, lines of D; and Dy. 

Solved also in a similar manner by E. F. Allen and the proposer. 


1, b52 + bet jb 42 = (t; + ts) (te + ty). 


Editorial Note. The theorem of the problem can be extended to space of n 
dimensions after defining the (x—1)-dimensional plane Ay. Let S be an ortho- 
centric simplex with the vertices A;, 1S7n-+1, with the orthocenter at H, 
the centroid at G, and the circumsphere (C) with its center at C and radius of 
length R. Let also the sphere (C’) have its center at C’on HC so that HC’ =HC/n 
and its radius R/n; and we now define the (n—1)-dimensional planes A, and A; 
corresponding to a given point ZJ on (C) in the following: 


THEOREM. A straight line HB; through H parallel to the straight line TA ; 1nter- 
sects the plane of the face 7; opposite to A; in the point B;. The n+1 points B; le 
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in a plane Ay. The plane through H perpendicular to TA; intersects the plane of 
face w;1n the (n—2)-dimenstonal space a;. The n-++1 intersections a; lie in a plane 
A,. The planes A; and A, are tangent to a quadric surface of revolution {C’ } with 
foci H, H' and center C', and {C'} is tangent also to the n+1 faces 7;. The sphere 
(C’) as the auxiliary sphere for the focal axis. 


We’ take H as the origin of vectors a; to the vertices A;. The vectors of C, 
G, C’ are denoted by ¢, g, ¢/n; see the Editorial Note on 3963 [1942, 132]. The 
points H and G are centers of similitude for (C) and (C’), so that if TG is pro- 
duced to P, where GP =TG/n, the point P lies on (C’). Let A; be the point on 
HA; so that HA;=HA;/n; then 4; lies on (C’). If A;G is produced to G; so 
that GG;=A,G/n, then G; lies on (C;) and it is the centroid of the face 7;; and, 
if we denote by g; the vector of G;, then a;+ng;=2c. Thus PG; is parallel to 
TA ;,and its length is 7A,;/n. Denote the vectors of T, P by y, z; then y+nz= 2c. 
Since A,G; is a diameter of (C’), PA; is perpendicular to PG; and also to TA; 
and HB;. We shall suppose at first that H does not fall upon a vertex so that m 
is not zero, m=a;*a;, 17. Thus the vector for 8; satisfies the equation 


(1) (z — ai/n)*x = 0; 

and since 8; lies in 7,, its vectors satisfies also the equation 
(2) mi: ayeX = mM. 

Hence, the vector for 8; satisfies the equation 

(3) Ae: NZ°X — m = 0. 


This proves that the ~+1 points 8; lie in a plane perpendicular to HP. The 
vector z is the vector of a point P, on (C); and (3) shows that A, is the polar 
plane of P,. with respect to the polar sphere (#). 

The equation of the plane through H perpendicular to TA; or to PG;is 


(4) (z _ 2 = “ex 0. 


n 


Hence, the points of intersection of this plane and 7; satisfy both (2) and (4); 
and, therefore, the equation of the locus of these points of intersection is 


(5) Ai: (2c — nz)*x — m= 0. 


If P; is the point with the vector 2c—zz, the midpoint of P,P; has the vector 
c, and thus this midpoint is C. Hence P? lies also on (C). From (5) we see that 
A; is the polar plane of P;. The polar of A; is the plane of 7; with the equation 
(2). The polar of (C) is a quadric surface of revolution {C‘} with one focus at 
H and tangent to the +1 planes 7; and to the planes A; and A:. The inverse 
of (C) is (C’), and hence (C’) and {c’} are tangent at two points on HC. This 
shows that (C’) and {c’} have the same center C’, and that the other focus H’ 
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must have the vector 2¢/n. Also, the points H, H’ must be isogonal conjugates 
with respect to S. 

If m=0, the orthocenter H must fall upon a vertex, say An4i; and then for 
4=n-+1 the equation (1) becomes z*x=0, and it will be seen that we do not 
need the equation of 7,4;. For other values of ¢ the equations (1), (2), (3) are 
the above with m=0. Also, for z=n-+1 the equation (4) becomes the one in 
(5) after setting m=0; hence, the equations for A; and A; are given by (3) and 
(5) with m=0. In this case, the foci H and H’ lie on (C’) and { C’} and the latter 
surface degenerates to these two points; also, Gn4i1=H’. This suffices for m=0. 

We now consider the extended theorem of the problem. The sphere (C) cuts 
the plane through A; parallel to the opposite face 7; in an (n—2)-dimensional 
sphere. Let T;, D; be points at the ends of a diameter of this latter sphere with 
vectors y;, Yai. Then to 7;, D; there correspond P;, Pg; at ends of a diameter of 
the intersection of (C’) and 7;; in particular, two such points are G,;, H;, where 
H; is the foot of the altitude from A;. Let the vectors of P;, Pa; be z:, Za:; then 
we have 
2¢ — a; ma; 


Zi + Zai = ) 


nN a2 
where a;°Z;=M, a;*Zai=m. The A, plane for T;, or P;, has the equation 
Ae(P;): NZi°*X —m=)Q, or NZ;°X — Z;°a; = OQ. 


Hence A2(P;) passes through A; with the vector a;/n for all such points P;, or 
T;. This'is part (1) of the problem. For part (2) we take the special case where 
T;=A;, P:=Gi, Pai=H:, which is the case of the problem for n=2; and we 
now consider m40. We now have 


ma; 2 
Ao(H;): n > )*X — m=90, or naysx — a; = 0. 
a; 


The symmetric of A; with respect to C’ has the vector 2¢/n—a,, and we shall 
show that A,(H;) passes through this symmetric. We have 


2c 2 2 
nace( — a) — a; = 2¢¢°a; — nm — a, = nm—nm=0, 147. 
n 
Hence, if 7 is fixed, Ao(H;), 1547, passes through the symmetric of A ;. This com- 
pletes part (2). 
Associated Triangles 

3969 [1940, 574]. Proposed by Frank Ayres, Jv., Dickinson College 

Let the line through the vertex A; (4=1, 2, 3), and parallel to the opposite 
side of the triangle A1A4.A3 meet the circumcircle in the point D;. Show that: 
(1) The orthocenter of D,D.D;3 lies on the join of the circumcenter and isogonal 
conjugate point of the nine-point center of A142A3. (2) The join of the ortho- 
centers of-D,D,.D3 and AiA2A3 is the image line of the Steiner point of the 
latter triangle. 
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Solution by A. M. Peiser, Ithaca, N. Y. 
Let the vertices of the triangle be #;, (4=1, 2, 3). The line through #¢; parallel 
to side ft is given by 


and setting y=1/x, we find the second intersection with the unit circle to be 
fot3/ti. This is the point D,. Similarly, D2 and Ds; are tits/t and tt:/ts, respec- 
tively. 

The orthocenter of a triangle whose vertices are turns is the sum of the 
turns. Hence, if we let the orthocenter of DiD.D; be H, and its conjugate be 
H, we have 


= —_—- = SO so > 7 


bobs byb3 bbe bybolg Ss 


2 2 2 2 
W hy be bg h + te + és Si — 2S, 


where the S’s are the symmetric functions of the #’s. Hence H = (S3— 25,153) /Ss. 
The line joining H to the circumcenter of fifets is (S?7—2.S2)x = (S3—251Ss)y. 
The isogonal conjugate of a point a is (a—S,+4S_—4*S3)/(a@—1). Hence the 
isogonal conjugate of S:/2, the nine-point center, is (2S1S3—S3)/(453— S12). 
And it can readily be shown that this value, together with its conjugate, satis- 
fies the equation of the line OH. Hence, as was to be shown, the three required 
points are collinear. 

The image line of any point on the unit circle is given by Tx—S3y=TSi1— Sy 
(Musselman, this MontTHLY, vol. 45, 1938, p. 426). For the Steiner point, the 
line of images is 


Sq(Sp — 3S)" — 55(Sp — 359iS2)y = S3(Sp — 3552) — Se(S2 — 35155). 


And by direct substitution, it can be shown that both S, and # lie on this line 
of images, S, being the orthocenter of triangle ffots, and H being the orthocenter 
of triangle D,D,D3, as was to be shown. 

Solved also in a similar manner by J. W. Clawson and the proposer. 


Desmic Systems 


3972 [1940, 662]. Proposed by N. A. Court, University of Oklahoma 

With the traces of a plane on the edges of a tetrahedron as centers, spheres 
are drawn orthogonal to the circumsphere of the tetrahedron. Show that the 
twelve points of intersection of the six spheres with the respective edges form a 
desmic system. 

Solution by the Proposer 

Let Xo, Yo, Zo, Uo, Vo, Wo be the traces of a plane 2 on the edges BC, CA, 
AB, DA, DB, DC of the tetrahedron DABC. The six spheres (Xo), +++, (Wo) 
having these points for centers and orthogonal to the circumsphere (O) of DABC 
form a coaxal net (NV) (see Court, Modern Pure Solid Geometry, p. 191, art. 602 f.) 
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whose conjugate pencil (P) is determined by the sphere (O) and © as radial 
plane. 

Let (R) be any sphere of (P), and (A), (B), (C), (D) the spheres with A, B, 
C, D as centers and orthogonal to (R). The three spheres (B), (C), (Xo) are 
orthogonal to (R), and their centers are collinear; hence these spheres are coaxal. 
Now (Xo) being orthogonal to (O), its points of intersection X, X’ with the 
edge: BC are harmonically separated by the vertices B, C; hence (Xo) is the 
sphere of similitude of the spheres (B), (C) (cbid., p. 186, art. 591). 


of the four spheres (A), (B), (C), (D) taken in pairs; hence the proposition (2d7d., 
p. 240, art. 736). 


Rectangle Inscribed in Circle 


3897 [1938, 696]. Corrected. Proposed by V. Thébault, San Sebastidn, Spain 

Let ABCD be a rectangle inscribed in a circle with center O, and P a point 
on the equilateral hyperbola circumscribing ABCD. The straight lines PA, PB, 
PC, PD cut the circle again in A’, B’, C’, D’. The perpendiculars from P to the 
sides of the quadrilateral A’B’C’D’ cut A’B’ in A"’, B’C’ in B”, etc. 

(1’’) The diagonals A’’C’’ and B’’D" are perpendicular and intersect in a 
point Q on the straight line OP. (2'’) The ratio of the lengths of these diagonals 
is the same as the ratio of the sides of the. rectangle. (3’’) The quadrilateral 
A"'B"C"'D" is inscribed in a circle and circumscribes a conic with foci P and Q. 
(4’’) The Newton line for A’B’C'D’ passes through P and is perpendicular to 
the Newton line for A’’B'’C'’D". 

Solution by R. Bouvatst, France 

Rectangular axes of codrdinates Px and Py are chosen with P as origin paral- 
lel to the sides CD and DA of the rectangle. The projections of P on the sides 
DA, BC, AB, CD are denoted respectively by P:, Ps, P3, P41; and we set PP, =a, 
PP,=—a', PP;=b, PP,= —b’, so that we have as the codrdinates of the ver- 
tices of ABCD 


A(a, b), B(— a’, b), C(- a’, _ b’), D(a, — b’). 
Since P is on the equilateral hyperbola {ABCD} we must have 
(1) aa’ = bb’. 


Let A, Bi, Ci, D; be the vertices of the antipedal quadrilateral of ABCD with 
respect to P, where the projection of P on D,A,is A, of P on A,B; is B, etc. Then 
by the use of (1) we find the coordinates 

A,ja—a@’,b4+0'], Bl-(+a),d-0], Gla-¢,-(64+0)], 


2) Dila + a’,b — 0']. 


Let P’ be the symmetric of P with respect to O; then the diagonals A,C; and 
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B,D, are perpendicular, intersecting in P’, and are parallel respectively to BC 
and CD. The quadrilateral A,B,C,D, is inscribed in the circle with P as center 
and radius p = (a?+a’2+62+-b/2) 1/2, 

(1’’) The quadrilateral 4’’B’’C'’D"’ is the inverse with respect to P of the 
quadrilateral A:B,C,D,, the power of inversion being the power of P with respect 
to the circle (O) =(ABCD), or K?= —2aa' = —2bb’. These two quadrilaterals 
are homothetic with respect to P. For, we have : 


PA,:PA" = PB,- PB" = PC;-PC"” = PD, PD" = K?,; 


and from this follows that 


(3) 


—_— —_— —_— ed —_— 
———_—_—_ ne ne ny — ———————= 6 


The diagonals A’’C’’, B'’D"' are parallel to Px, Py and intersect in a point Q, 
the homothetic of P’ in the above homothetic relation. 
(2'') We have ' 
AUC" — 2K*(b + b') ; B”’p"” — 2K*(a + a’) ; 
| p? p? 
and from this it follows that 
ANC" 6+0' BC 


eee 


B'D" ata AB 


(3'’) The quadrilateral A,B1C,D, circumscribes the conic with the foci P and 
P’, arid with the circle (O) as the auxiliary circle for the focal axis. The quad- 
rilateral 4’’B’’C'’D"’, which is homothetic to A:B,C,D, with respect to P, there- 
fore circumscribes the homothetic conic with foci P and Q and is inscribed in 
the circle homothetic to (OQ). 

(4’') We find for the codrdinates of the vertices 


Ka Kb K?a’ Kb 
a(—*_, <5), B (- sae) 
a? + 6? a? + 5? a2+ 6? a’? + 8? 


Ka’ K?20! Ka . K2b! 
“(Rt BY), (BE, BY) 
q'2 + b/2 q'2 + b’2 aq? + b/2 aq? + b’2 


The Newton line for this quadrilateral has the equation (a—a’)x = (b—)’)y. It is 
then easily seen that this line is perpendicular to the Newton line for A,B,CiD,, 
and to its homothetic, the Newton line for A’’B’’C'’"D”’. 

Remarks. If P is assumed to be any point in the plane of ABCD, the circles 
(PA1C;), (PB,D;) are always orthogonal, and consequently the diagonals A’’C"’ 
and B’’D” are perpendicular. For, take for axes the parallels to the sides of the 
rectangle drawn through P’; and set P’A,=8, P’C,=8', P’Di=a, P’B,=a’’. 
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Let x1, ¥1 be the codrdinates of P. The conic with foci P, P’ and having circle (QO) 
for the focal auxiliary circle is inscribed in A:B,C,D,, and its tangential equation 
is 

K*(u? + 0?) — W(ux, + 091 + W) = 0. 
From this results the relations 


ti, 0 1 im 0 tin 0 
aa’ ~—s-_ B" Ke! a a K? | 6 6’ si“? 


We then find the following equations 


XX1AM 
(PBiD:): a + y*-++——~ — ny + aa! = 0, 
2 PP 
(PAC): «2+ y? — ple + ——— +4 pp’ = 0. 
The two circles are orthogonal if ! 
placa! %,  pBB'y, 
ma te + Aaa! + 88") = 0, 
or 
we | wy 
BB aot! 


Since these circles pass through P(x, yi), we have 


py = att yt Mie al 
px = x1 + Vi + ee + Be’; 
and we then have 
wy 1 1 +) eit yi 
a = ~~ 49=7 
val - += oy (at + 9(— + ar + Re + 


by use of an equation above. 

We can also state the following property: Given a circular cubic passing 
through its singular focus (locus of the foci of the conics of a tangential pencil) 
and two conjugate points P and P’ of that curve (foci of a conic of the pencil), 
if through P’ we draw two perpendicular chords, cutting the cubic again in A, 
and Ci, B, and D,, respectively, the circles (PAiC,), (PB,D,) are orthogonal. 


NEWS AND NOTICES 


Readers are invited to contribute to the general interest of this department by sending news 
items to C. O. Oakley, Haverford College, Haverford, Pennsylvania. 


This department seeks information as to institutions and persons who are now giving or 
who plan to give Engineering, Science and Management Defense Training courses during 
the coming summer. Please send any such information to the editor of News and Notices. 


Brown University is continuing during the summer (June 15—August 29) 
and the next academic year the program of advanced instruction and research 
in mechanics already in operation for a year. In the summer 80 participants 
will be accepted (of which 20 will be engaged entirely in research) and 40 in 
the academic year. Since this program is supported by the United States Office 
of Education, the Carnegie Corporation of New York, and the Rockefeller 
Foundation, no fees will be charged. 

For the Summer the following courses will be given: By Professor Brillouin: 
Introduction to partial differential equations, Advanced dynamics. By Pro- 
fessor Prager: Geometrical foundations of mechanics, Plasticity, Special topics 
in research. By Dr. Bergman: Theory of flight, Review of special topics in pure 
mathematics, Fluid dynamics, Special topics in research. By Professor Sokol- 
nikoff: Elasticity, Advanced elasticity, Special topics in research. By Professors 
Tamarkin and Feller: Differential and integral equations of physics. By Dr. 
Schelkunoff: Electromagnetic waves. By Professor von Mises: Advanced fluid 
dynamics. 

For the next academic year eight courses are scheduled. Several substantial 
fellowships are available for highly qualified participants. 


Dr. Walter Bartky, associate dean, Division of Physical Sciences at the Uni- 
versity of Chicago, has been advanced from associate professor of astronomy to 
professor of applied mathematics. 


Dr. E. G. Begle and Dr. E. R. Kolchin have been awarded National Re- 
search Fellowships for 1941-1942. They are studying at the University of Michi- 
gan and the Institute for Advanced Study, respectively. 


Assistant Professor P. O. Bell, on leave from the University of Kansas, has 
an instructorship at Princeton University. 


Assistant Professor A. C. Berry of Columbia University has been appointed 
to dn associate professorship at Lawrence College. 


Assistant Professor E. A. Cameron of the University of North Carolina has 
been promoted to an associate professorship. 


Dr. C. E. Clark of Purdue University has been promoted to an assistant 
professorship. 
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Dr. Max Coral of Wayne University has been promoted to an assistant pro- 
fessorship. 


Paul Eberhart of Washburn Municipal University of Topeka, Kansas, has 
been promoted to an assistant professorship. 


Assistant Professor E. A. Hazlewood of Texas Technological College has 
been promoted to an associate professorship. 


Professor Einar Hille of Yale University is on leave of absence and is at 
Stanford University. 


Professor W. A. Hurwitz hasbeen granted a sabbatical leave of absence for 
the second semester of the year 1941-42. 


Professor W. R. Hutcherson of Berea College, on leave of absence, is spend- 
ing the second semester at Brown University. 


Assistant Professor S. C. Kleene of the University of Wisconsin has been 
appointed to an associate professorship at Amherst College. 


G. R. Kraus of Cathedral College has been made head of the department at 
Gannon School of Arts and Science, Erie, Pennsylvania. 


Dr. Roy MacKay of Eastern New Mexico College has been appointed an 
associate professor at New Mexico State College of A. and M. A. 


Dr. R. J. Michel of the University of Missouri has been appointed to a pro- 
fessorship at Southeast Missouri State Teachers College. 


Dr. F. W. Owens, professor of mathematics and head of the department at 


Pennsylvania State College is on leave of absence during the second semester 
of 1941-42. 


Dr. E. S. Quade of the University of Florida has been promoted to an as- 
sistant professorship. 


Dr. A. C. Schaeffer of Stanford University has been promoted to an assistant 
professorship. 


Professor Mary Emily Sinclair of Oberlin College, while on leave for the sec- 
ond semester, is studying at Columbia University. 


C. E. Stevens of Hofstra College has been promoted to an assistant profes- 
sorship. 


Dr, John Williamson of Johns Hopkins University is on leave of absence for 
a year and has been appointed to an associate professorship at Queens College. 


The following appointments to instructorships have been announced: 
University of California, Berkeley: R. W. Shepard 

University of California, Davis: Charles Bubb 

Case School of Applied Science: Dr. E. L. Crow, Dr. P. E. Guenther 
University of Colorado: George Ulrich 
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Compton Junior College: A. E. Marston 

Cornell University: Dr. C. E. Rhodes; Part-time: Charles Hatfield, Jr. 

University of Florida: R. D. Specht 

Harvard University: Dr. Irving Kaplansky, Dr. C. E. Rickart 

University of Iowa: Dr. W. D. Berg 

Johns Hopkins University: Dr. L. I. Wade 

University of Kansas: Dr. R. S. Pate 

University of Maryland: E. N. Nilson 

Massachusetts Institute of Technology: Dr. O. G. Owens 

Michigan State Normal College: Dr. Edith R. Schneckenburger 

University of Michigan: Dr. Charles Thorne 

North Carolina State College: Dr. R. L. Anderson 

Northwestern University: Dr. J. W. Givens 

Pennsylvania State College: R. P. Bentz, Dr. W. J. Harrington 

Princeton University: Dr. Warren Ambrose 

Santa Barbara State College: Dr. S. E. Rauch 

Smith College: Dr. Jeanne S. LeCaine 

Stanford University: Dr. G. E. Forsythe 

U.S. Naval Academy: Dr. Byron Cosby, Jr., C. B. Lindquist, Dr. A. W. 
McGaughey, Dr. H. T. Muhly, Dr. Seymour Sherman 

Vassar College: Alexandra I. Forsythe 

Wayne University: Morris Friedman 

Wellesley College: Katharine E. Hazard 

University of Wisconsin: Dr. R. E. Johnson 


Professor C. S. Atchison, head of the department of mathematics at Wash- 
ington and Jefferson College since 1912, died November 21, 1941. He was a 
charter member of the Mathematical Association. 


Dr. W. V. N. Garretson, professor of mathematics at the Oklahoma A. and 
M. College since 1929, died January 17, 1942, at the age of sixty-five. He was 
a charter member of the Mathematical Association. 


THE LETTER OF ADMIRAL NIMITZ 


“When secondary schools eliminate not only trigonometry but also algebra 
and geometry from their programs, and then most of the reasoning problems of 
arithmetic, since pupils say they are too difficult, and offer as substitutes gen- 
eral mathematics in the ninth grade, social mathematics in the tenth grade, and 
review of arithmetic in the eleventh or twelfth grade as the total mathematical 
program of the school, where along the educational ladder are pupils to obtain 
experience in reasoning and in practice in solving progressively more difficult 
mathematical problems? Where in the course of the four years are youth to find 
mathematical problems which will extend their intellectual horizons and stretch 
their mental muscles?” 


1942] THE LETTER OF ADMIRAL NIMITZ 213 


The preceding queries from a leaflet issued by the University of Michigan 
were called forth by a letter written last November by Admiral C. W. Nimitz, 
at that time Chief of the Bureau of Navigation of the United States Navy. In 
late October he had visited the University of Michigan. The letter was in ampli- 
fication of remarks made during the visit and was written in response to a letter 
from Professor Bredvold. 

In December Admiral Nimitz was made Commander in Chief of the Pacific 
Fleet. 

It has been the wish of many that this exchange of letters be printed in the 
Monruty. It is hoped that the members of the Association will bring the facts 
and figures cited by Admiral Nimitz to the attention of school boards and other 
school authorities to the end that there may, be some improvement in the de- 
plorable conditions of which he writes. 

The letters follow: 


Captain F. U. Lake October 30, 1941 
Head of the Training Division 

Bureau of Navigation, Washington, D.C. - 

My dear Capital Lake: 


When Admiral Nimitz visited the campus of the University of Michigan the other day, he 
mentioned that there had been some difficulty in finding students in American colleges other than 
engineering who were sufficiently prepared in mathematics to make them available for training for 
commissions in the Navy. This situation ought to be called to the attention of educators in colleges 
and secondary schools throughout the country. I should deeply appreciate receiving a statement 
from you on this matter, especially if you could give me such facts and figures as would constitute 
a self-evident argument. I hope also that it will not be necessary to set any restrictions on the use 
of such information. It seems to me that educators should promptly recognize the danger, if there 
is any, from our past softening of our educational programs. 


Very truly yours, 

Louis I. BREDVOLD 

Member of the University Advisory 
Committee on Military Affairs 


November 12, 1941 
My dear Professor Bredvold: 


Thank you for your letter of October 30. While we have not felt that it was our business to 
compile exhaustive data on our observations of the products of the educational systems of this 
country, we are in a position to give you some information on this subject. 

A carefully prepared selective examination was given to 4,200 entering freshmen at 27 of the 
leading universities and colleges of the United States. Sixty-eight per cent of the men taking this 
examination were unable to pass the arithmetical reasoning test. Sixty-two per cent failed the whole 
test, which included also arithmetical combinations, vocabulary, and spatial relations. The ma- 
jority Of failures were not merely borderline, but were far below passing grade. Of the 4,200 entering 
freshmen who wished to enter the Naval Reserve Officers’ Training Corps, only 10% had already 
taken elementary trigonometry in the high schools from which they had graduated. Only 23% of 
the 4,200 had taken more than one and a half years of mathematics in high school. 

This same lack of fundamental education presented and continues to present a major obstacle 
in the selection and training of midshipmen for commissioning as ensigns, V-7. Of 8,000 applicants 
—all college graduates—some 3,000 had to be rejected because they had had no mathematics or 
insufficient mathematics at college nor had they ever taken plane trigonometry. Almost 40% of 
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the college graduates applying for commissioning had not in the course of their education taken this 
essential mathematics course. 

The experience which the Navy has had in attempting to teach navigation in the Naval Re- 
serve Officers’ Training Corps Units and_in the Naval Reserve Midshipmen Training Program 
(V-7) indicates that 75% of the failures in the study of navigation must be attributed to the lack 
of adequate knowledge of mathematics. Since mathematics is also necessary in fire control and in 
many other vital branches of the naval officer’s profession, it can readily be understood that a 
candidate for training for a commission in the Naval Reserve cannot be regarded as good material 
unless he has taken sufficient mathematics. 

The Navy depends for its efficiency upon trained men. The men are trained at schools con- 
ducted for this purpose and the admission of men to these schools is based upon the meeting of 
certain carefully established requirements. However, in order to enroll the necessary number of 
men in the training schools, it was found necessary at one of the training stations to lower the stand- 
ards in 50% of the admissions. This necessity is attributed to a deficiency in the early educations 
of the men involved. The requirements had to be lowered in the field of arithmetical attainment. 
Relative to the results obtained in the General Classification Test, the lowest category of achieve- 
ment was in arithmetic. 

A study has been made of the grades received in the examinations of candidates for enlistment 
in the Navy, classified geographically according to the location of the recruiting station through 
which the candidates applied for enlistment. It is to be noted that the proficiency in arithmetic 
in the eastern part of the country was strikingly greater than that of the middle west and west. 
The lowest average mark east of the Mississippi was equal to the highest average mark west of the 
Mississippi. The three highest average attainments in arithmetic were achieved by the recruting 
stations in Troy, Brooklyn, and Buffalo—all in New York State. 

May I express the hope that this information will be of assistance to you. 

Sincerely yours, 
C. W. NIMITZz, 
Chief of Bureau, 


(Signed) F. U. LAKE, 
By direction. 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 
Twenty-seventh Annual Meeting, New York, N. Y., December 30-31, 1942. 


The following is a list of the Sections of the Association, with dates of future meetings so far as 
they have been reported to the Secretary. 


ALLEGHENY MounrtTAIN NORTHERN CALIFORNIA, San Francisco, 


ILLINOIS, Decatur, May 8-9, 1942 

INDIANA, Crawfordsville, May 1-2, 1942 

Iowa, Mt. Pleasant, April 17-18, 1942 

Kansas, Hays, March 27-28, 1942 

KENTUCKY, Lexington, April 11, 1942 

LovulISIANA-MIssIssipPI, Jackson, Miss., 
March 6-7, 1942 

MARYLAND-DISTRICT OF COLUMBIA-VIR- 
GINIA, Ashland, Va., May 2, 1942 

METROPOLITAN NEW York, New York, 
April 18, 1942 

MICHIGAN 

MINNESOTA, Northfield, May 9, 1942 

MissourRI, Kansas City, April 17, 1942 

NEBRASKA, Omaha, May 9, 1942 


Jan. 30, 1943 

Oxuio, Columbus, April 2, 1942 

OKLAHOMA, Oklahoma City 

PHILADELPHIA, Philadelphia, Nov. 28, 1942 

Rocky MovuntaIn, Golden, Colo., April 
17-18, 1942 

SOUTHEASTERN, Emory University, Ga., 
March 26~27, 1942 

SOUTHERN CALIFORNIA, Los Angeles, 
March 14, 1942 

SOUTHWESTERN, State College, N. M., 
April 27-28, 1942 

Texas, Lubbock, April 3-4, 1942 

Upper NEw YorK STATE, Rochester, May 
2, 1942 

WISCONSIN, Oshkosh, May 2, 1942 


Basic Books in technical defense 


GRANVILLE - SMITH - LONGLEY 


Elements of the Differential and 
integral Calculus, Revised 


A standard text distinctive for its clearness. Used at West Point. $3.75 


WOODS - BAILEY 
Analytic Geometry and Calculus 


A thorough course which combines the calculus with analytic geometry of two 
and three dimensions. $4.25 


BOSTON NEW YORK DALLAS COLUMBUS 


ee | 
CHICAGO ATLANTA 55 > S SAN FRANCISCO 


Announcing 


Nelson, Folley, and Borgman’s 


CALCULUS 


e A CONCISE, PRACTICAL TEXT FOR A First COURSE ®@ 


Distinguished by: 
Early introduction of integration of powers and polynomials, including ap- 
plications to geometry and physics. 


Carefully selected problems, well introduced by illustrative examples. 


Accurate statement of fundamental principles and theorems, often accom- 
panied by supplementary working rules. 


Ready this spring 


D. C. HEATH AND COMPANY 


Boston New York Chicago Atlanta SanFrancisco Dallas London 


Gust. Published 
INTERMEDIATE ALGEBRA 


HENRY L. RIETZ 
UNIVERSITY OF IOWA 
ARTHUR R. CRATHORNE 
UNIVERSITY OF ILLINOIS: 


_ LOVINCY J. ADAMS 
SANTA MONICA JUNIOR COLLEGE 


A one-semester text in algebra for students who have had only one year 
of high school study in the subject; a thoroughly workable book whose 
clear, sound presentation and practical, graded problems should attain 


excellent results. 


248 pages. $1.75 


BASIC COLLEGE MATHEMATICS 


C. W. MUNSHOWER and J. F. WARDWELL 
COLGATE UNIVERSITY 


A text for the introductory course in college mathematics, carefully 
coordinated throughout by the use of the function concept. Treats 
traditional algebra, trigonometry, analytics and the elements of calculus. 
The important ideas of simple calculus (including differential equations} 
are introduced early and used throughout. Many of the numerous prob- 
lems have been selected from the fields of physical and social science 
and a wealth of illustrative examples is integrated with the text ma- 
terial. New Tables. 


Approximately 600 pages. Probably $3.00 


Holt. 257 Fourth Avenue Now York 


THE CARUS MONOGRAPHS 


. 1. Calculus of Variations, by Proressor G. A. Buiss. (First Impression, 1925; 
second Impression, 1927; Third Impression, 1935.) 


. 2. Analytic Functions of a Complex Variable, by Proressor D, R. Curtiss. 
(First Impression, 1926; Second Impression, 1930.) 


. 3. Mathematical Statistics, by Proressor H. L. Rrerz. (First Impression, 1927; 
second Impression, 1929; Third Impression, 1936.) 


. 4, Projective Geometry, by PRoFEssor J. W. Younc. (First Impression, 1930; 
Second Impression, 1938.) 


. 5. History of Mathematics in America before 1900, by Proressors DAvip 


EUGENE SMITH and JEKUTHIEL GINSBURG. (First Impression, 1934.) Out 
of print. 


. 6. Fourier Series and Orthogonal Polynomials, by PRoressor DUNHAM JACK- 
SON. (First Impression, 1941.) 


Price $1.25 per copy to members of the Mathematical Association, one copy to 
each member, when ordered directly through the Secretary, W. D. Catrns, 97 
Elm St., Oberlin, Ohio. 

Additional copies for members, and copies for non-members, may be purchased 
from the Open Court Publishing Co., La Salle, Illinois, at the regular price of 
$2.00 per copy. 


The Chauvenet Prize 


In the year 1925, the MATHEMATICAL ASSOCIATION OF AMERICA established a prize of 
one hundred dollars for the best expository paper published in English during suc- 
cessive periods of five years by a member of the Association. Through two subsequent 
gifts the prize 1s now awarded every three years. The last award was made in Decem- 
ber 1941 to Professor Saunders Mac Lane for his two papers in the American Mathe- 
matical Monthly: “Modular fields,” volume 47, 1940, pp. 259-274 and ‘Some recent ad- 
vances in algebra,” volume 46, 1939, pp. 3-19. 


As determined more recently by the Trustees, the prize is to be fifty dollars and is to 
be awarded for a noteworthy expository paper such as will come within the range of 
profitable reading of members of the Association. The purpose of the prize is to 
stimulate expository contributions in mathematical journals on the part of the younger 
American scholars. The award does not apply to books, although the Carus Mono- 
GRAPHS are expository in character and on this score might be included; they carry 
their own reward. 


It is believed that clear expositions of mathematical subjects are greatly needed in 
this country and that the CHAUVENET Prize will tend to stimulate such production. 


Note that the prize is to be awarded only to a member of the AssocIATION—one more 
of the many good reasons for membership. 


MATHEMATICAL REVIEWS 


a new international journal 


OFFERS 
prompt reviews of mathematical papers and books 
complete subject and author indices in each volume 


microfilm or photoprints of most articles reviewed—at cost 


$13.00 per year 


Sponsored by American Mathematical Society, Mathematical Association of 
America, London Mathematical Society, Union Matematica Argentina, & others. 
Special rate of $6.50 per year for members of sponsoring organizations. 


Send subscription order or request for sample copy to 
American Mathematical Society, 531 West 116th Street, New York City 


for freshmen 


FIRST YEAR COLLEGE MATHEMATICS 


By Cleon C. Richtmeyer and Judson W. Foust 
Central Michigan College of Education 


Clear-cut treatments of algebra, trigonometry, analytic geometry, and an 
introduction to the concepts of the calculus, unified throughout by the 
function principle. Among special features are the review of algebra, the 
self-tests (more than 500), the many problems (3976), and the flexible 
quality of the book. 


461 pages 8 vo $3.25 


GENERAL MATHEMATICS FOR STUDENTS OF BUSINESS 
By William S. Schlauch, New York University 


‘A text in general mathematics planned to prepare students for successful 
work in the mathematical theory of investments, finance, insurance, business 
calculations, statistics, and budgeting. Algebra, calculus, trigonometry, prob- 
ability, and finite differences are covered. The many problems and illustra- 
tive examples are chosen from the field of business. 


393 pages 8 vo $3.75 
WRITE FOR FURTHER INFORMATION 


F. S. CROFTS & CO. 
101 Fifth Avenue, New York 


PRACTICAL TEXTS FOR WAR TRAINING COURSES 


SPHERICAL TRIGONOMETRY WITH NAVAL 


AND MILITARY :- APPLICATIONS 


By Lyman M. Keris, Witurs F. Kern, and James R. Bann, United States Naval 


‘Academy. Ready in April. 


This forthcoming text represents a revision 
and expansion of that part of the authors’ 
well-known Plane and Spherical Trigonom- 
etry which deals with spherical trigonometry. 
Designed especially for students in war train- 


ing courses, the text covers in detail the sub- 
ject of spherical trigonometry, and also takes 
up the most important applications of trigo- 
nometry and logarithms to navigation and 
related topics. 


ELEMENTARY MATHEMATICS IN ARTILLERY FIRE 
By JosepH Mitter Tuomas, Duke University. 255 pages, 6x 9. $2.50 


In this book the author discusses problems 
which arise in artillery fire and which can be 
solved by means of elementary mathematics. 
The book is intended as a text for a term’s 
course in college mathematics, presupposing 


a knowledge of plane geometry, plane trig- 
onometry, and elementary algebra. There is 
a unique treatment of the accuracy of inter- 
polation in the logarithmic tables. 


MATHEMATICS FOR ELECTRICIANS AND RADIOMEN 


By Netson M. Cooke, Chief Radio Electrician, United States Navy; Instructor, Radio 
Materiel School, Naval Research Laboratory, Washington, D.C, 604 pages, 6 x 9. $4.00 


The author of this text furnishes the elec- 
trical and radio student with a sound mathe- 
matical foundation and shows him how to 
apply this knowledge to the solution of prac- 
tical problems most frequently encountered 
in actual practice. The mathematical scope 


Mathematics 


By JoHN W. BreNEMAN, The Pennsyl- 
vania State College. The Pennsylvania 
State College Industrial Series. 210 
pages, 6x9, $1.75 


Mathematics for the Aviation Trades 


By James NatpicH, Manhattan High 
School of Aviation Trades. 267 pages, 
6x 9, $1.80 


Mathematics for Electricians. New sec- 
ond edition 


By Martin H. Kueun, Seneca Voca- 
tional High School Buffalo, N.Y. 254 
pages, 54%4 x8. $1.75 
Practical Mathematics. N ew fourth edi- 
tion 


By the late CiAupe I. PALMER; and 
SAMUEL F, Brsp, Illinois Institute of 
Technology 

Part I. Arithmetic with Applications. 
186 pages, 5x 7. $1.25 

Part II. Algebra, with Applications. 251 
pages, 5x7. $1.25 


of the book ineludes elementary algebra 
through quadratic equations, logarithms, 
trigonometry, elementary plane vectors, and 
vector algebra as applied to alternating cur- 
rent circuits. 


Part III. Geometry with Applications, 
206 pages, 5x7. $1.25 


Part IV. Trigonometry and Logarithms. 
209 pages, 5x 7. $1.25 


Higher Mathematics for Engineers and 
Physicists. New second edition 
By Ivan S. SoKotntkKorr, University of 


Wisconsin, and ELIzABETH S, SOKOLNI- 
KoFF, 571 pages, 6x 9. $4.50 


Practical Mathematics. New fourth ed1- 
tion 
By Joun H. Wotre, Wittiam F. MUvEL- 
LER, and SEIBERT D. MULLIKIN, Appren- 
tice School, Ford Motor Company. 303 
pages, 4x 7. $2.20 


Practical Shop Mathematics. New sec- 
ond edition 
By JoHN H. Wotre; and Everett R. 
PHELPS, Wayne University. Vol. I. Ele- 
mentary. 349 pages, 4x 7%. $2.20. Vol. 
II. Advanced. 318 pages, 4x 7%. $2.20 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, Inc. 


330 West 42nd Street 


- New York, N.Y. 


—— algebra 
plane trigonometry analytic geometry 


A FIRST YEAR OF 
COLLEGE MATHEMATICS 


By RAYMOND W. BRINK, Ph.D. 


A UNIFIED TREATMENT, based upon the related concepts of function and the corre- 
spondence between geometric and numerical relations, gives this book many advan- 
tages over the usual three-unit type of course. Much repetition is eliminated, a sense 
of unity of subject-matter is achieved, and the opportunities for practical application 
of principles to the solution of problems are greatly widened. A rich and thorough 
text, adaptable to courses of various lengths and interests. 


667 pages illustrated $3.50 


D. Appleton-Century Company 
35 West 32nd Street New York, N.Y. 


PLANE & SPHERICAL TRIGONOMETRY 


BY PAUL R. RIDER 


This new basic text for courses in trigonometry, prepared 
by the author of an already highly successful college alge- 
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THE FALL MEETING OF THE KENTUCKY SECTION 


A joint meeting of the Kentucky Section of the Mathematical Association 
of America and the Kentucky Section of the National Council of Teachers of 
Mathematics was held at the University of Kentucky on Saturday, October 25, 
1941. Professor Tryphena Howard, president of the Kentucky Section of the 
Council, presided at the morning meeting. 

There were sixty-two in attendance, including the following nineteen mem- 
bers of the Association: N. B. Allison, M. C. Brown, L. W. Cohen, H. H. 
Downing, L. A. Fair, Charles Hatfield, Tryphena Howard, E. D. Jenkins, Fritz 
John, C. G. Latimer, F. Elizabeth LeStourgeon, W. L. Moore, Sister Charles 
Mary Morrison, R. S. Park, Sallie E. Pence, D. W. Pugsley, D. E. South, Guy 
Stevenson, H. A. Wright. 

The chairman of the Kentucky Section of the Mathematical Association of 
America, Professor L. A. Fair, presided at the luncheon meeting which followed 
the morning session. 

The following papers were presented: 

1. “Some psychological aspects of the teaching of arithmetic” by Professor 
M. E. Schell, Western Kentucky State Teachers College, introduced by Pro- 
fessor Howard. 

2. “Errors on freshman entrance examinations” by Professor H. A. Wright, 
Transylvania College. 

3. “Mathematics enters naturally into practical problems” by Professor 
OQ. T. Koppius, University of Kentucky, introduced by Professor Howard. 

4, “Mathematics and science in the national defense program” by Professor 
D. W. Pugsley, Berea College. 

5. “Mathematics and the environment” by Sister M. Raymond, Ursuline 
College, introduced by Professor Howard. 

6. “On the invariants of a conic section” by Professor C. G. Latimer, Uni- 
versity of Kentucky. 

7. “Mathematical instruments” by Edith Wood, Okolona High School, 
Louisville, introduced by Professor Howard. 

8. “Treatment of a certain improper integral” by Professor W. C. Wineland, 
Morehead State Teachers College, introduced by Professor Fair. 

Abstracts of the papers follow, numbered in accordance with their place on 
the program: 

1. Professor Schell stressed the following points (a) the language of mathe- 
matics is an attempt by mankind to express accurately his mental reactions 
as employed in quantitative thinking; (b) the intelligent use of this mathe- 
matics is based upon a correct comprehension of the mental processes the lan- 
guage represents; (c) the solving of a problem is a mental process or a series of 
correctly related mental processes, commonly known as analysis; (d) every 
problem intelligently solved must necessarily be correctly analyzed; (e) the 
teacher’s leading approach in developing the ability to do correct quantitative 
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thinking is through the language of mathematics; (f) the correct solution of 
a problem is based upon correct quantitative thinking, hence more emphasis 
should be placed on developing this ability rather than upon the mechanical 
processes of expression as is so often done. 

2. A brief study of two sets of freshman entrance examinations was made 
by Professor Wright, using Kentucky Mathematics Test, Form KM 38 and 
Form KM 40. The problems in the latter differ slightly in wording from the 
former but not in principle. A comparison of the two sets of papers indicated 
a lack of ability to analyze statements accurately. The errors on each set indi- 
cate a lack of knowledge of the fundamental principles of arithmetic and algebra. 

3. Professor Koppius applied elementary mathematics to a problem in geo- 
physics. In deep bore holes, such as deep oil wells, the course of the pipe fre- 
quently veers from the vertical to a great extent, and may be in any azimuth in 
a horizontal plane. Applying simple principles of geometry and trigonometry 
together with the fact that the definite integral between x, and x2 is the area 
under the curve, it is shown that the position of the bottom of deep wells with 
respect to the origin taken at the well mouth on the surface can be determined 
in terms of 6, a, and L, where 6 is the angle which a pipe section dL makes with 
the vertical at any point, a is the angle which the projection of dL makes with 
the N—S direction in the horizontal plane, and L is the total length of pipe in 
the hole. For finding the true vertical depth, only the 6’s at the corresponding 
L’s are necessary. A device was described for observing the various 6, a, and L. 

4. Professor Pugsley described the Engineering defense training program 
in introductory Engineering subjects as carried out in Pennsylvania during the 
summer of 1941. The program was outlined as ten week tuition free courses in 
mathematics, physics, chemistry, drawing, and mechanics for “superior” high 
school graduates who had had two years of mathematics and one year of science, 
and who did not plan to enter college. Supervised study and special lectures 
supplemented the class work. About 3200 students enrolled (1948 completed the 
work) in 150 classes held in 100 or more cities and towns. Three hundred teach- 
ers were employed. As far as possible the teachers were selected from those who 
had had college teaching experience and at least a master’s degree. The actual 
results of the program are difficult to state at this time. Data seemed to indicate 
that about one-fourth of the group had already been employed in industry, 
that many were going on with further study in evening classes elsewhere and 
would probably be employed soon. The circumstances of employment were 
governed largely by the local situations. 

5. Sister Raymond, stated that mathematics is acknowledged to be a tool 
subject but the question, “A tool for what?” is often left unanswered. In order 
to offset this weakness in the teaching of mathematics, Ursuline College has 
arranged extension courses for the soldiers who are serving their country at 
Bowman Field. These special courses center entirely around problems of flying. 
For example, when the soldiers have completed the study of mechanics wherein 
they are to be taught the principles of analyzing a law and then deriving their 
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own equations to express the law, they will be given a problem of airplane de- 
sign and performance in which they must, using all the basic physical laws of 
mechanics, calculate all necessary data used in the design of airplanes. By this 
means the college hopes to bring in closer contact mathematics and the en- 
vironment. 

6. Professor Latimer obtained the well-known invariants of a conic by a 
method involving very little computation and no algebraic material beyond 
high school algebra. In most analytic geometry texts, considerable computation 
is used on this problem and of course the elegant methods of higher algebra 
cannot be used. 

7. The use of instruments in the classroom, material things which students 
can see, handle, and measure, makes the teaching of mathematics more real and 
vital. Instruments made by the students themselves have more meaning than 
those factor made, though the latter have their place in accuracy of measure- 
ment. A sundial can easily be made by any skillful mathematics student with 
a little instruction. Geometry and trigonometry underlie its construction. Miss 
Wood stated that other simple, inexpensive instruments easily made by stu- 
dents and illustrating many theorems in geometry and algebra are the panto- 
graph, proportional dividers, center-square, angle trisector, J-square, astrolabe, 
clinometer, and a telescope with a magnification of 72. 

8. Professor Wineland discussed the method used by H. Bethe, Ann. der 
Phys. 5, 325 (1930), in treating a certain improper integral which arises in the 
application of the Born approximate method to scattering by a Coulomb field. 
In this treatment, the divergent integral {> sin Kr dr is replaced by its mean 
value over a range of K from K—AK to K+AK, the order of integration is 
reversed and the resulting integral is evaluated. It was shown that this pro- 
cedure is indicated by the physical consideration that the parameter K, which 
is a function of the scattering angle, is not constant but varies over some small 
range of values. 

D. E. Soutn, Secretary 


THE NOVEMBER MEETING OF THE MICHIGAN SECTION 


The fall meeting of the Michigan Section of the Mathematical Association 
of America was held at the University of Detroit, Detroit, Michigan, on Satur- 
day, November 15, 1941. Professor T. R. Running, chairman of the Section, 
presided at both the morning and afternoon sessions. 

The attendance was sixty-three including the following thirty-nine members 
of the Association: N. H. Anning, J. W. Baldwin, W. D. Baten, E. F. Becken- 
bach, F. A. Beeler, E. G. Begle, E. E. Blanche, J. M. Bookstein, W. M. Borg- 
man, J. B. Brandeberry, C. J. Coe, A. H. Copeland, Max Coral, C. C. Craig, 
P. S. Dwyer, Peter Field, K. W. Folley, V. G. Grove, J. F. Heyda, T. H. Hilde- 
brandt, E. E. Ingalls, L.S. Johnston, P. S. Jones, Wilfred Kaplan, L. C. Karpin- 
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ski, E. D. McCarthy, D. C. Morrow, A. L. Nelson, J. E. Powell, G. Y. Rainich, 
E. D. Rainville, Arthur Rosenthal, L. J. Rouse, T. R. Running, E. R. Stabler, 
B. M. Stewart, G. B. Van Shaack, Fern Welker, E. T. Welmers. 

The following program of twelve papers was presented: 

1. “Reduction of systems of linear differential equations” by Professor Max 
Coral, Wayne University. 

2. “Stereographic projections with applications to navigation” by Professor 
L. S. Johnston, University of Detroit. 

3. “Independence and the rank of a probability matrix” by Professor A. H. 
Copeland, University of Michigan. 

4. “Solution of the general cubic by hyperbolic and circular functions” by - 
Dr. E. E. Blanche, Michigan State College. 

5. “On mean curvature” by Professor Samuel Eilenberg, University of 
Michigan, introduced by the Secretary. 

6. “Establishing the price of a work of art by Birkhoff’s formulas” by Pro- 
fessor L. C. Karpinski, University of Michigan. 

7. “Solitaire on a checkerboard” by Dr. B. M. Stewart, Michigan State Col- 
lege. 

8. “The Hamilton differential” by Professor V. C. Poor, University of 
Michigan, introduced by the Secretary. 

9, “Slide rule for a road spacing problem” by Dr. E. E. Ingalls, Albion 
College. 

10. “Isogonal trajectories of a pencil of planes” by D. K. Kazarinoff, Uni- 
versity of Michigan, introduced by the Secretary. 

11. “Rotations in space with rational direction cosines” by Professor N. H. 
Anning, University of Michigan. 

12. “Testing advertising effectiveness through eye movement photography” 
by Dr. J. J. McNamara, University of Detroit, introduced by Professor John- 
ston. 

Abstracts of the papers follow, numbered as above: 

1. Professor Coral reviewed the known theory concerning the reduction of 
the order of a system of linear differential equations, 


yi = Ain(%) Vey (i,k =1,2,+++,; 4, Sx S x). 
If p linearly independent solutions y;,(x), (s=1, 2,: ++, p), of the system are 
known, for which the determinant | Yrs| » (r, s=1, 2,---+, p), 1s never zero on 


x1 <x <x, then the system can be reduced by a suitable transformation to one 
of order n—p. Using a theorem due to Bliss, Professor Coral showed the theorem 
can be proved without the hypothesis concerning the determinant | Yra| « 

2. Professor Johnston pointed out the simplicity of the stereographic projec- 
tion of the sphere on the plane from the standpoints of construction and meas- 
urement and showed the graphical solution of the spherical triangle as applied 
to great circle sailing, to mapping and to practical astronomy. He urged the 
study of this projection in the courses in solid geometry and trigonometry, par- 
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ticularly in view of its value in navigation and “avigation” and other phases of 
civil and military activity connected with the war effort. His paper was illus- 
trated with a set of fifteen large charts. 

3. Professor Copeland represented the probability that two random vari- 
ables x and y will take on the values a; and 0; respectively by an m by matrix 
(W:;). He showed that various types of dependence are associated with the rank 
of this matrix. Thus strict independence is equivalent to the condition that 
(W:;) be of rank 1. The constancy of the regression curve implies that (W;;) is 
of rank less than m and n. The vanishing of the correlation coefficient places 
no restriction on the rank in the general case, but for m=n=2 all three types 
of dependence coincide. 

4, Dr. Blanche showed that the reduced cubic x*+3Hx+G=0 may be 
solved by the use of the formulas for sin 3x, cos 3x, sinh x, cosh x, sin (u+7v). 
He discussed first the case in which H and G are real, showing how solutions 
may be obtained under the various possible combinations of signs of H and G. 
He also discussed the general case in which H and G are complex, calling atten- 
tion to similarities to the real case. 

5. Professor Eilenberg considered first a function f defined and continuous 
on the surface S* of a unit sphere in euclidean (n+1) space, and he defined 
F(p) to be the average of f on the (n—1) sphere equatorial relative to p. He 
then showed that f and F have the same integral over S”. It thus appears that if 
f(p1) +f(p2) + «+ + +f(ha41) =k whenever pi, po, +++, Paar are mutually orthog- 
onal unit vectors, then the average of f on S* is k/(n+1). As an application of 
this result he pointed out that the mean curvature of a Riemannian manifold 
usually obtained by contracting the curvature tensor can be likewise obtained 
using the averaging method of harmonic analysis. 

6. Professor Karpinski first discussed the criteria which might be employed 
to determine the validity of an application of mathematical formulas to new 
domains and applied his conclusions to Birkhoff’s formulas for aesthetic meas- 
ure and ethical value. Assuming the validity of the methods and formulas given 
by Birkhoff in a popular lecture, “A Mathematical Approach to Ethics” in the 
Rice Institute Pamphlet for January, 1941, Professor Karpinski added a third 
formula and with its aid calculated with perfect accuracy the price at which a 
great work of art was recently sold. 

7. Dr. Stewart established necessary and sufficient conditions for clearing 
checker boards of various shapes of all the checkers but one, employing the 
usual king’s jump. His paper appeared in this MONTHLY for April, 1941. 

8. Professor Poor pointed out the value of the Hamilton differential in the 
absolute geometric development of vector analysis. He established a necessary 
and sufficient condition for the existence of the Hamilton differential of a poly- 
genic function. 

9. Dr. Ingalls explained the problem of the spacing of logging roads in timber 
land .and its solution by Professor D. M. Matthews of the Department of 
Forestry of the University of Michigan. He exhibited a practical circular slide 
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rule by which the optimum distance between roads could be calculated from 
the cost of skidding logs, cost of road construction and density of timber. 

10. Mr. Kazarinoff treated the problem of the determination of a family of 
curves cutting a given pencil of planes at a given angle a and lying in a plane 
making a given angle 8 with the axis of the pencil. He showed that for a=6 
the curves are circles for which the axis of the pencil is a focal line. For a<8 the 
trajectories are spirals and for a> no continuous solution exists. 

11. Professor Anning exhibited several neat two parameter formulas by 
which rotations in space with rational direction cosines may be obtained. He 
discussed in particular rotation about the line x =y =z. 

12. Dr. McNamara presented a statistical study of the effectiveness of 
advertisement, the data being collected by an ingenious photographic method. 
The variates employed were the advertisement itself, its position in the pub- 
lication and the age and education of the reader. 

C. J. Coz, Secretary 


THE SIXTEENTH ANNUAL MEETING OF THE 
PHILADELPHIA SECTION 


The sixteenth annual meeting of the Philadelphia Section of the Mathe- 
matical Association of America was held at Swarthmore College, Swarthmore, 
Pennsylvania, on Saturday, November 29, 1941, Professor Arnold Dresden 
presiding. 

The attendance was about fifty, including the following thirty-three mem- 
bers of the Association: E. F. Allen, C. B. Allendoerfer, J. A. Benner, H. W. 
Brinkmann, P. A. Caris, J. W. Clawson, Richard Courant, E. H. Cutler, J. E. 
Davis, L. J. Deck, F. L. Dennis, Arnold Dresden, Tomlinson Fort, R. M. 
Foster, H. S. Grant, J. E. Ikenberry, R. B. Kleinschmidt, J. R. Kline, V. V. 
Latshaw, W. F. Long, F. L. Manning, Clifford Marburger, R. W. Mariott, A. E. 
Meder, Jr., W. R. Murray, F. W. Owens, Helen B. Owens, G. E. Raynor, C. J. 
Rees, I. J. Schoenberg, C. A. Shook, C. V. L. Smith, W. M. Smith. 

At the business meeting the following officers were elected for next year: 
Chairman, C. O. Oakley, Haverford College; Secretary, P. M. Whitman, Uni- 
versity of Pennsylvania; Program Committee, H. W. Brinkmann, chairman; 
J. E. Davis, and J. A. Shohat. It was voted to hold the 1942 meeting at the 
University of Pennsylvania, Philadelphia, Pennsylvania, on Saturday, Novem- 
ber 28, 1942. The Section approved in principle a progress report on the ac- 
tivities of the Committee for the Promotion of Science in Secondary Education 
for the State of Pennsylvania. 


The following papers were presented: 
1. “The problem of the square pyramid” by Professor R. P. Bailey, La- 
fayette College, introduced by Professor Oakley. 
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2. “Cubic congruences” by Professor H. W. Brinkmann, Swarthmore Col- 
lege. 

3. “Recent developments in the Cauchy theory of analytic functions” by 
Dr. L T. Maker, Rutgers University, introduced by Professor Oakley. 

. “Problems of stability and instability demonstrated by soap film experi- 
ments” by Professor Richard Courant, New York University. 

Abstracts of the papers follow, the numbers corresponding to the numbers 
in the list of titles: 

1. Professor Bailey presented an account of the problem of the square pyra- 
mid. After the solutions of Lucas, Watson, and others had been reviewed, it was 
shown that the truth of Lucas’s Theorem may be made to depend on the proof 
that a certain quartic has no integral solutions, trivial or otherwise. The equiva- 
lence of Lucas’s system of equations to other interesting systems was shown. 

2. Professor Brinkmann discussed the relations between the discriminant of 
a cubic polynomial and its roots, if any, for a prime modulus. An elementary 
proof was given for a theorem due to Voronoi. 

3. Dr. Maker discussed the contribution of modern - measure theory to the 
problem of reducing the conditions on a function of a complex variable in order 
that it be analytic. The theory of functions monogenic on general sets, and a 
generalization of the Cauchy theorem to functions on closed sets, were ex- 
amined. 

4, Professor Courant stated that if a dynamical system permits different 
states of stable equilibrium, corresponding to relative minima of the potential 
energy, then there must exist transitions between these two states leading over 
an intermediary state of unstable equilibrium (maximinimum of energy). In 
mathematical terms: If a problem of stationary values leads to two different 
solutions of minimum character, then there must be expected at least one third 
solution of non-minimum character. This principle can be demonstrated by 
soap film experiments partly of a novel type, relating to minimal surfaces and 
systems of such surfaces. Likewise surfaces of constant mean curvature are 
used. These experiments and their mathematical basis are related to classical 
minimum problems of elementary geometry. They point to a new field of the 
calculus of variations where the problem is not to connect two elements in the 
plane or curves in space by extremal arcs or surfaces, but to connect any number 
of points or any closed graph in space by systems of extremals that intersect 
in not prescribed points or lines. In addition, a link between these problems and 
classical isoperimetric problems will be established. 

P. A. Caris, Secretary 


WHAT IS THE ERGODIC THEOREM? 
G. D. BIRKHOFF, Harvard University 


The integral of Lebesgue (1901), founded upon Borel measure, has been a 
dominating weapon in the striking advance of Analysis during the present 
century. Perhaps the Ergodic Theorem (1931) is destined to hold a central posi- 
tion in this development. Indeed, Wiener and Wintner in a recent article* refer 
to it as “the only result of real generality established for the solutions of dy- 
namical systems.” 

To understand the theorem and the nature of its applications it is necessary 
first of all to say something about (Borel-Lebesgue) measure, 7.e., “probability” 
in the sense sketched by Poincaré in the third volume of his Méthodes Nouvelles 
dela Mécanique Céleste. We restrict ourselves to the case of a line segment of 
unit length with coérdinate x, 0S <1. Suppose that we have a set of non-over- 
lapping intervals, finite in number and of total length ]<1 in this segment. 
The probability in a certain intuitive sense that a point, taken at random, lies 
in one of these intervals, is J; and the probability that it lies in the comple- 
mentary set is of course 1 —1. ; 

Now suppose that we are given a point set M containing an infinite number 
of points, which can be enclosed within an infinite set of non-overlapping inter- 
vals of lengths h, J2, - - - of total length. 


htl+ls+:-:: =/1< 1. 


Then clearly the probability that a point, taken at random, lies in M, cannot 
exceed J; and the probability that it lies in the complementary set is at least 
1—J. If now M is of such a nature that it can be enclosed in an infinite set of 
intervals of total length not exceeding an arbitrarily small quantity e, it is ap- 
parent that the probability of a random point falling in M does not exceed 
é, t.e. the probability is 0. Such a set M is said to be of measure 0. 

For instance, the set of rational points x =m/n which is everywhere dense 
on the line segment, is of measure 0. In fact these points may be arranged in 
order 


and the uth one of these points may obviously be enclosed within an interval of 
length €/2". Since we have 


Sp pp 
£, ££, fy i, 
2 4. 8 


* On the ergodic dynamics of almost periodic systems, American Journal of Mathematics, vol. 
63, 1941. For an introduction to the literature see Eberhard Hopf’s “Ergodentheorie,” Ergebnisse der 
Mathematik und ihrer Grenzgebiete, Berlin, Springer, 1937. Our discussion here deals only with 
the “Ergodic Theorem,” and not at all with the “Mean Ergodic Theorem” of von Neumann, which 
stimulated me to reconsider some old ideas, and so led me to the discovery and proof of the Ergodic 
Theorem, embodying a strong, precise result which, so far as I know, had never been hoped for. 
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it is evident that this set of rational points is of measure 0. 


More generally, if we have a set M such that it can be enclosed within a set 
of intervals of length i, J2, - + + with 


bth+t::: Slt+e 


while the complementary set M can be enclosed similarly within intervals 
hi, lo, «+ + with 


ht+ht-:.-sUd—-)t+e. 


for €>0 arbitrarily small, then M is said to be measureable of measure J; and 
its complementary set M will then clearly be measurable of measure 1—/. In 
this case the probability that a random point falls in M is obviously to be re- 
garded as J. 

All ordinary infinite sets specifically defined by analytic methods are found 
to be measureable in this sense. . 

The gist of the Ergodic Theorem can now be illustrated by means of our line 
segment. 

Suppose that there is given any one-to-one measure preserving transforma- 
tion T of the line segment 0$x <1 into itself; T may have a finite or infinite. 
number of discontinuities. A first simple example is the following: Imagine the 
line segment 0 <x <1 bent into a circle of circumference 1, without any stretch- 
ing; the first transformation J is merely a rotation of this circle through a cer- 
tain angle a. A second example is the following: The line segment is divided 
into the infinite set of intervals, 


1.1 3.3 7 
OSn< 5; Se <7; 4<5,°°° 


and then the second interval is interchanged with the first, the fourth with the 
third, etc., thus defining the transformation T. In both cases T is evidently of 
the stated type, and measure is preserved. 

The Ergodic Theorem then says: For any such measure-preserving trans- 
formation T, and for each individual point P (except possibly an exceptional set of 


measure 0), there is a definite probability that its iterates under T, from P on, 
namely 


P, T(P), T*(P), se. and P, T—(P), T-°(P), . ee 


fall in a given measurable set M. 

In other words the proportion of ” of these points (beginning with P) which 
lie in the set M tends toward a definite limit u,, as m approaches infinity in 
either direction. 

More generally, a line segment may be replaced by a finite volume M of 
n-dimensions, ” >1, and the points of M may be assigned a variable (integrable) 
positive weight, w(P). The generalized theorem would then assert that the cor- 
responding weighted means tend toward a limit u,. In the simple special case 
first stated, this weight-is 1 for the points of M and 0 for the points not in M. 
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Or, again, for n>1 the discrete transformation T may be replaced by a steady 
measure-preserving flow 7; in time t, and the analogous theorem holds. 

To illustrate this last possibility, suppose that in the square 0<x<1, 
0<y<1, the points move with a uniform velocity in a fixed direction, making 
an angle a with that of the x axis, and leaving the square to return at the 
homologous point (see the adjoining figure). Evidently such a transformation 
T;, 1s area-preserving. Let now M be any selected measurable part of the square, 
and let P be any point of the square—aside always from a possible exceptional 


set of measure 0. On the basis of the same theorem, there is a definite probability 
in infinite time, £20 or ¢S0 that P:=T,(P) falls within M, and this probability 
is the same in both directions. More generally a weight w(P) may be introduced 
in the case of a “flow” as well as in the discrete case. 

In more analytic garb, the theorem states in the two cases respectively that 
forn>+o0,To+to: 


P eee n—1 1 p 
TO gn [wl P)dP = 
n TJ 


The kind of applications to dynamical systems which the Ergodic Theorem 
affords are exceedingly varied and interesting. Take the simple example of an 
idealized convex billiard table on which an idealized billiard ball P moves with 
velocity 1. In the figure let ¢=arc OA, gi, =arc OA1,=AP, I*=AA\. We have 
a transformation (6, ¢2) =T (6, ¢) defined over a rectangle 


0<60<7; OS ¢S8 f, (p = perimeter of table) 


in the 6¢-plane, associated with the motion. It is not hard to prove that T is 
measure-preserving in the sense that the double integral 


sin 6 
f f —— dod 
sin 6b, 


has the same value when extended over any measurable part of this rectangle 
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as over its image under T; indeed it would be possible to deform the rectangle 
so that, over the new region, ordinary areas are preserved. 
Furthermore it is clear that, if we associate with any “state of motion” of 


Fic, 2 


the billiard ball, as of P, the three coordinates 0, ¢, / then a steady flow T;, is 
defined in the corresponding region of three-dimensional @@/-space: 


0<60<7; OS ¢< hp, 0Os/l/s/I* 


in which the following volume integral is preserved: 


sin 6 
f ( ff iva) dl. 
sin 0, 


Thus the theorem applies to this flow. 

Here are three obvious applications to this simple but typical dyanamical 
problem: 

(1) the average length of successive chords of the path tends to a definite 
limit, the same whether the time ¢ increases or decreases; 

(2) the average angle @ at ” successive collisions tends to a definite limiting 
value; 

(3) the billiard ball tends in the limit to lie in any assigned area of the table 
a definite proportion of the time. 

There is one especially interesting case, which may in fact be the “general 
case” as far as we know: It may happen that all of the points of our volume be- 
have in essentially the same way in the mean (aside always from the excepted 
set of measure 0, of course). If they do not so behave, the underlying space can 
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be subdivided into invariant measurable sets; thus for an elliptical table, the 
motions lying wholly in the ring outside a smaller confocal ellipse form such a 
closed invariant set; and this is an integrable problem—a limiting case of 
geodesics on a flattening ellipsoid. 

What the Ergodic Theorem means, roughly speaking, is that for a discrete 
measure-preserving transformation or a measure-preserving flow of a finite 
volume, probabilities and weighted means tend toward limits when we start 
from a definite state P (not belonging to a possible exceptional set of measure 
0), and, furthermore, the limiting value is the same in both directions. 

The Ergodic Theorem applies to manifold deep problems of analysis and 
of applied mathematics—as well to the solar system as to our simple billiard 
ball problem! Thus in G. W. Hill’s celebrated idealization of the earth-sun- 
moon problem (the restricted problem of three bodies) we can at once assert 
(with probability 1) that the moon possesses a true mean angular state of rota- 
tion about the earth (measured from the epoch), the same in both directions of 
the time. 


FOCAL CUBICS ASSOCIATED WITH FOUR POINTS IN A PLANE* 
M. G. BOYCE, Western Reserve University 


1. Introduction. Let A, B, C, D be distinct fixed points and Z a variable 
point, all in the same plane. The locus of Z such that the directed angles AZB 
and CZD are equal, or equal when reduced modulo 7, will be referred to as the 
equal-angle locus with respect to the four points. Similarly, if the distance ratios 
AZ/BZ and CZ/DZ are equal, the locus of Z will be called the equal-ratio locus. 
Any ordered set of four points will be said to form an ¢4-basis for a given curve 
if the curve is an equal-angle locus for the four points in that order, and an 
R-basis is defined in the corresponding manner. 

Each of the two loci just described has long been known to be a circular 
cubic which passes through its singular focus. Such a cubic is called a focal cubic, 
since it is the locus of the foci of the conics cut from a cone of second degree by 
a pencil of planes whose axis is tangent to the cone and perpendicular to a prin- 
cipal section. Quetelet initiated the study of these focal loci in his inaugural dis- 
sertation [Gand, 1819] on the case in which the cone is right circular. The focal 
curve is then identical with the oblique strophoid. Van Reest soon afterward dis- 
cussed the general case, Chasles and others followed with additional contribu- 
tions, and Teixeirat in 1908 included a rather comprehensive treatment of focal 
cubics in his treatise on special curves. 


* A preliminary report on this paper was presented to the Ohio Section of the Mathematical 
Association of America, April 8, 1939. 

+ K. Van Rees, Memoire sur les focales, Correspondance mathématique et physique de A. 
Quetelet, vol. 5, Brussels, 1829, pp. 361-378. 

t F. Gomes Teixeira, Traité des Courbes Speciales Remarquables, vol. 1, Coimbre, 1908, pp. 
45-58. 


1942]. FOCAL CUBICS ASSOCIATED WITH FOUR POINTS IN A PLANE 227 


The object here will be to study these curves by means of complex number 
representation and to investigate especially their properties relative to the base 
points. A complex number will be associated with a point as in the Gauss-Argand 
diagram. When a point is denoted by a capital letter, its complex number coérdi- 
nate will be denoted by the corresponding small letter, although when conven- 
ient the small letter will be referred to as a point also. Greek letters will designate 
real numbers, and a bar over a number symbol will denote the conjugate com- 
plex number. The viewpoint will be that of real metric Euclidean geometry. 


Z. Certain points and lines related to an ordered four-point. First, we define 
the focal center of the ordered four-point A, B, C, D to be the point S such that 
the angles ASB and CSD are equal (not reduced modulo 7) and the ratios 
AS/BS and CS/DS also are equal. Its coérdinate s will satisfy the equation 


(1) (a — s)/(b— s) = (¢c — s)/(d — 5), 
and hence 
(2) s = (ad — bc)/(a +d —6b-— 0c), 


provided a+d#b-+c. Obviously, S is on both the equal-angle and the equal- 
ratio loci. 

Next, let M and M’ denote the mean proportionals of A and D with respect 
to S. By this we mean that the numbers m—s and m’—s are the mean propor- 
tionals of a—s and d—s. From (1) it is readily apparent that B and C have the 
same mean proportionals with respect to S as do A and D. Hence 


(3) (m—s)? = (a—s)\(d—s) = (b—s\(c— 5S), m' —s=—(m—s). 


The points M and M’ will be called the mean points of the ordered four-point. 
The centroid of the four-point will be denoted by G. Its coordinate is 


g=(a+b+c+d)/4. 


Finally, the line segment joining the mid-points of AD and BC will be called 
the middle line of the ordered four-point. 

The 24 ways of ordering four points give only three different values to the 
formula (2) for s. Thus an unordered four-point has three focal centers, three 
pairs of mean points, three middle lines, and one centroid. 


3.Equations of the loci. The directed angle AZB is the amplitude of the 
quotient (b—z)/(a—z), and the distance ratio AZ/BZ is the modulus of 
(a—z)/(b—2). It follows from the definitions of §1 that the equations of the 
equal-angle and equal-ratio curves can be written, respectively, 


a— 2g a— B C— 2B C— 8 
(4-A) = = > ) 
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4-R _—— = = . 
(FR) b—z 6-2 d-g d-#2 


These equations reduce to 


(5-A) Go272 —_ 22? + G12" — 042? — A223 — G32 + 23% + a4 = OF 
(5-R) Gipz?% ++ apse? + diz? + a2? — dost + dz + 032 + 04 = 0, 
where 


@=at+d-—b-se, a, = bc — ad, 

a, = (6+ d)(b+c) — (a+ 464+), be = (¢@t+aA(Et+d) — b+ (b+ 4), 
as = bc(a + d) — ad(b+ 0), b; = ad(d + d) — bc(b+ 8), 

a, = adbé — bcad, bs = bcbé — adad. 


(6) 


Equation (5-A) is satisfied by a, b, c, and d; whereas one member of (4-A) is un- 
defined for each of these values of zg. For continuity we shall include these points 
as a part of the equal-angle locus. | 

The equations (5) are equivalent to their conjugate equations and hence 
represent curve loci. They are of third degree unless a++-d=b-+c. In the latter 
case the loci are equilateral hyperbolas, and the base points form a parallelogram 
in the order A B D C. Such an ordered four-point will be designated as a special 
basis* and will be excluded from further consideration in this paper. That is, we 
assume hereafter that at+d+4b-+e. 

To simplify the equations (5) take the origin at the focal center S of the base 
points and the real axis parallel to their middle line. Then, from (3) 


(7) ad = bc = m’, 


and the following relations hold among the coefficients (6), 


= =a=Qd, a, = ao(g — 2), be = ao(g + 8), 


a3 = bs = aom, a4, = ba = 0. 


(8) 


By virtue of these relations equations (5) now become 
(9-A) 2°Z — 227 — 2(g — g)28 — mz + m2 = 0, 
(9-R) 29% +. 232 — 2(g + p02 + m2 + m2 = 0. 


* Other special cases of interest arise if the four base points are not all distinct. Especially 
deserving of comment is the equal-angle locus when A and D coincide, that is, the locus of points Z 
such that angle AZB=angle CZA (mod. 7). This locus is a circular cubic passing through A, B, C, 
and the two Fermat points Fi, F: of the triangle. It has a crunode at A, where it cuts itself at right 
angles. (In particular, if A4B=AC the locus is evidently the circumcircle and the perpendicular 
from A to BC.) Treated inversively in the manner of Morley, such a curve is a biquadratic through 
the six points A, B, C, hi, F, ©. In this connection see M. W. Dean, A system of six rectangular 
biquadratics, American Journal! of Mathematics, vol. 52, 1930, pp. 585-600. Further references are 
there given to this case of a focal cubic with node. 
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Since 22 is a factor of the highest degree terms, the loci of equations (9) are 
circular cubics, and since it is also a factor of the terms of next highest degree, 
the singular focus is at the origin. Each curve thus passes through its singular 
focus, and we can state as a conclusion: 


THEOREM 1. The equal-angle and the equal-ratio loci for any non-special set 
of base points are focal cubics having a common singular focus at the focal center of 
the base points. 


4. Orthogonality of the curves. Addition of equations (9-A) and (9-R) gives 
Z(22 — 2ge + m?) = 0, 


and subtraction gives the conjugate equation. Hence the finite points of inter- 
section of the two curves are the origin and two points whose codrdinates are 


gt+ve? —m’, g—vV 22 — m’*. 


It may be observed that the mean proportionals of these two points with respect 
to the focal center are M and M’ and that their centroid is G. 

To find the angles at which the two curves meet, first find dz/dz for each 
curve, since this gives the clinant* of the tangent to the cirve. We obtain from 
the equations (9) 


dz 2% — 222 —2(g—p)ze+m 22m? — 2) 


(10-A) — = =, 
dz 3% — 222+ 2(¢g —ze+m 22(m? — 2?) 

10-R) dz w+ 22% — 2(g + Z)2 + m? _ 2?(m? — 3°) 

(10- dz + 222 —2(¢+ 2)2 + m 7 22(m? — 2?) 


At any point common to the two curves, one of these clinants is the negative 
of the other. This is the condition for perpendicularity, and hence the two curves 
are orthogonal at every point of intersection. 

By writing equation (9-A) in the form 


z[z2 — 2 — 2(¢g — 2)| — ms + m2 = 0 
and (9-R) in the analogous form, the asymptotes are found to be 
(11-A) g—2% = 2(g — 8), 
. (11-R) 2+2% = 2(g + 8). 


Thege lines have clinants 1 and —1 respectively, and they intersect at the point 
2g. The foregoing results can be collected to give 


THEOREM 2. The equal-angle and the equal-ratio loci for a non-special basis 
intersect orthogonally in three finite points and have orthogonal asymptotes. The’ 


* The clinant of a line is a number of modulus unity and of amplitude equal to twice the in- 
clination of the line to the real axis, 
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three points of intersection of the curves and that of the asymptotes are vertices of a 
parallelogram whose center 1s the centroid of the base points. 


5. e4 and ® bases for any focal cubic. It is known that a focal cubic has a 
double infinity of e4-bases* and a double infinity of R-bases.t We shall charac- 
terize these bases analytically in complex numbers and thereby obtain a new 
geometric description of them. 

Since a focal cubic is a circular cubic which passes through its singular focus, 
its equation can be written in either of the forms 


(12) 2°Z — 227 — laizs — po + pz = 0, 
(13) 2° + 222 — 262% + gz + gz = 0, 


where a and £ are real numbers. Both of these forms have the origin taken at 
the singular focus, while the real axis is parallel to the asymptote in (12) and 
perpendicular to it in (13). 

Now, to investigate e4-bases, we suppose the given focal cubic to have its 
equation in the form (12). By identifying (12) with (9-A) we see that for four 
ordered points a, b, c, d to form an ¢4-basis for (12) it is necessary that 


(14) ad = bc = }, 
(15) atd—b-—c=aé+d-5-é, 
(16) atdtbtc—(@é+d+64+6 = 4ai. 


Conversely, those relations in (6), (7), and (8) which concern the equal- 
angle locus are implied by (14), (15), and (16), provided g—2 be replaced by az 
and m? by p, and they in turn imply that (12) is the equal-angle locus for the 
basis a, b, c, d. By adding and subtracting (15) and (16) an equivalent pair of 
equations is obtained, and we can state that the conditions, 


(17) ad = bc = }, 
(18) atd—a@—d=b+c—b—-€é= dai, 


are necessary and sufficient that the ordered four-point a, b, c, d form an -A-basis 
for the focal cubic (12). 

A non-self-conjugate equation in complex unknowns yields another equation 
when its conjugate is taken, while of course a self-conjugate equation does not. 
The two non-self-conjugate equations in (17) and the two self-conjugate ones 
in (18) are thus seen to give six conditions on the eight unknowns a, D, c, d and 
their conjugates. This verifies the existence of a double infinity of e4-bases for 
a given focal cubic. 

By eliminating d from the two equations in (17) and (18) which involve d, 
it is seen that a must be on the focal cubic. Likewise 0, c, and d must be on the 


* Van Rees, op. cit., p. 375. 
} Teixeira, op. cit., p. 51. 
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cubic. In fact, if any two points a and 0 are chosen on the curve (12), then (17) 
determines c and d so as to form an ¢4-basis. 

Next, to determine R-bases, let the equation of the given focal be (13). By 
identifying (13) with (9-R) and reasoning as before, we see that the conditions 
on a, b, c, d are (14) with g replacing p, (15), and 


(19) atd+b4+cect+a+d+b+é= 4@. 


Equations (15) and (19) can be combined into a single non-self-conjugate equa- 
tion, and we have that the conditions 


(20) ad = bc = q, 
(21) a+td+6+é=2£ 


are necessary and sufficient that a, b, c, d form an R-basts for the focal cubtc (13). 

The three non-self-conjugate equations (20), (21) yield six: conditions in all, 
indicating that the R-bases of a focal cubic also constitute.a doubly infinite sys- 
tem. One point, say a, can be chosen as any point in the plane not on the curve 
(13). Then equations (20) and (21) determine three other points 0, c, d which 
with a form an #-basis for (13). 


6. Mean points and middle lines. By comparing (17) with (7) we see that 
every ¢/4-basis for the focal cubic (12) will have the same mean points, namely, 
++/p. To find the mean points for R-bases for the cubic (12), apply the trans- 
formation z=2zw and obtain 


ww + wh? — 2awd + (— p)wt (— p)d = 0. 


This equation is of the same form as (13), and hence by (20) all of its R-bases 
have the mean points +ix/p. Before transformation these points would be 
++/p, and we have 


THEOREM 3. All of the -A-bases and R-bases of a focal cubic have the same mean 
points. 


Thus the mean points of the bases are characteristic points of the curve, and 
we may speak of them as the mean points of the focal cubic. If the equation of a 
focal cubic is in either of the forms (12) or (13), then its mean points are the 
square roots of the coefficient of 3. 

The line parallel to the asymptote and midway between it and the singular 
focus is called the middle line of a focal cubic. For the cubics (12) and (13) the 
middle lines are, respectively, 


(22) Z2—% = at, z+Zz= 8. 


A focal cubic is uniquely determined when its mean points and middle line are 
given. 

From (18) it is seen that (a+d)/2 and (6+c)/2 satisfy the first of equations 
(22) and hence the middle line of the focal cubic contains the middle lines of all 
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the ¢-4-bases of the cubic as segments. Again, by using (21) and its conjugate, the 
second of the lines (22) can be shown to be perpendicular to the segment joining 
(a+d)/2 and (6-+c)/2 and through its midpoint. Hence the middle line of the 
focal cubic is the perpendicular bisector of the middle lines of all of its R-bases. 
We can now translate the necessary and sufficient conditions of §5 into the geo- 
metrical terminology of mean points and middle lines, as in the following theo- 
rems. 


THEOREM 4. An ordered four-point is an -A-basis for a focal cubic if and only 
af ats mean points are the mean points of the cubic and tts middle line 1s along the 
middle line of the cubic. 


THEOREM 5. An ordered four-point 1s an R-basis for a focal cubic tf and only 
af tts mean points are the mean points of the cubic and tts middle line is bisected 
orthogonally by the middle line of the cubic. 


7. Common bases for a pair of orthogonal focal cubics. Consider any two 
focal cubics which have the same singular focus and orthogonal asymptotes and 
which are orthogonal at all points of intersection. We inquire now as to what con- 
ditions an ordered four-point must satisfy in order to be an ¢4-basis for one of 
the pair of curves and an ®-basis for the other. First, we note that the two focal 
cubics can have their equations taken in the forms (12). and (13). Next, by 
adapting the clinant formulas (10) to these equations, it can be shown that p 
and g in (12) and (13) must be equal if the two curves are to be orthogonal at 
all intersections. Since the mean points for focals (12) and (13) are the square 
roots of the coefficients of 2, we have 


THEOREM 6. Any two orthogonal focal cubics with a common singular focus 
have the same mean points. 


\ 
By virtue of this theorem we see that the same four-point can satisfy the 
hypotheses of both Theorem 4 and Theorem 5 for the focal cubics of an orthogo- 
nal pair. Hence 


THEOREM 7. An ordered four-point is an eA-basis for one of two orthogonal 
focal cubics which have a common singular focus and 1s an R-basis for the other, 
if and only if the mean points of the four-point coincide with those of the two curves 
and the middle line of the four-point 1s along that of the first curve and is bisected 
by that of the second. 


Analytic conditions for a common basis for a pair of orthogonal focal cubics 
cah be obtained by combining the conditions of §5. Thus, if p=g in (12) and 
(13), then (17), (18), and (21) are necessary and sufficient conditions that a, b, c, d 
form an cA-basis for (12) and an R-basis for (13). 

The equations (17), (18), and (21) comprise two self-conjugate and three 
non-self-conjugate equations. This would seem to give eight conditions, but it 
is found that (18) and (21) imply the conjugate of (21), and hence there are only 
seven independent conditions on eight unknowns. Hence 
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THEOREM 8. A pair of orthogonal focal cubics with the same singular focus has 
a single infinity of common cA- and R-bases. 


8. Centers of inversion. The inverse of z with respect to a circle with center 
c and radius p is the point y given by 


(2 — (5 — 0) = 0 


This transformation applied to a focal cubic gives in general a bi-circular quartic. 
However, if the center is on the curve, the inverse curve is again a focal cubic. 
In particular, it is well known that a focal cubic inverts into itself if the center 
is taken at a point where the tangent is parallel to the asymptote and if the 
radius is the length of a tangent from such a point to the curve. 

' To find the centers of self inversion of a given focal cubic, we take the equa- 
tion in the form (9-A) and set its clinant (10) equal to —1. This gives 


ms —mz= 0, ms + mz = 0. 
Since m and —™m are the mean points of the curve, we have 


THEOREM 9. The centers of inversion of a focal cubic are the points of inter- 
section, other than the singular focus, of the curve with two lines, one being through 
the mean points and the other the perpendicular bisector of the segment joining them. 


The elimination of 2 between #z—mz=0 and (9-A) gives 
2(2? — Imyz + m*) = 0, 
where y is the real number (g—2)/(m—m). Thus the roots are 3) =0 and 


2.= my + v7? — 1), tn = my — Vy? — 1). 


If y?>1, then 72-1 is a non-zero real number and the three roots are all 
found to satisfy both #z—mz=0 and (9-A). If y2=1, then 2:=2. and the focal 
cubic has a node at this point. However, the node is not a center of inversion. 
Finally, if y?<1, then 2; and zg, do not satisfy mz—mz=0. 

A similar argument applied to the line mz-+-mz=0 shows that it always in- 
tersects the curve in two actual points besides the singular focus. 

Since the points g—g and m—/7 are twice as far from the real axis as are the 
middle line and the mean points, respectively, the foregoing results can be ex- 
pressed as in the following theorem. The relation between the number of real 
centers of inversion and the number of circuits of a circular cubic gives at the 
same time a criterion for the number of circuits. 


THEOREM 10. A focal cubic has two or four real centers of inversion, and thus 
has one or two circuits, according as its mean points are or are not on opposite 
sides of tts middle line. 

In the figure one set of base points ABCD is shown. The two-circuited curve 
is an equal-angle locus for this basis and the one-circuited curve is an equal- 
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ratio locus. The middle lines are the lines through G, and the asymptotes are 
those through H. The line segment EF is the middle line of the four-point 
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ABCD. The centers of inversion of the one-circuited curve are designated by J’s 
and those of the two-circuited curve by K’s. 


MATHEMATICS PLACEMENT AT THE UNIVERSITY OF OREGON 
C. F. KOSSACK, University of Oregon 


Our problem is that of placing the entering college freshman in a mathe- 
matics course that best fits his preparation and his ability. A few years ago this 
problem was almost non-existent, since at that time students were assigned to 
one standard beginning course, usually College Algebra. In recent years the 
amount of high school mathematics given, as well as the caliber of courses 
taught has become so variable that colleges have been forced to introduce new 
freshman mathematics courses. With the advent of these new courses came the 
problem of placement. I would like to present the work done by the staff of the 
Department of Mathematics of the University of Oregon in its attempt to solve 
this problem. 

, Experience has shown that the student’s mathematics record does not give 
enough information to place him properly in one of the possible freshman 
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courses. What is taught as eleventh grade algebra in one school does not always 
correspond to the same titled course in another school. Further, what is consid- 
ered as B work in one school may rate no better than a low C in another. To help 
remedy this lack of placement information, a placement test was constructed and 
given to all students enrolling in freshman mathematics. The student’s score on 
this test, his high school record, and his score on an intelligence test were used 
in an attempt to place him in the proper freshman course. The statistical ap- 
proach of multiple linear regression was used. In using this method it is neces- 
sary that the variables used be numerical. To make the high school mathematics 
record numerical we studied the average college mathematics grade made by 
students having the same high school mathematics record. This divided our data 
into ten groups. The first group contained the students with no high school 
algebra, the second contained students who received an F in 9th grade algebra 
with no 11th grade algebra, the third contained those with a D in 9th grade 
algebra, and so on to the tenth group which was made up of students with A’s 
in both 9th and 11th grade algebra. The increase in the average freshman mathe- 
matics grade from one group to the next was approximately constant throughout 
the ten groups. This fact enabled us to use the following table in translating the 
high school mathematics record to a numerical score. 


. Grade in 9th Average grade in 
Mathematics No math grade algebra 9th and 11th 
Score with no 11th grade algebra 
1 x 
2  i#F . 
3 D 
4 C 
5 B 
6 A 
7 D 
8 C 
9 B 
10 A 
Let x; = placement test score, 


x2=high school mathematics score, 
x3 = psychological decile,* 
x4=scholastic decile, ft 
, x5=number of years since high school graduation. 


* The students were given a psychological decile from their scores on the Ohio State Univer- 
sity Psychological Test, form 20. 

+ The scholastic decile was obtained by ranking the students according to the number of A’s 
and B's in their complete high school record. From this ranking a decile score was obtained for 
each student. If the student’s rank in his graduating class is available, it could be used in place of 
the scholastic decile. 
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The problem was to predict the grade of work a student would do in the various 
first term mathematics courses from the above five variables. This was done by 
predicting an achievement score from the record of the student, where the 
achievement score is related to the possible grades in the mathematics courses 
by the following table: ) 


Achievement Elementary Intermediate College Elementary 
score, y algebra algebra algebra analysis* 

1 F . 
3 D 
5 C F 
7 B D 
9 A C 

11 B F 

13 A D F 

15 C D 

17 SB C 

19 A B 

21 A 


That is, a student with an achievement score of 9, would be expected to make 
an A in Elementary algebra, a C in Intermediate algebra, and a failure in any 
more advanced course. | 

From studying the records of 174 students who had finished their first term 
mathematics course and who had been given the placement test at the beginning 
of the term, the predicting or regression equation was found to be 


y = .41173 + .12629%1 + .66590x%2 + .11512%3 + .110414, + .23031 x5. 


The standard error for the predicted y’s was equal to 2.3548. If one considered 
only x; and x2 in his prediction he would have the regression equation, 


y = 1.51279 + .133004641 + .7089780x2, 


with the standard error equal to 2.4228. This indicates that in placement work 
the factors x3, x4, and x5 are almost superficial when considered with x; and x2, 
and hence in the rest of our work these factors were disregarded. 

From the standard error given above one can see that approximately two- 
thirds of the students actually received their predicted grades, while approxi- 
mately 95% received grades which were within one level of the predicted grade. 

, It was decided that a student should not be placed in a course unless his 
predicted achievement score indicated that the student should be able to do C 
work or better in that course. In case this rule allowed two placements for a stu- 
dent, he should be assigned to the more advanced course. Using this rule the 
following chart was made and used in placing students. 


* The text for this course is Milne and Davis, “Introductory College Mathematics.” 
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PLACEMENT CHART 


High school mathematics record 


Assign to 


Grade in 9th grade algebra Average grade in 9th and 11th 
F D C B A D C B A 
Elementary 0 0 0. 0 0 0 0 0 
algebra to to to to to to to to 
40 33 28: 23. «17 12 7 1 
Intermediate 41 34 29 24 18 13 8 2 0 
algebra to to to to to to to to to 
84 78 73 68 62 57 52 46 41 
College 85 79 74 69 63 58 53 47 42 
algebra ao ao ao to to to to to to 
83 76 72 67 61 56 
Elementary 84. 77 73 68 62 57 
analysis ao ao ao ao ao ao 


In this chart the intervals in the body of the chart refer to placement test scores. 
Thus a student with a C in 9th grade algebra and no 11th grade algebra who re- 
ceives between 29 and 73 points on the test would be assigned to Intermediate 
algebra. / 

One of the main criteria used in the evaluation of any placement scheme is 
whether the placements keep course dropping at a minimum. In the actual use 
of this chart we have reduced the percentage of drops or changes of courses after 
registration from 29 per cent to 9 per cent of the enrollment. In considering 
whether or not 9 per cent is near the minimum one must bear in mind the fact 
that at the University of Oregon the regulations governing the dropping of courses 
are so liberal that most students drop courses instead of failing them. We hope 
that in future years our placements with the aid of the placement chart will be 
as accurate as they appear to be this year. However, we are continuing our work 
in this field in the effort to improve our technique. 


AN APPLICATION OF VECTOR ANALYSIS TO THERMODYNAMICS 
J. T. RUCKER, University of Cincinnati 


1. Introduction. If E denote the internal energy of a one-component body of 
unit mass, S the entropy, V the volume, T the absolute temperature, and P the 
imposed pressure, then E=E (S, V), and equilibrium subsists if 


(1) T=Es, P=-— Ey. 


The subscripts mean partial derivatives taken with respect to the quantity so 
indicated. A necessary and sufficient condition that the equilibrium be not un- 
stable (i.e., that it be stable or neutral) is that 


(2) SE — TaS + Pav = 0, 


where 6E=E’—E, 6S=S’—S, and 6V=V'—V, and T and P are to be com- 
puted for the state (S, V) by (1). The unprimed letters refer to the state whose 
stability is in question; the primed letters denote any other possible state. 

It is our purpose to show how the geometrical properties of four fundamental 
thermodynamic surfaces may be deduced from a vectorial analogue of (2), and 
to indicate other applications of vector analysis to these surfaces and to plane 
diagrams derived from them. 


2. Development of the criterion. If the rectangular coérdinates x, y, 2 be 
identified respectively with S, V, and E, (2) becomes 


(3) 63 — 2,0% — 2,0y & 0. 
Letting f denote the position vector of a point R (x, y, 2), 
(4) ét = [dx, dy, dz]. 

The normal to the surface z=2(x, y) at R is defined as 

(5) N =f, Xf, = [— 22, — 2y, 1]. 
From (4) and (5), 

(6) N+ dF = 52 — 2,64 — 2,64. 


The scalar product N- 6f affords a convenient geometrical criterion. The vec- 
tors N and éf have a common origin at R, and N is perpendicular to the tangent 
plane at R, making an acute angle with the positive direction of the z-axis. If 
the criterion exceed zero, therefore, any point R’ on the surface, and, hence, the 
whole surface, falls above the tangent plane at R; if the criterion equal zero, 
R’ lies in the tangent plane; if it be negative, the surface falls below the tangent 
plane. 

For the surface E= E(S, V), the sign of the criterion is given by (2). To ascer- 
tain its value for other surfaces, however, the variables must be expressed’ in 
terms of S and V. Thus 


238 


AN APPLICATION OF VECTOR ANALYSIS TO THERMODYNAMICS 239 


x = «(S, V), y= y(S, V), 2 = 2(x, y), 


whence 


AS, V S,V 


and 


° = 1625) +1(24) 


To study the surface near a point, the variations may be taken sufficiently 
small so that orders of infinitesimals exceeding the second are negligible. Then 


(9) N-or = Af ea2(Sx)? + 22,,6x%6y + Syy(dy)?} = 39. 


3. Applications. The four fundamental thermodynamic surfaces correspond 
to the equations 


E=E(S,V), A=A(T,V), H=H(P,S), F=F(P,T), 


where the functions A (the work content), H (the enthalpy), and F (the free 
energy) are defined as follows: 


(10) A=E-—TS, 
(11) H=E+PV, — 
(12) F=E+PV—TS. 


Hence, by (7) and (8), and the equilibrium relations (1), 
Ar=-—S, Hp=V, Fp=VJ, Ay=-—P, Hgs=T, Fr=-S. 
The criteria for the four surfaces, then, are expressible, by (6), as follows: 


(13) F-surface, N° st = 5E — T8S + PSV, 
A-surface, N°? = 6E — TSS + PéV — bT5S 


(14) 

= — {(— 6E) — T’(— 6S) + P’(— 6V)} — Pov, 
(15) H-surface, N° sf = bE — T8S + PiV + dPV 

= — {(— 8E) — T'(— 8S) + P'(— 8V)} + 8798, 
(16)  F-surface, N-st = — {(— 6E) — T’(— 6S) + P’(— 8V)}. 


In light of (2), the signs of the criteria for the various surfaces may be read 
immediately from (13)—(16). The signs of the quadratic form q, its discriminant 
ZeeSyy — (Zey)?, and the partial differential coefficients 222 and 2,, then follow. The 
signs of the principal curvatures and the forms of Dupin’s Indicatrix, as well as 
the positions of the surfaces relative to their tangent planes, thus are manifest. 
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In (2), the inequality sign holds for bivariant states, the equality for in- 
variant states, and for univariant, or two-phase, states, the relation applies as 
written. For points in the portion of the E-surface corresponding to univariant 
states, therefore, g20, and, hence, the discriminant, D, vanishes. This field, 
consequently, is developable. Let i denote the difference between the position 
vectors of the two points which lie on a generator and which correspond respec- 
tively to the two phases capable of coexistence. Then, if N be the normal at any 
point on the generator, 


aN = 0. 


Let the tangent plane which contains the generator rotate about it through an 
infinitesimal angle and let the consequent new value of N be N’. Then 


ai-N’ = 0. 
Hence, 


a-(N’ —N) = a-dN = 0. 


This is the vectorial equivalent of the Clapeyron equation. In terms of compo- 
nents, 


ai-dN = [AS, AV, AE|-[— dT, dP, 0] = — ASdT + AVdP = 0. 


To convert the equation to its usual form, we replace AS by its equivalent L/T, 
where L denotes the specific latent heat of the change of state at the tempera- 
ture 7. Then 


dP/dT = L/(TAV). 


4. Some aspects of plane sections. Points on the H-surface in regions of 
stability are characterized by a positive definite quadratic form, and, conse- 
quently, D>0. Fields of instability, on the other hand, contain points for which 
the criterion is negative for certain continuous variations. Hence, g is indefinite, 
and D<0Q. From continuity considerations, therefore, boundary points between 
these fields must satisfy the relation 


(17) EssEvy — (Egy)? = Q. 


The critical state corresponds to such a boundary point. 

The properties of the isentropic, isometric, isothermal, and isobaric curves 
at the critical point are of interest. Consider the SV diagram obtained by pro- 
jecting the #-surface on its base plane. The gradients of entropy, volume, tem- 
perature, and pressure are as follows: 


oT nv oT ys . . 
VI = (=~) i + (—) J = Eggi + Egy], 
Vv dV /sg 
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UP (~~) 3+ (=) i Red — Eee] 
= (——]} i —)j=- i — . 
as) y aV me VS vvj 


From (17), it appears that the gradients of T and P are linearly dependent at 
the critical point, and, therefore, the isothermal and the isobaric have a common 
tangent there in the SV diagram. But the operator V is formally invariant with 
respect to a transformation of coordinates. The property of tangency, conse- 
quently, must hold in any diagram whatever which represents states of the body 
uniquely. In particular, it follows that in any intensity-extensity diagram, con- 
stant intensity curves have horizontal tangents at the critical point. 

A consideration of the gradients, in connection with the fact that the critical 
state is stable and that, therefore, the temperature must increase with the en- 
-tropy at constant pressure, reveals further that in circumscribing the critical 
point in a clockwise direction, the iso-curves are encountered in the order 


S,T, P, V. 
If W denote the work done by the body in undergoing a cyclical process, it 


is apparent that 
w= f pav = [ PVV-dr 
0 0 


where the integral is to be taken about the circuit in question. By Green’s Theo- 
rem, therefore, 


(18) w= [[ k-rot (PVV)da. 


In the xy coérdinate system, (18) may be converted into its Cartesian equiva- 
lent, becoming 


(19) W = J J (2 ~ avd 


The work associated with a closed path thus is given in terms of the area en- 
closed. Dimensional homogeneity requires that the jacobian of (19) have the 
dimensions of energy x area~!. J may be regarded, therefore, as the reciprocal 
of the scale of work in the xy-diagram. It is evident that the scale, in general, 
will vary with the position of a point in the diagram. If x and y be identified 
respectively with V and P, however, J=—1, and, hence, the VP diagram ex- 
hibits work to constant scale. Similarly, the ST diagram is of constant scale. 
The VS diagram, on the other hand, is of variable scale. 

In the mapping of points in a variable scale diagram upon the VP plane, a 
sufficient assurance of biunique correspondence is that J~0. The sense of rota- 
tion, however, will be preserved or reversed according as J is positive or nega- 
tive; z.e., the region in which J <0 will be inverted in mapping on the VP plane. 
In view of the continuity between the two regions, such an inversion is attain- 
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able only by “folding” along the line upon which J vanishes. In the VP diagram 
for certain substances, consequently, there will occur regions of points which 
are double-valued with respect to the corresponding thermodynamic states. 
Moreover, this property may be expected in any diagram of constant scale, as 
is evident from the consideration that circuits described in the same direction 
in a diagram of variable scale may be associated with quantities of work of op- 
posite sign; whereas, this is not possible in a constant scale diagram.* 

The deformations necessary to transform the VS plot into various other 
plane diagrams may be illustrated through the action of variable, planar dyadics. 
Let 


- - ~ oP. 
f= Vi+tSj and = i+ ih 
Then . 
f= 6-F= Vit Pj. 
The transforms are evidently position vectors of points in the VP diagram, the 
effect of ® being to slide all points vertically so that the isobars become horizon- 
tal lines spaced linearly with respect to P. Again, let 


YW = —ii+ jj. 


=| 


Then 
WP = Ti+ Pj. 
The VP diagram thus is transformed into the JP plot. A single dyadic 2 which 
duplicates in action the two dyadics given above is defined by the equation 
Q= ®-W. 


5. Interrelationships. Mutual and reciprocal properties of the four surfaces 
will appear from an inspection of the following table in which the quantities 
E, H, A, and F are displayed, for the sake of uniformity, as scalar triple prod- 
ucts. The expressions may be verified easily by expansion and reference to the 
defining equations (10)-(12). 


Quantity Surface SVE PTF TVA PSH 
E z T.Xf,-t EXf.-j iXi.j 
F t, Xf, -¥ 2 i-f, Xf i-f, Xf 
1 A tXf.-j tXf.°j g Tt, Xt,-t 
H i-f, Xt i-t, Xf fT, Xf,-t Z 


* A case in point is furnished by water. In the VS diagram, J= —(0P/0S)y. The line of fold 
here is the curve which represents liquid states of maximum density; for along this curve, J van- 
ishes, and on opposite sides of it, J assumes opposite signs. 


A NOTATION FOR INFINITE MANIFOLDS 
EDWARD KASNER, Columbia University 


I wish to introduce a notation for the content of a manifold of geometric 
objects depending on arbitrary functions. Our symbolism has been found useful 
in problems of geometry and physics, especially those depending on systems of 
partial differential equations. The notation was first mentioned in my review of 
Riquier’s treatise on differential systems. (See Bulletin of the American Mathe- 
matical Society, 1912.) | 

The content of a set of geometric objects, each uniquely determined by 
arbitrary constants, is denoted by the familiar notation «”. Thus the number of 
points in ordinary space is ~%, and the totality of events in Einstein space is 4. 
There are 4 straight lines in space. The conics of the plane are 5 in number, 
whereas the number in space is © ®, There are »° quadric surfaces in space. 
The number of orbits of conceivable planets in the solar system obeying Kepler’s 
laws is ~°, A rigid body moving freely in space has 6 degrees of freedom. The 
number of possible positions is © §, 

Although the preceding sets are quite large in content, we soon meet mani- 
folds which are very much more extensive. For example, consider the totality of 
curves in space; this depends on two arbitrary functions of a single variable, 
that is, y and g are arbitrary functions of x. This set would be of the type 0% 
since the number of arbitrary constants is endless. But this vague symbol would 
represent also the number of surfaces in space, which depends on one arbitrary 
function of two variables, that is, z is an arbitrary function of x and y. Therefore 
to distinguish between these two obviously distinct manifolds, we suggest that 
the number of curves in space be denoted by the symbol «2/4 and the number 
of surfaces by the symbol «!/(), 

As another example, the number of cylinders in space is «2+! 4, because a 
cylinder is determined by selecting an arbitrary curve in a fixed plane as base 
and an arbitrary direction in space for the generators. The 2 denotes two arbi- 
trary constants and may be denoted by 2 f(0). Hence the totality of cylinders 
in space is 0?2/(0+1/(), Similarly, we find that the total set of cones in space is 
0 f+), Of course usually we may omit f(0) without ambiguity. 

We make the following definition: Let a manifold M depend on ro constants, 
r, functions of 1 variable, re functions of 2 variables, - + - , 7, functions of k variables. 
Then the content of M 1s expressed by the symbol 


(S) 0 Tof (O)-+rif (L)+ref(2)+e + bref Ck) | 


The complete exponent represents the number of degrees of freedom. 

In a given plane field of force, there are ©* dynamical trajectories. However, 
the number of possible plane fields of force, since this depends on two functions 
of two variables, will be «2/4, A given field of force in space possesses o 5 
dynamical trajectories. The complete set of fields of force in space is © */@), (See 
my Princeton Colloquium Lectures 1912, 1934.) 
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The conformal! and equilong groups of the plane each consist of 0 ?/™ trans- 
formations. The group of all lineal element transformations preserving the set of 
all isothermal families is much larger, and is expressed by the symbol «1! /(@+4/(, 
On the other hand, the group preserving the dual-isothermal type is expressed 
by the symbol ~ °/“, If we ask how many isothermal families of curves are pos- 
sible, we find the symbol ?/. The same is true for the dual-isothermal type. 

It is known that ©” and o”, where mn, are topologically distinct (Theo- 
rem of Brouwer). Now I wish to propose two fundamental questions. Firstly, 
are oS) and o*/), where k>0 and m#n, topologically distinct? Secondly, 
how can we topologically compare of and of where k#/? For example, 
does there exist a one-to-one continuous correspondence between all the curves 
and all the surfaces of space? In general; what is the effect of changing the co- 
efficients or the arguments or both in the exponential symbol for infinite mani- 
folds? Evidently in any rigorous discussion we must refine the type of “arbitrary 
function” admitted (as regards continuity, differentiability). In most applica- 
tions it is perhaps wise to confine ourselves to analytic functions. This is the case 
in the publications referred to in the final paragraphs. (Ambiguities may arise 
in counting the functions.) 

Before closing, I wish to give the following additional examples of o*. The 
content of the opulence of lineal elements of the plane is %. In the opulence are 
contained the totalities of 04 geometric turbines, °® limacon series, ~? flat 
fields, «4 spherical fields, and © ® quadric fields. 

The turbine group, defined by the preservation of the manifold of * geo- 
metric turbines, is isomorphic to the projective group of space and consists of 
o 15 Jineal element transformations. An important subgroup of this is the Lie 
group consisting of the 1° contact transformations of the plane preserving the 
set of 0? circles. Also we may mention the Moebius and Laguerre groups, each 
possessing © correspondences, which are themselves subgroups of the turbine 
and Lie groups. As a final illustration, we may give the whirl-motion group, 
studied extensively by myself and De Cicco, which consists of the 8 lineal 
element transformations obtained by compounding turns, slides, and motions. 
This is a subgroup of the turbine group but not of the Lie, Moebius, and La- 
guerre groups. (See Bull. Amer. Math. Soc., 1938.) 

The symbol (.S) suggested above has been used for many years in my semi- 
nar, in papers by Kasner and De Cicco, Comenetz, Fialkow, and recently 
in an extensive memoir on the inverse problem of the calculus of variations by 
Douglas. (See Trans. Amer. Math. Soc., 1941.) 
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EDITED BY R. J. WALKER, Cornell University, Ithaca, N. Y. 


The department of Discussions and Notes in the MONTHLY 1s open to all forms of activity 
in ‘collegiate mathematics, except for specific problems, especially new problems, which are 
reserved for the department of Problems and Solutions. 


MANTISSA AND CHARACTERISTIC 
P, C. HAMMER, Oregon State College 


The state of confusion existing in textbooks concerning the definitions of the 
terms manitssa and characteristic of the common logarithm has been pointed out 
in a recent note by C. B. Read.* This confusion does not serve a real purpose in 
simplifying the teaching of logarithms. That a certain lack of conciseness may 
contribute’ to the ease of teaching, according to some at least, appears evident 
from the looseness with which such terms as variable, constant, function, and 
limit are customarily introduced to the student. Overemphasis on the niceties 
of rigor tends to kill enthusiasm even for more advanced students. This point 
has been well brought out by Dr. Schefféf in a note concerned with teaching ad- 
vanced calculus students. 

Logarithms present a didactic problem of some difficulty for several reasons. 
In the first place they are based on exponents, a subject which has difficulties 
of its own on the elementary level. Second, the connection between a logarithm 
of a number and the number is not immediately accessible to simple algebraic 
treatment. For example, by what means could the student check 10 -30103 +2? 
Third, the large number of new words of imposing appearance having no rele- 
vant connotation to the student affords a semantic obstacle. These words include 
base, logarithm, antilogarithm, cologarithm, interpolation, characteristic, and man- 
tissa. In view of the hit and run treatment given logarithms in many calculus 
courses it is important to present as clear a picture of them as possible at the 
elementary stage. It is here proposed that rigorous definitions of characteristic 
and mantissa do not contribute to confusion but aid in clarity. 

The following presentation of characteristic and mantissa agrees with usage: 
If x is a positive number, then x can be written in only one way in the form 


(1) x = d-10? 

where 1<d<10 and p is an integer, negative, zero, or positive. Then, 

(2) ’ logio x = p + logio d. 

We call p the characteristic of login x and logio d the mantissa of logio x. 
* Is a mantissa necessarily positive?, this MONTHLY, vol. 48, 1941, pp. 203-204. 


+ At what level of rigor should advanced calculus be taught?, this MoNnTHLY, vol. 47, 1940, pp. 
635-640. 
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From our definition it is relatively a simple matter to prove that a mantissa 
is non-negative and less than one. In looking up logio x it is found that only 
logio d is tabulated and p is determined by the decimal point in the decimal repre- 
sentation of x. This definition may differ from usage only in that we have in- 
cluded the possibility d =1. All the questions discussed in the note by C. B. Read 
mentioned above are immediately resolved on the basis of this simple presenta- 
tion. The logarithm is represented uniquely as a sum of two numbers. Thus if 
logio x = — 2.34251 we have only one way of writing it in the form (2), i.e., 


logio x = — 3+ .65749. 


To lay the illusion of some students that writing —2.34251 as —3+.65749 or 
as 7.65749 —10 involves some high degree of understanding, we find it effective 
to emphasize that the value of a number is not changed if we add zero to it. 
We may add zero in the form 3—3 or 10—10 if we choose. Ample illustrations 
would remove any doubt as to the meaning of the definitions. . 

Another advantage of so defining the words characteristic and mantissa ap- 
pears in the fact that if numbers were written in an expansion which is other 
than the decimal system, the form of (1) immediately suggests generalization 
to the new base. However, if we are to use numbers in decimal representation 
the generalization might take another form. We illustrate in case of natural log- 
arithms. Let equation (1) hold as before with the same restrictions on d and bp. 
Then 


(3) log. x = p-log, 10 + log, d 


and we call p-log, 10 the characteristic and log. d the mantissa of log, x. Then, 
log. d would be tabulated and a separate table of p-log, 10 given. If x is in deci- 
mal form the use of these tables is a simple matter. Now it is no longer true that 
a mantissa is less than one nor that the characteristic is an integer but the con- 
cept of a convenient unique decomposition of the logarithm into a sum of two parts 
persists. 

This latter extension of the meaning of characteristic and mantissa appears 
to be in line at least with the etymological forebear of the word mantissa. This 
word comes froma Latin word meaning makeweight. It would appear that the 
characteristic was thought of as a rough approximation of the logarithm of a 
number characteristic of the location of the decimal point of the number and 
that the mantissa was considered as a necessary correction or makeweight. 


NOTE ON THE INVERSION OF A CENTROSYMMETRIC MATRIX 
EDWARD SAIBEL, Carnegie Institute of Technology 


In many applications of finite differences or the operational calculus it is 
- necessary to find the inverse of a square non-singular matrix. It is usually the 
inversion of this matrix which consumes the major portion of the time spent in 
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solving the problem. This matrix frequently turns out to be centrosymmetric; 
that is, if A = [a,,] is the matrix, and 7 the order, @r.=@n41—r,n41-s- In this case 
the inverse may be found in considerably less than half the usual time by the 
following procedure: 

Let us designate by AH;; the unit matrix with the element 1 inserted in the 
(47) position, 1+7. Then H;;A H;;—! has the effect on A of adding the jth row to 
the 7th row and of subtracting the zth column of A from the jth.* 

Whether A is of even order, 2m X2m or of odd order (2m+1) X(2m-+1), 
m of these operations, viz., adding the first row of A to the last row and subtract- 
ing the last column from the first, adding the second row of A to the second from 
the last row and subtracting the second to the last column of A from the second 
column, etc. will transform A to the form 


(1) HAH- = Ki ) 
O, Ry 
where 
AH = Asim: ++ Hom—i1,2Hom,1 for the even case 
or 


H = Hiynzom: + * HomHons+1,1 for the odd case. 


P, Q, R, and O are submatrices. In the even case the orders of these submatrices 
are mXm and in the odd case mXm, mX(m+1), (m+1)X(m+1) and 
(m+1)Xm respectively. O consists entirely of zeros. 

The above operations performed on A-}, which is also centrosymmetric, put 
it in a form similar to (1), viz., 


(2) HA-'H-1 = lo a . 
O1 R; 


Since HAH~ and HA-!A-' are reciprocal, PP1=In and RRi=Imn or m4. If the 

reciprocals of P and R respectively are found, the elements of A~! are readily 

obtained. As an example, consider the case of a 5X5 centrosymmetric matrix. 
If the unknown A7! is ; 


abe¢ede 
f ght gj 
kl mtl ok 
pikes 
e dcoa 


* Turnbull and Aitken, Theory of Canonical Matrices, Blackie and Son. 
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then 
a—e b—d C d € | 
f-j g—1 h 1 j ] 
- P; QO; 
HAH-} = 0 0 m i k = 
, , O; Ri 
0 0 2h g+i fty 
0 0 2c b+d ate 


Having found P; and R; as inverses of P and R, we can compute the elements 
of Qi very simply, since 


¢ = (2c)/2, d= [(b+d)— (b—d@)]/2, e= [(a+e) —(a—2e)]/2, ete. 


In a similar manner the elements of A~! can be easily obtained. In the even case 
all the elements of A! are obtained from the sums and differences of pairs. In 
this manner the inversion is replaced by two inversions but considerable saving 
in time is effected. 

It is evident from the above that the characteristic equation of A may be 
replaced by two characteristic equations of orders m and m or m and (m+1) 
respectively. This procedure can also effect considerably saving in time in vibra- 
tion and stability problems where the characteristic equation must be solved for 
one or more of the roots. 


GEOMETRICAL ASPECTS OF THE POWER FUNCTION 
LuIsE LANGE, Woodrow Wilson Junior College 


In the following are shown some geometrical interpretations of the formulas 
for the differentiation and integration of the power function y=ax" which do not 
seem to be pointed out in the textbooks. 


Construction of the tangent. The expression for the slope of the tangent, 
dy /dx =anx"—' can be written in the form ny/x. It thus appears that the tangent 
at any point (x1, y1) of the curve can be constructed by laying off from the origin 
on the y-axis the directed distance —(m—1)yi and connecting this point with 
the point (x1, yi), thus obtaining a line of required slope my1/x1. For the parabola 
(n=2) this construction, which makes the subtangent equal to 241, is well 
known. That it holds equally for all values of seems less well known. (x =0 
and »=1 are special, trivial cases for a horizontal and oblique straight line re- 
spectively.) An instructive figure illustrating this relation is obtained by plotting 
in. one diagram several members of the family of curves y=ax", say for 
n= 3, 2,1/2, —1, and constructing their tangents at the common point of inter- 
section (1, a) which cut the y-axis respectively at —2a, —a, +a/2, +2a. 


Interpretation of areas. The expression for the area between the x-axis and 
the curve y =ax" between x =Oandx=a1,A =f) 'ydx =ax{*t'/(n+1) canbe written 
in the form A =x1yi/n-+1. It then appears that this area is equal to 1/(n+1) of 
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the rectangle A,=x1y1 whose one vertex is at the point (x1, y1), and whose two 
sides are on the co6érdinate axes. 

This relation holds immediately only for n20 (n=0 and »=1 are again spe- 
cial, trivial cases giving the full rectangle and the triangle respectively), since 
for negative values of » the curve goes towards infinity as x approaches zero. 
However for —1<n<0 the above relation still holds in the sense that A,/(n+1) 
represents the limit which the area from x to x; approaches as x approaches zero. 
(For instance for n= —1/2 this limiting area equals twice the rectangle A,.) 
For n< —1 the area from 0 to x; becomes infinite. But now the area from x, to 
0 becomes finite. The limiting value of this area is at once seen to be —1/(n+1) 
times the rectangle A,. (For example, the area under the curve y=ax-? from x1 
to x, as x increases indefinitely, approaches the full rectangle A,; that for y=ax—3 
half the rectangle, etc.) 


Interpretation of volumes of revolution. If the curve y=ax" from x=0 to 
x =x, revolves around the x-axis the volume so. generated is V=7 I, ‘y2dx 
= Tay "t*/(2n+1). If this is written in the form V=ry2x1/2n +1 it appears that 
this volume equals 1/(2n-+1) times the volume V, of a cylinder of base ry? and 
altitude x1, that is, of a cylinder with the same base and altitude as the solid of 
revolution. (The formula for the volume of a cone thus appears merely as the 
special case of this formula for n=1.) 

As regards negative values of m the above relation remains valid for 
—1/2<n<0 in the sense that the expression V./(2n-+1) represents the limit 
which the volume between x and x1 approaches as x approaches zero. For 
n<—1/2 the expression — V,/(2n-+1) is the limit of the volume from x, to ©. 
(For instance, for the hyperbola y=ax-! this limiting volume is equal to that 
of the whole cylinder V,.) 


RECENT PUBLICATIONS 


EDITED BY VIRGIL SNYDER, Cornell University 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York, N. Y., and not to any of the 
other editors or officers of the Association. 


A First Year of College Mathematics. By Henry J. Miles. New York, John Wiley 
and Sons, 1941. 17-+607 pages. $3.00. 


This text, written by a member of the faculty of the University of Illinois, 
is intended for the use of any group of college students who need the subject 
matter of college algebra, plane trigonometry, and plane and solid analytic ge- 
ometry. It aims to give a solid foundation for the mathematics of the sophomore 
year. 

The chapter titles are (1) Rectangular codrdinates, (2) Graphs, (3) Func- 
tions, (4) Systems of linear equations, (5) Quadratic equations, (6) Angles, polar 
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codrdinates and trigonometric functions, (7) The straight line, (8) Loci, (9) The 
conics, (10) Transformation of rectangular codrdinates, (11) Oblique triangles, 
(12) Exponents—logarithms, (13) Complex numbers, (14) The derivative and 
its applications, (15) Progressions, (16) Permutations, combinations and proba- 
bility, (17) Theory of equations, (18) Empirical equations, (19) Solid analytic 
geometry, (20) Foundations of algebra. Comments will be made on the treat- 
ment of some of them. 

The book is carefully prepared and attractively presented. Explanations are 
well interspersed with helpful drawings. After a substantial background ts given, 
problems are placed at the end of each chapter to challenge the prospective sci- 
entist or engineer. 

There is a novel blending of algebra, trigonometry and analytic geometry 
throughout the work. The trigonometric functions are defined by means of polar 
coérdinates and the usefulness of their periodicity noted, e.g., in describing the 
strength of an alternating electric current or in describing the position of a point 
on a rotating wheel. The laws of sines and of cosines are obtained by polar coérdi- 
nates and after the section on rotation of axes, the formulas for the sine and the 
cosine of the sum of two angles are effected by a single rotation through the 
angle (0+¢). 

In the section on loci which precedes the study of conics, suggestions are 
made for examining an equation for intercepts, symmetry, extent and asymp- 
totes. Several problems are solved completely, representing a fair level of diff- 
culty. 

The chapter on conics cites interesting applications to astronomy and engi- 
neering. It includes the equation of the general conic and construction for the 
conics. 

The derivative is approached geometrically. Consideration is given to in- 
creasing and decreasing functions, maximum and minimum values of a function 
and later in the text to finding the real roots of an equation. Differentiation is 
carried through the exponential function with problems paralleling the work 
sufficient to be of real use in other courses during the latter part of the freshman 
year. By means of the calculus, further, the coefficients in the binomial theorem 
are determined. 

Chapter 18 deals with empirical equations or curve fitting. Four types are 
discussed: (1) The linear, (2) the parabolic, (3) the power, (4) the exponential. 
The linear type is presented both by the method of averages and of least squares; 
the parabolic by the method of averages. In (3) one may plot the points on 
logarithmic codrdinate paper and in (4) on semi-logarithmic paper. 

SarA C. WALSH 


Mathematics—Its Magic and Mastery. By Aaron Bakst. New York, D. Van 
Nostrand Company, Inc., 1941. 14+790 pages. $3.95. 


This book covers the field of elementary high school mathematics including 
arithmetic, algebra, geometry, trigonometry, and elementary mechanics. The 
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style of writing and the nature of the contents of the thirty-seven chapters is 
indicated by such chapter titles as: Numerals and Numeration, Number Pyg- 
mies, Number Giants, Chain Letter Algebra, Passport for Geometric Figures, The 
Size of Things, The Firing Squad and Mathematics, etc. 

The purpose of the book is not to develop a systematized subject matter but 
to show the recreational and applied phases of mathematics. The magic of the 
subject is emphasized by numerous well chosen applications and tricks. The text 
is interspersed with problems for the reader to solve, answers to which are given 
in the appendix. The appendix also includes a compilation of elementary alge- 
braic processes, geometric facts, trigonometric formulas, approximation formu- 
las, and tables of squares, square roots, logarithms, and trigonometric functions. 
Many figures and drawings accompany the text. 

The book can serve as supplementary reading in the training of elementary 
and junior high school teachers. It provides interesting study for those laymen 
who have forgotten or omitted their high school mathematics. There is excellent 
material for high school mathematics club programs. Written in adult style, the 
book can not serve as a high school text for developing the foundation and mas- 
tery of elementary mathematics that is necessary for further mathematical 
study. . 

H. F. FEHR 


Fourier Serres and Orthogonal Polynomials. By Dunham Jackson. Carus Mathe- 
matical Monograph Number Six. Oberlin, Ohio, Mathematical Association 
of America. 1941. 12+234 pages. $2.00. Non-members order from Open 
Court Publishing Co., LaSalle, Ill. $1.25 to members. 


This monograph is an exposition of the theory and applications of the classi- 
cal orthogonal polynomials. In keeping with the aims of the series of Carus 
monographs, the discussion presupposes little background beyond the material 
of the first two or three terms of calculus: the variables are all real, the integrals 
are all Riemann, and the e proofs are few and simple. 

The reader is introduced to the concept of orthogonality by way of the trigo- 
nometric system, which is studied for itself alone in the first and longest chapter 
of the book. After the usual introductory definitions and examples, the Fourier 
coefficients are discussed in some detail, and their degree of convergence for a 
broken line function is obtained. Riemann’s Theorem is proved by means of 
Bessel’s inequality, and the main convergence theorem is referred to Riemann’s 
Theorem by using the familiar hypothesis involving the existence of right- and 
left-hand derivatives for the function represented. Next, uniform convergence 
and degree of convergence are established for a broken line function. Weier- 
strass’s Theorem: on trigonometric approximation is then established by using 
the fact that any continuous function can be uniformly approximated by a 
broken line function, and this theorem is used in turn to establish the least 
square property and Parseval’s Theorem. Fejér’s Theorem is also proved by 
means of the broken line approximation. Weierstrass’s Theorem is then proved 
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again by means of de la Vallée Poussin’s integral and the broken line approxima- 
tion. The chapter concludes with a treatment of the Lebesgue constants and 
Lebesgue’s proof of uniform convergence for functions belonging to a Lipschitz 
class. 

Except in the discussion of the Lebesgue constants, there is no use made in 
this chapter of the customary analysis of singular integrals by subdividing the 
range of integration into two or three parts. But if it be conceded that results 
rather than methods are the essential thing in a first.treatment, then it is hard 
to see how the material here could be presented more coherently and elegantly 
within the limits of such an exposition. 

The Legendre polynomials and Bessel functions are the respective subjects 
of the next two chapters. Here, of course, much of the available space must be 
taken up with formal work. The Legendre polynomials are defined through their 
generating function; recurrence relations, the differential equation, orthogonal- 
ity, Rodrigue’s formulas, and Laplace’s first integral follow in that order. Analy- 
sis rears its head at the end of the chapter, where the usual bounds for P,(x) and 
convergence under the hypothesis used in Chapter I are established. The chapter 
on Bessel functions, which employs the differential equation for Jo(x) as its 
starting point, is entirely concerned with the formal theory; of course the con- 
vergence of an expansion in Bessel functions is well beyond the scope of this 
work. | 

. Two formal chapters on the classical partial differential equations of mathe- 
matical physics are inserted at this point. We pass over this material temporarily 
to discuss the remainder of the book, which is concerned with the development 
from a more general standpoint of the lines of inquiry inaugurated in the first 
two chapters. 

Since the weight functions of the Jacobi, Hermite, and Laguerre polynomials 
are functions belonging to the Pearson classification of frequency functions in 
statistics, it is natural to study these frequency functions on their own merits 
in a preliminary chapter. There follows a chapter on general orthogonal poly- 
nomials, which introduces the reader to such basic concepts as Schmidt’s proc- 
ess, general formulas of recurrence, and the least square property. A differential 
equation is derived for polynomials belonging to a given weight function and 
interval under the assumption that the weight function satisfies the Pearson dif- 
ferential equation. The next three chapters, each rather short, contain formal 
discussions of the Jacobi, Hermite, and Laguerre polynomials respectively. The 
Schrédinger wave-equation is touched on briefly at the end of each of the last 
two chapters of this group. The final chapter generalizes the convergence theo- 
rerns of the first two chapters. The conditions of course depend on uniform 
boundedness of the orthogonal polynomials, so this property is studied in some 
detail by means of a sequence of results culminating in an exposition of the 
recent theorem of Korous. 

A set of exercises concludes the book. They are intended, as the author says, 
to illustrate and extend the text, rather than to serve for purposes of drill. 
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Although the author disclaims in the preface any intentions toward “rigor,” 
the standards of precision and completeness are, on the whole, remarkably high. 
The pair of chapters on partial differential equations and boundary value prob- 
lems constitutes somewhat of an exception to this statement. Here the author is 
quite obviously not attempting to write mathematically; there is scarcely any 
mention of the fact that continuity, differentiability, and uniqueness of the 
alleged solutions all need to be proved. The reviewer felt just a little let down, 
not because such proofs had been omitted, but because the spirit of mathemati- 
cal awareness (if we may call it that) which distinguishes the rest of the book, 
had been so patently laid aside in these chapters. For instance, it does not seem 
quite right to present “derivations” of Poisson’s integral in two-space and three- 
space which do not even mention (much less prove) that the function repre- 
sented assumes its boundary values continuously for some methods of approach. 
But the author is certainly within an established tradition in these chapters, and 
perhaps greater precision, if only of statement, would disagree with the type of 
reader who would be most interested in this material. - 

The reviewer missed two topics which he rather expected to find in a modern 
treatment of orthogonal functions. The first, and less important, is a develop- 
ment of the concept of orthogonality which starts with orthogonal vectors in 
Euclidean space and proceeds to a consideration of functions as generalized vec- 
tors. (There is, however, a suggestion of such a development in one of the exer- 
cises.) The second is the topic of convergence in the mean, which nowhere 
appears except by implication in the proof of Parseval’s Theorem for Fourier 
series. Of course, not much can be done in this connection without Lebesgue 
theory, but the growing recognition of the importance of this type of convergence 
in the applications seems to indicate that it warrants at least passing mention. 

But it seems captious to criticize an author for restricting his field under the 
circumstances, especially when his avowed aims have been realized as effectively 
asin the work under review. It is easy to become very enthusiastic about the 
many excellent features of the book as it stands. The exposition is well organ- 
ized; much of the formal work is beautifully handled; the proofs are extremely 
clear. It will not be surprising if this turns out to be one of the most popular of 
the Carus Monographs. The Association is indeed fortunate to be able to add to 
the Carus series an exposition by one of the world’s foremost authorities on or- 
thogonal polynomials. 


J. H. Curtiss 


Between Physics and Philosophy. By Philipp Frank. Cambridge, Massachusetts, 
Harvard University Press, 1941. 238 pages. $2.75. 


It may be asserted that the last eighty years have seen the emergence of a 
new conception of truth. Only that is true for mankind which is verifiable in 
human experience. This conception, flowing from advances in the natural sci- 
ences and occupying a prominent position in the foundations of modern physics, 
has been developed in various forms by different schools of thought whose equiv- 
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alence was often not appreciated. It was advanced by the philosophcial physicist 
E. Mach, appeared independently in the pragmatism of William James, and con- 
stitutes the essence of the philosophical forms known as logical positivism or 
logical empiricism. The same basic idea appears also, in garbled and doctrinaire 
form, in “dialectical materialism.” 

These statements appear to constitute a fair summary of the views that are 
developed in the volume before us. Illustrative examples are drawn largely from 
the author’s own field of physics and give a fair picture of the professional 
thought of physicists. The author insists, however, that, when the physicist 
steps outside of the strict boundaries of his science, he usually begins talking 
in the “illusory” language of the standard “school philosophy,” which deals 
largely with meaningless problems. The book is worth a perusal by all who are 
interested in fundamental problems. 

EK. H. KENNARD 


A Treatise on Algebra. By George Peacock. I. Arithmetical Algebra, 16-+399 pages. 
II. Symbolical Algebra, 10-++455 pages. Reprint, New York, Scripta Mathe- 
. matica, 1940. 


The re-publication today of a textbook on algebra, with a total of 880 pages, 
originally issued in London about a century ago (vol. I, 1842; vol. II, 1845) is 
an amazing achievement which inspires somewhat critical examination of the 
various circumstances which have made this possible. The suggestion of the 
publication was made by the authorities of St. John’s College in Annapolis, 
Maryland, where the book is used as a text. Not only in mathematics but in 
other fields, also, this college has maintained the desirability of the serious use 
as textbooks by the young students of the college of historical classics of science. 
The publication of Peacock’s Treatise was effected by the collaboration of St. 
John’s College with Scripta Mathematica. 

The recent changes in higher algebra might seem to indicate that as prepara- 
tion for algebra so old a text would be useless. However, much more than half 
of this work, including much arithmetical computation, corresponds precisely 
to material presented in the elementary textbooks and in the algebra texts used 
widely in colleges for the freshman work in algebra, and considerable material 
given in a second course in college algebra for juniors. 

In the first place, Peacock presents not only a large amount of work on the 
theory of equations but he includes what amounts to a systematic course in 
plane trigonometry. Peacock believes in numerical problems and computation 
to ah extent not attempted in American texts. A student who masters these two 
volumes will have adequate preparation in trigonometry and algebra, including 
series, for the great body of elementary applications to physics. There are many 
teachers of mathematics who believe that this material represents much that 
cannot be by-passed in any sound preparation for the use of mathematics in sci- 
ence. The success of this text in its day and its feasibility as a text even today is 
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dependent upon the author’s brilliant and harmonious historical development 
of the foundations of algebra. 

George Peacock, a student and tutor of mathematics in Trinity College, 
Cambridge, was one of a fine group of English mathematicians who turned, in 
the early nineteenth century, for inspiration to the great developments of mathe- 
matics made by other Europeans. The British Association for the Advancement 
of Science, founded in 1831, enjoyed the support of the English reformers. Pea- 
cock at the third meeting presented a remarkable historical report on “Algebra, 
Trigonometry and the Arithmetic of Sines.” In 1830 Peacock had published a 
small text on algebra incorporating many ideas new to the English, and in 1834, 
anonymously, a syllabus on trigonometry with algebraic material. Peacock must 
be associated with D. F. Gregory, Wm. Rowan Hamilton and his quaternions, 
and George Boole with his Laws of Thought as a precursor of many modern alge- 
braists who work in symbolic logic, and in the foundations of mathematics. 

The phrase, “principle of the permanence of equivalent forms,” seems to be 
original with Peacock. Often on minor points Peacock gives material which is 
pertinent today, e.g., on p. 65, II, “it would in fact conduce very greatly to the 
uniformity and clearness of algebraical notation, if the use of radical signs was 
altogether abandoned.” About Abel’s researches Peacock frankly states, “the 
clearest understanding gets bewildered by the extreme generality and complex- 
ity of the relations which it is necessary to consider... and our final assent 
to the conclusion obtained is . . . aformal act of acquiescence in reasonings whose 
entire force and relevancy we can neither fully appreciate nor easily refute... .” 

Such a work as that of Peacock helps us to understand the developments of 
Hamilton and Boole and that possibly some of the modern abstractions have 
been brewing more than a hundred years. Pedagogically too, the insistence on 
numerical illustration and computation seems to have a message today for 
many who omit this work to advance into abstract fields before the pupil is 
able to master the groundwork. 

L. C. KARPINSKI 


Higher Mathematics for Engineers and Physicists. By I. S. and E. S. Sokolnikoff. 
Second Edition. New York, McGraw-Hill Book Co., 1941. 11+587 pages. 
$4.50. 


The first edition of this textbook was reviewed in this MONTHLY, vol. 41, 
1934, pp. 625-627. The new edition represents a complete revision of the earlier 
edition. Chapter order has been changed. Several chapters have been extensively 
revised. A majority of the sections throughout the book have been rewritten in 
whole or in part. Several new sections have been added. Many new problems 
and illustrative examples have been added. 

The principal changes in content are: (1) The chapter on Improper Integrals 
has been omitted from the second edition. (2) The material previously included 
in the chapter on Elliptic Integrals has been transferred to the chapters on 
Infinite Series and Ordinary Differential Equations. (3) A new chapter on Com- 
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plex Variable replaces the chapter on Conformal Representation. Much of the 
material of this chapter is new. 

The authors state in the preface that the favorable reception of the first edi- 
tion has sustained their belief in the need of a book on mathematics beyond the 
calculus, written from the point of view of the student of applied science. The 
reviewer believes that the second edition, representing as it does a polishing and 
an amplifying of the material presented in the first edition, will continue to re- 
ceive the same favorable reception. 


H. M. GEHMAN 


Intermediate Algebra. By H. L. Rietz, A. R. Crathorne, and L. J. Adams. New 
York, Henry Holt and Company, 1942. 248 pages. $1.75. 


The book presupposes one year’s study of algebra. It begins with a rapid 
review of the elementary concepts; the succeeding chapters proceed to the more 
complex phases by gradual and continuous stages. The attempt is made to pre- 
sent each new step with a minimum of explanation. Great care is taken in the 
appropriate choice of illustrative exercises. Besides the necessary topics of linear 
and quadratic equations, radicals, proportion, variations and progression, the 
book includes mathematical induction, with application to the binomial theo- 
rem, extension of the number concept, and logarithms. 

The press-work and the arrangement of the page are up to the usual high 
standards of the publishers. 

VIRGIL SNYDER 


NEW BOOKS RECEIVED 


Intermediaie Algebra. By N. McArthur and A. Keith. London, Methuen and 
Co., Ltd., 1942. 10+356 pages. 8s 6d. 

Statistics for Sociologists. By Miss M. J. Hagood. New York, Reynal and 
Hitchcock, Inc., 1941. 8+934 pages. $4.00. 

The Reading of Verbal Material in Ninth Grade Algebra. By Margaret G. 
McKim. (Teachers College, Columbia University. Contributions to Education, 
No. 850.) New York, Bureau of Publications, Teachers College, Columbia Uni- 
versity. 8+133 pages. $1.60. 

Principles of Mechanics. By J. L. Synge and B. A. Griffith. First Edition. 
New York and London, McGraw- Hill Book Company, Inc., 1942. 12+514 
pages. $4.50. 

Intermediate Algebra. By H. L. Rietz, A. R. Crathorne, and L. J. Adams. 
New York, Henry Holt and Company, 1942. 8+248 pages. $1.75. 

Studies in Mathematical Economics and Econometrics. In Memory of Henry 
Schultz. Chicago, Illinois, University of Chicago Press, 1942. 292 pages. $2.50. 
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EDITED BY OTTO DUNKEL, ORRIN FRINK, JR., AND H. S. M. CoxeETER 
ELEMENTARY PROBLEMS 


Send all communications concerning Elementary Problems and Solutions to H. S. M. 
Coxeter, 69 Chaplin Crescent, Toronto, Canada. 

The department of Elementary Problems welcomes problems believed to be new, 
and demanding no tools beyond those ordinarily furnished in the first two years of college 
mathematics. To facilitate their consideration, solutions should be submitted on separate, 
signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 


E516. Proposed by W. E. Buker, Pittsburgh Public Schools 


During one week, Mr. X invited just four of his seven friends for dinner each 
night. The invitations were arranged so that any given pair of guests dined 
together on just two occasions, and for any two given nights there were-two 
guests who were present both times. Show how this was managed. In how many 
different ways can it be done? 


E517. Proposed by V. Thébault, San Sebastién, Spain 

If two tetrahedra have equal areas for corresponding faces, do they neces- 
sarily have the same volume? 

FE. 518. Proposed by J. Rosenbaum, Bloomfield, Conn. 

Find three Gaussian integers x, y, which satisfy the equation 

xP + yP = gP 

for every prime p greater than 3. 

FE. 519. Proposed by Paul Brock, Brooklyn College 

If a projectile is aimed at a given point from a given origin, find the direction 


to which the two possible paths are equally inclined initially. 


E 520. Proposed by D. H. Browne, Buffalo, N. Y. 


Given Ur+1 


ne | 
Un = n!>, —» prove that lim = €. 
1 4 


ro AU, 
SOLUTIONS 
Trilinear polarity 


E 481 [1941, 480]. Proposed by J. A. Todd, University of Cambridge 
Let 


x1 Vi BI Xi Vi 4 
Xo Yo bea and Xe Vo Lo 


%3 V3 23 X3 V3 Zs 
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be two matrices of non-vanishing numbers, the elements of the second being the 
co-factors of the corresponding elements of the first. Prove that the relation 


—1 —1 —1 —1 —1 —1 
v4 V1 21 X41 VY; Zi 
—1 —1 —1 , ; —1 —1 —1 
x. Yo 2 |=Q0O imphes | X. VY. Z, |=0. 
—1 —1 —1 —1 —1 —1 
X3 V3 23 X 3 Y3 Z3 


Solution by Howard Eves, Allen Academy, Bryan, Texas 

Referred to a set of rectangular coordinate axes OX, OY, OZ, let us designate 
the points (x,, y,, 2) and (X,, Y,, Z,) by P, and Q,, respectively, where vy = 1, 2, 3. 
From the hypothesis-of the non-vanishing elements, it follows that these points 
do not lie in the coordinate planes, and no two P’s or Q’s are collinear with the 
origin. The given relation implies that the points (x;!, y;7!, 271) lie in a plane 
through the origin, say 


fe + gy + he = 0. 
Therefore the points P, lie on the quadric cone 
fyz + gzx + hxy = 0, 


which contains the coordinate axes. In other words, this cone circumscribes both 
the trihedra O(X YZ) and O(P,P2P3). Therefore (by one of the classic theorems 
due to Brianchon) there exists a cone K, inscribed in both trihedra. Since OX, 
OY, OZ are perpendicular to the faces of the former trihedron, while OQ, OQ,, 
OQ; are perpendicular to those of the latter, it follows that K’, the reciprocal 
cone of K, circumscribes the trihedra O(X YZ) and O(Q,0.03). Hence K’ must 
have an equation of the form 


F yg + Geax + Hxy = 0. 
Therefore the points (X;1, Y7!, Z;') lie in the plane 
Fx+Gy+ Hz2=0 


through the origin, and their determinant vanishes as required. 
Also solved by E. P. Starke. 
Editorial Note. The theorem may be proved by pure algebra as follows. The 


relation 
—1 —1 —1 


) v1 Vi 21 X2X3Z YoVz 2223 
—1 —1 -—-1 
Xo Yo 22 | =O or X3X1 YV3V1 2321 | = O 
—1 -—1 —-1 
X3 V3 23 X1iX2 Vio (2129 


implies the existence of non-vanishing numbers a, 0, c, such that 


AX Xy + OY + CBye = 0 (uw ¥ v). 
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We deduce, in turn, 
(1) — = —— = — (u = 1, 2, 3), 


XiXy Vas | Zeb 


= 0 (u ¥ v), 
a b C 
‘ —1 —!1 —1 
XoX 3 VoV3 Z.L3 X1 VY; Zi 
X:X, Vs¥1 ZZ} = 0, X, Yo ZB |=0. 
XiX. Vio ZiZo X, Ys Ze 


In terms of projective coordinates, (1) expresses that the point (x,, Vu, 2u) 
and line [X,, Y,, Z,| are pole and polar with respect to the conic 
XxX? y? Z? 
ax? + by? + cz? =0 or —+—+-—=0 
a b C 
This remark suggests the following modification of Eves’ proof, using two conics 
instead of three cones. 
By the vanishing of the given determinant, the lines [x7, y7}, 271] are con- 
current, say at the point (J, g, #) or 


{[X+ eV + AZ =0. 


Hence the conic fx-!+ gy-!+hz-!=0 or fyz + g2x+hxy =0 circumscribes the tri- 
angle (x,, y,, 2) as well as the triangle of reference. But two triangles inscribed 
in one conic are circumscribed to another. Hence the sides [X,, Y,, Z,] touch a 
conic of the form 


FYZ +GZX + HXY =0 or FX-!+GY-!+ HZ-' = 0. 
Therefore the three points (X;!, Y,', Z,}) lie on the line 
Fx +Gy+ Hz =0, © 


and their determinant vanishes as required. 

Since [x~}, y—}, 2-1] is the trilinear polar of (x, y, z), and (X~}, Y—}, Z-) is 
the trilinear pole of [X, Y, Z], this result is equivalent to the following interest! 
ing theorem: 

If the trilinear polars of the vertices of a triangle POR with respect to a triangle 
ABC are concurrent, then the trilinear poles of the sides of POR (with respect to 
ABCy)yare collinear. 

This may be proved synthetically, as follows. 

Let p, q, 7, a, b, c denote the sides of the two triangles, and let P’, Q’, R’, 
pb’, q’, r’ be the trilinear poles and polars of p, g, r, P, Q, R with respect to ABC. 
Let Pu, Qa. Ra, Pd, Q¢d, Rd, Ap, Aq, Ar; Ap; Aq’, Ar denote the points where a 
meets the respective lines AP, AQ, AR, AP’, AQ’, AR’, pb, ¢, 17, b', q', v’. Simi- 
larly, let P.,---,C,,+-++ be the points where c meets CP,:++,p,:°°. 


260 PROBLEMS AND SOLUTIONS [April, 


By the definition of trilinear polarity, the point-pairs P,A», QuAq, RaA+, 
Pi A», Od Aq, Ri A, are harmonic conjugates with respect to B and C. Thus the 
projectivity P,Q,Raf{Ap»A vA, leaves B and C invariant. Hence, if p’, q’, 7’ 
are concurrent, we have 


BP QaRa K BApAgApw K BCpCyCy K BP.Q.Re. 
These related ranges are joined to A and C by related pencils, 
A(BPQR) KC(BPQR). 


Hence A, B, C, P, QO, Rlie on a conic; and a, b, c, p, qg, r touch a conic. The dual 
of Steiner’s theorem now supplies the middle link in the chain of projectivities 


A(CP'O'R’) KCPLOL Ri RCA pAgAr RAC pC Cr RAPLOL RE KC(AP'O'R'), 


which shows that P’, Q’, R’ are collinear. 


Squares in the denary and septenary scales 


E 482 [1941, 480]. Proposed by V. Thébault, San Sebastian, Spain 

Find a four-digit square, other than 702, whose last two digits are unaltered 
when we change from the denary to the septenary scale. 

Solution by D. H. Browne, Buffalo, N. Y. ; 

Let the four-digit number be abcd. Then ¢ and d are both less than 7. More- 
over, since the number is a square, d can only take the values 0, 1, 4, of which 
the first is ruled out by the exclusion of 702. Since abcd =d (mod 7), the three- 
digit number abc must be divisible by 7. The simplest way to determine this is 
from a table of squares, where it is found that only six meet these requirements: 


3364, 4624, 4761, 5041, 6724, 9801. 


Changing to the septenary scale, we find the correct penultimate digit in the 
second and last cases alone: 


4624(= 68?) = 16324 (septenary), 
9801(= 992) = 40401 (septenary). 


Also solved by Paul Brock, W. E. Buker, Peter Chiarulli, and E. P. Starke. 


Coaxal spheres 


E 483 [1941, 480]. Proposed by N. A. Court, University of Oklahoma 

Show that the four spheres having two points in common and each passing 
thréugh a vertex and the foot of the corresponding altitude of a given ortho- 
centric tetrahedron form a coaxal pencil. 

Solution by Howard Eves, Allen Academy, Bryan, Texas 

Let the given tetrahedron be ABCD, with altitudes 4A’, BB’, CC’, DD’ and 
orthocenter H. Let P and Q be the given points. Since 
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AH-HA’' = BH-HB' = CH-HC' = DH-HD’, 


4 


H has the same power with respect to the four spheres. Also P and Q have the 
same power (namely zero) with respect to the four spheres. Moreover, P, Q, H 
cannot be collinear, lest the spheres degenerate into planes. Hence P, Q, H lie 
in a common radical plane of the four spheres, and the theorem is proved. 

The corresponding theorem for the plane can be proved similarly. 

Also solved by L. M. Kelly and the proposer. 


Series with alternate binomial coefficients 


E 484 [1941, 480]. Proposed by David Segal, Kosow Huculskt, Poland 
Defining 


on(x) = 1 — () “7 +> @ at ieee te , 
2 4 
Yr(x) = (") x — (7) +++ + ( on ems 
1 3 2n — 1 


prove that, if 2 is even, 

@n(3) = + 2"Gn(2),  ¥n(3) = 
and that if m is odd, 

@n(3) = + 2n(2), — Ha(3) = + 2%Gn(2). 


Solution by W. R. McEwen and N. R. Amundsen, University of Minnesota 
From the given relations we have at once 


u(x) + ipa(e) = (1 + ix)? 


| 
H+ 


2™p,(2), 


Thus 
@n(2) + tn(2) = (1 + 24)?" 
and because v,,(x) is an odd function, 
on(3) — ivn(3) = (1 — 31)?". 
Dividing, we obtain 
dn(3) — ivn(3) 1— 34 1 — 2i\2” 
wf = He _ (=H A= BN yo 
dn(2) + tn(2) 1+ 27 1-2: 


— 271", 


or 
bn(3) — in(3) = 274" {hn(2) + tn(2) f. 
Hence, if 2 is even, 


n(3) = + 2%n(2) and Yn(3) = + 2"Pn(2), 
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the sign depending on the parity of 2/2; and if n is odd, 
on(3) = + 2%Y.(2) and ¥.(3) = + 2".(2), 


the sign depending on the parity of (n+1)/2. 
Also solved by Paul Brock, J. A. Bullard, Peter Chiarulli, and E. P. Starke. 


The approximate trisection of an angle 


E 485 [1941, 481]. Proposed by J. Goodfellow, West Rumney, N. H. 

Let AOB be an obtuse angle, A and B onacircle with center O. Take Fand G 
on the minor arc AB, in directions perpendicular to OB and OA. Take D on 
,the major arc AB so that AOD is an equilateral triangle. Take H on AD, and 
J on BD, so that HJ is equal and parallel to FG. Join FH, and produce to meet 
the circle again at K. Show that the arc AK is approximately one-third of the 
arc AB. 

Solution by W. B. Clarke, San Jose, California 

Let ZAOB=180°—20and ZDOK =2¢9, so that ZAOK =60° —2¢. We have 
to show that, for 0°<6@<45°, ¢ is approximately 6/3: After a straightforward 
but arduous computation, it is found that 


cot ¢ = 1+ (/3 + 1) cot @. 


Thus ¢=6/3 when @=0°, and again when 0=45°. Intermediate values show a 
very close approximation; e.g. 0=36° makes ¢ about 11°52’. 

Editorial Note. The trisection is again exact when 6=224° (since then 
cot 0=/2+1 and cot 6=2+V/2+1/3+/6). The maximum error is about 8’, 


and occurs when 
6 = arc cot {2+ 73+ V(2 + 2v/3)} = 9°21’ or 35°39’. 
(Then @=3°15' or 11°45’. respectively.) 


ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, Wash- 
ington University, St. Louts, Mo. All manuscripts should be typewritten, with double spacing 
and with margins at least one inch wide, 

Problems containing results believed to be new or extensions of old results are espe- 
cially sought. The editorial work would be greatly facilitated, if, on sending in problems, 
proposers would also enclose any solutions or information that will assist the editors in 
checking the statements. In general, problems in well known text-books or results found 
in readily accessible sources will not be proposed as problems for solution in this depart- 
ment. In so far as possible, however, the editors will be glad to assist members of the 
Association in the solution of such problems. 


PROBLEMS FOR SOLUTION 


4031. Proposed by S. H. Gould, Victoria University, Toronto 
Let m:-be any fixed positive integer, k=1, 2, 3,---, and r=0, 1, 2,---, 
m(k—1). Taking unity for first term when k = 1, construct inductively the arith- 
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metic progression of order m(k—1), the first term of whose 7th difference series 
is the (7+1)st term of the A.P. of order m(k—2). Prove that its (mk+2)nd 
term is k™*, * « 


4032. Proposed by J. Findlay Paydon and H. S. Wall, Northwestern Univer- 
sity | 

In the complex z-plane z=x-+17y, let a1=%1+17y1 be a point on the parabola 
y?=x-+1/4, O the origin, E the point unity, and w the point on the opposite 
‘side of the real axis from a; where the line LZ through E parallel to Oa, cuts the 
circle Cy: («—1)?+y?=1. Let C, be the circle of radius 1/n tangent to C; on 
the interior at w, and K the circle with center —i/2y; and radius | 1/2,|. Prove 
(1) that 

1 Q1 ay a4 dy 
. -t+i+t+i+ic+ic+ 

(d1=%1—1y1); (2) the (2n+1)st approximant of this continued fraction lies at 
the intersection, #w, of L and Con42; (3) the 2uth approximant lies at the inter- 
section, ~w, of K and Con41. 


4033. Proposed by P. D. Thomas, Norman, Oklahoma 
Points on a surface with the linear element ds? = [(u+-a)?+ (v+b)?](du?+dv) 


correspond to points in the xy-plane by «=u, y =v. Show that geodesics on the 
surface correspond to equilateral hyperbolas in the xy-plane. 


4034. Proposed by V. Thébault, San Sebastidn, Spain 

On the sides AB, BC, CD, DA of a convex quadrangle ABCD equilateral tri- 
angles with vertices A’, B’, C’, D’ are constructed exteriorly (or interiorly). 
Show that the diagonals A’C’ and B’D’ of quadrangle A’B’C'D’ are perpendicu- 
lar (or equal) according as the diagonals AC and BD of ABCD are equal (or 
perpendicular), and conversely. 


4035. Proposed by V. Thébault, San Sebastién, Spain 

On the sides A1A2, A2A3, -- + , AgAi of a convex hexagon having equal prin- 
cipal diagonals squares with centers A?/, Az,---,A¢ are constructed exteriorly 
(or interiorly). Show that in the hexagon formed by these centers the sum of the 
squares of two opposite sides and of the principal diagonal which does not end , 
in vertices of the two sides considered is a constant. Generalize for a convex 
polygon of 2” sides whose principal diagonals are equal. 


SOLUTIONS 
Matrices 


3927 [1939, 601]. Proposed by M. M. Flood, Princeton University 
If 


Se = Ti, >, pe = 1b, 
k=1 k=1 
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where .S; is a real square symmetric matrix of order ¢ and rank p,;; then a real 
orthogonal matrix T exists such that 7.S,7—-!=E;, where FE; is a matrix with 
pb, consecutive units on its principal diagonal and zeros elsewhere and such that 


Solution by A. T. Craig, The State University of Iowa 

This solution is contained in Craig’s article, On the independence of certain 
estimates of variance, in the Annals of Mathematical Statistics, vol. 9, no. 1, 
March 1938, pp. 48-55. There is first given a proof of 


THEOREM I. Let Ai, Ao, - ++, As bes real symmetric matrices, each of order N, 
such that 4:+4.+--:- +A.=IJ, where I is the unit matrix of order N. Let rp, 
y=1,2,---,5s, be respectively the ranks of the matrices A,.Ifm+rn+ ++: +r=N, 


each of the non-zero roots of the characteristic equations of the matrices A, 1s +1. 
Then follows a proof of 


THEOREM II. Let Ai, Ao, +++, Az be s real symmetric matrices which satisfy 
the conditions of Theorem 1. Then there exist s—1 real orthogonal matrices of order 
N, say Ly, Lo, +++, Ls, such that each of the s matrices 


Dea: LA: + Lea, v=1,2,---,5, 


is a diagonal matrix with the r, non-zero elements on the principal diagonal equal 
to +1. Necessarily, the sum of these s matrices is the identity matrix. 

Solved also in a different manner by the proposer who remarked that the 
restriction that the matrices be symmetric may be weakened, for example, to 
the requirement that they be normal; that is, that each matrix commute with 
its transpose. 


Geometric Probability 


3948 [1940, 181]. Proposed by Michael Goldberg, Washington, D. C. 

Suppose that 7 slotted discs are freely mounted on the same axis. If the por- 
tion of the circumference subtended by the slot of the ith disc is p;, show that 
the probability that light, parallel to the axis, can pass through the slots is 


1 n 1 in in 1 
Pipa °° pul — —. oo — |, 
pi pe Pn 
provided that p;-+p;S1 for every 7 and 7. 
III. Solution by R. J. Walker, Cornell University 
Let 27x; be the angle made by the line of symmetry of the zth disc with a 
fixed direction perpendicular to the axis. Each position of the set of discs is then 
associated with a unique point (x1, %2,°°+, Xn), provided we identify points 
whose corresponding coordinates differ by multiples of unity. The set of distinct 
points then constitutes an -dimensional generalized torus 7, which may be pic- 
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tured as the hypercube H defined by 0S x;<1,7=1, 2, +--+ , , for which corre- 
sponding points on opposite faces are identified. 
A position of the discs will allow the passage of light if and only if for some 


coordinates (x1, x2, - + * , Xn) of the corresponding point there is a constant a such 
that 
(1) | a; — a] < p,/2, i=1,2,-+-,n. 


For a fixed a, the set of points satisfying (1) shall be designated by P,, and the 
set of points satisfying (1) for some a (the union of all P,) shall be designated 
by P. The required probability is the (x-dimensional) volume of P, since the 
volume of T, or H, is unity. As a varies, P, slides along the diagonal L of H 
defined by x1=x2= +--+ =x,, and so sweeps out a prism of length ./n. (In H, 
this “prism” includes portions surrounding each of the vertices of H.) The vol- 
ume of P is therefore ~/n times the ((n —1)-dimensional) area of the cross-section 
of this prism. Since P, is a convex body, this area is half the sum of the projec- 
tions of the faces of P, on the hyperplane perpendicular to L. These 2n faces all 
make angles of arc cos 1/+/n with the hyperplane, and come in pairs with areas 
pipe + + + pn/ pi. Hence the cross-sectional area is 


Pipa ++ Pa(l/pr + 1/po + +++ +1/pn)/VSn, 


and this gives the required value for the volume of P. 

The computation breaks down if P intersects itself, that is, if for some values 
of aand b, P, and P, intersect in a set not containing points of L. If this occurs 
we can assume that b=0, for the situation is preserved by translation along L. 
In H, Po consists of 2” blocks, one at each of the vertices of H. Suppase P,, 
0<a3S1, intersects, in the manner described, the block at the vertex x«;=0, 
x;=1, where z runs through some subset of the numbers 1, 2,---, andj runs 
through the remaining ones. Then for a point (x1, ¥2, +++, %n) in both Po and 
P, we have 

ti <pi/2, 1-4; < p;/2, 


a—«;< p,/2, Xj —-a< p,/2. 
From these we obtain 
a<p, I1-pj<a, 
and so 


(2) pit pj; > 1. 


Hence the above value of the probability is correct whenever it is impossible 
to separate the integers 1, 2, - - + , m into two classes such that (2) holds when- 
ever 7 is in one class and 7 in the other—this is a considerably weaker assumption 
than the one proposed. If such a separation is possible the true value of the prob- 
ability is less than that given by the formula. 
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Note. Two other solutions of 3948 were given in the December, 1941, number 
of this MONTHLY, pp. 705-707. 


Associated Triangles 


3971 [1940, 662]. Proposed by J. R. Musselman, Western Reserve University 

If O be the circumcenter of the triangle 414243 and M; be the other points 
of intersection of the circle with the lines OA ;, show that the three circles passing 
through O, and on M; with centers on A ,;A, respectively, meet at the point of 
Feuerbach for the tangential triangle of 414.43. 

Solution by Lt Ou, Yenching University, Peiping, China 

Let the vertices of the triangle A,;42A3 be #,, where |#;] =1. Then the 
coérdinates of M; will be —;, and the equation of A;M; is x —?=0. Hence, 
the perpendicular bisector of OM, is x +@%=—h, which intersects A.A; at 


; 
199 
Ci = ) 


te — 63 


where the o,’s are the elementary symmetric functions of the ¢,’s. Then the 
equation of the circle with C; as center and OC, as radius will be 


2 
bya 


(1 + 4), 


c= 
Yi — o3 
or 


(1) (t) — 03)"& — hort + tow = 0. 


Similarly for M2, the equation of the circle is 


(2) (tp — 03)x% — hort + tox = 0. 


Solving for x from (1) and (2), we obtain two solutions x =0 and x =a2/01. 
The former is the circumcenter, and the latter is the Feuerbach point for the 
tangential triangle of A,A42A3 (see Morley and Morley, Inversive Geometry, 
p. 191). 

Solved also by E. F. Allen, Frank Ayres, Jr., J. W. Clawson, and H. A. 
DoBell, each using inversive geometry. Allen and DoBell showed also that the 
point common to the three circles of the problem lies on the nine-point circle 
of the tangential triangle at its point of tangency with the circumcircle of 
A,A,A3, thus justifying the use of the term Feuerbach point. 


Apollonian Circles 


3973 [1940, 662]. Proposed by V. Thébault, San Sebastidn, Spain 

The symmetrics of the Apollonian circles of a triangle with respect to the 
corresponding midpoints of the sides are orthogonal to the circumcircle of the 
anticomplementary triangle. N. A. Court has given other properties of these 
circles in this MONTHLY, 1926, p. 373. 
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Solution by L. M. Kelly, University of Mtssourt 

Let us consider the Apollonian circle through C. Its reflection in M, cer- 
tainly passes through C’ and is, as a matter of fact, the Apollonian circle of the 
triangle ABC’, with respect to the vertex C’, of course. Thus the reflection is 
orthogonal to the circumcircle of the triangle A BC’. But this circle is tangent to 
the circumcircle of the anticomplementary triangle at C’. Hence the reflection 
in question is orthogonal to the circle A’B’C’. Similarly for the others. 

Solved also by J. W. Clawson, using inversive geometry, and by the proposer 
in a manner similar to Kelly’s solution. A synthetic solution different.from the 
above was received from Sun Nien-tseng after the preparation of the above for 
printing. 


The Tetrahedron 


3974 [1940, 662]. Proposed by V. Thébault, San Sebastidn, Spain 


If the straight lines joining the vertices A, B, C, D of a tetrahedron to the 
points A;, Bi, Ci, D, in the planes of the corresponding opposite faces are con- 
current, and also the straight lines joining the same vertices to the isogonal 
conjugates Ae, Bs, Cz, De of A1, Bi, Ci, D: with respect to the corresponding face 
triangles are concurrent, the tetrahedron is isodynamic, and conversely. For iso- 
dynamic tetrahedrons see N. A. Court, Modern Pure Solid Geometry, pi 276. 

Solution by L. M. Kelly, University of Missours 

Let the lines 4A, BBi, CC;, DD; meet in the point P and AAs, BBs, CC2, DD» 
in the point Q. Further suppose the barycentric coérdinates of P to be ma, ma, 
M,, ma and those of Q to be xq, Xb, Xe, Xa- 

By virtue of the fact that A; and A: are isogonal conjugates in the triangle 
BCD, 


xp = ky(c’2/ms) Xe = ky(b'2/me) tq = hy(a2/ma) 


where the lengths of opposite edges such as BC and DA are a and a’. Similarly 
since B,, Bz are isogonals in the triangle ADC we have 


Xq = ko(c’?/ma) Xe = ko(a’?/m,) Xa = k2(b?/ma) 


and so on. 
Hence 

ki(a2/ma) = Ro(b?/ma) and a?/b? = ke/ha, 
and 


ky(b’2/m-) = ko(a’2/m-) and b’2/ a’? = ko/ a, 


so that a2/b2=b'2/a"2, and aa’=bb'. Likewise aa’ =cc’, and the tetrahedron is 
isodynamic. 
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Orthopoles of a Line 


3975 [1940, 713]. Proposed by R. Goormaghtigh, Bruges, Belgium 

The orthopoles of a straight line parallel to one of the axes of an equilateral 
hyperbola as to the four triangles formed by any three of four points given on 
that hyperbola are on a straight line. 

Solution by the Proposer 

It is well known that the orthopoles of two parallel lines as to a given tri- 
angle are on a perpendicular to these lines and at the same distance from each 
other as these lines; hence it will only be necessary to prove the theorem for the 
case when the given line is one of the axes of the hyperbola. 

Let then xy=1 be the hyperbola in rectangular coérdinates and xj, y; 
(¢=1, 2, 3, 4) the codrdinates of the given points A;. 

The projection of A; on the axis x=y is 


(wy + 1)/2e, (a1 + 1)/2m, 
and the perpendicular dropped from that projection on A2A3 is 
oi +1 


M1 


y — %2%3% = (1 — %2%3). 


Hence the orthopole of the considered axis as to triangle A1A2A3 is 

x = (xe%3 + X3%1 + Xixe — 1)/2xix2Kxs, 

y= (x1 + x2 + %3 — %1%2%3)/2. 
But if 

a1 + %2 + %3 + Xs = a, 
KeX3H4 Tt XeX4X1 + sXe + Xikexs = |, X1XQH3X4 = C, 
then 
| 2x = b/c — 1/44 — x4/c, 2y = a— x4 — C/K, 
and the four considered orthopoles belong to the straight line 
2cx —-2y=b— a. 
The Central Conic 


3976 [1940, 713]. Proposed by W. O. Pennell, Exeter, N. H. 

, Through a point P in the plane of a central conic, a line CC’ is drawn parallel 
to the diameter conjugate to the diameter located by a line joining P with the 
center of the conic. Draw two lines through P intersecting the conic in A and B, 
and A’ and B’, respectively. Prove that AB’ and A’B (extended if necessary) 
intersect CC’ at points equidistant from P. Likewise, AA’ and BB’ intersect 
CC’ at points equidistant from P. 
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Solution by.G. A. Williams, Oregon State College 

Let p be the polar of P with respect to the conic. Then A’B and AB’ inter- 
sect in a point O on p. 

The four lines OA, OP, OB, and p form a harmonic pencil with vertex O. 
The line CC’ cuts this pencil in four harmonic points. Then as CC’ is parallel 
to p, P is the harmonic conjugate of the point at infinity on CC’ with respect to 
the other two points and is consequently the mid-point of the segment joining 
them. 

Similarly, 4A’ and BB’ intersect in a point O’ on 9, etc. 

Solved also by F. C. Hall, L. M. Kelly, F. M. Morgan, and the proposer. 


Iteration 


3977 [1940, 713]. Proposed by Aaron Herschfeld, Washington, D. C. 
Denote the uth iterate of f(x), a real function of a real variable x, by the 


symbol fn(x). Thus fox) =a, filx) =f(x), folx) =f [f(x)],-- +, fae) =f [fa1(x) J. 


Prove the following: | 
(1) If f(x) =x?—2x, then 


lim {faa}? = af] x —1| +./e?— Ie — 3} > 1, when | « — 1| > 2, 


while | f.(«)| S 3, for all w, when | « — 1| S 2. 
(2) If f(x) =2x2—1, then 
lim {fa(x) $7" =| «| + ./x? —1> 1, when | «| > 1, 


while 


Ta(x) | < 1, for all x, when | ae | < 1. 


Solution by Fritz John, University of Kentucky 

The statements in question are essentially the special cases a=1, 8=0 and 
a=2, 8=1 of the following theorem: 

Let a and 8 be arbitrary real numbers (a0); let 


f(x) = of 2(*—*) - 1 + £. 
Define fn(x) by filx) =f(x), fn(x) =f(fa+(x)). Then 
B—-|alSf(x) S B+ lel, 
if 
x— B 


a 


(1) 


a 


holds, and 
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_ Ty R22 
tS )-+ 
(84 (84 
x—B 


a 


lim {| fax) | J?" = 


if 
(2) 


> 


(here | fr(x)| may be replaced by f,(x), if a>0). 
Proof: 1. Let x satisfy (1). Then there is a real ¢, such that 


x=acost+ 8 = ¢(t). 


Hence, using the identity cos 2 =2 cos? ¢—1, 


f(x) = acos 2¢+ B = $(28); <1; 


a 


it follows by induction that 
fr(x) = 6(2"t) = a cos (2"t) + B; 


thus B—|a| <fa(x) <B+] a]. 
2. Let x satisfy (2). Then there is a positive t, such that 


y— 


"| = cosh t = $(e! + e~). 


6 4 
Using the identity cosh (2#) =2 cosh? £—1, we obtain 


1< fs) — 8 = cosh (2); 


a 


hence 
fails) — 8 = cosh (2"t); 
84 


1 


fal x) == B + a cosh (22) = B + Lo(e2"t + e72' t) _ et Be-2™ 4 Ly 4 Leyen2”* 7 


Consequently (using e*>1), 


_ //y—RB\2 
Tit CS) 
a a 
where for a>0, we may replace | fr(x)| by fa(x) under the limit sign. 
Solved also by the proposer. 


im | f(x) | 


Editorial Note. The solution by the proposer for the two special cases is some- 
what similar to the above. He remarked that the earliest published formulas for 
the nth iterate of a polynomial of degree greater than unity seems to be those of 
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E. Schréder in his article Uber iterierte Funktionen, Mathematische Annalen, vol. 
3, 1867. He was unable to find: the formulas of the problem in the literature. 


Spheres Associated with an Orthocentric Tetrahedron 


3978 [1940, 713]. Proposed by V. Thébault, San Sebastian, Spain 

Given an orthocentric tetrahedron and the spheres which are loci of points 
such that the ratio of the squares of their distances to the extremities of one of 
the edges of the tetrahedron is equal to the ratio of the sum of the squares of the 
edges of the faces containing the opposite edge. Show that the sum of the powers 
of the respective extremities of the latter edge with respect to either of the two 
spheres is constant. 

Solution by Frank Ayres, Jr., Dickinson College 

Associated with an orthocentric tetrahedron is a set of five mutually orthogo- 
nal spheres. The required sum is the sum of the squares of the radii of the four 
spheres centered at the vertices. If this is denoted by a, then the sum over all 
the edges is 12a. In this form the problem will be generalized to a space of n di- 
mensions. 


Let 
P= (x, Liye x; ) = (xa), t= 1, 2, 3,0: ,n+i, 
be the vertices of an orthocentric (n+1)-point T, the origin of the coordinate 
system being at the center of the circumscribing hypersphere, whose radius will 
be denoted by R. Let 7; denote the radii of the (n+1) mutually orthogonal 
hyperspheres centered at P;. Then {F. Ayres, On n+2 mutually orthogonal hy- 
perspheres, National Mathematics Magazine, vol. 10, (1936) }, 


x) = R®, DY («i — x)? = A477 and 2 oxx,=2R-—fF- 7, 


where >) indicates summation with respect to the superscripts. 

The hyperspheres, associated with an edge P,P, which are the loci of points 
such that the ratio of the squares of their distances to the extremities of the edge 
is equal to the ratio of the sum of the squares of the edges of the n-point opposite 
each extremity, have equations Bo 


5 D(X = a) i ~~ and § — D(X = a) a 
wT (X—m)? Er "YK a)? A 
ixa 
The equation of S4;z may be written in the form 
Bx — Axy \? AB 2 2 
x - —*_—_— _) = —(ra +4 
x(3 B-A ) joa et" 


and that of Sg;4 may be obtained from it by interchanging A and B. 
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The power of a vertex P, (ca, b) with respect to S4/z is —oexap,cle and 
with respect to Sz, is )y?+7. The sum of the powers of P, with respect to 
Saje and all P; (ja, b, c) with respect to Szya is 


(1) (n — 2) du ri. 


The sum of the powers of P, with respect to,Sz,;4 and all P; (ja, b, c) with re- 
spect to S'4/B is 
(2) Sr —n=3) Sn. 

i hea, b 
The sum for all P. (c¥a, 6), (i.e., the contribution for the edge P,P») is 
1] (n—1)) yr? —(n— 1)(n—3)) evapte |) and hence the sum for all edges is 
n(n—1)2> 477. 

For n= 3, the sums (1) and (2) are equal and independent of the edge; hence, 
the given theorem. 

Editorial Note. The proposer gave the following indications of his solution: 
Given the tetrahedron ABCD, we denote the lengths of its edges BC, CA, 
AB, DA, DB, DC by a, b, ¢, a’, b’, c’. The locus of the points M such that 
(MB)?:(MC)?=m?:n? is a sphere (wa) whose radius is p,=mna/(m?—n?) and 
whose center w, is on BC. The locus of points NV such that (NVB)?:(NC)2=n?:m? 
is a sphere (w, ) whose center is the symmetric of w, with respect to the midpoint 
of BC. We then have 


(Awe) — pa = (mb — n'c')/(m — 2); 
(Des) — pa = (we — m'b)/(n' — m) 
where m?=a’2?+02+c", n?=q'2+b'2+c¢?. We now have 
(Ps) = [b%(a'? + 0° + 2) — cX(a!2 +B + c8)]/[(m? — 02), 
(Po) = [/%(a'? + bt + 0!) — Mal? + B+ 2)? — 0); 
and then it follows that 
(Po) + (Pi) = [0 + B)(a2 +B $0!) — (2 + (a! + B+ 02) /(m? — ni), 


This is for any tetrahedron; if it is orthocentric, a?+a’2=)?+)" =c?+c"? =K?. 
The above sum of powers then reduces to K?, and this completes the proof. 

The expressions for (P,) and (P/), the powers of A and D with respect to 
the-corresponding spheres, may be written immediately using vectors ai, a, &3, @4 
for the vertices with any given origin. For, we have 


(m? — n*)(P.) = mai — as)? — n?(ay — ae)? = mb? — n%?; 


since, if we replace a; by the variable vector x in the middle expression and then 
set it equal to zero, we obtain the equation of the sphere corresponding to A; 
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similarly for (Pj). The constant K? is 4(R2—m), where R is the circumradius 
and m is the square of the radius of the polar sphere with center at H, the ortho- 
center. It is also >/7? in Ayres’ solution. It is assumed in the above that m?—n? 
~0. 


Equation of the Circle through Four Points 


3979 [1941, 69]. Proposed by W. V. Parker, Louisiana State University 
If A,, (¢=1, 2, 3, 4), are four points on a circle in the order of the subscripts 
with the rectangular codrdinates x;, y:, prove that the equation of the circle is 


x y il x oY 1 x y I x y i 
Go3d14| X1 VW 1 X3 V3 1 | + Giedg4| x2 Vo 1 X4 Ya 1 |= 0, 
x2 yo 1 x4 ya 1 x3 y3 1 a 


where a;; is the length of the side A;Aj. 

I. Solution by Eduardo Gaspar, Rosario, Argentina . 

We will apply the so called “Pappus theorem” that says: “If M is any one 
point on the circle that passes through A1, A2, A3, A4, and /;; represents the dis- 
tance from M to the side 4,A,;, then 


(1) harhos = hizhsa. 


Using this theorem, which is not difficult to demonstrate, let us consider now the 
triangle M A;A isi (¢=1, 2, 3, 4, 1); its area will be 


Fy ssi = Fhe ideas 


and (1) gives us 
(2) Az00g4l aio3 = Gardoal* tof 54. 


Given three ordered points M(x, y), Ai(x, yi), Acsi(x%i41, Viz1) On a circle, 
_ the area of the triangle M A,Aji41 is 


Py igi = | XX; Vi 1 
Xi41 Viz1 1 


This area will be negative if A;, M, Ais: are in the positive sense of rotation, 
and positive in the other case. Consequently among the areas F;,:41 only one is 
negative (for example, if M lies between A2, A; the single negative triangle will 
be M A.As3). 

Hence the equation (2) is the same as that which appears in the proposed 
problem. 

IT. Solution by Kwan Chao-Chih, Yenching University, Peiping, China 

The equation 
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x y i x y | x y i x y | 
(1) Kj) «1 vy. 1) |} 43 yy 1} +L x2 ye 1 x1 ye 1|=0 
x2 yo 1 x4 ya 1 “3 y3 1 41 yi 1 


represents a conic passing through the points A;,7=1, 2, 3, 4. We want to choose 
K and L such that (1) will represent the circle passing through the four points. 
We first change to homogeneous coérdinates by replacing x:y:1 by x:y:t. By 
making use of one of the two circular points, say (1, 2, 0), we get, after changing 
back again to rectangular coordinates, 


K/L = — [(y2 — ys) — i(a2 — a3) |[(ys — yx) — ia — m1) ] 
+ [(y1 — ye) — i(%1 — x2) [(ys — ya) — (as — a4) I. 
Writing z=x-+1y, we have 


K/L = (Zo —_— 23) (21 —_ Za) / (21 — 29) (3 — Za) = 304e*'*?) /ayodza, 


(2) 


where |3,—23,| =(1,4, and @ is the angle from the vector 2,—2_ to 2,—23, and B 
the angle from 2; —24 to 3—24. From the concyclic property and the given order 
of the A’s we can immediately see that a=8, and thus K/L is completely deter- 
mined as stated in the problem. 

Solved also by Frank Ayres, Jr., E. H. Clarke, J. W. Clawson, H. A. DoBell, 
H. W. Eves, G. B. Huff, C. R. Phelps, O. J. Ramler, C. W. Trigg, and G. A. 
Williams. 

Editorial Note. Most of the solvers used as a basis the above Pappus theo- 
rem and gave proofs of the latter. Trigg deduced this basic theorem from the 
theorem: The perpendicular from a point on a circle to a chord is the mean 
proportional between the perpendiculars from the point to the tangents at the 
extremities of the chord; see 3726 [1937, 58]. Williams deduced it from the theo- 
rem: The product of two sides of a triangle is equal to the product of the altitude 
.on the third side and the circumdiameter. Phelps at the end of his solution de- 
duced this basic theorem as an incidental result. Some of the solvers first re- 
placed the given determinants by areas of triangles expressed in terms of an 
angle and the two including sides, and concluded the proof by the use of the 
law of sines, noting equalities of angles in the figure. 


PRE-TRAINING OF AVIATION CADETS 


In January the War Department appointed a committee consisting of Pro- 
fesfors W. L. Hart (Department of Mathematics, University of Minnesota), 
W. M. Whyburn (Department of Mathematics, University of California, Los 
Angeles), and C. C. Wylie (Department of Astronomy, University of Iowa) 
“to make a survey of the ground school courses offered in pilot and non-pilot 
courses in the Air Corps Flying Training System, with a view to outlining pre- 
paratory courses to be given in ‘colleges and universities.” 
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The committee made a study of various Air Corps scliools and recommended 
a pre-training program for Aviation Cadets. These recommendations are incor- 
porated in the following communication issued by Major General Yount: 


War Department 
Headquarters Air Corps Flying Training Command 
Washington 


In order to man our ever increasing armada of combat planes, the Air Corps has need for a 
continuous flow of well prepared, intelligent aviation cadets. It is definitely our opinion that the 
typical young man who satisfies the recently announced requirements for enlistment as an aviation 
cadet will satisfactorily pass one of the curricula of the Air Corps for which he is eligible. However, 
certain subject matter which can be studied in high school or in college would widen the possible 
range of a cadet’s usefulness to the Air Corps and might decrease the time required for him to arrive 
at maximum combat efficiency. Consequently, in the case of a young man who does not intend to 
enlist immediately as an aviation cadet, but who plans such action later, the Air Corps recommends 
whichever of the following arrangements for pre-training is most appropriate for him: 


Plan I. Pre-training through Regular High School and College Courses 


If time limitations permit, it is recommended that a student get his pre-training through regu- 
lar high school and college courses, including the following: advanced high school algebra; at least 
twenty-five lessons in solid geometry including the geometry of the sphere; plane and spherical 
trigonometry; descriptive astronomy; a college course in general physics; a course including a sub- 
stantial amount of cartography. Additional course’ in mathematics and the physical sciences 
would be useful for particular objectives within the Air Corps. It should be noticed that many of 
the courses in the preceding program can be taken in high school. 


Plan If, A Special College Curriculum 


Prerequisites: Elementary high school algebra and plane geometry, as taken normally in grades 
9 and 10. 

Extent: Fifteen semester-units or the equivalent in college quarter-units, divided between 
three courses. This amounts to approximately 260 class hours of recitations, lectures, and examina- 
tions; two hours of laboratory work are to be rated as the equivalent of one hour of recitation or 
lecture. 

Time Allowance: One semester, or at most two quarters. 


Course A: Mathematics; 6 Semester Units 


General Features: The emphasis on theory should be limited to that minimum amount which 
is essential if the student is to appreciate the content of the course. Numerical applications should 
be emphasized whenever possible. 

Part 1. Algebra: Approximately 25 class hours; the content should be selected from any reput- 
able college text to emphasize the manipulative skills needed for numerical trigonometry, physics, 
and the most elementary technical fields; graphical methods should be introduced. 

Part 2. Plane Trigonometry and Logarithms: Approximately 40 class hours; the content should 
be selected from any reputable college text including both plane and spherical trigonometry; pri- 
marily a course in the numerical aspects of trigonometry with only that amount of analytical 
trigondmetry which is essential for the major purpose of the course and for the similar course in 
spherical trigonometry; substantial emphasis on slide rule computation with each student possess- 
ing a cheap slide rule; stress on applications of all sorts, particularly those involving vector forces 
and velocities, and army or navy terminology; only simple aspects of graphing need be included. 

Part 3. Solid Geometry: Approximately 25 class hours; the course is designed to create accurate 
space intuitions on the part of the student and to prepare him for spherical trigonometry and cer- 
tain aspects of astronomy; the content should be selected from any standard text for high school 
solid geometry and should include a treatment of straight lines, planes, dihedral and trihedral 
angles, and the geometry of the sphere; other major parts of the usual course may be practically 
omitted; proofs should be held to a bare minimum; great emphasis should be placed on the drawing 
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of figures and the making of simple paper models for three dimensional situations; the items of con 
tent which will be used in spherical trigonometry should receive particular attention. 

Part 4. Spherical Trigonometry: Approximately 10 hours; introduction to the formulas for the 
solution of right triangles and general triangles; emphasis on problems relating to latitude, longi- 
tude, and the astronomical triangle on the celestial sphere; examinations should be of the “open 
book” type; a major object of the course is to give the student confidence later in the use of naviga- 
tion tables which frequently make it unnecessary for the navigator to carry out the solution of 
spherical triangles. 


Course B: Astronomy, Maps, and Weather: 4 Semester Units 


General Characteristics: The object of this course is to give a thorough familiarity with those 
features of astronomy which are essentials for navigation. It would be sufficient to give merely a 
few lectures of popular type concerning the topics stressed in the usual course in descriptive astron- 
omy, but not included below. The textbooks on descriptive astronomy, now available for this 
course, will have to be supplemented by material on map projections and weather phenomena. 

Topical Outline: Coordinates on the celestial sphere; motions of the earth; rough determination 
of time; star charts and maps; the atmosphere; seasons and climates; the planets; identification of 
stars and planets in evening laboratory hours, not necessarily using a telescope. 


Course C: Physics: 5 Semester Units 


General Features: Numerical problems, vector methods, and applications of trigonometry 
should be stressed at every opportunity. The course should not be of theoretical type. It should 
include from two to four hours of laboratory work per week. The teacher should employ a standard 
college textbook from which most of the indicated topics can be selected. 

Topical Outline: Mechanics; heat, light; sound; electricity and magnetism. At the appropriate 
places, the following topics should be given special attention because of their importance in meteor- 
ology: saturation; vapor pressure; humidity; latent heat on condensation; evaporation; sublima- 
tion; fusion; super-saturation; super-cooling. 

Note: The preceding special Plan II could be telescoped into eleven or twelve weeks for stu- 
dents who have already had advanced high school algebra and some solid geometry. 


BARTON K. YOUNT 
Major General, U. S. Army 
Commanding 
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Timely Mathematics Texts for Colleges 


Nelson, Folley, Borgman’s Curtiss & Moulton’s 


CALCULUS ESSENTIALS OF 


Ready this month TRIGONOMETRY 
, , , WITH APPLICATIONS 
Early introduction of integration of pow- 


ers and polynomials, including applica- For your war courses 
tions to geometry and physics. 


Carefully selected problems, well intro- Keyed to our war problems—for a basic 


duced by illustrative examples. course emphasizing the essentials of plane 
and spherical trigonometry and their ap- 


Accurate statement of fundamental prin- 
oar plications. With Tables, 278 pages, $2.25. 


ciples and theorems, often accompanied by 


supplementary working rules. About 370 Without Tables, 182 pages, $2.00. Tables 
pages. $2.75 ® separately, 96 pages, $1.25 

D. C. HEATH AND COMPANY BOSTON NEW YORK 
CHICAGO ATLANTA SAN FRANCISCO DALLAS LONDON 


Analytic Geometry Texts 


ANALYTIC GEOMETRY, Revised Edition 
By Raymond W. Brink, Ph.D. 


Fo A RICH, complete, and adaptable course in analytic geometry, the revised edition of 
this book is an ideal text. The emphasis is on logic and method, so that the student is 
encouraged to attack problems with courage and independence. Problems, carefully graded 
and distinctive for their variety, freshness, and usefulness, provide for immediate application 
of theory, and formal exercises give training in the development of technique. The book is 
particularly useful as preparation for calculus and other advanced mathematical studies. 
8v0, 350 pages. $2.90. 


ESSENTIALS OF ANALYTIC GEOMETRY 
By Raymond W. Brink, Ph.D. 


S MPR more flexible, and somewhat less detailed than the author’s Analytic Geometry, 
this book covers fully all topics usually taught in analytic geometry courses in American 
colleges and universities. It is compact, well organized, and clearly written, and it provides 
sufficient material in method, information, and problems for preparation for calculus and 
for the development of general mathematical maturity and background. Small 8vo. 233 pages. 


$2.25, 
D. APPLETON-CENTURY COMPANY 
35 West 32nd Street New York, N.Y. 


FIRST YEAR COLLEGE MATHEMATICS 


Richtmeyer and Foust 


Early comments point out the pedagogical correctness of this new book. 
The self-tests, the large number of problems (3976) and the early intro- 
duction of the concepts of the calculus all indicate a thorough classroom 
text. Its unification through function marks it a modern text. 

461 pages octavo . $3.25 


PLANE TRIGONOMETRY 


Patterson and Hickson 


An original method of emphasizing trigonometry as a tool makes this 
an unusually practical text. Bound with and without Crawley’s Five 
Place Tables of Logarithms. 


crown octavo $1.75 
219 pages ' with tables $2.25 


F. S. CROFTS & CO. 
101 Fifth Ave., New York 


WRITE FOR FULL DESCRIPTIONS 


A clear, competent 
survey of the essentials 
of plane trigonometr 


BRIEF 
TRIGONOMETRY 


By Edward A. Cameron, University of North Carolina $1.35 


“For a short course this is a very satisfactory piece of work. I heartily approve 
the manner of presentation and am pleased to see a number of devices that work 
well in class but haven’t seemed to get into texts before this. The material 1 is well 
selected and balanced and presented in an accurate and logical manner.’ 

Emory P. Starke, Rutgers University 


SOME CURRENT ADOPTIONS 


Brooklyn College, Kent State Univer- 
sity, New Jersey College for Women, 
Temple University, Universities of 
Arizona, Cincinnati, Connecticut, Del- 
awate, Kentucky, North Carolina, 
Wisconsin, etc. 


FOR DEFENSE COURSES 


The lucidity and conciseness of 
BRIEF TRIGONOMETRY make it 
well adapted to defense training 
classes and it has been used in such 
work at Cornell University, New 
London Junior College, Pennsylvania 
State College, etc. 


REYNAL & HITCHCOCK, 386 Fourth Avenue, New York 


BRIEF TRIGONOMETRY 
A TEXT IN TWENTY ASSIGNMENTS 


A. R. CRATHORNE & G. E. MOORE 
University of Illinois 


A practical, compact introduction to the fundamental principles of trigo- 
nometry illustrating the uses of the subject and familiarizing the student with 
its basic aspects through the solution of well-chosen and varied problems. 
Brevity is attained through the abbreviation and omission of topics which 
are given in courses in more advanced mathematics. A brief supplement 
covering "The Mil" is now available gratis. 


121 pages. $1.20 


ELEMENTARY FUNCTIONS 
AND APPLICATIONS 
REVISED 


ARTHUR S. GALE & CHARLES M. WATKEYS 


University of Rochester 


‘Anyone who can still think of a college foundational course in terms of 
any of the several watertight compartments itis so often confined to should 
turn the pages of this excellent text. He will see how cleverly its authors have 
woven the basic material of all branches of mathematics into a unified, 
fascinating story of what mathematics is all about.” 


John B. Bowker, Middlebury College 
409 pages. - $2.25 


HOLT 257 FOURTH AVENUE NEW YORK 


Outstanding. McGraw-Hill Books 


FIRST YEAR COLLEGE MATHEMATICS. Two volumes 


By H. R. Cootry, P. H. Granam, F. W. Jon, and A. Tittey, New York 
University. 
Logarithms, Trigonometry, Statistics. 283 pages, $2.00 
Contains all the standard material with special emphasis on functional relations 
and applications. Slide rule and growth problems are dealt with in connection 
with logarithms. Trigonometry is applied to vibratory motion, polar coordinates, 
and complex numbers, 


College Algebra. 387 pages, $2.25 

Includes the material usually covered in this course, considerably reorganized and 
presented in a fresh, lucid manner. There is a particularly careful and detailed 
presentation of mathematical induction and other forms of reasoning. 


SPHERICAL TRIGONOMETRY WITH NAVAL AND MILITARY 
APPLICATIONS 


By Lyman M. Ketzs, Wittis F. Kern and James R. BLanp, U. S. Naval 
Academy. In press—ready in May 


Represents a revision and expansion of the spherical trigonometry section of the 
authors’ well-known Plane and Spherical Trigonometry. It is written with a view 
to the needs of men who expect to become officers in the army, navy, or air corps. 
The important applications and logarithms to navigation and related topics are dis- 
cussed and illustrated by examples. Small angle methods ‘are employed to find 
heights and distances and to explain the underlying principle of the range finder. 
Maps, charts, and graphs are dealt with and detailed attention is given to problems 
involved in navigation. 


ELEMENTARY MATHEMATICS IN ARTILLERY FIRE 
By JoserH M. Tuomas, Duke University. 255 pages, $2.50 


.A new book of timely importance, dealing with problems which arise in artillery 
fire and which can be solved by means of elementary mathematics. The approach is 
new in the case of some of the geometric and trigonometric problems, and there is 
a unique treatment of the accuracy of interpolation in the logarithmic tables. 


MATHEMATICS FOR ELECTRICIANS AND RADIOMEN 
By NEtson M. Cooke, Chief Radio Electrician, U. S. Navy. 604 pages, $4.00 


Furnishes the electrical and radio student with a sound mathematical foundation and 
shows him how to apply this knowledge to the solution of practical problems most 
frequently encountered in actual practice. The mathematical scope of the book 
includes elementary algebra through quadratic equations, logarithms, trigonometry, 
elementary plane vectors, etc. 


Send for copies on approval . 
McGRAW-HILL BOOK COMPANY, Inc. 


330 West 42nd Street New York, N.Y. 


GEORGE BANTA PUBLISHING COMPANY, MENASHA, WISCONSIN 
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EMILE PICARD, 1856-1941 
S. MANDELBROJT, Rice Institute 


Since the last quarter of the eighteenth century mathematicians have ap- 
peared in France in groups. The first of these would include such figures as 
Lagrange, Monge, Laplace, Legendre, Fourier, and Cauchy. 

Picard was the last survivor of an epoch which rose to its apogee with the 
researches of Poincaré and was initiated by Hermite. These men might well have 
chosen as their symbol the modular function. Hermite introduced it, and for 
Poincaré it constituted the beginning of an admirable chapter in mathematics— 
the theory of automorphic functions. It was given to Picard to make its most im- 
pressive application in the theory of functions. 

The proofs of both theorems of Picard on entire functions: “the first theorem” 
and “the great theorem”—both great—are so astonishing that one need not 
hesitate to describe them as dramatic. 

Generalizations of these theorems (Borel, Landau, Schottky, Carathéodory, 
Julia, Bloch), theories connected with them (normal families of Montel, char- 
acteristic functions of Nevanlinna) and their applications are so numerous and 
important, that scores of well-known mathematicians have devoted and still 
devote their lives to them. The results obtained constitute a large autonomic 
field comparable in importance only to the great classical domains of modern 
mathematics. 

In relation to Picard’s theorems on entire functions (or more generally on the 
behavior of analytic functions in the neighborhood of isolated singularities) one 
should remember the réle, in the theory of discontinuous groups, of the “group of 
Picard.” 

Followers of Picard attempted to avoid the use of the modular function in 
the proofs of his theorems, in an effort to provide an “elementary proof” of them. 
Certain important results were obtained in this direction, but it is remarkable 
that other not less important contributions have demonstrated that this func- 
tion is intrinsically related to the field created by Picard. 

It should be pointed out, perhaps, that the idea of the Riemann surface ap- 
pears in its true light through the topological aspects of Picard’s theorem. 

A capital contribution to the understanding of general existence theorems in 
differential equations is given by Picard’s method of successive approximations. 
It furnished its author, and many of his followers, with a speedy proof of con- 
vergence of a series which gives the integral, replacing advantageously the older 
methods of Cauchy-Lipschitz. Its constructive character permits a new outlook 
on questions of existence, and, in many ways has proved to be of great utility. 

We owe to Picard the development of the theory of algebraic functions of 
many variables, a study which was originated by Riemann. In this connection 
should be mentioned Picard’s work on algebraic surfaces with rational plane 
sections. 
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It is of course impossible to do more than mention Picard’s work on partial 
differential equations, for instance, that concerning the methods of integration 
of equations of hyperbolic type (related to the propagation of electrical waves 
through a homogeneous telegraphic wire), or methods employed in various 
forms of the solution of the Dirichlet problem. 

The “method of Schwartz-Picard-Poincaré” in the theory of integral equa- 
tions will recall Picard’s interest in this subject which was, for many years, his 
favorite field of investigation and instruction. 

Theory of functions, theory of groups, algebraic functions of many variables, 
theoretical physics, differential equations were perhaps the branches of mathe- 
matics which Picard enriched most, but he was not one of those whom one may 
describe as “a specialist” in one or another field—he was one of the few Masters 
who formed the very basis of our mathematical science. 

There is not a single French mathematician over thirty years of age who was 
not a student of his. But not only French students enjoyed his Cours d’Analyse 
Supérieure. The Amphitheatre at the Sorbonne where be taught for 50 years was 
the meeting place of young mathematicians from all.over the world. Even those 
who had some difficulties in understanding French could admire the simplicity 
and directness of his teaching. Sometimes, what is generally called “an elegant 
exposition” seems unpleasant in mathematics, since elegance is often won by 
hiding the real difficulties of the subject. Is it that simplicity was inherent 
in the subjects he used to teach, or is it that he made these subjects susceptible 
of simplification? At any rate students could but admire the Master as well as 
the subject. One can form an idea of his manner of teaching by reading his 
famous “Traité d’Analyse.” 

Picard has had, of course, all the distinctions a great mathematician can 
have: membership in French and foreign Academies, Scientific Societies, etc. 
But in France his prestige surpassed even that of some of the greatest repre- 
sentatives of our science. His position in the mathematical world, his profound 
interest in the history of French thought, exemplified in the beautifully written 
essay on Pascal, have made him recognized representative of French Science. 
And if the official consecration of his prestige was his election as Secrétaire 
Perpétuel de l’Académie des Sciences, and—a rare honor for a scientist—as 
“Immortel,” Member of the Académie Francaise, his olympian attitude re- 
flected a sense of the réle he played in his time. He was a worthy representative 
of a proud epoch. 


ANNUAL MEETING OF NORTHERN CALIFORNIA SECTION 


The fourth annual meeting of the Northern California Section was held at 
the University of California, Berkeley, on Saturday, January 31, 1942. Professor 
F. R. Morris, chairman of the Section, presided at both morning and afternoon 
sessions. During the noon recess luncheon was served at the Men’s Faculty 
Club. 

The attendance at the two sessions was sixty-five, including the following 
twenty members of the Association: H. M. Bacon, G. A. Baker, T. J. Bass, B. 
A. Bernstein, G. C. Evans, Emma Hesse, Einar Hille, D. H. Lehmer, Sophia 
H. Levy, A. L. McCarty, E. D. Miller, F. R. Morris, W. H. Myers, E. B. Roess- 
ler, Ethel Spearman, Pauline Sperry, Ruth G. Sumner, Gabor Szegé, A. R. 
Williams, Fredrick Wood. 

The following officers were elected for the coming year: Chairman, Fredrick 
Wood, University of Nevada; Vice-Chairman, E. B. Roessler, University of 
California at Davis; Secretary-Treasurer, H. M. Bacon, Stanford University. 
Mrs. Ruth G. Sumner, Oakland High School, was re-elected to represent the 
Section as associate editor of the California Journal of Secondary Education. 
Professor Sophia H. Levy reported briefly on the activities of the Committee 
on Mathematical Education of the two California Sections which had been 
authorized by a mail vote of the two Sections and appointed by the Regional 
Governor; the membership of the Committee is as follows: Sophia H. Levy, 
Chairman; C. G. Jaeger, E. B. Roessler, S. E. Urner, W. M. Whyburn, H. M. 
Bacon (ex-officio), G. C. Evans (ex-officio). 

By invitation of the Section, Professor H. C. Burbridge of Fresno State Col- 
lege gave an hour’s address during the morning session. 

The following papers were read: 

1. “Theory of budgets based on parabolic Engel curves” by Dr. G. A. Baker, 
University of California at Davis. 

2. “Concerning the altitudes of a tetrahedron” by Professor J. H. McDonald, 
University of California, introduced by Professor Levy. 

3. “Recent developments in engineering” by Professor H. C. Burbridge, 
Fresno State College, by invitation. 

4, “Senior mathematics: a semester course in algebra and geometry designed 
for students without previous high school mathematics” by L. J. Hill, San Jose 
High School, introduced by Professor Myers. 

5. “On conjugate trigonometric polynomials” by Professor Gabor Szeg6, 
Stanford University. | 

6. “On unbounded solutions of linear second order differential equations” 
by Professor Einar Hille, Yale University. 

Abstracts of the papers follow, numbered in accordance with their listing: 

1. Dr. Baker showed that, considering averages, expenditures on groups of 
items are parabolic functions of the total income or expenditure. If total income 
is divided into expenditure on savings and expenditures on all other 
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items, then the preference curve is parabolic and a quadratic utility surface is 
determined except for an additive constant. The indifference curves are arcs of 
ellipses which are orthogonal to the preference curve. 

2. Professor McDonald showed that the altitudes of a tetrahedron in general 
are four lines of a regulus; the quadric of this regulus contains eight other lines. 
These are the four perpendiculars to the faces of the tetrahedron erected at 
their orthocenters, and four other lines. Any one of the latter is determined as 
the line of intersection of three planes drawn through three concurrent edges of 
the tetrahedron and perpendicular, in each case, to the face of the other two 
edges. It may be shown that the quadric is a rectangular one, namely, such that 
when given by an equation in rectangular coordinates the sum of the coefficients 
of the squares is zero, and characterized geometrically by the property that 
each of its reguli contains sets of three mutually perpendicular lines. 

3. Professor Burbridge described developments in aviation including testing 
devices, design of planes, development of fuels, methods of testing the smooth- 
ness of surfaces and their relation to the design and construction of machines. 
A particularly interesting illustration described the securing of the same result 
by two widely different methods of research. Several developments in the fields 
of radio and telephony were discussed, especially the increase in the number of 
telephone meassages which can be carried by a single cable. The role of scien- 
tists in saving England during the present war was mentioned, together with a 
brief account of recent developments in astronomy. 

4. At the present time many senior students in San Jose High School wish 
to change from fields requiring little or no mathematics to fields requiring a 
mathematical background. Mr. Hill described a semester course to cover briefly 
the fundamentals of algebra, geometry, and plane trigonometry which would 
attempt to meet as well as possible the needs of these senior students in the very 
limited time available. 

5. Professor Szegé considered the set of all polynomials f(z) of degree n 
whose real part lies between preassigned bounds, say between —1 and +1 as 
| z| <1; Jet f(0) be real. The problem is to find the greatest possible value for 
the imaginary part of f(z), | z| <1. After transforming this problem into one in 
terms of conjugate trigonometric polynomials the solution follows by means of 
a proper interpolation formula. The bound in question is Y%(2/m) log nas n— , 
attained for certain polynomials having the form +f (ez), | e| =1; here f(z) isa 
special polynomial of the given set with pure imaginary coefficients which 
assumes the values +1 and —1 atthe points mm/(n+1) and —m/(n+1), re- 
spectively, 1 <m<n, m odd. These are the only extremum polynomials if 1 is 
odd, whereas for even n besides these some other extremum polynomials exist. 

6. Professor Hille assumed the given linear second order differential equation 
to be self-adjoint and the solutions to be non-oscillatory in an interval (a, d). 
A necessary and sufficient condition was given in order that the solutions be un- 
bounded in (a, 0). It was shown by examples that the inequalities obtained are 
the best possible. H. M. Bacon, Secretary 


WHAT IS THE JORDAN CURVE THEOREM? 
J. R. KLINE, University of Pennsylvania 


In non-technical terms we may define a simple closed curve or Jordan curve 
as the most general set which can be obtained from a circle by bending and 
stretching without breaking or crossing. More precisely, a simple closed curve is 
the image of a circle under a homeomorphism, 7.e., under a (1-1) continuous 
transformation with a continuous inverse, while a simple continuous arc is the 
image of a straight line interval under a transformation of the same type. While 
such simple figures as a triangle or an ellipse are simple closed curves, we can 
also obtain simple closed curves the structure of which is extremely complex. 
We shall exhibit two curves of the latter type to show that, under a homeo- 
morphism, a circle does not necessarily retain any one of the following prop- 
erties: 


(a) that of having a tangent at every point; 
(b) that of having a length; 
(c) that of having its two-dimensional area (measure) equal to zero. 


That (a) and (b) may be lost can easily be seen from the following well- 
known simple closed curve: let Co be an equilateral triangle while Ci is the 
outer boundary of the figure obtained if, on the middle third of each straight 
line segment of Co, we erect an equilateral triangle whose interior lies wholly 
without Co. Assuming that C, has been constructed, we obtain C,41 as the outer 
boundary of the figure reached by erecting, on the middle third of each straight 
line segment of C,, an equilateral triangle whose interior lies wholly in the 
exterior of C,. Let C be the limit of Co, Ci, C2---. This limit is a simple 
closed curve. Clearly at no point does C possess a tangent while the length of the 
perimeter of C, becomes infinite with 7. 

To show that property (c) is not necessarily retained, we have recourse to a 
scheme based on the well-known Cantor middle third process. The Cantor 
process provides us with a nowhere dense perfect set on a straight line interval. 
Our modification leads to a perfect set C which contains no connected subsets 
other than single points and has plane measure different from zero.* Now with 
the use of a theorem due to R. L. Moore and the author [1] we are able to con- 
struct a simple closed curve J which contains every point of C and hence must 


* In this footnote we shall describe the process by which we obtain C. Let Cy denote the 
square ABCD plus its interior. To obtain C,, we remove from Cy all of those points 
which lie between two perpendiculars to BC which (1) are symmetric to the perpendicular bi- 
sector of BC and (2) include between them 1/3 of the square. 

Next, remove from C; that portion of C; which lies between two lines which (1) are perpendicu- 
lar to AB and are symmetric to the perpendicular bisector of AB and (2) are such that the parts of 
the two rectangles, which comprise C;, included between them, have together an area equal to 
1/9 the original square. Call the four remaining rectangles C,. 

Next on each of the intervals of BC which remain erect a pair of lines which are (1) per- 
pendicular to BC and symmetric to the perpendicular bisector of the interval and (2) are such that 
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have plane area different from zero. These examples contradict many of our more 
intuitive notions of a curve. 

In view of these examples, one naturally wonders what properties, if any, of 
the circle C must remain after it has been subjected to so general a transforma- 
tion as a homeomorphism. We do find that our conditions will be sufficient to 
require the resulting set J still to possess properties such as (1) that of having 
any two distinct points separate J into two mutually separated connected pieces 
of which they are the common boundary and (2) that of remaining connected 
after the removal of any connected piece. Both of these properties are, of course, 
possessed by the original circle. Much more interesting, however, is the relation 
of the resulting simple closed curve J to the plane S in which it may be im- 
bedded. From elementary geometry we remember that a circle divides the re- 
maining points of the plane into two sets, the interior and the exterior, the 
former consisting of points at a distance less than the radius from the center, 
while the latter contains the points whose distance from the center is greater 
than the radius. These sets have the property that, in order to join a point of 
one set to a point of the other by any simple continuous arc, one must pass 
through a point of the circle. Intuitively one feels certain that a separation of 
the remaining points into distinct sets must still persist after the circle has been 
carried by a homeomorphism into any simple closed curve in the plane. Before 
the introduction of modern standards of mathematical rigor, mathematicians 
generally accepted the existence of such a separation without proof. However, 
in 1865 C. Neumann in his Vorlesungen tiber die Riemannschen Theorte der A bel- 
schen Integrale explicitly asked for a proof of the existence of such a division of 
the plane. 

In 1887, C. Jordan gave the first so-called proof of the theorem that now 
bears his name, 7.e., af a simple closed curve J 1s wmbedded 1n a plane S, then 
S—J is the sum of exactly two mutually exclusive domains and every point of J 1s a 
boundary point of each domain. Jordan’s argument did not suffice even for the 
case of a polygon. The first complete proof of the theorem in its most general 
form was given by Veblen [2] in the Transactions of the American Mathematical 
Society in 1905. Subsequently many other proofs were given. Prominent among 


the parts of the rectangles of C, included between the two pairs of perpendiculars have together 
an area equal to 1/27 of the whole square. Call the eight rectangles which remain C3. 

Next we turn to the invervals of 4B which remain and perform a similar construction, remov- 
ing in all from C3; an amount whose area is 1/81 of the original square. We proceed in this manner, 
removing alternately strips symmetric to the perpendicular bisectors of all the intervals of BC that 
survive, and then strips symmetric about perpendicular bisectors of all intervals of AB that 
survive. We arrange the width of the strips in such a manner that at the end of the mth step we 
remove from C,_;, a total area equal to (1/3)” of the original square. 

Let C be the set of points common to Co, Gi, C2,- ++. It is clear that this set is (1) closed (2) 
contains no connected subset other than a single point. As the part of the square which has been 
removed has an area equal to 1/2 of the square, it is clear that C has positive measure equal to 1/2 
the square. 

By a suitable modification of this process we can obtain a totally disconnected closed set 
whose area is any proper fraction of the area of the square. | 
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these are the proofs by Brouwer, Alexarider, Kerekjarto, Schoenflies, and 
Winternitz. A very satisfactory recent proof is that contained in the chapter on 
separation theorems in a recent book by M. H. A. Newman [3]. The principal 
steps in the proof are the proving of (1) the fact that a simple continuous arc does 
not separate the plane S and (2) the fact that if F, and Fy are two bounded con- 
tinua, neither of which separates S, then a necessary and sufficient condition 
that F,\+ F, shall separate S is that the common part F,- Fy be not connected. 

One naturally inquires as to the truth of the converse of the Jordan Curve 
Theorem. If we apply the term “closed curve” to any closed and bounded plane 
set which divides its plane into exactly two parts of which it is the common 
boundary, then our question is whether every closed curve is necessarily a simple 
closed curve. That this is not true may easily be seen by considering the example 
which is so frequently used by topologists, z.e., the set composed of (1) y =sina/x 
(O0<x 1), (2) the interval of the y-axis from (0, —2) to (0, 1), (3) the interval 
of y= —2 from (0; —2) to (1, —2), and (4) the interval of x =1 from (1, —2) to 
(1, 0). We mention three conditions which are such that, if any one of them is 
added to the hypothesis that our set C is a closed curve, our set then becomes a 
simple closed curve; and conversely each simple closed curve in a plane has these 
properties. They are: 

(1) Every point of C is accessible from both of the complementary domains 
D,(1=1, 2) where a point P of C is said to be accessible from D,, if, for every 
point Q of D,, there exists a simple continuous arc from Q to P which lies, except 
for P, entirely in D;. This is the condition which was used by Schoenflies [4 | 
in obtaining a proof of the converse of the Jordan Curve Theorem. 

(2) The set C is locally connected at every point. This condition was ex- 
hibited by the author [5] of this paper as a necessary and sufficient condition 
that a closed curve be a simple closed curve. 

(3) The set C at each of its points separates the plane locally into the same 
finite number, 7, of domains. The plane is cut locally at P into x parts by C if, 
for every sufficiently small neighborhood Up of P, the set Up—C has at least n 
components and there exist arbitrarily small neighborhoods for which the 
number of components is exactly 2. This is the condition of Zarankiewicz [6 |. 
_ The simple closed curve J is obtained from the circle by a homeomorphic 
transformation a which is concerned only with the points of the circle C and 
their image points on J. Nothing whatsoever is assumed as to what happens to 
the remaining points of the plane S. There is, however, a powerful theorem, due 
originally to Schoenflies [7], according to which whenever we have been given 
a, then we can define a new homeomorphism 7’ of the entire plane S into itself 
which has the property that, insofar as points of C are concerned, their image 
under 7’ is exactly the same as their image under the original 7. When we turn 
to plane figures which are but slightly more complicated, such an extension of 
the homeomorphism is no longer always possible. Consider, for instance, the set 
consisting of three simple continuous arcs AB;C (¢=1, 2, 3) in which (1) no 
two arcs have a point, other than A and C, in common and (2) except for its 
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endpoints AB.C lies wholly in the interior of the simple closed curve AB,;CB3A. 
Let + be a homeomorphism such that A and C remain fixed and 7 (AB;C) 
= AB;.,C when subscripts are reduced modulo 3. Clearly this homeomorphism 
cannot be extended, for, were the extension possible, the exterior of A.B;CB3A 
would necessarily be transformed into the interior of 4B,CB3;A under the ex- 
tended transformation (Figure 1). Much interesting research has been done on 
the problem of when a transformation of a subset of the plane can be extended 
to a transformation of the entire plane into itself. 
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When we turn to three or more dimensions, the situation becomes more in- 
teresting and also much more complicated. That the homeomorph of a Euclidean 
n-sphere divides Euclidean space of (n+1) dimensions was first proved by 
Brouwer [8]. In 1924 Alexander [9] gave an example of a simple closed surface 
S, 4.e., the homeomorph of the sphere x?+y?-++z2? =r? which has in its exterior a 
simple closed curve which cannot be shrunk to a point without cutting S. Of 
course every simple closed curve in the exterior of «?-+y?+2?=r? can be shrunk 
to a point while remaining entirely in the exterior. By virtue of this example, we 
see immediately that a theorem analogous to Schoenflies’ extension theorem is 
not true for simple closed surfaces in space of three dimensions. 

In addition, in space of three or more dimensions, there are offered for our 
consideration sets much more general than the homeomorph of a sphere of one 
less dimension. As an illustration in three dimensions, we take the torus T with 
the system of meridianal and longitudinal simple closed circles thereon. When 
the torus is removed from three space, not only do we have a pair of points which 
cannot be joined by an arc without crossing JT, but we have also a pair of simple 
closed curves, one in the bounded domain cut off by T and the other in the 
unbounded domain, neither of which is the boundary of a two-cell which does 
not cut J. The number of independent non-bounding simple closed curves in 
FE3;—T is and must be the same as the number of independent non-bounding 
simple closed curves on T. This is a very simple case of the consequences of 
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Alexander’s Duality Theorem [10]; this powerful theorem was published in 
1922. In contains the Jordan Curve Theorem as a corollary. The duality theorem 
has been the subject of a long series of important investigations culminating in 
Pontrjagin’s general topological theorem of duality for closed sets [11]. 

The Jordan Curve Theorem and ideas connected therewith play an important 
role in R. L. Moore’s work on the Foundations of Plane Analysis Situs [12] and 
in the subsequent far-reaching research which he and his students have done. 
While it is impossible even to indicate all the principal directions that this 
theorem has given to research in Topology, I wish to call attention to two of its 
important applications. In the first place, it has been of fundamental importance 
in determining those continuous curves which are such that on the surface of a 
sphere there can be found a set which is the homeomorphic image of the original 
curve. Here fundamental work has been done by Kuratowski and Claytor [13]. 
The Jordan Curve Theorem also plays a very important role in setting up neces- 
sary and sufficient conditions which must be satisfied in order that a continuum 
shall be a simple closed surface. Here Zippin [14] proved that any compact 
locally-connected continuum which satisfies the Jordan Curve Theorem non- 
vacuously must be a simple closed surface. Other interesting work in applying 
the Jordan Curve Theorem to the definition of simple closed surfaces and two- 
dimensional manifolds has been done by Miss Gawehen, van Kampen [15], 
J. H. Roberts, Hassler Whitney, and R. L. Wilder. If, in addition to the direct 
applications of the Jordan Curve Theorem, we consider also the research which 
is based on the ideas and methods developed in connection with it and its vari- 
ous extensions, we find that it has had an influence on the mathematics of the 
past fifty years which is surpassed by few, if any, other theorems. 
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REMARKS ON DIVISORS OF ZERO* 
N. H. McCOY, Smith College 


1. Introduction. This paper deals with certain elements of those important 
algebraic systems which are called rings. For the sake of completeness, we shall 
first give definitions of some of the fundamental concepts with which we shall 
be concerned. ft 

A ring Risa set of elements a, b,c, --- , with the property that for any two 
elements a and b of R there is a uniquely defined sum a+0 and product ab which 
are elements of R, and such that the following are always true: 


a+(d+c)=(a+8)+¢, 
at+b=6+4, 
a+ x = 6 hasa solution vin R, 
a(bc) = (ab)c, 
aib+c) =ab+ac, 
(6+ cla = ba+ca. 
If, for every a and bd in R, ab=ba, the ring R is said to be a commutative ring, 


otherwise it is a non-commutative ring. We shall, for the most part, be concerned 


with commutative rings. 
The above properties are certainly satisfied by all the number systems of 
elementary algebra with the ordinary definitions of sum and product. Thus, as 


* An address delivered at the Bethlehem meeting of the Mathematical Association of America 


on January 1, 1942. ; 
+ The terms and ideas introduced in this section are to be found in van der Waerden [11], 


and also in most other texts on abstract algebra. 


1942] REMARKS ON DIVISORS OF ZERO 287 


simplest examples, we have the ring of real numbers, the ring of rational num- 
bers or the ring of integers. Another illustration of this concept, and one of a 
different nature, is the so-called ring of integers modulo 6, that is a ring of six 
elements 0, 1, 2, 3, 4, 5 with a+6 defined as the least non-negative remainder 
when the ordinary sum of a and 0 is divided by 6, and a similar definition of 
products. Thus, for example, in this ring we have 4+5=3 and 2:4=2. Natu- 
rally, any positive integer m may be used in place of the 6 in this example. 
Throughout, the ring of integers modulo m will be denoted by Im. 

All the rings introduced so far are commutative rings. As a familiar example 
of a non-commutative ring, consider the set of all matrices of order two with 
elements in a ring R, with addition and multiplication defined in the usual way 


as follows: 
(’ yt y=Ce! 6b + 
cd g 7 ctgdth/’ 


(" °*) ae + bg af + bh 

¢ ) (: (* + dg cft+ in 

It is easily verified that the set of all such matrices is a non-commutative ring, 
even if R is commutative, which we may denote by Rg». In like manner, the ring 
R, may be used to denote the ring of all matrices of order 2 with elements in R. 

From the definition of a ring, it is easy to prove that there is always a 
unique element 0 with the property that, for all a in R, a+0=a. This element is 
naturally called the zero of R. It is quite easy to show, as in ordinary algebra, 
that a0 =0a =0 for all a in R. However, in the-ring Js, we see that 2:3=0. 
Thus it may happen, in a ring, that a product is zero without either factor 
being zero. We thus come to the following definition. An element a of a ring 
R is a divisor of zero in R if there exists a non-zero element b of R such that 
ab =0, or a non-zero element c of R such that ca =0. If ab =ba =0, 040, we may 
say also that 0 is an annthilator of a, or that a is annihilated by b. To avoid con- 
fusion later on, we may emphasize that an annihilator is necessarily different 
from zero. 

According to the definition, zero is always a divisor of zero, but it will be 
convenient and also cause no misunderstanding if, instead of saying that a ring 
has no divisors of zero except zero, we merely say that a ring has no divisors 
of zero. Thus, for example, the ring of rational numbers clearly has no divisors 
of zero. 

In all the examples of rings mentioned so far there is an element 1 with the 
property that 1-a=a-1=a for every element a of the ring. Such an element is 
called a unit element of the ring. We shall assume throughout that all rings con- 
sidered have unit elements. 


and 
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Now the possible presence of divisors of zero in a ring accounts for a large 
part of the differences which arise in algebraic manipulation of elements of a 
ring, at least in the commutative case, as compared with operations on ordinary 
numbers. In this paper, we shall present several miscellaneous theorems having 
to do with divisors of zero. Inasmuch as any calculation with elements of a ring 
is likely to lead to considerations of divisors of zero, the literature is extensive 
and the few topics presented here are to be considered merely as a sample and 
not as an exhaustive treatment of the subject. 


2. Linear homogeneous equations. Let us begin by a consideration of the 
system of linear homogeneous equations, 


(1) D> ai3x; = 0 (7 = 1, 2,°*+,m), 
j=l 


where the a;; are elements of a commutative ring R and solutions are sought in 
R. Let M denote the matrix of coefficients of the unknowns in this system of 
equations. The matrix M may be said to be of rank r if the determinant™ of 
every square minor of M of order r+1 is annihilated by some one element of R, 
and the same is not true for minors of order 7. M is of rank zero if all elements 
of M are annihilated by a fixed element of R. Note that if the ring R has no 
divisors of zero, these definitions agree with the familiar ones. 

Obviously, the equations (1) always have the rivial solution (0, 0,---, 0). 
We shall now prove the following. 


THEOREM 1. The system (1) has a non-trivial solution if and only if the rank 
of the matrix of the coefficients is less than the number of unknowns. 


The proof is essentially that to be found in most texts on the theory of 
equations, with simple modifications to take care of the possible presence of 
divisors of zero in R. Suppose first that there exists a non-trivial solution 
(x1, X2,°° +, Xn) with x«,+0. If m<n, clearly the rank r of M is less than n. If 
m=n, consider a fixed determinant D of order which can be found in M. For 
simplicity of statement suppose it comes from the first 2 rows of M. Multiply 
the first equation by the co-factor of a1, in D, the second by the co-factor of as; 
in D,---, the mth by the co-factor of a,, in D, and add. There results, x,D =0. 
Similarly, it will be seen that x, annihilates the determinant of every minor of 
M of order n, and thus the rank of MM is less than n. 

Now let us assume that the rank of M isr<n, and let d¥0 be an element of 
R which annihilates the determinants of all minors of VM of order r+1. If r=0, 
then clearly x;=d(j=1, 2,---,m) is a non-trivial solution of equations (1). If 
r>0, then the product of d by the determinant of some minor of M of order r 
is not zero. Let us assume for convenience of notation that this minor is in the 


* We shall not go into the question here, but it is not difficult to show that the usual theorems 
on expansions of a determinant are valid, if the elements lie in an arbitrary commutative ring. 
See, e.g., McCoy [6], p. 281. 
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upper left-hand corner of M. Let c1, c2, +++, C41 be the co-factors of the ele- 
ments in the last row of the determinant of order r+1 in the upper left-hand 
corner.* Then we assert that 


x; = dc; (j= 1,2,---,r+ 1), 
x; = 0 (Gj=r+2,---,n), 


in a solution of equations (1), and is certainly non-trivial as ¥,;:40. That these 
values satisfy the first 7 equations comes from the fact that the sum of the 
products of the elements of any row of a determinant by the co-factors of the 
corresponding elements of another row, is always zero. The remaining equations 
are also satisfied since when these values are substituted for the unknowns, we 
get the product of d by the determinant of a square minor of VM of order 7+1, 
which vanishes by hypothesis. The theorem is therefore established. 

We shall obtain one further result before proceeding to a different topic. Let 
A be a given element of the matrix ring R,, that is, A is a matrix with 1 rows 
and » columns and with elements in the commutative ring R. Let us seek an 
element X of R, such that AX =0. It is clear from the definition of multiplica- 
tion of matrices that each column of X must be a solution of a system of linear 
homogeneous equations, the matrix of whose coefficients is precisely A. Thus, 
by the theorem just established, there exists a matrix X, other than the zero 
matrix, such that AX =0 if, and only if, the determinant of A is a divisor of zero 
in R. A similar conclusion follows from a consideration of the equation XA =0. 
We thus have the 


CoROLLARY.| An element A of R, is a divisor of zero in R, if and only if the 
determinant of A 1s a divisor of zeroin R. 


3. Polynomial rings. If R is a given ring, we may construct a new ring in 
the following almost obvious way. Let \ be a new symbol or indeterminate and 
consider the totality of polynomials, 


(2) f(X) = ad* + ayvd*™1 4+ +--+ + ay, 


with coefficients a; in R. If we define addition and multiplication of polynomials 
by the usual formal rules, assuming that \ is commutative with elements of R, 
it will be seen that the set of all such polynomials is a ring, which may be de- 
noted by the symbol R[\]. The ring R[A| contains all elements of R, the poly- 
nomials consisting only of “constant” terms, and we say therefore that R is a 
subring of R[\]. We may point out that two polynomials are considered equal if, 
and only if, the coefficients of the different powers of \ are the same in both 
polynomials. 


* If r=m<n we may add to our system of equations another equation in which all coefficients 
are zero. 
| This result, as well as some others having to do with divisors of zero in rings of matrices, will 


be found in [7]. 
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If the element f(A) of R[\] defined by (2) has ay~0, we say that f(A) has 
degree n, and call ao the leading coefficient of f(X). It does not follow, however, 
that the degree of a product of two polynomials is always equal to the sum of 
the degrees of the factors. As an illustration of an extreme case, but one in which 
we are particularly interested, suppose for the moment that R is the ring I. of 
integers modulo 12. Then clearly 


(442 + 8d + 4)(3A + 6) = 0. 


Thus f(A) =4\?+8A+4 is annihilated by a polynomial of the first degree, 
namely 3\+6. But it is obvious that f(A) is in fact annihilated by an element of 
Ip, e.g. the element 3. This is an almost trivial illustration of the following gen- 
eral result. 


THEOREM 2. If Ris a commutative ring and an element f(d) of R[\| is a divisor 
of zero in R(X], then f(A) is annihilated by an element of R. 


One method of proof of this theorem will be illustrated by a special case. Let 


fA) = oN? + a2 + oN + 03, lo + 0, 
and 


g(\) = bod? + bid + bo, bo KF (), 


be elements of R[A| such that f(A)g(A) =0. Multiplying, and collecting coeffi- 
cients of the different powers of \, we see therefore that 
Abo = (), 
aby + aby 0 
deby + a1b1 + adobe = 0, 
agb9 + deb) + aybe = 0, 
0 
0 


’ 


(3) 


a3b1 + debo = 


agbo = 


This says, since b> +0, that (bo, 61, bz) is a non-trivial solution of a certain sys- 
tem of linear homogeneous equations. The first part of the proof of Theorem 1 
then shows that by annihilates the determinant of every minor of order three 
which can be chosen from the matrix of a’s. In particular, 


Qa, a 0 
(4) 0 = bo ao ay = boar, 


@3 ag ay 


since aj is the only term in the expansion of this determinant which does not 
contain do as a factor, and ab) = 0 by the first equation of the system (3). Thus 
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there exists an integer 7, with 0 <j: <2 such that boajt #0 but byatt*=0.* 
Then boa? annihilates both a») and a;. Now applying the same argument as was 
used to get (4), we see that 

ag ay ao 


71 j1 8 
(5) 0 = body a3 a2 a, = boa QQ. 


QO a3 ade 
Now choose an integer 72 with OSj2<2 such that boata#?~0 but boatazt* =0. 


Thus boatta? annihilates ao, a1 and az. Then finally, by using the last three equa- 
tions of (3), we see 


a3 ag ay 
ji fe ji dg 38 
0 = boa (0) 0 a3 ag = boa, ag a3. 
0 ) a3 
e e e ; ; ;, ; 1 e 
Again choose an integer j3 such that Doatafa 0, but boattazazt* =0. This ele- 


ment c=boaj'aza% then is an element of R which annihilates all coefficients in 
f(A), as required by the theorem. A general proof can be given along lines of this 
calculation, the only difficulty being one of notation. An inductive proof of this 
theorem has also been obtained by Mrs. Alexandra II]mer Forsythe. 

We note that the method of proof of this theorem outlined above shows 
that if bp is the leading coefficient of any annihilator of f(A), then f(A) 1s anni- 
hilated by cby for proper choice of c in R. This observation will be used presently. 

If now pu is another indeterminate, we may introduce the ring of polynomials 
in \ and yu, with coefficients from R, and this ring may be denoted by RA, yu]. 
Elements of R[\, u | may also be considered as polynomials in u with coefficients 
from R[A], or as polynomials in \ with coefficients from Rly]. It is now easy to 
prove 


THEOREM 3. If R is a commutative ring and an element f(d, mu) of R[A, wu] is a 
divisor of zero in R|X, uw, then f(d, uw) is annihilated by an element of R. 
Let 


SOA, we) = fo(u)r” + filu)ran 7? + es + fn), fo(u) ¥ 0, 


where the f;(u) are elements of R[u]. Since f(A, u) is a divisor of zero in R[A, ul, 
the preceding theorem, with R replaced by R|y], states that there exists an ele- 
ment h(u) of R[uw] which annihilates f(A, uw), thus 


(6) Fil) hy) = 0 (7=0,1,-°-, n). 


Suppose h/(u) has leading coefficient 09, and consider the first of the equations 
(6). Then the observation made above shows that there is an element co of R 
such that Cobo annihilates fo(u). Then clearly 


* By a; we shall mean the unit element 1 of R. 
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filu) [coh(u)] = 0, Cobo ¥ 0, 


and again since Cobo is the leading coefficient of an annihilator of f:(u), there is 
an element ci of R such that ci¢ob9 annihilates f,(u), and it clearly also annihilates 
fou). A repetition of this argument finally leads to the existence of elements 
Coy C1y°**, Cn Of R such that coi +--+ Cnbo annihilates all f;(u) and therefore 
annihilates f(A, wu). This argument can naturally be just as well applied to prove 
the corresponding theorem for the case of polynomials in more than two inde- 
terminates. 


4. Rings without divisors of zero. So far we have been considering rings 
with divisors of zero; we may now mention briefly rings without divisors of zero. 
First we need another definition. A ring R, not necessarily commutative, in 
which the equations ax =b and ya =6b always have solutions for arbitrary 6 in 
R and arbitrary a0 in R, is called a quasi-field. A commutative quasi-field is 
called simply a field. The ring of rational numbers is a field, as is also the ring 
of real numbers or the ring of complex numbers. It can also be shown that the 
ring of integers modulo p, where p is a prime, is a field with exactly p elements. 
These are simple examples but there are many others, and a careful study of 
fields is one of the most important subjects of study of modern abstract algebra. 
For the moment we are, however, principally interested in the almost obvious 
observation that a quasi-field can have no divisors of zero. For if cd =0, c#0, 
multiplication on the left by the solution x of the equation xc =1, shows that 
d=. It is furthermore clear that no subring of a quasi-field can have divisors 
of zero or, in other words, no ring which can be imbedded in a quasi-field can 
have divisors of zero. The following converse of this statement, for the com- 
mutative case only, is well known. 


THEOREM 4. A commutative ring without divisors of zero is a subring of a field. 


We shall not give the proof of this theorem, as it is to be found in all texts 
on abstract algebra.* Suffice it to say that the proof is entirely analogous to the 
method by which the rationals may be logically obtained from the integers by 
introduction of formal quotients, t.e., pairs of integers (a, b), 60, having as- 
signed properties of the familiar quotients a/b. 

When we pass to non-commutative rings, the situation is much more com- 
plicated. Malcev [3] has given an example of a ring without divisors of zero 
which is not a subring of any quasi-field, so that we cannot hope to establish 
Theorem 4 for the non-commutative case. However, Ore |8 | has made some prog- 
ress in this direction by a careful study of formal quotients. The main result of 
Ore in this connection is the following 


THEOREM 5. A ring R, without divisors of zero, can be imbedded in a quast-field 
by use of formal quotients 1f, and only tf, for every pair a, b of non-zero elements of 
R, there exist non-zero elements m, n of R such that 


* See, e.g., van der Waerden [11], p. 47. 
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(7) | am = bn. 


It will be noticed that, if R is commutative, we may choose m=), n=a, so 
that Theorem 5 is actually a direct generalization of Theorem 4. Theorem 5 
states what can be accomplished by use of formal quotients, but it does not 
exclude the possibility of some other imbedding process. Thus, whether condition 
(7) is a necessary property of every subring of an arbitrary quasi-field is an 
interesting and unsolved problem. 


5. Rings without nilpotent elements. We henceforth restrict our attention 
to commutative rings. It may happen, as an extreme case, that a non-zero ele- 
ment a of aring R has the property that for a suitably chosen positive integer , 
a” =(0, in which case a is said to be nilpotent. Thus, for example, in the ring J4, 
we have 2?=0. Clearly a nilpotent element is a special kind of a divisor of zero. 
Now it happens that rings without nilpotent elements are, on the whole, much 
better behaved than rings with nilpotent elements. We shall presently state 
a theorem giving a certain characterization of commutative rings without 
nilpotent elements. It should be emphasized, however, that a ring without nil- 
potent elements may have divisors of zero. Thus in the ring J, there are no nil- 
potent elements, but 2-3=0. 

We now need a further definition, Let R; and R: be two rings, not necessarily 
distinct, and consider the set of all pairs (a1, a2) where ai is an element of R, 
and a2 an element of Re. Define addition and multiplication of pairs as follows: 


(a1, a2) + (bi, bs) = (ay + bi, a2 + bo), 
(a4, a2) (b1, bs) = (a101, Qed), 


it being naturally understood that ai+0, is addition in Ry, a2+2 is addition in 
R2, and so on. With these definitions, it is found that the set of all such pairs is a 
ring which is called the direct sum of the rings R; and Re, and written as Ri + Ro. 
In this direct sum, the zero element is the pair (0, 0) and the unit element is 
(1, 1). Clearly R: +R, will have divisors of zero even if R; and Rz have none, for 
example, we have (1, 0) (0, 1) =(0, 0). But, for our purposes, it is significant and 
easily verified that if R,; and Re have no nilpotent elements neither does their 
direct sum. We may pause to illustrate these concepts, as well as some other 
points, by an example. The ring J2+J3 consists of the six elements (0, 0), (0, 1), 
(0, 2), (1, 0), (1, 1) and (1, 2). Let us set up a one-to-one correspondence be- 
tween these six elements and the elements 0,1, 2,3,4,5 of the ring J. as follows: 


0 <> (0, 0) 3 < (1, 0) 
1< (1, 1) 4 <> (0, 1) 
2 (0, 1) 5 (1, 2) 


It may now be observed that if, in this correspondence, a«>(b, c) and de, f), 
then a+do(0, c)+(e, f) and ad(0, c) (e, f). Thus the ring I, is the same ring 
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as I2+J3 except for the notation employed. It is customary to say that these 
rings are therefore tsomorphic. Since the ring of integers modulo a prime is 
actually a field, we have shown that the ring J. is isomorphic to a direct sum of 
two fields.* It is this kind of result which we now propose to generalize. But first 
we need to extend our definition of direct sum. 

In the definition given above, we limited ourselves to the direct sum of two 
rings, but it is almost obvious that a corresponding definition can be given for 
the direct sum of any finite, or even infinite, set of rings. In order to illustrate 
the general notation to be used presently, let us re-formulate the definition of 
Ri +R, in a different, but equivalent, way. Let % be the set consisting of two 
elements ai and az. Then R,+R: may be considered as the set of all functions 
f(x) defined on Xt, with f(a;) having values in R;(¢=1, 2), sums and products of 
functions being defined in the usual way. It is now easy to formulate a general 
definition of direct sum. Let Yt be an arbitrary set such that to each element 
a of Yt there corresponds a ring Ry. The set of all functions f(x), defined on SM, 
such that for every element a of Wt, f(a) is in Ry, is a ring which we define to be 
the direct sum of the rings R. (a in Wt). It is not assumed that the rings R, are 
all distinct. In fact, as a special case of some importance, they may all be identi- 
cal. 

We now state without proof our final theorem. 


THEOREM 6. A commutative ring without nilpotent elements 1s tsomorphic to a 
subring of a direct sum of fields. 


This theorem was explicitly stated in [5], it being an almost immediate con- 
sequence of a theorem of Krull [2] and a principle introduced by Montgomery 
and the author in [4]. 

We may remark that, in general, it is not necessarily true that a commuta- 
tive ring without nilpotent elements is isomorphic to a full direct sum of fields, 
but only to a subring of such a direct sum. However, it may happen as a special 
case that the subring consists of the entire ring. This was true in the example 
of Is, as we showed it to be isomorphic to J,+J3. 

We conclude with an application of Theorem 6 of some interest. Stone [10] 
has defined a Boolean ring as a ring B such that a?=a for every element a of B. 
It is easy to show that B is necessarily commutative and also that a+a=0 for 
every a in B. Henceforth, let B denote a fixed Boolean ring. Since a? =a, no ele- 
ment can be nilpotent and thus, by the preceding theorem, there exists a set Mt 
and fields Fu(a in 9) such that B is isomorphic to a subring of the direct sum 
of the fields F(a in 9). Hence to each element a of B we may make correspond 
a unique element f,(x) of this direct sum, and the ring of functions f.(x) (a in B) 
is isomorphic to B. Now it can be shown, although we shall omit the proof, 
that in the case of Boolean rings each of the fields F, may be taken to be the field 


* We may remark that RR, and Ret Ri are clearly isomorphic. Hence in speaking of the 
direct sum of rings we do not need to specify any definite order in which the rings occur. 
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I, of integers modulo 2; thus it has only two elements 0 and 1. To each element 
a of B let us now associate the subset Wt. of Mt consisting of all points a of M 
such that fa(a) =1. If a#0, clearly f.(x)#fs(~) and therefore t.#Mty. This 
correspondence, which we may indicate by at, is clearly a one-to-one cor- 
respondence between the elements of B and a certain class of subsets of SM. 
Since now in J2, 1+1=0, it is easy to verify that if a-Mt, and bO Mts, then ab 
corresponds to the intersection of Jt, and Wt, while a+b corresponds to the set 
of points of Yt which are in MN, or in My but not in both. A correspondence of 
this type has been called by Stone a representation of the Boolean ring B. We 
have therefore sketched a proof that every Boolean ring has a representation. A 
number of different proofs of this fact are to be found in the literature.* For 
applications of the representation theory, as well as the relation of Boolean 
rings to the Boolean algebras of logic, reference may be made to a series of 
papers by Stone, particularly [9] and [10] listed below. 
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THE CESARO KERNEL TRANSFORMATION 
H. L. GARABEDIAN, Northwestern University 


1. Introduction. In this paper we are concerned with transformations of the 
type 
(1.1) 2(s) = J k(s, ¢)x(t)dd, 
0 


where x(s) is bounded and integrable, 0 <s $s), and the kernel R(s, t) is integrable 
in ¢ for each ¢t, O<t<s. The transformation or the kernel is said to be regular if 
lim,..«(s) implies the existence of lim,...2(s) and the equality of the two limits 
[1]. In particular, the kernel 


k(s, t) = a(1 — t/s)2-1/s, a > 0, 


defines Cesaro summability (C, a), a>0. 

To illustrate the use of regular kernel transformations in assigning values 
to functions x(t), where lim;...x«(t) fails to exist, we show that summability (C, 1) 
assigns the value 0 to the function x(¢) =sin ¢. Indeed, for the example at hand, 
we have simply 


a(s) = —f sin t dt = nae —coss)—-0O as so, 
S 0 AY 
Various sets of regularity conditions for the transformation (1.1) have been 
given by Agnew [2], Knopp [3], and Silverman [1]. We reproduce here a set 
of regularity conditions written by Silverman which we find convenient to use 
in this paper. 


THEorEM 1. Let k(s, t) be defined, 0<s, 0<t<s, and integrable in t for each s: 
then sufficient conditions that k(s, t) shall be a regular kernel are 


(i) lim k(s, t)dt = 1, 
sa @ 0 
(ii) lim k(s, ¢) = 0 uniformly int, OS tq, 
(ili) J k(s, t)dt < A, O<-s, 
0 


where g is an arbitrary constant and A is a positive constant. 

Let us designate the method of summation defined by (1.1) by the symbol 
(k). It is the object of this paper to determine conditions on a regular kernel 
k(s, t) in order that (k) D(C, a), a>0. It will be evident from the discussion which 
follows that two cases have to be considered according as a is an integer or is 
not an integer. Two theorems are obtained and examples given in illustra- 
tion of them. 
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2. The non-integral case. The main result of this section is contained in the 
following theorem. 


THEOREM 2. (k) D(C, a), a=n+6, 0<B<1, (n=0, 1, 2,---), provided that 
the kernel 


(— 1) rtlgnts gntl 
(2.1) K(s, .) = —— als, 0), 
Pl — p)r(n + B +1) oi} 


where 


1s regular, and provided that 


(— 1) | 
e) va are ba), OO 


is an identity. 
The Cesaro transformation for summability (C, a), a>0, is 


(2.3) y(t) = “f (1 — ANN x(a) dus 


We find it convenient to set ~=1+ 6, 0<81, (n=0, 1, 2,---). There are two 
cases to be considered according as 6=1 or not. The case 6 =1 is the simplest 
case and will be considered in section 4. 

For the case 6#1 we wish to determine conditions on the regular kernel 
k(s, ¢) so that lim,..,.y(s) =/ implies lim,.,.2(s) =]. In this connection the problem 
of expressing z in terms of y presents itself. We do this formally at first, making 
all necessary assumptions to determine the form of the required transformation. 
Our formal method of procedure will be to solve (2.3) for x in terms of y and then 
substitute in (1.1), obtaining zg in terms of y. 

To solve (2.3) for x in terms of y we begin by writing the equation (2.3) in 
the form 


~ als, u)du = R(s, t) 


2.4) im8y() = (mn +8) f(t a) etta(u) 
; 0 
and setting | 
V34(u) = [ @aw, Ve(u) = or se) On(U) =f o-(waw, 
0 0 0 
Integrating by parts in (2.4) we get 


imtPy(t) = (n + B)(n + B — 1) i) | (¢ — u)"*P~°9,(u) du. 
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After 1 successive integrations by parts we obtain 
T(B)é*? y(Z) 
8 | (¢ — u)®V0, (a) du. 
Tin + B + 1) 0 


This equation is now in the form of an Abel's integral equation which we can 
solve for v, in terms of y [4] to obtain 


1 d ft urt8y(u) 
v(t) = — OT ———— du 
T(1i—Al(n+6+1) dtJyo (¢— uu)? 
Differentiating this equation ” times with respect to ¢ we get 
1 qvti t ynrs U 
(2.5) «() = arya) u 
Ti —pl(n+64+1) d™J, (— u)8 
Now, eliminating x between (1.1) and (2.5), we have 
qrtl t urtBy (4) 


ri — 6)r(n + 6 rod, Mod dint Jy (¢ — uj? 


2(s) = du dt, 


Or ntl, n+f 
Dy {uw y(u)} 


1 8 { 
Tapered, MN, ae 


In order to find the kernel of this transformation we first interchange the 
order of integration to obtain 


_ 1 © ntl, +8 
2(s) = Td -Bra +e +d) pra beth J Dy | u y(n) | w(s, u) au, 


with w(s, «) as previously defined. Integrating by parts +1 times we have 
finally 


_ (— 1)! s gntrl 
(2.6) 2(s) = es | w(s, u)-u"tBy(n)du. 
TA — Bw + 64+ 140 dunt 

It is clear that this is not a valid transformation from y to z unless we im- 
pose restrictions of unwarranted severity on the class of functions x which we 
are considering. Accordingly, we shall look for a means of obtaining (2.6) di- 
rectly without further limiting the class of bounded and integrable functions x. 
To this end we eliminate y between (2.3) and (2.6) and attempt to retrace our 
way to (1.1) without adding to the original restrictions on x. Thus, we have 


_ (— 1)7t+! s Qgntl u 7 pt 

z(s) = Td Br@ +B) pra + ad, anti w(s, u) J (u — t)"*®-1y(t)dt du 
_ (— 1)7t1 8 8 _ et gntl 
= Td Bra +5) ar +B) J x(t) J (u — t)r* 5ynti w(s, u)du dt. 
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If this transformation is to reduce to (1.1) we must have 
(— 1)7tl 
7) I — yet 
Q(1 — 6) (nm + B) 


Accordingly, to obtain (2.6) directly we must establish (2.7) as an identity. 
Finally, the kernel K(s, ¢) of (2.6) must be regular in order that lim,..y(s) = 
shall imply lim,.,2(s) =1. 


= k(s, t). 


3. An illustration. To illustrate the use of Theorem 2 we shall prove the 
known result, (C, y) D(C, +8), y>n+B, 0<B<1, (n=0, 1, 2,---). 

To prove the identity (2.2) we replace R(s, £) in the left member by the kernel 
for summability (C, y) and write 


¥(- 1)tt — as (u _ iret — 


sT(1 — B)r(n + B) 
Ty + 1)(- be tet 
stg Fiz prasad, ’ 
(vy + 1) 


SiG ses wrw pad, Oe ren 


grtrl 8 
— pr-l(¢ — y)-8 
7” J (s — t)y-'¢ — u)-Pdt du 


~(s — u)Fdu 


Y 
—(s — f)r-1, 
SY 


‘It remains to prove that the kernel K(s, ¢) of the transformation (2.6), with 
k(s, £) replaced by the kernel for summability (C, y), is regular. We have 
v(— 1) vtlgnts grtl 


PT —- BT hB +1) Dra heed cod. (s — u)%—(u — t)-8du 
_ peer epee ame 
sl (n + B+ AI (y + 1 — B) on"? 
T(y + 1)t*t8(s — ¢)y-B onl 
T(y — B — n)P(n + B+ 1)s7 
_ Py + 1) pnb (1 vn 
iy —-B-—nl(n+B+1) sre 

It is clear that lim,...K(s, #) =0 uniformly in ¢, 0 St <q, where q is an arbitrary 

constant. Accordingly, condition (ii) of Theorem 1 is satisfied. Moreover, since 


| K(s, t)dt = ee ne 
0 Ty — B — n)P(n + B + 1)s7 


conditions (i) and (iii) of Theorem 1 are also fulfilled. This completes the proof 
of this section. 


K(s, t) = 


AY 


i) trt8(s — f)y-6-™—Idt = 1, 
0 
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4. The integral case. The theorem with which this section is occupied is 
much easier to establish and to apply than Theorem 2. 


THEOREM 3. (k) D(C, 2), (n=1, 2, 3,---), provided that the kernel 


(= 1)" a 
(4.1) K(s, t) = —— n k(s, #) 
Tin +1) of 
is regular, and provided that 
a 
(4.2) —— k(s, i | = 0, i=0,1,2,---,n— 1. 
ot’ t=s 


To prove this theorem we follow almost exactly the procedure of section 2. 
First of all we set a=n in (2.4) to get 


t 
(4.3) i y(t) = nf (¢ — u)”"1x(u) du. 
0 
Using the notation of section 2 we obtain, after »—1 integrations by parts, 


ivy(t) = T(n + 1) “yale du. 


0 


After 1 successive differentiations with respect to ¢ we get 


4.4 ) -—— Drie 1) ' 

(4.4) x(t) = Pn +p” yd) 5. 
Now, eliminating x between (1.1) and (4.4), we have 
z(s) = aan wand, R(s, 1)D, {4 y(#) } dt. 


In order to find the kernel of this transformation we first integrate by parts 
n times; then with the aid of (4.2) we have 


(— 1)" pe a 


Thus, once again, we obtain formally the transformation from y to zg. As in 
section 2 we now look for a direct means of obtaining (4.5). To this end we elim- 
inate y between (4.3) and (4.5) and attempt to retrace our way to (1.1). We have 


2(s) = = ~ f= oe k(s, rf (¢ — u)”-1x(u)du dt. 


Interchanging the order of integration we obtain 


_(— 1" -_ 
) = J x(u) iZ (i —w) 
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Now, it remains to show that the kernel of this transformation: 
(— 1)” 
T'(n) 
reduces to k(s, uw). Using (4.2) and integrating by parts m —1 times in (4.6) we get 


(4.6) 


8 Qo” 
ti — u)”!— R(s, ¢t)di, 


$s 9 
— — R(s, t)dt = k(s, u). 


Since the steps in these operations are reversible we are thus able to obtain the 
transformation (4.5) directly without restricting the class of bounded and 
integrable functions x which we are studying. This completes the proof of 
Theorem 3. 


5. An illustration. To illustrate the use of Theorem 3 we shall check the 
known result (C, vy) D(C, 2), y>n. We observe first of all that the kernel asso- 
ciated with summability (C, y) satisfies the requirement (4.2) for y>vn. It re- 
mains to prove that the kernel K(s, ¢), as defined by (4.1), with k(s, ¢) replaced 
by the kernel for summability (C, y), y >2, is regular. We set y=n+6, 0<6 <1, 
and write 


(ela a 
Tin +1) set8 agn 
Tin+6é6-+1) 7 
i (s — f)e-1 
Tin + 1)P(8) s*t3 
rat+o+1) ( 
T(n + 1)P(8) sett 


K(s, #) 


(s —_ t) nt+d5—1 


We see by inspection that condition (ii) of the regularity conditions in Theorem 
1 is fulfilled. Moreover, we have at once 


in K(s, é)dt = Pitot aac — 1)*-Id¢ = 1. 
Tr(a + 1)T(8)s"—2 


Thus, conditions (i) and (iii) of Theorem 1 are also satisfied. 
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THE EULER-DIDEROT ANECDOTE 
B. H. Brown, Dartmouth College 


No anecdote with regard to a mathematician is better known than the story 
of the discomfiture of Diderot by Euler. The story was first told by Thiébault 
[1]; it was later retold, with additions, by De Morgan [2]. Since then a great 
many authors, all following the more highly colored version of De Morgan, have 
repeated the story. It is the purpose of this note to show that one addition by 
De Morgan—the addition which really gives point to the story—is manifestly 
absurd, and that the credibility of the original story by Thiébault is open to 
suspicion. 

It will be sufficient to give the De Morgan version, noting what he added: 

“The following story is told by Thiébault, in his Souvenirs de vingt ans de 
séjour 4 Berlin, published in his old age, about 1804. This volume was fully 
received as trustworthy; and Marshall Mollendorff told the Duc de Bassano in 
1807 that it was the most veracious of books written by the most honest of men. 
Thiébault says that he has no personal knowledge of the truth of the story, but 
that it was believed throughout the whole of the north of Europe. Diderot paid a 
visit to the Russian court at the invitation of the Empress. He conversed very 
freely, and gave the younger members of the court circle a good deal of lively 
atheism. The Empress was much amused, but some of the councillors suggested 
that it might be desirable to check these expositions of doctrine. The Empress 
did not like to put a direct muzzle on her guest’s tongue, so the following plot 
was contrived. Diderot was informed that a learned mathematician was in pos- 
session of an algebraical demonstration of the existence of God, and would give 
it to him before all the court, if he desired to hear it. Diderot gladly consented; 
though the name of the mathematician is not given, it was Euler. He ad- 
vanced toward Diderot, and said gravely and in a tone of perfect con- 
viction: Monsieur, (a+b")/n=x, donc Dieu existe; répondez! Diderot, to 
whom algebra was Hebrew, was embarrassed and disconcerted; while peals of 
laughter rose on all sides. He asked permission to return to France at once, 
which was granted.” 

This differs from the Thiébault account in three respects: 

(1) The formula is slightly different; this affects neither the validity of the 
proof nor the credibility of the story. 

(2) It identifies the mathematician as Euler. 

(3) The expression “to whom algebra was Hebrew” is an addition. Thiébault 
says: “Diderot, voulant prouver la nullité et l’ineptie de cette prétendue preuve, 
mais ressentant malgré lui, l’embarras ot |’on est d’abord lorsqu’on découvre 
chez les autres, le dessein de nous jour, n’avoit pu échapper aux plaisanteries 
dont on étoit prét a l’assaillir.” 

Since then the story has, as I have said, been repeated many times. To cite 
only two instances—both of them by authors of popular books—we find Hogben 
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beginning his Mathematics for the Million with this story, but with the substitu- 
tion of “Arabic” for “Hebrew,” and Bell in his Men of Mathematics giving a modi- 
fied version, but with “Chinese” for “Hebrew.” 

That is the story, and it is a very good story, except that it isn’t true. To 
Diderot algebra was neither Hebrew, nor Arabic, nor even Chinese. Diderot was 
a very good mathematician, and prior to his Russian trip, was the author of five 
creditable memoirs on mathematics [3]. To mention only one of these, in the 
second memoir, Examen de la développante du cercle, Diderot shows that if, in- 
stead of the Euclidean tools of ruler and compass, we assume a circle and its 
involute, which last is easily constructed mechanically, then the classical prob- 
lems, trisection of the angle, duplication of the cube, and quadrature of the 
circle, may be easily and neatly solved. In proving this, Diderot shows a com- 
plete mastery of algebra, geometry, and the calculus. 

The anecdote as told by De Morgan and by all who have followed him, is 
thus seen to be absurd. But it may be noted that Thiébault’s story is not so un- 
skillful as to aver that Diderot could not reply; it merely says that he sensed 
the hostility of the audience. The Thiébault story may have been true; and the 
mathematician may have been Euler, who was in Russia at that time. What 
evidence is there for the original story? Thiébault, writing many years later, 
says merely that the story was believed throughout the north of Europe. No one 
else tells the story, in particular there is no known Russian source for the story. 
On the other hand it is known that Frederick the Great, King of Prussia, was a 
bitter enemy of Diderot. Several sources indicating that stories about Diderot 
at Saint Petersburg emanated from Berlin are cited and summarized by Tour- 
neux [4]. 

The alternatives seem to be, first, arather pointless incident as told by Thié- 
bault; second, and more probable, a canard, inspired by Frederick the Great 
or by his courtiers. 
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JACOBIAN CIRCLES OF THE BIQUADRATIC 
B. C. PATTERSON, Hamilton College 


1. Introduction. The transformations of inversive geometry consist of all 
homographies w=(az+6)/(cz+d) and all antigraphies w=(az+b)/(cz+d), 
where, in each, ad —bc+0, the letters represent complex numbers, and w is the 
conjugate of w. A homography of period 2 is a polarity; and an antigraphy of 
period 2 is an inversion [1]. 

Any inversion may be put in the form 


(1. 1) (A): a112W -+- Q102 -+- ao, W -+- aoo = 0, 


where Qj = Gxi, 1.€., @;; is real. In the Argand plane an inversion sets up a (1, 1) 
correspondence between points z and w of the plane; and two corresponding 
points constitute a couple [z, w| which represents a complex point on the locus 
defined by (1.1). We shall say that the couple lies on the locus. Since the equa- 
tion (1.1) is self-conjugate, i.e., real, the conjugate couple [w, z| is also on the 
locus. The locus of a bilinear equation in z and w is called a circle, and when 
the equation is self-conjugate, as above, the locus is a real circle with or without 
a real trace [1]. If the circle (a) has a real trace, its real points z are represented 


by self-conjugate couples [z, z| which satisfy the equation 
41122 + A102 + A012 + doo = 0. 


This equation is also the locus of fixed points, if any, of the inversion (1.1). 
The circle (a) is a null circle if and only if a19@o1 —@11@09 = 0; and the condition 
that two circles (a) and (a’) be orthogonal [2| is 


, / / / 
(1.2) @11490 + Go0d11 — @10@01 — 401210 = 0. 


A biquadratic is a curve which determines four couples with any circle. If 
any one of the couples is self-conjugate, it represents a real point of intersection 
of the two curves. The general equation of the biquadratic, therefore, is of the 
second degree in g and w, and we write it 


2222? + 2a212?W + 2ayozW? + aooz? + 441120 + Ao2W? + 2102 + 2a91.W + doo = VO, 


or, in the so-called matrix form, 


(1.3) (B): —— "= 0, 


2wW Qo1 Qi, 21 


Qo2 G12 22 


This equation is real if ai,= di, 7.e., ai; is real; and then the determinant | Qin 
is Hermitian and is an inversive invariant of (B). We assume in the sequel that 
the equation of (B) is real. 
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Interpreted as a (2, 2) correspondence between points z and w of the Argand 
plane, equation (1.3) associates two image points w with every point z, and 
reciprocally. 


2. Bipolar theory. If & is a given point and x its harmonic conjugate with 
respect to the images of w, as given by equation (1.3), we have a (1, 2) corre- 
spondence between points x and w of the plane, viz., 


(2.1) 00 a — 0, 


Qo2 aig 22 


which associates one image point x with every point w; and with every point x 
two images w. Consider now the harmonic conjugate y of a second given point 
n (which may coincide with £) with respect to the two images of x as given by 
equation (2.1). This sets up a (1, 1) correspondence between the points x and y 
of the plane, viz., 


(2.2) (0): o11"49 + o10x + o019 + ooo = 0, 
where, 
O11 = Qy1 + A124 1 dag + ao2éq 
710 = A1o + A11H 1 GaoE + a2ikq 
Oo1 = Goi + oom F QuE + a12é7 
Too = Goo + Go1h TF Gi0E + A117. 


The equation (2.2) of the antigraphy between points x and y is also the equa- 
tion of a complex circle associated with the couple [£, 7], and this circle is real 
when the couple is self-conjugate, 7.e., 7 =&. 


DEFINITION 1. The bipolar circle («) of a couple [£, 7], with respect to the 
biquadratic, is the locus defined by equation (2.2). 


The bipolar circle (a) of a given couple [£, 7] is a linear combination of four 
circles, viz., 


(2.3) Siié] + SioE + Soi? + Soo = O, 


where the sj, are the same functions of x and # that the o,, are of & and 7. Con- 
versely, since any circle (c) may be written as a linear combination of these 
same four circles s,,=0, 1.e., 


(c): Sitkit + Sioki0 + Sork01 + Sookoo = O, 
provided that 
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G11 @12 Ge, 22 
G10 G11 G20) a1 


Qo1 Qo2 GQi1 A412 


, doo 401 G10 411 
such a circle (c) will be the bipolar circle of a couple [£, 7| if and only if 
kiikoo — Riokor = O, 
and then 
£ = Rio/Roo and 7 = koi/Roo. 


Consequently, every couple has a bipolar circle but, reciprocally, every circle 
is not the bipolar circle of a couple. 

If [x, y]| is a couple on (a), the bipolar of [£, 1], then the bipolar of [x, y| 
may be written 


$112W + $102 + So1W + Soo = O, 
which, by virtue of equation (2.3) is satisfied by [£, 7]. This proves, 


THEOREM 1. The bipolar circles of all couples on the bipolar circle of a couple 
[é, n] pass through (4.e., are orthogonal to) [é, 7]. 


THEOREM 2. The locus of couples whose bipolar circles are orthogonal to a 
given circle 1s a circle. 


This theorem follows from Definition 1 and equation (1.2). If the given circle 


(a): A112 + az + A910 + ano = O, . 
the locus of couples whose bipolars are orthogonal to (q@) is the circle (8), where 
(2.4) Bik = Gini — Qi,kt+-1&%10 — @i+1,kQ%01 + Qi+1,k+1%00) (4, k = 0, 1). 


DEFINITION 2. The btpolar circle (G) of a circle (a), with respect to the bi- 
quadratic, is the locus of couples whose bipolars are orthogonal to (a). 


We observe that this definition includes Definition 1, for when (a) is the null 
circle [£, 7], z.e., (w) has the equation 


(2 — §)(w — 4) = 0, 
then 
11 = 1, 10 = — 7; a1 = — g, ao = n, 


and 8:,=o%. Hence, equations (2.4) constitute a (1, 1) transformation of circles 
(including null circles) in the plane of the biquadratic. 


THEOREM 3. The bipolars of couples on a circle are orthogonal to a circle. 
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For, if [£, 7] lies on (a), it may be shown that (c), the bipolar of [£, 7], is 
orthogonal to a circle (y), where (v) bears to (a) the same relation that (a) bears 
to its bipolar (8). Thus, 


DEFINITION 3. The antibipolar circle (y) of a circle (w), with respect to the 
biquadratic, is the circle orthogonal to the bipolars of couples on (a). 


THEOREM 4. If (8) ts the bipolar of (a), then (a) is the antibtpolar. of (8). 


3. The Jacobian circles. Since harmonic and orthogonal properties are in- 
variant under transformations of the inversive group, the bipolar and antibi- 
polar relations implicit in equations (2.4) are invariant. That is, if (@) is the 
bipolar of a circle (a) with respect to a biquadratic (B) and if an inversive trans- 
formation sends (8), (a), and (B) into (6’), (a@’), and (B’) respectively, then 
(B’) is the bipolar of (a@’) with respect to (B’). 

Inversions are fundamental in that any inversive transformation is the 
product of a finite number of inversions. Consequently, we are interested in 
knowing whether there are any inversions which transform a given biquadratic 
into itself [3, 4]. If (a) is the circle associated with an inversion I, which trans- 
forms the biquadratic (B) into itself, (B) is said to be anallagmatic with respect 
to the circle (a). If there is such a circle (a), its bipolar (8) with respect to (B) 
is transformed into itself by [,. Moreover, by Definition 2, the bipolar of every 
couple on (8) is orthogonal to (~) and therefore transforms under J, into itself. 
In fact, not only is (8) unchanged by I, but so is every circle orthogonal to (a); 
hence, every couple of (8) is unchanged by J,. Since, however, the only couples 
which are invariant under J, are the couples on (a), it follows that (8) coincides 
with (a). Conversely, we can show that if (a) coincides with (6), then (B) is 
anallagmatic with respect to (a). Thus, 


THEOREM 5. A biquadratic is anallagmatic with respect to a given circle tf 
and only if that circle is identical with its bipolar with respect to the biquadratic. 


From equations (2.4) and the condition that (a) is identical with (@), Le., 
Bix = wa, where uw is a proportionality factor, we have the coefficients of (a) given 
by four equations like the following: 


(3. 1) (Qi —_ way — GQ2%10 — G11 + Go2Q00 = 0. 


These equations may be solved for the a;, when yu is so chosen that D, the deter- 
minant of the coefficients a,,, vanishes. Since 


D = wt + Agu? + Agu + Ag = 0, 


there are four such values of u.* The four values of u are distinct when the bi- 
quadratic has distinct foci; two are coincident when the biquadratic has a node; 
three are coincident when the biquadratic has a cusp [1 |. 


* The A; are invariants of the biquadratic and bear the following relations to those given in 
reference [2]: 
Ag = —Tz, As = 213, Ag = (73 —_ I4)/4. 


308 JACOBIAN CIRCLES OF THE BIQUADRATIC [May, 


Equations (3.1), with D=0, express the condition that (a) is orthogonal to 
each of four circles like 


(3.2) 992W -+- A124 -+- a42W -+- (Qi — LL) = 0, 


where yu is a root of D=0. Now, three circles (a), (6), and (c) have a common 
orthogonal circle whose equation is 


Qi1 10 Qo1 Joo 


if and only if the matrix of the coefficients ai, bi, C;, is of rank three. If this 
matrix is of rank two, the three circles are linearly dependent and have a one- 
parameter family of orthogonal circles; and if the rank is one, the three circles 
are identical and have a two-parameter family of orthogonal circles. 

Thus, with respect to the circles of (3.2), for each value of wu, we consider the 
three possibilities: 

(1) Ds of rank 3. The circle (a) is then uniquely determined as the common 
orthogonal circle of three of the four circles given by (3.2). So determined, (a) is 
also orthogonal to the fourth circle, since D=0. 

(2) D 1s of rank 2. The four circles of (3.2) form a coaxal system, and (a) is 
any circle of the orthogonal coaxal system. 

(3) D ts of rank 1. The four circles of (3.2) are identical, and (qa) is any circle 
of the two-parameter family of orthogonal circles. 

There are, therefore, four circles (a) with respect to each of which the general 
biquadratic is anallagmatic; and certain special biquadratics are anallagmatic 
with respect to one- and two-parameter families of circles. Moreover, when the 
rank of D is three, an inversion with respect to any one of the circles transforms 
each of the others, as well as the biquadratic, into itself. Therefore, 


THEOREM 6. The general biquadratic 1s anallagmatic with respect to four 
mutually orthogonal circles. 


The four mutually orthogonal circles of the theorem are called the Jacobian 
circles J; of the biquadratic. One of them, at least, has no real trace. 


4. Inversive transformations which leave a biquadratic invariant. With 
each Jacobian circle there is associated an inversion I; which transforms the 
biquadratic into itself; hence, in the general case, there are four inversions leav- 
ing the biquadratic invariant. 

Now, it is known that the product of two inversions in orthogonal circles is 
commutative and is a polarity. The fixed points of this polarity are the common 
couples of the two circles; that is, the common points of intersection if the 
circles intersect, or the common inverse points if the circles do not intersect. 
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Hence, the four inversions J;, associated with the Jacobian circles, generate 
six polarities P;,=J,I, which leave the biquadratic invariant. Since, however, 
the Jacobian circles are mutually orthogonal, the common couples of two of 
them, say J; and Jz, are identical with the common couples of the other two, J3 
and J,. Thus, 


Pig = Poa, Pi3 = Paz, Pig = Pros, 


and the six polarities are not distinct, but are equivalent in pairs. 

The product of two polarities with distinct fixed points is, in general, a homog- 
raphy whose fixed points are the common harmonic conjugates of the two 
pairs of fixed points of the component polarities. In the case at hand, however, 
the product of any two of the three distinct polarities Pi2, P13, Pis is the third. 
For example, 


PoP 13 = Tylolils = Tol lis = Tels = Po = Pia, 


since a product such as J,/, is commutative, and a repeated inversion such as 
I,J; is the identity transformation. Hence, there are three, and only three, polari- 
ties which leave the biquadratic invariant. 

The product of an inversion and a polarity is, in general, an antigraphy. 
Here, however, nothing new is obtained for the antigraphy turns out to be one 
of the four inversions J;. For example, 


I, Pos = TP = Tylyls = Iq. 


To summarize, the Jacobian circles may be found by the method of Section 
3, and then the inversive transformations which leave a biquadratic invariant 
are known: they consist of (1) four inversions in mutually orthogonal circles, 
(2) three polarities, and (3) the identity transformation. These eight elements 
constitute the abelian group Gs of type (1, 1, 1). 
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MATRIX METHODS IN THE SOLUTION OF 
ALGEBRAIC EQUATIONS* 


RUFUS OLDENBURGER, Illinois Institute of Technology 


Although the theory of solution of algebraic equations has received its right- 
ful share of attention on the part of mathematicians in the past, and even per- 
haps more than its due, we must not forget that this theory gave rise to a large 
number of elegant developments without which mathematics, and particularly 
modern algebra, would not be what it is today. For this and other reasons we 
feel justified in making another contribution to this already highly cultivated 
field. By means of the method to be given here the solution of a system of 
algebraic equations which arise in the determination of multiple roots of alge- 
braic equations is reduced to the study of a single algebraic equation which can 
be more easily manipulated. This algebraic equation is related t to the apolar 
of a binary form so extensively treated in the literature. ft 


1. Roots. The algebraic equation, 
(1) f(x) = Rodox” + Ryayxr—! + see + Rn—1dn—1X + RnQn = 0, Qo 7 0, 


where k; is the coefficient of x‘ in the expansion of (1-++x)", and the a’s are real 
or complex numbers,f has a root a repeated at least 7 times if and only if 


(2) f(x) = 0, f’(*) = 0, f’(*%) = 0,--+ , fl (x) = 0. 


A value of x which satisfies (2) will also satisfy the equations 


todox” 7 * + fyayx™—™ es H trp i @n—r41 = 0, 
boy x” Le fydgah—™ +) A bn pt 1On—rg2 = 0, 
(3) 
boQp1e— "FT Le tyape™—™ oe es Hb by g in = 0, 
where ¢; is the coefficient of x‘ in the expansion of (1-+x)"~*t!. The equivalence 
of the systems (2) and (3) can be proved by eliminating x”, - ++ , x"~"t? succes- 
sively from the equations in (2). 
The system (3) is a system of equations linear in fox™~*t1, fiw™-", +--+, 1 


with matrix of coefficients d@,_,41 given by 


* An address delivered before the Mathematical Association of America at the invitation of the 
Program Committee at Chicago, September 2, 1941. 

t E. B. Elliott, Algebra of quantics, pp. 260-267. The polynomial F;(x), which will appear later 
in this paper, is an apolar. 

{ The a’s may belong to any field k with the property that the a’s in f(x) are uniquely deter- 
mined by f(x). If the characteristic of k is greater than » the field & has this property. 
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Qo QA°** An—rtl 

Qy (6) eo 8 e qratt 
An—r41 = 

Qr—-1 Ap °° * An 


Instead of the system (3) we consider the system of equations 


aoko + aie, Ss i oe On—r+1én—r4-1 = Q, 


(4) ako + a2&1 Ss i oe On—r-2en—r41 = 0, 


Ayr—1& + ark + oe + OnEn—r41 = 0, 


linear in £o,.--° , &n—-r41 with the matrix of coefficients An»_,i1. For the system 
(3) to have a solution x=a, it is necessary that An»_»4i&=0 have a solution 
£540, where 


E> 
1 


E n—r+1 


We introduce the polynomial Fy_,.1(x) given by 
Fria) = Eo — £ix + Fox? soe En pp er Ord, 


where the &’s are the components of the general solution of (4). Some of the 
coefficients in the polynomial F,,_,41() may be arbitrary in which case F,_,41(x) 
is really a linear family of polynomials. In particular, if A,»_,,1 has rank ¢, by 
the theory of linear equations, there are n—r+1-—¢ arbitrary components in 
the solution £ of An_-41&=0. 

There is a solution x=a of (3) if and only if we can choose the coefficients 
in Fy_r1(%) so that 


Fy—ryi( x) = toaar—ttl —_— tya"—"x +- oe + bn—rp rer "tl _ (a __ a) ered, 


We have arrived at the following theorem where “r-fold” means “repeated at 
least r times.” 


THEOREM 1. The equation (1) has an r-fold root a tf and only tf the coefficients 
in F,-»41(x%) can be chosen so that ais an (n—r-+1)-fold root of Fa—r4i(x) =0. 


The determination of the roots of (1) and the multiplicities of these roots 
thus reduces to a study of the polynomials F; for the various values of 1. 


2. Matrices and polynomials associated with (1). For each 7 in the range 
0O,1,---+, there is a matrix A; of f(x). Since for each pair of values of 7 and 7 
the matrices A; and A; contain the same elements, it is to be hoped that the 
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ranks of these matrices are related in a simple way. Such a relation does exist 
and will now be given. 

Let m be the smallest value of 7 for which F;(x) is not identically zero. We 
state a theorem whose proof will appear elsewhere.* 


THEOREM 2. The ranks of A; and An_; are equal toi+1 for1<m and to m for 
t=m, (“isn/2). 


Thus m determines the ranks of the matrices Apo, A1,--+,A,. From the 
dimensions of the matrices, Ao, -- +, An, it follows that 


(5) msx1+n/2. 


Since A,, has n—m-+1 rows the rank of 4A,, is m when n—m+1=m; that 
is, m<1+n/2. If m=1+7/2, the rank of A,» is m—1. It follows that if m satis- 
fies the condition, m<1-+7/2, there is one arbitrary coefficient in F,(x). In the 
remaining case there are two arbitrary coefficients. 


THEOREM 3. For each 1>m we can choose the coefficients 1n F(x) so that 
F(x) = Pn(x) g(x), 
where g(x) ts the general polynomial of degree 1—m. 


By “general polynomial” we mean a polynomial with arbitrary coefficients. 
We write Fin(x) and g(x) as no—mxt e+ + Emme”, BPotBiet - +> +Biimat™ 


respectively. We introduce M, and L,, where 
0 


ay °° Aptm 70 


Qptn—i °° * Aptm+tn—i Nm 


0 
r zeros preceding 7 in L,. Now A:L,=M,y. Since M, is a minor of A», and 
Amn=0, it follows that M,n=0, whence 4;L,=0. Thus the linear combination 
(6) & = Bolo — Pili + Bole — +++ 4 Bi-mLi—m 


of the L’s is a solution of A;£=0 for each choice of the 6’s. Since for each 7 
the vector £ is the column vector whose jth component is (—1)? times the jth 
coefficient in the polynomial F,,(x)g(x), it follows that Fn(x)g(x)=Fi(x) or 
Fin(x)g(x) is a specialization of F;(x). 


* Factorization and representation, Transactions of the American Mathematical Society. 
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THEOREM 4. For each 1 in the range, 
(7) n-m+1212%m, 


the polynomial F;(x) is identically F,,(x)g(x) where g(x) ts the general polynomial 
of degree 1—m. 


We need but consider the case 1m since if i=m we have F,(x)=F,,(x). 

By Theorem 2 the rank of A; is m, while 4; has7+1 columns. It follows from 
the theory of linear equations that, given A;, there are i+1—m linearly inde- 
pendent solutions of A4;&=0. This means that there are i+1—m arbitrary com- 
ponents in the solution € of A;£=0, and thus 7+1—~m arbitrary coefficients in 
F(x). When n—m+12m, we have m<1+n/2, whence F,,(x) has one arbitrary 
coefficient which may be taken equal to 1. Since the general polynomial g(x) of 
degree 1—m hast—m- 1 arbitrary coefficients, in the product Fn(x)g(x) there are 
7—m-+1 arbitrary coefficients. That is, the vector & of coefficients in Fin(x)g (x) 
given in (6) is the general linear combination of i—m-+1 linearly independent 


vectors Lo, +++, Litm. By the theory of linear equations the general solution of 
A,£=0 is (6) and 
(8) F(x) = Pin(x)g(x). 


For 7 not in the range (7) the identity (8) is no longer valid, although by 
Theorem 3 the coefficients in F;(«) can be chosen so that F(x) = Fin(x)g (x). 


3. The roots of (1), and the number m. The number m yields a bound on the 
multiplicities of the roots of (1) as is clear from the following theorem. 


THEOREM 5. The equation (1) has an r-fold roota,r =m, if and only if F(x) =0 
has a as an m-fold root. 


Since 1=n—r-+1 is in the range (7), by Theorem 4 we cannot have F;(x) 
=(x—a)* unless F(x) =(«—a)™. If F(x) =(x—a)™, by (8) we have F;,(x) 
=(x—a)* when we choose g(x) =(x—a)*—™, 


COROLLARY 1. The equation (1) has at most one r-fold root where r=m. 


If m<1-+n/2 Corollary 1 follows from Theorem 5 and the property that 
Fin(x) =kH (x), where H(x) is free of arbitrary coefficients. 
If m=1+7/2, since 2m=n+2, we cannot have two m-fold roots. 


COROLLARY 2. If (1) has a as an r-fold root, r=m, the root ais an (n—m-+1)- 
fold root of (1). 


Corollary 2 is a consequence of Theorems 4 and 5. 
COROLLARY 3. The equation (1) has no (n—m-+1)-fold root. 


If (1) has a root a of multiplicity at least n—m-+2, for some 1<m we have 
F';(”) = («—a)'#0, a contradiction. 
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COROLLARY 4. Jf (1) has an r-fold root we have mSn—r-+1. 


If (1) has an r-fold root, we have Fror4i(x) = (x —a)" "+140, 
It can be proved that if r2n/2 we have m=n—r-+1. 


4. Equations with only one root. In view of Theorem 1 we are concerned 
with equations possessing only coincident roots. The following theorem is useful 
in the study of these equations. 


THEOREM 6. The equation (1) has coincident roots if and only if A; has rank 1. 


If A, has rank 1, for some value a we have a;= —aa;_;. It follows that 
f(x) =ao(x—a)". The converse follows readily. 
In place of (1) we consider F;(x) =0. For F,;(x) =0 there is the matrix 


5 
by 
— & ba 
(9) ty to || , 
+ §s1 +g 
bit 


corresponding to A; for (1), where ¢; is the coefficient of x7 in the expansion of 
(1+)*. Since &;40 when Fi(x) =(x—a)*, we have Fi(x) =(x—a)‘ if and only 
if all rows of (9) are multiples of the last. This means that 


i—j-l -t—j 
bf 


(10) Es Ej = LE; 


with £;-1=&;_1/t;1. The relations (10) and 4;£=0 obviously yield a system of 
equations equivalent to (3) with z=n—r-+1. 


j=0,1,---,1-2, 


5. Illustration. We consider (1) where 
f(x) = «& — 2a — xt + 4x8 — x? — Qe +1. 


To avoid fractions we replace f(x) by 15f(x). Much of the development below is 
given, not because it is needed to determine the roots of (1) and their multiplici- 
ties, but rather to illustrate each of the main points in the theory of earlier sec- 
tions. 

The matrix A; is given by 
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The rank of A3is 3, whence m=3. By Theorem 5 the equation (1) does not have 
a 3-fold root unless /3(«) =0 has such a root. For this reason we proceed to com- 
pute F3(x). Solving A3—=0 for € we obtain 


1 
3 
3 
1 


whence with k= —1 we have F3(x) =(x—1)%. By Theorem 1 the value 1 is a 
4-fold root of (1). The matrix Au, given by 


15 —5 —-1 3 —1 
—5 —-1 3 —1 —5 
— 1 3 —-1 —5 15 


has rank 3 in view of Theorem 2. By Theorem 4 we have F(x) = («—1)#(69+ 61%), 
where the #’s are arbitrary. Thus the solution & of 44 =0 is given by 


E = Bo — Bi 


Oo =|} CA WH — 
= WN Wo -_|= © 


Solving A ,é=0, where 
15 —5 —-1 3 —-1 -—5 
—5 -1 3 —1 -—-5 15 


? 


m-| 


we obtain &=&—2&4+5&s, 5&)=2&—&3—3£&4,+108;. We take &;= —1. Solving 
the two relations between the &’s, just obtained, with (10), we derive a quartic 
equation —& in £4. By Theorem 3 we can restrict the £’s so that Fs5(x) = (x—1)5, 
whence £ has the solution &4,= —5. The other root of £ is &£4=5, in which case 
F(x) =(x+1)*. By Theorem 1 the equation (1) has —1 as a double root. Thus 
the roots of (1) are 1,1, 1,1, —1, —1. 


TOPOLOGY OF THE TWO-BODY PROBLEM* 
WILFRED KAPLAN, University of Michigan 


1. Introduction. The differential equations of the two-body problem of 
celestial mechanics can be written as four first order equations, 


dx;/dt = Xi(x1, x2, %3, x4), (2 = 1, 2, 3, 4), 


which represent a flow in 4-space. If the energy constant is fixed, the trajectories 
fill out a three-dimensional manifold in the 4-space. This manifold we term the 
energy phase space. 

It is the purpose of the present paper to answer the following questions: 1. 
What is the topologicalf structure of the energy phase space? 2. If the area con- 
stant is also fixed, what is the topological structure of the two-dimensional sub- 
space of the energy phase space thereby determined? (This surface will be called 
the energy-area phase space.) 3. As the area constant varies, how do the surfaces 
of question 2 fill out the energy phase space? 4. How do the individual trajec- 
tories fill out each energy-area phase space? 5. What is the topological structure 
of the whole family of trajectories in the energy phase space? 

Throughout the energy constant will be assumed to be negative, so that the 
paths are elliptical. 

Poincaré was the first to consider such questions. Recently Birkhoff has con- 
sidered similar questions for the three-body problem and for general dynamical 
systems. Exact references are given in the bibliography. 

The answers to the above questions will be given in detail below. In brief 
they are as follows: 1. The energy phase space has the structure of 3-space minus 
a line. 2. The energy-area phase space has (in general) the structure of a torus. 
3. Imagine the paraboloid of revolution «?-++-y?=z—1 to be cut by the family of 
all planes through the y-axis. This gives a curve-family consisting of ellipses 
plus one parabola and two points as limiting cases. Imagine the paraboloid 
mapped homeomorphically on the half-plane y>0 of the yz-plane, so that the 
above curve family becomes one filling the half-plane. (See Fig. 2.) Now imagine 
the half-plane rotated about the z-axis. The curves of the family sweep out sur- 
faces which are in general of the type of the torus. This family of surfaces is the 
answer to question 3. 4. When the energy-area space is not degenerate and is 
hence like a torus, the family of trajectories is the same as a family of “parallel” 
circles on a torus. 5. Assume one curve of the family in the yz-plane in the 
answer to question 3 to be the positive y-axis. As the yz-plane is rotated each 
curve of the family in #0 sweeps out a surface like a torus. Now imagine each 
point of each such curve to move and make one complete revolution of the curve 
as the curve makes one complete rotation. The revolution is to follow the posi- 

* Presented to the American Mathematical Society in Chicago, September 5, 1941. 

+ A topological property means one invariant under a homeomorphism. A homeomorphism 


is a transformation which is one-to-one and continuous in both directions. See, for example, Seifert 
and Threlfall, Lehrbuch der Topologie, Leipzig, 1934, especially Chapter I. 
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tive orientation of the curve for z>0 and the negative orientation for <0. Thus 
a family of trajectories is formed on the family of torus-like surfaces. The re- 
mainder of the trajectories are two circles, obtained from the two point-curves 
and the family of rays from the origin of the xy-plane. This gives a rough picture 
of a model of the family of trajectories in the energy phase space. 


2. The differential equations and integrals. If the origin of coordinates is 
taken at one of the two bodies and units are properly chosen, the differential 
equations for the motion of the second body can be written: 


1 d?x/d? = — x/r, ad?y/d? = — y/r?, r= vV/x? tb y?, 
y 


(See Wintner [3], p. 178.) 
These have integrals 


; (<) + (2 a 2 1 
2) dt i) pM 


dy dx 
(3) 4 — VY-— = 62, 


where c; is termed the energy constant, co the area constant. 
We rewrite (1) as four first order equations thus: 
(4) dx/dt = 2, dy/dt = w, dz/di = — x/r?, dw/dt = — y/r®. 


These represent a vector field in 4-dimensional xyzw-space. For x = y=0 the dif- 
ferential equations break down. We shall therefore delete the plane x = y =0 from 
the 4-space. In the remaining space (4) then defines a non-singular family of 


trajectories. 

If (4) is used, (2) and (3) become 
(5) 22+ w? = 2/r + «1, 
(6) XW — YZ = Co. 


For fixed c, (5) represents a 3-dimensional variety E in xyzw-space such 
that every trajectory of (4) which meets £ lies wholly in E. The same holds for 
the variety A defined by (6), when c is fixed. We term £ the energy phase space 
and A the area phase space. If both c; and cz are fixed, the intersection of H and A 
is a two-dimensional variety EA which is again built up of whole trajectories. 

Equations (1) or (4) have a further integral, which is usually simplified by 
means of (2) and (3). In its general form the third integral can be written 


- yr — (xw — yz) _ 
7) 7 ~ ©08 (= — xz)?(2? + w? — 2/r) + :) 8 


where 60 is the polar coérdinate angle in the xy-plane. 
If cy and ce are fixed, (7) reduces to 
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2 
C2 


QO ee 
1— V1+ ae cos (6 — ¢s) 


which shows that the solutions project on the xy-plane as conic sections. The 
eccentricity e satisfies 


(9) e =1 -+- C109. 


We shall assume throughout that c; is negative, so that e<1 and the motion is 
elliptical. Furthermore we assume that ce satisfies 


(8) 


(10) Co <- 1/c1 


in order to obtain real solutions. 

If co=0, (8) breaks down, but (7) gives 6=c3, so that the solutions project 
on straight lines. Furthermore it follows from (2) that, since c; is negative, the 
path in the xy-plane must lie in the region 0<rS —2/c,. 


3. Topology of the energy phase-space and of the area phase-space. 
THEOREM 1. Ets homeomorphic with 3-space minus a straight line. 


Proof: Since the points of the zw-plane are deleted from the 4-space, the 
transformation 


(11) ry’ = 1/r, g’ = 4, z' = Bg, w’ = w, 


which is simply an inversion in the unit circle in the xy-plane, is a homeo- 
morphism of the deleted 4-space on itself. (5) becomes 


(5’) gf? + wy’? = Qr’ + ¢,. 


Now since 6’ does not appear in (5’), the hypersurface which it represents is 
a hypersurface of revolution. The 2-surface from which it is obtained by revolu- 
tion can be found by plotting (5’) in z’w’r’-space, where 7’ is now a rectangular 
coordinate satisfying 7/20. But in that space (5’) represents a paraboloid of 
revolution not meeting the plane r’=0. Thus in 4-space (5’) represents a hyper- 
surface obtained from the paraboloid by revolution about the z’w’-plane. Since 
the paraboloid is homeomorphic with the interior of a half-plane, it follows that 
the hypersurface is homeomorphic to one obtained by revolving the interior of 
a half-plane about its boundary line. This gives a 3-space minus a straight line 
as desired. 

In terms of topological products* the hypersurface (5’) is paraboloid X circle 


* The topological product of two geometrical objects a and 8 can here be defined as follows: 
Suppose a@ to lie in (*1, +++ , %n)-space and 8 to lie in (j1,-+ + , ¥m)-space. The product a XB con+ 
sists of those points of (%1,: ++, %n, ¥1,°** ,¥m)-space whose x-coordinates give a point of a 
and whose y-coordinates give a point of 8. Any object homeomorphic with aX as thus defined is 
also termed the topological product a Xf. Examples: square =line segment Xline segment; torus 
=circle Xcircle. 
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or lineXline Xcircle, where line=infinite straight line. 
COROLLARY. If c2%0, A ts homeomorphic with 3-space minus a line. 
Proof: First note that for c2~0, A contains none of the deleted points of 
x=0, y=0. 
Suppose c2<0. By rotations in the xw-plane and yz-plane (6) becomes 
(12) yp'72 — ayl2 — yPl2 4 of72 = Deo, 
Let p, @ be polar coordinates in the y’’w’’-plane. (12) becomes 
(13) y/2 4. g!/2 = py? + 265, 


The transformation 


‘tl /t ‘tl — o// ‘tt 2 gl!’ — d 


is a homeomorphism of the 4-space. (13) becomes 
(14) al tt2 7 gltl2 — pe 7 269. 


Since 2c,<0, this is the same as (5’), and the corollary follows as above. 

The same method applies if c.>0, but it breaks down if c.=0. If co=0, it 
can be shown that A (with the plane x =0, y=0O excluded) has still the same 
topology. 


4. The energy-area phase space. Suppose now that c and c are fixed 
(c1 <0). Consider then the intersection EA of — and A. 


THEOREM 2. If 0<c3<—1/c1, then EA is homeomorphic with the surface of 
a torus. If c2=0, EA is homeomorphic with the interior of an annulus. If &= —1/c1, 
EA 1s homeomorphic to a circle. 


Proof: Use the coordinates r’, 0’, 2’, w’ of §3. The equations of HA are 
gli2 + wy’? = 27’ + C4, 


w’ cos 0’ — 2’ sin 6’ = Cor’. 


(15) 


Suppose now 6’ fixed, so that we can plot in r’z’w’-space. Then (15) gives the 
intersection of a paraboloid and a plane. The plane passes through the origin 
and makes an angle of arc sin ¢2:/./1+c? with the r’-axis. Its line of intersection 
with the w’sz’-plane makes an angle of 6’ with the z’-axis. Thus as 0’ varies from 
0 to 27 the plane starts from the position w’ =cer’ and makes a complete revolu- 
tion, in the direction from the positive z’-axis to the positive w’-axis, about the 
r'-axis. Since the paraboloid is one of revolution about the r’-axis, the type of 
intersection will be independent of 6’. For 6’=0 it reduces to the curve, 


(16) g/2 + wy’? = Dy’ + ¢,, w’ = cor’, 


whose projection on the z’w’-plane is 
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2 
1\? 1 
(17) gl? -+- (w —_ -) = it tite . 


C2 


Thus, if 1+c1c3>0 and c.+0, the intersection is an ellipse. As 6’ varies from 
0 to 2m the ellipse rotates about the z’w’-plane and finally returns to its original 
position. This gives a surface with the structure of a torus. In fact we can im- 
mediately introduce coordinates (6’, ¢) on the torus, where ¢ denotes position 
on the ellipse (15), for fixed 6’. The coordinate ¢ can be specifically defined thus: 
Project the ellipse on the z’w’-plane; let Q* be the center of the image and O* 
the origin of the z’w’-plane. Assume the 2’w’-plane is oriented so that angles from 


3 


Str 


Fic. 2 


the positive z’-axis to the positive w’-axis are counted positive. Let ¢ be the 
angle from QO*O* to Q*P* for any point P* on the image. This gives the co- 
ordinate ¢ for the point P above P*. 

If co=0, the ellipse (15) becomes the parabola 


g?=22r +a, w’ =0. 
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As 6’ varies, this generates the topological product of a parabola with a circle. 
Since a parabola is homeomorphic with an open interval, the surface here is 
homeomorphic with the interior of an annulus. 

If 1+cicg=0, the ellipse (15) degenerates to the point (0, 1/c2, 1/c). As 6’ 
varies this generates a simple closed curve. (Note that this occurs for ¢. =~/—1/q 
or C:= —+/—1/c.) Thus Theorem 2 is established. 


5. Decomposition of the energy phase space. The trajectories (4), for fixed 
C1, form a curve-family filling #. For c. fixed, the trajectories form a curve- 
family filling HA. As ce varies, the surfaces EA sweep out &. Thus they decom- 
pose £& into surfaces, each of which is a collection of trajectories. 

The range of c. is from —W—1/q to W—1/cq. At the two extremes EA re- 
duces to a closed curve. In between EA is topologically a torus, except for c2=0, 
when HA is homeomorphic with the interior of an annulus. Now E£ itself is 
homeomorphic with 3-space minus a line. The question to be considered is how 
the family of surfaces HA fills out E. 

This is immediately answered by considering the picture of §4. There we 
held 6’ fixed and considered the locus in r’w’z’-space. If cz varies over its interval 
[-V—1/a, “—1/a], the paraboloid is decomposed as indicated in Figure 1. 
In that figure 6’=0 and the paraboloid is viewed from along the 7’-axis. The 
picture changes with varying 6’ only by a rotation about the origin. In the 
figure the ellipses are drawn as circles, but from a topological point of view this 
is no specialization. 

As 6’ varies from 0 to 27 the configuration pictured is multiplied topo- 
logically by a circle. The resulting family of surfaces can be pictured topo- 
logically in three-space if we first map the w’z’-plane of Figure 1 on a half-plane 
£>0 of the &y-plane. This gives the picture of Figure 2. Now rotate the family 
of curves pictured about the n-axis. This gives a family of tori (with degenerate 
cases) filling three-space minus a line as desired. 


6. Trajectories on each torus ELA. It now remains to consider how the 
trajectories are distributed on each torus. The trajectories have projections on 
the xy-plane given by (8). For fixed c, G2, cz with c1 <0, c2#0 (8) represents an 
ellipse. If cs is allowed to vary, the ellipse is rotated about the origin. 

If we make the transformation (11), so that the ellipse is inverted in a circle, 
(8) becomes 


, it V1 + cc cos (6 — cs) 


2 
2 


(8/) r 
C 
which is the equation of a limacon. The important properties of this curve for 
the following are that 7’ is a single-valued function of 6’, and that as 6’ goes 
from 0 to 27, r’ has exactly two extrema, one maximum and one minimum. 
Now (8’) is the projection of a trajectory which is on a torus EA, given by 
(15). The part of HA in a 3-space 0’=constant is an ellipse, as in Figure 1. For 
each 6’, (8) gives just one r’; hence there is exactly one point Pe of the trajec- 
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tory on each ellipse 6’=constant of (15). As 0’ varies, Ps) must then vary on the 
torus. The trajectory can thus be written as 


(19) = f(0") — (f(6 + 2x) = f(6") mod 2). 


Furthermore all the trajectories on the same torus will have the same equation 
as (19), except for a translation of 9’ ,as follows from (8’); that is, the family of 
trajectories is given by 


(20) ¢ = f( + a) 05 @ S 2r, OSaS82r. 


A direct study of the curve (8’) on the torus shows that the function f is mono- 
tone strictly decreasing if c.>0O and monotone strictly increasing if co<0. Hence 


{0 + 20) — f(’) =2kr, =| k| = 1, 


where k is an integer and ka. <0 (+0). If | | were greater than 1, 7’ would 
have more than one maximum, since 7’ has a maximum every time @ crosses 
a value (2n+1)7 (n=0,+1, +2,---). But 7’ has just one maximum, and 
hence | z| =1. Thus each curve (20) has an increase (if ce<0) or a decrease (if 
C2>0) in @ of 27 for every circuit. 

From the monotone character of f we conclude that the family (20) can also 
be written 


(21) 6 = g(d) — a, O=¢S8 2r, OxXaS2r. (0 = 6). 


Such a family of curves on the torus is homeomorphic with a family obtained 
from the family of generators of a finite cylinder x?+y?=1, 0S2S1 by identify- 
ing boundary points with the same xy-coordinates. The appearance of a twist 
of 27 has to do solely with the way the torus is imbedded in E. 


7. The degenerate cases of HA. If co=0, LEA is homeomorphic to the in- 
terior of an annulus. In this case the trajectories have projections 6’ =constant 
on the x’y’-plane. The part of EA above a line #’=constant is a parabola such 
as (18). It follows that the parabola itself is the trajectory. The family of tra- 
jectories is thus homeomorphic with the family of lines 6’=constant of the 
annulus 1<r<2. 

If co=++/—1/cq, EA reduces to a closed curve. In each of these two cases 
(8’) reduces to a circle. Thus the two closed curves EA are trajectories, each of 
which projects on a circle. 


8. The family of trajectories in the energy phase space. We have seen how 
E is decomposed into tori and how the trajectories are placed on each torus. It 
remains to give a picture of the whole collection of trajectories in E. This can 
be seen from Fig. 2. Imagine that figure rotated around the y-axis in a &n{-space. 
As each ellipse traces out its torus, the trajectories through it trace out the paths 
given as above by 0=g(¢)—a, where 6 denotes the angle through which the 
figure has been rotated. The function g will depend on the ellipse chosen, which 
in turn depends on ce. Thus we write 6 =2(¢; c2) —a@ as the equation of the family. 
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For cg=0, the trajectories are given by the rays from the origin in the &- 
plane. For c=++/—1/c, the trajectories are two circles, one above and one 
below the &-plane. Since the trajectories must fit together as do the solution of 


a differential equation, we must have 


er) a0 
lim —= 0, lim — = + ow, 
20,630 0D cot V—1/a Od 
It can be proved that this description completely characterizes the family 
from a topological point of view; 2.e., if two such families, F; and Fo, are given, 
both of which satisfy the above description, then there is-a homeomorphism 
of &nf-space (minus the y-axis) on itself which transforms F, onto Fp. 


9. Introduction of time parameter. Thus far in considering the trajectories 
we have neglected the time parameter. But work of Whitney* has shown that 
from the topological point of view the parameter is almost completely de- 
termined by the family of trajectories. 

One point of interest however is how the directions of motion orient the 
family of trajectories. For’c2 >0, the motions are known to be direct (d0/dt>0) 
and for c.<0 the motions are retrograde (d0/di<0) This implies that in the 
above picture of the family, the motions for c.>0 are in the direction of increas- 
ing 8, those for co <0 are in the direction of decreasing 9, and those for cz=0 are 
away from the origin. 
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DISCUSSIONS AND NOTES 


EDITED BY R. J. WALKER, Cornell University, Ithaca, N. Y. 


The department of Discussions and Notes in the MONTHLY ts open to all forms of ac- 
tivity in collegiate mathematics, except for specific problems, especially new problems, which 
are reserved for the department of Problems and Solutions. 


VALUES OF THE TRIGONOMETRIC RATIOS OF 7/8 AND 7/12 
H. L. Dorwart, Washington and Jefferson College 


Although every textbook in trigonometry begins with the determination of 
the exact values of the trigonometric ratios of 7/3, 7/4 and 7/6 from appropri- 
ate triangles, all texts that the writer has seen reserve the exact values of 7/8 
and 7/12 until after the functions of sum and difference and half angles have 
been derived. Since the exact values of the ratios of these latter angles can be 


--,D 
d 


just as useful at the beginning of a trigonometry course as those of the former, 
the following simple construction* may be of some interest. 

In each figure, starting with the basic triangle ABC, a semicircle of radius 
AB is described on BC (extended) with B as a center. ABD is thus an isosceles 
triangle and angle DAE is a right angle. 

From the right triangle DAE, we have 


sin — = ——); sin — = ——— ) 
12 4 2 
r VW6+/2 cr VW2+V72 
cos — = —————- » cos — = —————— » 
12 4 2 


* The idea of making such a construction was suggested by one of my students, Mr. R. L. 
Mills. 
324 
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from the right triangle ACE 


T _— T _ 
tan— = 2—- V3, tan— = V2 —1, 
12 v 8 v 


vin _ _ WT ———— 
sec = VO — V2, sec = V4 22, 


and from the right triangle A CD 


Tv 


— via _ 
cot 5 = 2+ V3; cot = V2 +1, 


T _ _ T ——— 
cosec > = VO + V2, cosec = V4 + 2/2. 


Note by the Editor. Professor Dorwart’s construction suggests a simple deriva- 
tion of the half-angle formulas for angles less than 180°. It is used thus occa- 


sionally in texts in trigonometry. The accompanying figure is self-explanatory, 
and we see that 


tan 6/2 = AC/CD = sin 0/(1 + cos 6) 
= EC/AC = (1 — cos 0)/sin 6. 


The other half-angle formulas are easily obtained from these. R. J. W. 


A SIMPLE GEOMETRICAL PARADOX 


J. L. Cootipce, Harvard University 
1. The general form for the equation of a quadric surface is 
Laijx'x? = 0, iij=1,:::,4, Ay; = Az. 


Here we have ten independent coefficients a;;. If we require the surface to pass 
through a given point, we impose a linear homogeneous condition on these 
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coefficients. Hence we may pass a single surface through nine arbitrary points, 
or, what amounts to the same thing, 


Ten general points in space do not lie on a quadric surface. 


2. A quadric surface may be generated, after the procedure of Seydewitz, 
by the intersection of the lines of a bundle with the planes of a second bundle 
projectively related to it by a correlation. The surface will pass through the 
centers of these two bundles. A correlation between two bundles is essentially 
the same thing as a correlation between two planes. This may be expressed 


Z 0, 


This tells us that the point (y) correspond to a line through a point (x). There 
are nine independent coefficients b;;, hence we may set up a correlation in which 
eight general points correspond to lines through eight other general points. Or 
we may set up a correlation between two bundles so that eight general lines of 
one correspond to planes through eight general lines of the other. 


Db:;x*77 = 0, 7,7 = 1, 2, 3, | bs; 


Now let A, B, Ci,--+, Cg be ten general points of space. We may set up 
such a correlation that the eight lines ACi,---, ACs correspond to planes 
through the eight lines BC,, -- +, BCs. 


Ten general points in space lie on a quadric surface. 


Which is right? 


THE ADDITION FORMULAS IN TRIGONOMETRY 


A. S. HOUSEHOLDER, University of Chicago 


Cauchy’s derivation of the addition formulas in trigonometry, given by 
Hobson in his Treatise and presented recently by McShane, is general and 
shorter than the standard proof given by most texts. The proof suggested by 
the accompanying figure (the circle has unit diameter but the figure is otherwise 
self-explanatory) is admittedly not general and moreover requires a preliminary 
lemma to the effect that the length of a chord in a circle of unit diameter is 
equal to the sine of the subtended inscribed angle. Nevertheless, this lemma fol- 
lows almost immediately from standard high school geometry theorems relating 
to inscribed angles, and is otherwise useful in providing a simple proof for the 
law of sines. Once the lemma is established, the addition formula for the sine is 
immediately evident from this figure, for the case a, 8, and a+ numerically 
less than 180°, and no algebraic manipulation is required. The same figure is 
easily adapted to the cosine formula. 

This proof can hardly be new. Its relation to Ptolemy’s theorem is too close, 
and that these formulas are special cases of Ptolemy’s theorem is well known. 
But it does not seem to have found its way into the standard texts, though even 
if a single general proof is to be demanded it should be pedagogically a worthy 
adjunct to this. 
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Note by the Editor. Professor E. F. Beckenbach also has pointed out that 
McShane’s method of deriving the addition formulas is essentially due to 


SIN (+8) & 
SINS COS 


SIN & COS B 


90° 


Cauchy, and that this derivation, along with a history of these formulas, ap- 
pears in Enciclopedia delle Matematiche Elementari, Milano, 1937, vol. 2, part 
1, pp. 551-552. R. J. W. 


RECENT PUBLICATIONS 


EDITED BY VIRGIL SNYDER, Cornell University 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York, N. Y., and not to any of the other 
editors or officers of the Association. 


College Algebra. Second Edition. By H. P. Pettit and P. Luteyn. New York, 
John Wiley and Sons, Inc. 1941. 14+ 247 pages. $1.90. 


The first edition of this fine text was reviewed in the MONTHLY, vol. 40, 1933, 
pp. 288-289, with but few criticisms. 

The present edition still embodies the noteworthy feature of introducing the 
student to new materials immediately, such as functions, graphs, and the sum- 
mation notation, thereby reviewing indirectly a considerable amount of ele- 
mentary algebra. This is followed by the usual topics of a college algebra text, 
but arranged so that the ideas and notations are readily accessible for later use 
and developing in the student “a greater capacity for independent thought.” A 
chapter on probability, omitted in the first edition, has been included and makes 
for a well-rounded text. 

Especially good are the many problems which are of a practical value and 
related to the various sciences. These in themselves provide the student with 
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much worth-while information and integrate his experiences in mathematics 
with those of the natural sciences. Whole chapters are presented on problem 
solving, and answers are given for the odd-numbered examples. 

Few errors were noted. Minor mistakes were found on pages 27, 57, 119, 129, 
and 246, the most confusing being the writing of triangle OMA on page 149, 
instead of triangle ONA. 

The book is well written, and the typography is extremely pleasing to the 
eye, beginning with an attractive bookplate and concluding with exponential 
and logarithmic tables. 

R. A. HARRISON 


Intermediate Algebra. By Neil McArthur and Alexander Keith. London, 
Methuen and Company, 1942. 10+356 pages. Price 8/6. 


As stated by the authors “This book is intended for use in school and first- 
year university classes composed of students who are not (or not yet) specializ- 
ing in mathematics.” 

The introduction, which is a brief review of the number system, is well done. 

As compared with United States texts on college algebra, this work assumes 
a somewhat better preparation than is given in most of the secondary schools 
in the United States. Most of our college algebras include a chapter on Interest 
and Annuities which is not included in this text. They also usually give solution 
of determinants of any order while only second and third order determinants 
are considered here. Also the approximation of irrational roots of equations of 
higher degree are usually considered while this is not included. As a whole, how- 
ever, this treatment of the subject is more complete than is usual in similar texts 
in the United States. Their treatment of inequalities and surds is also more 
exhaustive. 

In addition to the usual topics discussed in our texts the following are in- 
cluded in this book: work on symmetrical functions and reciprocal equations; 
the treatment of sequences and series includes Arithmetico-Geometrical series 
and series in which the mth term is a polynomial in 1; an excellent discussion of 
graphs is given: symmetry and continuity are discussed, also two-point and 
three-point contact of curves, and maxima and minima; the idea of derivative is 
introduced in connection with the slope of the tangent to the curve at a 
point, and the equation of this tangent; the slope is also determined by the 
method of limits. Also, the multinomial theorem, that is (a+b+c+---+)* 
=>" nC,a"(b-+-c-+ +--+)" is given in connection with the binomial theorem; 
arithmetical series of higher order, and expansion in power series are considered. 

The book seems to me to be well written. The explanations are clear and 
adequate; illustrative examples are sufficient in number; and there is a wealth 
of examples and problems for class use. 

SARA L. NELSON 
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The Mathematics of Finance. By Llewellyn Rood Perkins and Ruth Marion 
Perkins. New York, John Wiley and Sons, Inc., 1941. 20+321 pp. $3.25. 


This is a well written textbook, covering in a precise and lucid manner the 
conventional fields of the so-called mathematics of finance. According to the 
preface, it is directed to the student who already has a good grounding in al- 
gebra. Hence, with the exception of a discussion of rounded multiplication and 
division, no explanations of algebraic and other techniques are given. Some in- 
structors, therefore, may miss the usual explanation of such elementary ques- 
tions as logarithms or an appendix of log-tables. It should be stressed, however, 
that a decided asset of the book is a very complete set of tables which—es- 
pecially in the field of life insurance—go far beyond similar textbooks. 

The authors duly emphasize points of connection with actual financial prac- 
tice and it seems to the reviewer that they go successfully farther in this direc- 
tion than many others (e.g., in chapter VII on building and loan associations). 

As far as the method is concerned, it is noteworthy for its rather unusual 
employment of graphical representation, somewhat similar to the manner of ex- 
position more commonly found in economic textbooks. This should prove help- 
ful, especially to students not primarily trained in mathematics and who, other- 
wise, might have difficulties to grasp the analytical pattern of thought directly. 

For a revised edition, the following minor suggestions might be made. The 
increasing mechanization of business analysis might justify the addition, in an 
appendix, of a short paragraph on the appropriate arrangement of data for and 
the use of calculating machines (as in most textbooks of economic statistics). 
Perhaps also, a hint at the technique of handling special slide rules, and their 
adaptation to some of the standard problems in the mathematics of finance 
would be useful. Many students are surprisingly unfamiliar with such manipula- 
tions. While admiring the technical excellence of this as well as of most Ameri- 
can textbooks as compared with much less elaborately equipped European 
books, the present reviewer cannot suppress the suggestion to print tables on an 
extended hinge. This would enable the student to have the table in sight while 
reading the text and would also make it possible to print some of the larger 
tables in a more comprehensive way. 

The book should certainly be a valuable help to the teacher as well as to the 
student. 

J. E. Morton 


The Trisectton Problem. By R. C. Yates. Baton Rouge, La., The Franklin Press, 
Inc., 1942. 68 pages. $1.00. 


This little book has for its purpose the explanation of the trisection problem, 
and to show why it is impossible to solve it by straight edge and compasses. No 
knowledge of mathematics beyond plane geometry, elementary algebra, and the 
rudiments of trigonometry and of plane analytic geometry is presupposed. 
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It is first shown that the solution of the problem depends on that of a re- 
duced cubic equation x?—3x—2a=0 and that a construction based on these 
instruments leads only to certain values of a. This part is well done. It is then 
shown that an angle of the form 27/n, n an integer, can or cannot be trisected by 
straight edge and compasses according as 7 is not or is a multiple of 3. It is 
not shown under what restrictions on 2 such angles can be constructed. 

The second chapter discusses a number of curves which intersect a given 
circle in the required points and adds the remark that infinitely many such 
curves exist, none of which can be constructed by the instruments allowed. This 
chapter is followed by one on mechanical trisectors, based on linkages, which is 
rather extensive. This is followed, in turn, by one on approximations. A brief 
historical note is added to many sections and a bibliography is given of works 
referred to in them. It makes no claim at being complete. 

The back fly-leaf is a museum of newspaper clippings on “solutions.” May 
this book do its part to quell the flood of trisectors. 

VIRGIL SNYDER 


NEW BOOKS RECEIVED 


Elementary Mathematics in Artillery Fire. By J. M. Thomas. (With Tables 
prepared by Vincent H. Haag.) New York and London, McGraw-Hill Book 
Company, Inc., 1942. 11+256 pages. $2.50. 

The Trisectton Problem. By R. C. Yates. Baton Rouge, La., The Franklin 
Press, Inc., 1942. 68 pages. 

Plane and Spherical Trigonometry. By P. R. Rider. New York, The Macmil- 
lan Company, 1942. 7+180 pages. $1.75. 

An Introduction to Analytic Geometry and Calculus. By T. K. Raghavachari. 
Madras, Humphrey Milford and Oxford University Press, 1941. 8+192 pages. 
Rs 2. 


CLUBS AND ALLIED ACTIVITIES 


EDITED By E. H. C. HILDEBRANDT AND J. S. FRAME 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other matertal of interest to J. S. Frame, Brown University, Providence, 
R. I. 


THE NIMATRON 


E. U. Connon, Westinghouse Electric and Manufacturing Co. 


The Nimatron is a machine which is very skillful at playing the game of 
Nim. Unlike other mathematical machines, the Nimatron serves no other useful 
purpose than to entertain, unless it be to illustrate how a set of electrical relays 
can be made to make a “decision” in accordance with a fairly simple mathe- 
matical procedure. 
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The machine was built in the spring of 1940 and was exhibited at the West- 
inghouse Building of the New York World’s Fair, where it played more than 
100,000 games and won 90,000 of them. Most of its defeats were at the hands 
of the exhibit attendants as demonstrations to folks who, after numerous trials, 
became convinced that the machine couldn’t be beaten. Now it belongs to the 
scientific collections of the Buhl Planetarium in Pittsburgh. It was invented by 


two members of the staff of the Westinghouse Research Laboratories during a 
long lunch hour, and considerably improved by one of the engineers of the 
switchgear department of the East Pittsburgh Works of the Westinghouse Elec- 
tric and Manufacturing Company, where it was designed and built. The Nima- 
tron made its last “personal appearance” at the convention of the Allied Social 
Science Associations in New York City under the sponsorship of the American 
Statistical Association and the Institute of Mathematical Statistics. 
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Full details of the circuit diagrams together with a detailed description are 
given in U.S. Patent Number 2,215,544, obtainable from the U.S. Office in 
Washington, D.C. 

Editorial Note. The theory of the game of Nim is due to C. L. Bouton, 
Annals of Mathematics, ser. II, vol. 3, 1901, p. 35. It was recently discussed by 
D. P. McIntyre, this MONTHLY, vol. 49, 1942, p. 44. 


CLUB REPORTS 1940-41 
PI MU EPSILON NATIONAL CONVENTION 


The triennial convention of the chapters of Pi Mu Epsilon was held in Lamberton Hall of 
Lehigh University on Thursday, January 1, 1942 at 12:30 P.M. Twenty-nine members and friends 
representing ten chapters were present. Following the luncheon a short business meeting was held 
with Professor Shook of Lehigh presiding. Professor Shook called the roll by chapters and mem- 
bers present were introduced. A partial report for the nominating committee was made by Pro- 
fessor Owens. Dr. Moses Richardson of the Department of Mathematics of Brooklyn College 
addressed the convention on Some aspects of freshman mathematics, listing some of the difficulties 
which freshmen experience and making suggestions as to their solution. The convention closed at 
2:00 P.M. with a vote of thanks to the Department of Mathematics of Lehigh University and 
Professor Cutler, chairman of the committee on arrangements. 


Mathematics Club, Massachusetts Institute of Technology 


Five meetings were held during the year at which the following topics were discussed by mem- 
bers from the faculty of the departments at the Institute: The applications of the theory of waves by 
Professor Morse of the physics department, Nomographic charts by Mr. Adams of the graphics 
department, The differential analyser by Professor Taylor of the electrical engineering depart- 
ment, Industrial statistics by Mr. Hermistone, and Foundations of statistics by Professor Wads- 
worth of the mathematics department. Officers were: President, Charles Papas; Vice-President, O. 
K. Smith; Secretary-Treasurer, Earl Singleton; Program Manager, Marvin Epstein. 


Mathematics Club, New Jersey State Teachers College at Montclair 


Semi-monthly meetings were held throughout the year and the following topics were pre- 
sented: Books, old and new by Professor V. S. Mallory, Complex numbers by Henry Hausdorff, 
Fun in mathematics by Shirley Stamer, Mathematical puzzles by Barbara Stauffer, Paper folding 
by Robert Maurer, Topology by Jean Monsees, Navigation by Philip Stanger, Plane linkages by 
Philip Egeth, Tricks with numbers by Lillian Sprung and Virginia Florin, and The duodectmal sys- 
tem by Carlton Michelson. Each year the club invites one of the alumni to discuss experiences in 
the teaching of mathematics. This year the guest speaker was Mrs. Edna H. Young of East Ruther- 
ford High School who spoke on Teaching locus problems with the aid of models. A joint meeting of 
mathematics clubs in the state was held in November with representatives from the clubs at New 
Jersey College for Women, Rutgers University and Upsala College in attendance. Professor 
Richard Courant of New York University spoke on Problems of Maxima and Minima. At a joint 
meeting with the Science Club, Mr. E. C. Molina of the Bell Telephone Company Laboratories 
spoke on Mathematics in the Bell Telephone Industry. Officers were: President, John Macchi; Vice- 
President, Jean Monsees; Secretary, Anne Beaumont; Treasurer, Virginia Florin; Librarian, 
Audrey Vincentz. 


Kappa Mu Epsilon, Albion College 
Seven meetings were held during the year. Mathematics in radio and Mathematics in aviation 


were topics discussed by Ernest Longman and John Telander. Other subjects were presented as 
follows: Addition and subtraction of logarithms by Gerald Allen, Summation of series by Mark 
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Putham, Theoretical mathematics is practical by David Lawler, Ptke’s early American arithmetics 
by Margaret Ingram, Introduction of zero into the number system by Webster Sawyer, and Archt- 
medes by Helen Shepard. 


Pi Mu Epsilon, University of Illinois 


Entertaining programs were the aim of the administrative committee during the year. At the 
Opening meeting members heard a humorous paper on the troubles of a newlywed written by Pro- 
fessor A. R. Crathorne entitled Statistics in the kitchen. On the evening of election day members 
took part in a mock election and revised predictions as returns of the voting were received. At a 
Get-Acquainted Party Dr. Pepper entertained guests with her collection of puzzles and spoke on 
the subject A Yank at Oxford. In February a talk entitled A night with probability by Dr. E. R. 
Blanche was followed by opportunities for all members to compete against gambling devices. 
Methods of higher algebra were used at another meeting by Professor Harry Levy in solving 
mathematical puzzles. Professor H. F. Moore of the College of Engineering was guest speaker 
at the initiation banquet and used as his topic Wishful thinking and wishful observation. Officers 
were: Director, Dr. E. R. Blanche; Adviser, Dr. Echo Pepper; Secretary, DeLos De Tar; Treas- 
urer, Eleanor Ewing. - 


Mathematics Club, Tennessee Polytechnic Institute 


Members of the club participated in a radio program entitled, Battle between the departments, 
consisting of a quiz program in which teams representing the mathematics and engineering depart- 
ments competed. The mathematics group consisted of Robert Tate, Joseph Lane, Margaret 
Plumlee and Charles Tabor. Topics discussed at club meetings were: History of mathematics by 
Margaret Plumlee, Recent trends in arithmetic by Thurman Webb, Relation of science to mathematics 
by Dr. Moorman, The number system 1f we had six fingers by Dr. Hutchinson, Simple mathematics 
problems in electrical work by Mr. Duncan, Mathematics in war by Professor Mattson, Trtsection 
of angles by Dr. Hutchinson. At the close of the year the club was accepted as the Tennessee Alpha 
Chapter of Kappa Mu Epsilon by the national organization. Officers were: President, K. Walthall; 
Vice-President, J. Lane; Corresponding Secretary, Dr. R. A. Moorman; Recording Secretary, 
Margaret Plumlee; Treasurer, W. Fitzgerald. 


Pi Mu Epsilon, St. Lawrence University 


This chapter held regular meetings throughout the year in conjunction with the local mathe- 
matics club, Alpha Mu Gamma. Included among the talks were Actuartal mathematics and the use 
of statistics in industry given by Nathan Niles, Your chance to win by Roy Jefferey, and Dimensional 
analysis by Walter Boris. Two of the members, Stuart Wadsworth and John Boudiette, demon- 
strated a mechanical differentiator which they built.* The third annual Pi Mu Epsilon Inter- 
scholastic Mathematics Contest was held on May 3, 1941, following the pattern of previous years. 
Schools competing are members of the Northern New York Interscholastic League which compete 
annually in football, basketball, and baseball. A cup was awarded to the winning high school team 
from Potsdam, New York, and medals were given to the three students with the highest scores: 
John Dooley of Ogdensburg Free Academy, John Turner of Malone Franklin Academy and 
Ronald Greene of Potsdam High School. Certificates of merit were also awarded to the highest 
ranking individual of each competing high school. Officers for the year were: President, Constance 
Weeks; Secretary, Cameron Geraghty; Treasurer, Gerald Bradshaw; Director, Dr. O. K. Bates. 


Mathematics Club, Chicago Teachers College 


Six meetings were held during the year and the following topics were presented: The story of 
the calculus by George Benyek, Higher plane curves by John Conway, The teaching of mathematics 


* For references used, see this department of the MontTHLY, October 1941, p. 553. Also Sczen- 
tific American Supplement No. 2093, Feb. 12, 1916; Proc. Royal Society of Edinburgh, May 1904. 
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by Dr. Bartky, Planetary motions by R. R. Reynolds. The film, Einstein’s Theory of Relativity, 
was presented at one program and another meeting was devoted to a description and discussion of 
the Isograph, slides and a motion picture film being supplied by the Bell Telephone Laboratories 
and the discussion led by Dr. Mansfield. Officers were: Chairman, H. J. Williams; Vice-Chairman, 
R. R. Reynolds; Secretary, Asta Einarson; Adviser, Dr. Ralph Mansfield. 


Kappa Mu Epsilon, Nebraska State Teachers College at Wayne 


Mathematics and amateur radio work was the topic used by Gerald Wright at a fall meeting of 
the chapter. He based his discussion on his experiences in amateur radio work in which he holds a 
number of national prizes and he demonstrated his talk with some of his equipment. At another 
meeting, Mr. Van Bearinger told of his use of the planimeter in measuring aerial photographs while 
working in a soil conservation office during the summer and this work led to further study of the 
calculus involved. Officers were: President, J. Ahern; Vice-President, E. Klein; Treasurer, C. 
Winter; Secretary, Van Bearinger; Faculty Sponsor, Miss E. Marie Hove. 


Mathematics Club, Mount Mary College 


In addition to attending four meetings of the Intercollegiate Mathematics Association of 
Milwaukee the club members held two discussion meetings, a joint meeting with the Science Club, 
a Christmas party and a steak fry. Topics presented were: Diophantine analysts by Virginia Alten- 
hofen and Brocard points by Marie Hiegel. Officers were: President, Marianne Schueler; Vice- 
President, Marie Hiegel; Secretary-Treasurer, Margaret Weeks; Adviser, Sister Mary Felice. 


Mathematics Club, Butler University 


What ts mathematics and why study it? was the topic discussed by the club adviser, Mrs. Juna 
L. Beal at the opening meeting of the year. Later meetings were devoted to talks on Slide rules and 
their uses by Maribelle Foster, Theory of relativity by Robert Stump, History of the calendar by 
Jane Gibson, Some recent discoveries pertaining to the mathematics of the ancient Babylonians by Helen 
Caster, Concepts of the calculus and their development by Blanchalice Barrett. The final meeting was 
held at the Goethe Link Observatory at Brooklyn, Indiana, where Dr. Getchell gave a lecture on 
Astronomy. Officers were: President, Blanchalice Barrett; Vice-President, Helen Caster; Secre- 
tary, Maribelle Foster; Treasurer, Robert Stump. 


Mathematics-Physics Club, College of Saint Teresa 


This organization consisted of 33 members who met bi-monthly to discuss topics in mathe- 
matics and physics. The various reports presented by both the faculty members and the students 
during the year were: The duo-decimal system, Spectra of molybdenum, Life of Newton, Mathematical 
magic, The spider lady, Culture in mathematics, Applications of the parallelogram, Telling direction 
by a watch. The following films were also presented: Precisely So, Elgin Tells Time, and Geometry 
in Action. Officers were: President, Marian Heinen; Vice-President, Mildred Bertrand; Secretary- 
Treasurer, Margaret Reckers; Faculty Adviser, Sister M. Thomas 4 Kempis. 


Mathematics Club, Boston University 


At the first meeting of the year, Professor Bruce gave an illustrated lecture on his travels in 
India and used for his subject Algebra’s Land of the Dawn. Mr. C. H. Mergendahl, head of the 
mathematics department of the Newton Massachusetts high school, was guest speaker at another 
meeting and illustrated his topic So what? with student’s reactions to problems. Other subjects 
presented were: Natural logarithms by Mr. Gould, Magic squares by Julia Lowe, In defense of the 
fourth dimension by Joseph Rizzo, Algebraic sertes by Joseph Lahage, History of pi by Elizabeth 
Campbell, Life of Rene Descartes by Agnes Caneiro, Brain Teasers by Francis Scheid. The final 
program was an Information Please program conducted by Dr. Frye. The members also attended 
‘two meetings of the Boston Intercollegiate Mathematics Club Association held at Boston College 


1942] PROBLEMS AND SOLUTIONS 335 


and Regis College. Officers were: President, William Gould; Vice-President, Julia Lowe; Secretary, 
Elizabeth Campbell; Treasurer, Philip Nassisse; Faculty Adviser, Professor Bruce. 


Kappa Mu Epsilon, Texas Technological College 


In its first year as a chapter of Kappa Mu Epsilon, ten program meetings were held. Topics 
included: Biographies of the mathematicians for whom the chapter officers were named, Non- 
Euclidean geometry by R. K. Wakerling, The coconut problem by R. S. Underwood, Division without 
a dwisor, by E. R. Heineman, Number numerology and number theory by F. W. Sparks, Projective 
measurements by William Wallis, Curve tracing using Newton's diagram by Lester LaGrange, Energy 
transformations as a source of wealth by E. A. Hazelwood. Joe R. Foots, first president of the chapter, 
was appointed part-time instructor in the department of Pure Mathematics of the University of 
Texas. Lee Michie, another charter member, received his wings and commission as second lieutenant 
in the Army Air Corps at Stockton, California, on April 25,1941, and sailed from San Francisco on 
June 3 for the Philippine Islands. Officers were: President Lobatchewsky, William Wallis; Vice- 
President Agnesi, Aliene May; Secretary Noether, Marie McCrummen; Treasurer Cayley, 
Rance Jones; Corresponding Secretary Descartes, Mrs. Opal L. Miller; Faculty Sponsor, Dr 
R. K. Wakerling. 


PROBLEMS AND SOLUTIONS 


EDITED BY OTTto DUNKEL, ORRIN FRINK, JR., AND H. S. M. CoxeTER 


ELEMENTARY PROBLEMS 


Send all communtcations concerning Elementary Problems and Solutions to H. S. M. 
Coxeter, 69 Chaplin Crescent, Toronto, Canada. 

The department of Elementary Problems welcomes problems believed to be new, and 
demanding no tools beyond those ordinarily furnished in the first two years of college 
mathematics. To facilitate their consideration, solutions should be submitted on separate, 
signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 

E521. Proposed by J. R. Musselman, Western Reserve University 

(a) On the sides BC and CA of a triangle A BC, construct externally any two 
directly similar triangles, CBA; and ACB,. Show that the midpoints of the three 
segments BC, AiBi, CA form a triangle directly similar to the two given tri- 
angles. 

(b) On BC externally, and on CA internally, construct any two directly 
similar triangles CBA, and CA B,. Show that the midpoints of AB and AiB, form 
with Ca triangle directly similar to the two given triangles. 


FE 522. Proposed by V. Thébault, San Sebastian, Spain 

Find the smallest prime radix for which there exists a perfect cube of the form 
abcabc. 

FE 523. Proposed by N. A. Court, University of Oklahoma 


With the vertices of a given orthocentric tetrahedron (T) as centers, spheres 
are drawn orthogonal to a given sphere (M) concentric with the polar sphere of 
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(T). Show that the radical planes of (7) with the four spheres considered form 
a tetrahedron which is orthocentric, and that its orthocenter coincides with that 
of (T). 

FE 524. Proposed by R. V. Heath, Wall St., New York, N.Y. 


Write the numbers 9, 10, 11, 12, 13, 14, 15, 16 in one line. Underneath, place 
the numbers 1, 2, 3, 4, 5, 6, 7, 8in such an order that the eight sums and eight 
differences are sixteen different numbers. In how many ways can this be done? 


FE 525. Proposed by Maurice Krattchtk, New School for Social Research, New 
York City 


Find parallelepipeds with commensurable edges and diagonals. 


SOLUTIONS 


An Imperfect Square 


E 486 [1941, 555]. Proposed by J. M. Andreas, Pasadena, California 


A quadrilateral ABCD has a right angle at A. The angles at B and C are 
bisected by the diagonals BD and CA. Is the quadrilateral necessarily a square? 


I. Solution by Howard Eves, Chattanooga, Tenn. 

We shall answer the question in the negative as follows. Let M be a variable 
point on a fixed line parallel to a horizontal segment CB. In the triangle MCB, 
bisect the angles C and B, and let the bisectors meet the respectively opposite 
sides in A and D. When WM is equidistant from C and B, Z DAB is obtuse; but 
when W&M is sufficiently far to the right, this angle is acute. By considerations of 
continuity it follows that there must be some position of M for which ZDAB 
is a right angle. Then ABCD is a non-square quadrilateral satisfying the condi- 
tions of the problem. 


II. Solution by E. P. Starke, Rutgers University 


No. If Z ABC is any obtuse angle, there are two values of the ratio AB: AC 
such that a quadrilateral may be completed to satisfy the given conditions. To 
show this, write 9@= ZABD=iZABC, a=BC, c=AB. By considering projec- 
tions parallel and perpendicular to AB, one computes without difficulty: 


AD=ctan8, CD =/(a? — 2ac + c? sec? 6), AC = (a? + c? — 2ac cos 26). 


Equating expressions for the cosines of ZACD and ZACB, one obtains a rela- 
tion which may be reduced to 


(a? + c?)\(1 — 4 cos? 6) + 2ac(1 — 2 cos? 6 + 4 cos* 6) = 0 


by suppressing a factor 1—cos’@. The discriminant of this quadratic in a/c re- 
duces to 


16 cos? 0(1 — cos? 6)(1 — 4 cos* 8), 
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which is positive for all 6 between 45° and 90°. The statement made above is 
now obvious. 

For a numerical example take AB=3, AD=3,/2, BC=7+2,/10, CD 
=8+4/10, determining BD =3./3 and AC=4V/2+4/5. 

Also solved by D. H. Browne, W. B. Clarke, C. W. Emmons, A. K. Waltz 
and the Clarkson College Mathematical Club. The proposer remarks that the 
negative answer invalidates a traditional method for obtaining an allegedly 
square piece of paper from one that is approximately rectangular, by folding and 
tearing. 


The Orthic Triangle 


E 487 [1941, 555]. Proposed by V. Thébault, San Sebastidn, Spain 


Prove that if the orthocenter of a triangle is conjugate to the three vertices 
with regard to the incircle and two of the excircles, respectively, then these three 
circles touch the respective sides of the orthic triangle, and conversely. 

Solution by Howard Eves, Chattanooga, Tenn. 

(1) Lemma: Given a triangle ABC circumscribed to a conic K, consider 
points Mon AC, Non AB. Then MN touches K if and only if the point of inter- 
section (BM, CN) is conjugate to A. 

Let the points of contact of K with AC and AB be S and T, respectively. 
Suppose MN touches K. Then the simple quadrilateral BCMN is circumscribed 
to K. Therefore BM and CN are concurrent with ST, the polar of A. Conversely, 
if BM, CN, ST are concurrent, let the second tangent to K from N cut AC in 
M’. Then, by the same argument, BM’, CN, ST are concurrent; therefore M’ 
coincides with M, and MN is a tangent. 

(2) Theorem: Given a triangle ABC circumscribed to three conics Ka, 
Ky, K,, and given a point H, construct the intersections L=(AH, BC), M 
=(BH, CA), N=(CH, AB). Then the sides of the triangle LMWN touch the 
respective conics K., Ko, K. if and only if H is conjugate to A, B, C with regard 
to these respective conics. 

This follows at once from the lemma. 

(3) The given problem is a highly specialized case of (2). 

The proposer remarks that, for such a triangle, the diameter of the circum- 
circle is equal to the radius of the third excircle. 


Differences of Factorials 


E 488 [1941, 556]. Proposed by D. H. Browne, Buffalo, N.Y. 


The factorial u,=k!, “sub-factorial” v,=k!>_*(—1)"/r!, and “super-factorial” 
we=k! 1 /r!, may be defined by the recurrence formulas 


Up = Vo = Wo = 1, Un = kurt, VE = RVp_1 -+- (— 1)*, UW, = Rwr_1 -+- 1. 


Show that A"wo =u p, AU =VUn- 
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Solution by R. D. Specht, University of Florida 


We have 
” nN 
A"’wo = (E — 1)"w = 2 (— mi Je 
0 r 
=D") =i = = me, 
7=0 s=0 s! 
where 
n n-Tt __ 1 T 
P, = (— )" 
r=0 s=0 ris! 
But 


n+1 _ 1 r 1 _ 1 n+1 
AF, = > — fy _— (t— er — ( 
0 “'(in+i1-—r)! (1 + 1)! 
and Fy=1. Therefore F,,=1, and A"wy=n! =u, 
Also 


n n — 1 r 
A™y = > (- mi Jnr = “i \ : Une 
r=0 A 
Editorial Note. The first part may be proved more simply by observing that 


A” Wo _ nA” wy = (— ("ae _ >> (— »(" 7 ») te 
r=0 7 r=0 v 
— d. (— vr") fee — (n — r)Wn-r-1} 


Eo) =o 


Sections of a Prismatoid 


E 489 [1941, 556]. Proposed by Howard Eves, Chattanooga, Tenn. 


Let Ao, Am, A; be the areas of the lower base, midsection, and upper base of 
a pristmatoid. If 4;=Ao, prove that | 

(1) sections equidistant from the midsection are equal in area; 

(2) the midsection bisects the volume of the prismatoid; 

(3) if Am=Ao, all sections have the same area; 

(4) if Am#Ao, Am is the maximum or minimum section. 


Solution by the Proposer 


Let S be a solid figure extending between two parallel planes. Let h be the 
distance between the planes, and let A, be the area of the section at distance x 
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from one of the planes (the “lower base”). Suppose S is such that A, is a quad- 
ratic function of x. (The prismatoid, along with many other figures, is such a 
solid.) Now we have 


(i) A,=re? + sa +i, 


where 1, s, ¢ are constants to be determined. Putting « =0, #, #/2 in turn, and 
solving for 7, s, ¢, we find. 


y = (2Ay — 4Am + 242) /P’, s = (44, — An — 3A0)/h, i = Apo. 
Substituting in (i) we get 
WA, = (2A9 — 44m + 2An) x? + (44m — An — 3A0) hx + h?Ao. 
When A;,=Ao, this reduces to 
(ii) WA, = (2x — h)?Ag — 4a(u — h)An. 


From (ii) it is clear that 4, =A, _2, which is part (1) of the problem. Caval- 
ieri's Theorem makes part (2) an immediate corollary of this. Putting An=Ao 
in (ii), we see that A,=Ao, which is part (3). Differentiating the right member 
of (ii) with respect to x, we see that A, is a maximum or minimum when x =//2; 
this establishes part (4). 


Derangements 


E 490 [1941, 556]. Proposed by J. F. Kenney, University of Wisconsin at 
Milwaukee 

In a gambling game, a player is permitted to deal ten cards from a bridge 
deck (which has been thoroughly shuffled) and wins if, at any stage of the deal- 
ing, the number on a card is the same as the number of cards dealt. (Face cards 
are assigned the number 0.) Find the probability that the dealer will win. 

I. Solution by R. W. Wagner, Oberlin College 

Let N; denote the number of ways of arranging the deck so that the first 2 
cards are respectively an ace, a two, and so on. Then N;=4*(52 —7)!. By Propo- 
sition XIV of Whitworth, Choice and Chance, p. 68, we deduce that the number 
of ways of arranging the deck so that no one of the first ten cards has a number 
equal to its position is 


~ (10 10 (10 . 
» (— » oh = (= 1) “\s2 — 4)!}, 
i=0 t i=0 t 
The total number of ways of arranging the deck is 52!. Thus the probability of 
winning is 


— >» (— (or — {1/521 = .54815---. 
t=] 4 
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II. Solution by Irving Kaplansky, Harvard University 

This is a special case of the problem treated in my note On a generalization 
of the “Probléme des Rencontres” |1939, 159]. Putting n=13, a;=4, pp=--- 
=phi=1, bu=pe=f13=0 in the formula obtained there, we get 


10 (10 
E?(E4 — 483)0! = F42(E — 4)9! = > (— ay “\s2 — i)! 
; 4 


=0 
for the number of arrangements. 


Ill. Hxperimental check by D. H. Browne, Buffalo, N. Y. 

By a trial of several hundred deals, using a single close ruff and a lift cut be- 
tween each deal and the next, I get an average of 54.5%. 

Also solved by E. P. Starke and the proposer. 


ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, 
Washington Unwersity, St. Louts, Mo. All manuscripts should be typewritten, with double 
spacing and with margins at least one inch wide. 

Problems containing results believed to be new or extensions of old results are espe- 
cially sought. The editorial work would be greatly facilitated, if, on sending in problems, 
proposers would also enclose any solutions or information that will assist the editors in 
checking the statements. In general, problems in well known text-books or results found 
in readily accessible sources will not be proposed as problems for solution in this depart- 
ment. In so far as possible, however, the editors will be glad to assist members of the Asso- 
ciation in the solution of such problems. 


PROBLEMS FOR SOLUTION 
4036. Proposed by L. A. Santalé, Rosario, Argentina 


Let Ci be an oval with a continuously varying radius of curvature R; at each 
point of C; a normal of length R is drawn exteriorly giving points of a second 
curve Cy, (which may not be convex); and let A be the area enclosed between the 
two curves. From a chosen fixed point a vector is drawn parallel to the normal 
at a point of C; and of length R for that point, thus giving as the point varies on 
C, a curve C; having the area A; and length L3. If Le is the length of C, and A; 
is the area of Ci, show that 


(a) A= 3A 3; (b) lols = 87A1; 
the equality in (b) is true only when C, is a circle. 


4037. Proposed by Cezar Cosni{dé, Focsani, Roumania. 
Integrate 


(amtt + yr)y’ — ary = 0; 


calculate and examine the radius of curvature of the integral curves at the origin. 
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4038. Proposed by V. Thébault, San Sebastidén, Spain 

The point M is chosen arbitrarily on a bisector of angle A of the triangle 
ABC, and let M’ be its isogonal conjugate with respect to ABC. Show that the 
two circles each through M and M’ and tangent to the side BC are tangent also 
to the circumcircle of ABC. 


4039. Proposed by N. A. Court, University of Oklahoma 


The circumcenter of a tetrahedron (7) and any point M are isogonal con- 
jugates with respect to the tetrahedron formed by the centers of the four spheres 
passing through M and the circumcircles of the faces of (7). 


Correction of editorial errors in 3994 |1941, 273]. Proposed by C. E. Springer, 
University of Oklahoma 


If 
K . 
Qi = dq = 233 = >( . i — 1)%-:, J =0 (mod 3); 
i \J 
K . 
Q12 = Q93 = A431; = x( . Yn — 1)*-), J = | (mod 3); 
i \J 
Q13 = A432 = Qe = >( ; in — 1)*-), j = 2 (mod 3); 
i \J 


* 


show that the determinant 


= [(m — 1)? +1). 


| ai; 


SOLUTIONS 


Symmetric Functions 


3980 [1941, 69]. Proposed by Esther Szekeres, Budapest, Hungary 

The symmetric polynomials yi, ye, ---, Yn in the variables x1, x2, ---, Xn 
are of the degrees indicated by the subscripts, and are algebraically independent. 
If f(xi, x2, - +--+, %,) is any given polynomial symmetric in the x’s, show that it 
can be expressed as a polynomial in the y’s. 

Solution by the Proposer 

Since the symmetric polynomial f(x1, x2, - - - , Xn) can be expressed as a poly- 
nomial in terms of the elementary symmetric functions a1, 02, - « * , Gn, it suffices 
to show that each o; can be expressed as a polynomial in the y;’s. 

We may write 


Vk = CKO; + gu(o1, O2, °°" y ox—1); 


where the second term in the right member is a polynomial in the indicated 
arguments whose terms are of weights not exceeding k, or in other words it is 
the sum of terms such as 
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ty te thk—1 


01,02 *** Of-1, ti + Qte ++ +> + (Rk — [jini SR, 


multiplied by a constant coefficient. We show first that no c;, is zero, If any one 
is zero let c;, be the first one to be zero. Then we have 


V1 = C101 + Co 
y2 = C202 + g2(o1) 
Vi = Cho ht + Sr-1(01, 02, ° +, oK-2) 
Vk = gk(or, O2, °° " y T-1). 
These equations may be solved in turn for 01, 02, -- + , o,-1 so that o;(tSk—1) 
is a polynomial in yi, ye,---+, ys; and then inserting these values in the last 


equation, we shall have 
Ve = 8(V1, Varo» Ve-1); 


where the right member is a polynomial in the indicated arguments, But this is 
contrary to the hypothesis. Hence no c, is zero, and each o; can be expressed as 
a polynomial in yi, ye, -- + , yz This concludes the proof. 

Solved also by C. M. Stein. A solution similar to the one by the proposer 
was received from Li Ming-hsien after the preparation of the above for printing. 


Spheres Associated with a Tetrahedron 


3982 [1941, 70]. Proposed by V. Thébault, San Sebastian, Spain 


The vertices of the tetrahedron ABCD are centers of spheres the squares of 
whose radii are equal respectively to one-third of the sum of the squares of the 
edges through the considered vertex. Show that the sphere orthogonal to the 
four spheres is concentric with the twelve point sphere of ABCD. 

Note. See N. A. Court, Modern Pure Solid Geometry, p. 250, for the twelve 
point sphere. 


3983 [1941, 70]. Proposed by V. Thébault,; San Sebastian, Spain 


The vertices of the tetrahedron ABCD are centers of spheres the squares of 
whose radii are equal respectively to k times the sum of the squares of the edges 
of the face opposite to the vertex considered, and they are also centers of spheres 
the squares of whose radii are equal respectively to k times the sum of the 
squares of the edges through the considered vertex. Let w; and we be the centers 
of the spheres, radii R; and Re, orthogonal respectively to the two sets of four 
spheres, G the centroid, and O the circumcenter of ABCD. (1) Show that the 
points O, G, wi, w. are collinear and determine their relative positions. (2) Show 
that (Ri—R§)/k remains constant when & varies. 

Solution by J. W. Peters, University of Illinois 

Since the first problem is a special case of part of the second, let us consider 
the second problem first. 
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Let A:, (¢=1, 2, 3, 4), be the position vectors of the vertices of the tetra- 
hedron ABCD. There will be no loss in generality if the origin is taken as the 
circumcenter, O, and if the unit of measurement is so chosen that the radius of 
the circumsphere is 1. The vectors A; are thus unit vectors. Let S=) /j-14;. 
Then from the reference to Court we learn that the centroid is $/4, the Monge 
point is S/2, and the center of the twelve point sphere is 5/3. 


Let the first set of spheres mentioned in problem 3983 be given by 


2 — — 


7, = k|(A; — A my A; — A m) + (A m —_ An 


Am —_ An) + (An — A j, An _ A,) |, 
A,;)], 


where & is a real scalar and 1, 7, m, n,=1, 2, 3, 4;1%j74m#n. The parentheses 
represent scalar products of the enclosed vectors. 

Since (X — a1, X — 1) = RK? is orthogonal to the spheres (1), we have (4;—&, 
A,;—) —Ri—r? =0, which reduces to 


2 


r; = 2k[3 — (Aj, Am) — (Am, An) — (An 


(2) 1 — 2(A;, &:) + (a1, &) — Ri — 7, = 0. 


Eliminating Rj from this set of four equations, we obtain three independent 
equations of the form 


(3) (A; -Ay os) +r, — 7; = 0. 


On replacing the 77 by their values in terms of & and Aj, this set of equations 
reduces to a set of three equations of the form 


(4) (A; — Aj, 1) + R(A; — A;, S) = 0. 

If the four points ABCD do not lie in a plane, the equations (4) will have the 
solution @,= —AS. With this value for @ and any one of equation (2), we find 
6 
(5) Ri = (1 — 2k) + 2k(1+4)->2 A, AD, i,j = 1, 2,3, 4,1 % fj. 


The second set of four spheres with centers at the vertices ABCD are given 
by the equations 
(6) (K - 4, X¥ - A) = s, 
where 

si = k((A; — 4, A; — A) + Ai — An, Ai — An) + Ai — Ay, Ai — Ay] 
or 

2 


s; = 2k[4 — (4,, S)]. 
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Since (X—@2, X —d2) = RZ is orthogonal to the spheres (6), it follows that 
(7) 1 — 2(A;, &) + (as, G2) — Rp — 8; = 0. 


Eliminating Rj from these four equations, one obtains a set of three independent 
equations of the form 


(8) (A; — Aj, @) +s; —-5, = 0. 


On replacing the sj by their values in terms of k and A,, this set of equations 
reduces to 


(9) (A; — Aj We) — k(A; — Aj, S) = 0. 


If the four points are not in a plane, the three equations (9) will have the solu- 
tion @.=kS. With this value for a: and any one of the equations (7), it is found 
that 


6 
(10) Ro =1—8k+4k + 2k->2 (A, A). 


It is evident that a: and ds: lie on the line OG and that O is the bisector of 
the segment 162. Furthermore it is easily seen that (R?— R3)/k=4+2)_(A;, A;) 
and this ratio, being independent of k, remains constant when & varies. 

For problem 3982, set R=1/3 in equations (6), (7), (8), and (9). Then 
w= 5/3 and this is the center of the twelve point sphere. 

Solved also by the proposer. 


Isogonal Conjugates 


3984 [1941, 152]. Proposed by R. Goormaghtigh, Bruges, Belgium 

The two points P, QO are symmetric as to the circumcenter of a triangle, the 
isogonal conjugates of P, Q are P’, Q’, and M is the midpoint of P’Q’; prove 
that PO-P’O'’=4R-H™M, where H is the orthocenter and R is the circumradius 
of the triangle. 


Solution by Li Ou, Yenching University, Peitping, China 
Let the vertices of the triangle A1:42A3 be the turns ¢; satisfying f?—o? 
+o2t—o3=0; and let the point P be the complex number z. Since P and Q are 
symmetric as to the circumcenter of the triangle, the complex number of Q will 
be —z Then it may be shown” that the complex number of P’, the isogonal con- 
jugate of P, is 
2208 — 30% -+- 01, — @ 


Pp = 
1— g2 


where 2 is the conjugate of z. Similarly the isogonal conjugate of Q will be 


* J. H. Weaver, On Isogonal Points, this MONTHLY, vol. 42, 1935, p. 496. 
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,_ Bost 202+ o1+2 
Of = 
1 — 22 
Hence we have the lengths 


—— 2 | a2 + 2] 
P'O' = 


PQ = 2|: | 1 — 22 | 


Thus, their product 
— 4| eBoy + 22 | 
PO: PO’ = oT, 
—|4 1 — 2 | 
Now the complex numbers of M and H are easily shown to be 


uM =———— H =o; 


respectively; and the length 


| os|| 2202 + 22 | 7 | B02 + 2? | 


HM = 


| 1 — 23 | 7 } 1 — 23| 


since |o3| =1. Hence PQ: P’Q’=4-HM. We note that here we take R=1. 
Solved also by J. W. Clawson, J. H. Weaver, and the proposer, each using 
complex coordinates. 
An Operational Identity 


3985 [1941, 152]. Proposed by Charles M. Stein, New York, N. Y. 
Prove that if f(x) is analytic within and on a circle C having x as center and 
containing y, then 


me +o D)- (1455- D) (1 + D)j(a) = fv), 
n 2 1 


where D=d/dx. 
Solution by Kwan Chao-Chth, Venching University, Perping, China 


Since f(x) is analytic in C, all its derivatives exist. We observe 


(1+72=*p)j(x) = fe) +22 pe =D 2a DT f(a). 


y-=0 


We shall write 


ee Gare ae 


(1) - 
-y° = fn(x), 
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and prove it by induction for any x. For, 


(14 2=*p)...(142=*p) (14 Fee 
nN 2 1 


_> ON F(a) 4 D> (y = 9)" ft) (x) 
y=0 ! nN 7=0 y! 
— Gy — «)r 
- y=1 (y— 1)! p ( | 
= SE pony 


When n—> ©, the right member of (1) is Taylor’s expansion of f(x) at y, and 
thus represents f(y) since the circle C contains y. 
Solved also by Huang K’un and the proposer. 


NEWS AND NOTICES 


Readers are invited to contribute to the general interest of this department by sending 
news ttems to C. O. Oakley, Haverford College, Haverford, Pennsylvania. 


The National Council of Teachers of Mathematics will hold its next annual 
summer meeting jointly with the Department of Secondary Education of the 
National Education Association on June 29 and 30, 1942, at Denver, Colorado. 


The twenty-fifth anniversary of Dr. H. E. Hawkes, professor of mathematics, 
as dean of Columbia College was celebrated at a dinner given in his honor on 
April 16, 1942. 


Dr. Archie Blake, associate mathematician of the U. S. Coast and Geodetic 
Survey, has been transferred to the National Inventors Council at Washington. 


C. A. Bridger, statistician for the Idaho Department of Public Health, has 
been given a civil service appointment as junior metallurgist with the Bureau 
of Mines at Salt Lake City. 


Assistant Professor Marguerite D. Darkow of Hunter College has been 
promoted to an associate professorship. 


Assistant Professor B. E. Gatewood of Louisiana Polytechnic Institute is 
on leave of absence to take a position at the MacDonnell Aircraft Corporation 
at St. Louis. 


Assistant Professor C. W. Hook of Georgia School of Technology, a mem- 
ber of the Naval Reserve, has reported to the Naval Academy for duty as an 
instructor in mathematics. 


1942] NEWS AND NOTICES 347 


At Smith College, Associate Professors N. H. McCoy and Deane Mont- 
gomery have been promoted to professorships. 


R. M. Pinkerton, associate physicist at Langley Field, has been appointed 
associate professor in the Aeronautical Engineering Department at Agricultural 
and Mechanical College of Texas. 


Professor D. W. Pugsley of Berea College has succeeded Professor W. R. 
Hutcherson as head of the department of mathematics, Professor Hutcherson 
having been granted leave of absence on a defense mechanics fellowship at 
Brown University. 


Assistant Professor E. J. Purcell has been promoted to an associate profes- 
sorship at the University of Arizona. 


Professor Suzan R. Benedict of Smith College died of a heart attack on April 
8, 1942. She was a charter member of the Mathematical Association and had 
retired from teaching last January after thirty-five years teaching at Smith 
College. 


Dr. Robert Henderson, vice president and actuary (retired) of the Equitable 
Life Assurance Society, died February 16, 1942. He was a charter member of 
the Mathematical Association of America and was for a long term of years a 
trustee of the American Mathematical Society. 


Assistant Professor Elizabeth E. Knight of State Teachers College of Muil- 
waukee died on March 26, 1942. She had been a member of the Mathematical 
Association since 1925. 


Dr. W. W. Landis, for forty-seven years professor of mathematics at Dickin- 
son College, died on April 8, 1942, at the age of seventy-three years. He wasa 
charter member of the Mathematical Association. 


Professor J. H. Weaver of Ohio State University was instantly killed by a 
train near his home on April 7, 1942. He was a charter member of the Mathe- 
matical Association and had assisted on the staff of the MONTHLY for a number 


of years. 
SUMMER COURSES 


The following courses in mathematics are announced for the summer of 1942: 

University of Chicago. In view of the national emergency the Summer 
Quarter has been lengthened to twelve weeks, extending from June 22 to Sep- 
tember 12, 1942. However, most of the following courses, with the exception of 
trigonometry, algebra and possibly calculus, will be completed by August 29, 
for the benefit of those teachers who must return to their positions. In addition 
to courses in trigonometry, algebra, analytic geometry, calculus and differential 
equations, the following will be offered: By Professor Bliss (with the cooperation 
of Professor Graves, Hestenes, Reid, Radé and Smiley): Seminar on the calculus 
of variations. By Professor Barnard: Lattice theory. By Professor Graves: Func- 
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tions of real variables. By Professor Hartung: Advanced problems in teaching 
mathematics in the secondary school and the junior college. By Professor 
Hestenes: Calculus of variations. By Professor Lane: Metric differential go- 
ometry, Projective differential geometry of hyperspace. By Professor Rado: 
Subharmonic functions. By Professor Reid: Fourier series and Bessel functions, 
Exterior ballistics. By Dr. Schilling: Introduction to algebraic theories, Galois 
theory. 

Iowa State College. Statistics will be emphasized in the first summer session, 
June 8 to July 15. Courses in the mathematical theory of statistics and its ap- 
plications will be offered; the design of experiments and of other sampling in- 
vestigations important in the present emergency will receive special considera- 
tion. 

University of North Carolina. In addition to the regular courses through the 
calculus, the following will be offered: First Term, June 11 to July 21. By Pro- 
fessor Henderson: Advanced algebra, Theory of equations. By Professor Browne: 
Theory of numbers. By Professor Hoyle: Advanced calculus. Second Term, 
July 22 to August 28. By Professor Lasley: Projective geometry. By Professor 
Mackie: Differential equations. By Professor Hill: History of mathematics. 

University of Pennsylvania. In addition to the usual elementary courses, the 
following advanced work will be offered: By Professor Rademacher: Partial 
differential equations of mathematical physics, Elliptic functions. By Professor 
Shohat: Theory and practice of approximations. By Professor Clarkson: Navi- 
gation. 


THE WILLIAM LOWELL PUTNAM COMPETITION 


The following are the results of the fifth annual William Lowell Putnam 
Mathematical Competition held March 7, 1942. 

The first prize, four hundred dollars, is awarded to the Department of Mathe- 
matics of the University of Toronto. The members of the team were K. S. 
Hoyle, H. V. Lyons, M. A. Preston; to each of these is awarded a prize of forty 
dollars. 

The second prize, three hundred dollars, is awarded to the Department of 
Mathematics of Yale University. The members of the team were F. H. Brownell, 
3rd, A. M. Gleason, A. E. Roberts, Jr.; to each of these is awarded a prize of 
thirty dollars. 

The third prize, two hundred dollars, is awarded to the Department of 
Mathematics of Massachusetts Institute of Technology. The members of the 
team were E. D. Calabi, W. S. Loud, G. P. Wachtell; to each of these is awarded 
a prize of twenty dollars. 

The fourth prize, one hundred dollars, is awarded to the Department of 
Mathematics of the College of the City of New York. The members of the team 
were Herman Chernoff, Harvey Cohn, Edward Gordon; to each of these is 
awarded a prize of ten dollars. 
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The five persons ranking highest in the examination, names in alphabetical 
order, were Harvey Cohn, College of the City of New York; A. M. Gleason, 
Yale University; W. S. Loud, Massachusetts Institute of Technology; H. V. 
Lyons, University of Toronto; M. A. Preston, University of Toronto. Each of 
these will receive a prize of fifty dollars. 

The following teams won honorable mention: Department of Mathematics, 
Cooper Union Institute of Technology, the members of the team being Harold 
Grad, M. S. Klamkin, Kenneth Robinson; Department of Mathematics, Har- 
vard University, the members of the team being R. M. Bloch, L. S. Shapley, 
J. A. Zilber; Department of Mathematics, New York University, the members 
of the team being Melvin Lax, Harold Lewis, Henry Shenker; Department of 
Mathematics, Swarthmore College, the members of the team being N. V. 
Hannay, W. H. Mills, M.S. Raff. This list is alphabetical. 

Five individuals are given honorable mention, the names listed in alpha- 
betical order being: E. D. Calabi, Massachusetts Institute of Technology; C. P. 
Gadsden, Tulane University; K. S. Hoyle, University of Toronto; Melvin Lax, 
New York University; W. H. Mills, Swarthmore College. 

A total of one hundred fourteen undergraduate students representing thirty- 
one institutions took part in the competition. 

W. D. Cairns, Secretary-Treasurer 


EXAMINATION QUESTIONS FOR THE FIFTH WILLIAM LOWELL PUTNAM 
MATHEMATICAL COMPETITION, MARCH 7, 1942 


MORNING SESSION: 9:00 A.M. to 12:00 NOON. (Answer the questions tn any order and by any 
method. Show all your work 1n logical sequence, and indicate your answers clearly. No tables or other 
books may be used.) 


1. A square of side 2a, lying always in the first quadrant of the X Y plane, 


moves so that two consecutive vertices are always on the X- and JY-axes re- 
spectively. Find the locus of the mid-point of the square. 


2. The polynomial f(x) is divided by («—a)? (x—}b), where ab, derive a 
formula for the remainder. 


3. Is the following series convergent or divergent 


1+ 1 19 1 2! (=) + 3! (=) + 4! (=) + ; 
2 7 3\7 43 \ 7 5¢\7 ) 
4. Find the orthogonal trajectories of the family of conics (x+2y)?=a(x+y). 


At what angle do the curves of one family cut the curves of the other family at 
the origin? 


5. A circle of radius a is revolved through 180° about a line in its plane, dis- 
tant b from the center of the circle, where }>a. For what value of the ratio b/a 
does the center of gravity of the solid thus generated lie on the surface of the 
solid? 
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6. Any circle in the XY (horizontal) plane is “represented” by a point on 
the vertical line through the center of the circle, and at a distance “above” the 
plane of the circle equal to the radius of the circle. 

Show that the locus of the representations of all the circles which cut a fixed 
circle at a constant angle is a (portion of a) one-sheeted hyperboloid. 

By consideration of suitable families of circles in the plane, demonstrate the 
existence of two families of rulings on the hyperboloid. 


AFTERNOON SESSION: 2:00 P.M. TO 5:00 P.M. (Answer the questions in any order and by any 
method. Show all your work in logical sequence, and indicate your answers clearly. No tables or other 
books may be used.) 


7. A square of side 2a, lying always in the first quadrant of the XY plane, 
moves so that two consecutive vertices are always on the X- and Y-axes re- 
spectively. Prove that a point within or on the boundary of the square will in 
general describe a (portion of a) conic. For what points of the square does this 
locus degenerate? 


8. For the family of parabolas 
arx* ax 


(a) Find the locus of vertices. 
(b) Find the envelope. 
(c) Sketch the envelope and two typical curves of the family. 


9. Given 


x= o(u, v) 
y = (u,v) 

where ¢ and y are solutions of the partial differential equation 
d¢ OW 0d OW 


Qo EELS =1. 


Ou OV Ov OU 


By assuming that x and v are the independent variables, show that (1) may be 
transformed to 

6) Ou 
(2) ore 
dv Ox 
Integrate (2), and show how this effects in general the solution of (1). What other 
solutions does (1) possess? 


10. A particle moves under a central force inversely proportional to the Ath 
power of the distance. If the particle describes a circle (the central force pro- 
ceeding from a point on the circumference of the circle), find k. 


11. Sketch the curve 
x 


a 1+ x% sin? x’ 
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t xdx 
o0 1+ x sin? x 


Copyright 1942, by The Mathematical Association of America, Inc. 


and show that 


exists. 


The examination lists were formulated by Professors B. H. Brown and Marie Litzinger. 


Note. Chairmen of mathematics departments may obtain copies of the examination ques- 
tions for the Putnam Competition for 1938, for 1939, for 1940, for 1941, and for 1942 by a post 
card request to Professor W. D. Cairns, 97 Elm Street, Oberlin, Ohio. 


THE NEW SECRETARY-TREASURER 


At the meeting of the Board of Governors held at Chicago on September 1, 
1941, Professor William D. Cairns, Secretary-Treasurer of the Association since 
its organization in 1915, announced his wish and purpose to retire from that 
position at the end of his present term of office, January 1, 1943. 

On behalf of the officers and Board of Governors of the Mathematical Asso- 
ciation of America, I am very happy to announce the election of Professor 
Walter B. Carver of Cornell University as Secretary-Treasurer for a five-year 
term beginning in January, 1943. As a result of this appointment Professor 
Carver will continue his long service to the Association, which includes five 
years as Editor-in-Chief, two years as President, and further service on the 
Finance Committee. The Association is most fortunate to have its affairs in 


such competent hands during the important years just ahead. 
R. W. Brink, President 


PRE-INDUCTION TRAINING 


Bulletin 23 on Higher Education and National Defense, published by the 
American Council on Education, is devoted to the subject “Pre-induction 
Training Needs on the College Level for Enlisted Men in the Armed Forces.” 
Since any pre-training needed by enlisted men obviously is at least equally 
important for officers, we may look upon the following quotations from this 
bulletin as applying to officers as well as to enlisted men. In the preparation of 
the bulletin, an analysis of scholastic needs was made through the medium of 
consultations with the officers in charge of training in the various branches of the 
armed forces. The following quotations from Bulletin 23 are of interest as relat- 
ing to mathematics or to subjects demanding a mathematical basis. 

“Their [the officers’] statements of suggested educational background were 
carefully digested for this report, and their opinions should be given serious 
thought even though there seems to be only a new emphasis and not new 
subject-matter material in this list of studies. Two things should be kept in 
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mind, however, to interpret properly the suggested studies by the officers. 
First, they had been asked to consider students who would be in college, short 
of graduation. Second, they naturally were thinking, in the main, of background 
material which would shorten, for the armed forces, the training period for 
specific jobs, They, therefore, strongly recommend the following studies: 

Mathematics: arithmetic, algebra, geometry, trigonometry, and some cal- 
culus, functions, graphs, and some surveying. 

Physics: standard course with special emphasis on the following: electricity 
and magnetism, hydraulics, mechanics, heat, light, sound, force and motion, 
optics, principles of internal combustion engine, telephone, telegraph and radio 
communication, Morse code and International code. 

Chemistry: general course to include principles of explosives. 

Physical Geography: map interpretation, especially topographic maps and 
aerial photography, winds and weather. 


Astronomy: as it relates to air and marine navigation, descriptive. 
W. L. Hart 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 
Twenty-fifth Summer Meeting, Poughkeepsie, N. Y., September 7-9, 1942. 
Twenty-seventh Annual Meeting, New York, N. Y., December 30—31, 1942. 


The following is a list of the Sections of the Association, with dates of future meetings so far 
as they have been reported to the Secretary. 


ALLEGHENY MOUNTAIN 

ILLINOIS, Decatur, May 8-9, 1942 

INDIANA, Notre Dame, April 9-10, 1943 

KANSAS 

KENTUCKY 

LouIsIANA-MIssIssIpPI, Ruston, La., 1943 

MARYLAND- DISTRICT OF COLUMBIA-VIR- 
GcintA, Ashland, Va., May 2, 1942 

METROPOLITAN NEW YORK 

MICHIGAN 

Minnesota, Northfield, May 9, 1942 

Missour], fall, 1942 

NEBRASKA, Omaha, May 9, 1942 


NORTHERN CALIFORNIA, San Francisco, 
Jan. 30, 1943 

Oxn10, Columbus, April 1, 1943 

OKLAHOMA 

PHILADELPHIA, Philadelphia, Nov. 28, 1942 

Rocky MountTAIN 

SOUTHEASTERN 

SOUTHERN CALIFORNIA, Los Angeles, March 
13, 1943 

SOUTHWESTERN 

TEXAS 

UprerR NEw YORK STATE, fall, 1942 

Wisconsin, Milwaukee, May 7, 1943 


EVANS New 


Mathematics for 
Technical Training 


A concise treatment especially adapted to 
the time and subject requirements of tech- 
nical and defense courses. 
This material has been used in classes 
at the Curtiss-Wright Technical Institute, 
Glendale, Calif. 
Illustrations and up-to-date problem ap- 
plications are prominent features. 
By Paul L. Evans, Curtiss-Wright Tech- 
nical Institute. 
To be issued in parts: Algebra; Trigo- 
nometry with Tables; Calculus. Ready in | 
June. Each volume, $1.25, subject to dis- ( ; | . | \ 


count. 


BOSTON NEW YORK CHICAGO ATLANTA AND COMP ANY 
DALLAS COLUMBUS SAN FRANCISCO TORONTO 


Ready for Fall Classes 


PLANE TRIGONOMETRY, SOLID GEOMETRY, AND 
SPHERICAL TRIGONOMETRY 


By Walter W. Hart* and William L. Hart* 


The Trigonometry. Focused on numerical applications but also complete as to 
the theoretical framework @ Moderate in length but not brief @ Provision 
for a short course @ Acute angle treated before general angle @ Major dif_i- 
culties related to identities and equations segregated in separate chapter @ War- 
time flavor in numerous problems @ Emphasis on vector applications @ Con- 
tacts established with surveying, navigation, and artillery practice @ Convenient 
three-, four-, and five-place tables. 


The Solid Geometry. Brief but logically complete treatment stressing the 
sphere @ Emphasis on developing a feeling for spatial relations @ Suitable 
for a review or a short course. 


The sections on Solid Geometry and Spherical Trigonometry 
will also be available in a separate edition. 


* Plane and Spherical Trigonometry prepared by William L. Hart and 
Solid Geometry by Walter W. Hart 


D. C. HEATH AND COMPANY 


Boston New York Chicago Atlanta San Francisco Dallas London 


| 


Just Published— 
MATHEMATICS DICTIONARY 


Compiled from the literature 
by Prof. GLENN JAMES and R. C. JAMES 
This dictionary puts at one’s finger tips the multitude of facts he once 
learned but cannot afford to hold on his conscious mind. 


Its definitions are not mere word definitions. They are brief, clear state- 
ments of the mathematical meanings and bearings of words and proc- 
esses, with illustrations and examples. These definitions have been 
extensively checked against numerous writers. In due time a free sup- 
plement will be mailed to owners of a dictionary, containing suggestions 
of readers, errata and extensions. 

Orders gladly filled subject to approval. 


Two hundred and eighty-eight pages 6%4 x 914. Bound in blue fabrikoid with gold 
lettering. Print very legible. Price $3.00 postpaid. Immediate delivery. 20% discount 


to teachers. 
THE DIGEST PRESS e¢ Van Nuys, California 
WHAT IS MATHEMATICS = 
An elementary approach to ideas and methods by 
RICHARD COURANT and HERBERT ROBBINS 


“Tt is a work of high perfection, whether judged by esthetic, pedagogical or 
scientific standards, It is astonishing to what extent the book has succeeded in 
making clear by means of the simplest examples all the fundamental ideas 
and methods which we mathematicians consider the life blood of our science.” 
—HERMAN WEYL, Institute for Advanced Study, Princeton 


“This book is a work of art, Mathematics becomes here a living process, more 
vital than either logic or established theorems. The book is a godsend for 
those of us who want our sons and students to know ‘What is Mathematics.’ ” 
—MARSTON MORSE, Institute for Advanced Study, Princeton 


Educational Edition, $3.75 
OXFORD UNIVERSITY PRESS = 114 Fifth Avenue « New York 


THE INDIAN MATHEMATICAL 
SOCIETY 


Invites Lovers of Mathematics of all ages to subscribe 
for its two Quarterlies 


1. The Mathematics Student intended for undergraduates and young research 
workers, and 


2. The Journal of the Indian Mathematical Society for papers of a more 
advanced character. 


They are both remarkably cheap and may be had for Rs. 6 (about 2 dollars) 
per annum for either journal, or Rs. 9 for both together. 


Order from 
Prof. S, Mahadevan, M.A., Mathematics Department 
Presidency College, Madras, India 


with a remittance of subscription for a year. 


Join the National Council of Teachers of Mathematics! 
I. The National Council of Teachers of Mathematics carries on its work through two 
publications. 

1. The Mathematics Teacher. Published monthly except in June, July, August, and 
September. It is the only magazine in America dealing exclusively with the teach- 
ing of mathematics in elementary and secondary schools. Membership (for $2) 
entitles one to receive the magazine free. 

2. The National Council Yearbooks. Each, except the first and second, may be 
obtained for $1.25 (bound volumes), from the Bureau of Publications, Teachers 
College, 525 West 120th Street, New York City. Yearbooks 2 to 16 inclusive may 
be obtained for $14.00 postpaid. The 15th Yearbook is the final report of the 
Joint Commission of the Mathematical Association of America and The Na- 
tional Council of Teachers of Mathematics on “The Place of Mathematics in 
Secondary Education.” 

II. The Editorial Committee of the above publications is W. D. Reeve of Teachers Col- 
lege, Columbia University, New York, Editor-in-Chief: Dr. Vera Sanford of the 
State Normal School, Oneonta, N.Y.; and W. S. Schlauch, School of Commerce, 
New York University, N.Y., Associate Editors. 


MEMBERSHIP BLANK 


Fill out the membership blank below and send it with Two Dollars ($2.00) to Tue 
MATHEMATICS TEACHER, 525 West 120th Street, New York City, N.Y. 


(LAST NAME) (FIRST NAME) 
Please send the magazine to: 


(STATE) (WHEN TO BEGIN IF NEW) 
Please check whether new or renewal 
New member ...ccccccccccccccsccccctectccccerecs Renewal cccscccccccccccccccccccseccces 


To Be Ready for Fall Classes 


PLANE and SPHERICAL 
TRIGONOMETRY 


By RAYMOND W. BRINK, Ph.D. 


Professor of Mathematics, University of Minnesota 


HIS BOOK will present a full and rich course in both Plane 

and Spherical Trigonometry, following the distinctive method 
of presentation that has been so largely responsible for the out- 
standing success of the author’s previous mathematics texts. The 
new book will be published late in the summer in time for use in 
fall classes. The Spherical Trigonometry section will also be 
available in a separate edition. 


D. APPLETON-CENTURY COMPANY 
35 West 32nd Street, New York, N.Y. 


TRIG PROBLEMS 
ARE EASY... 


with these new Slide Rules 


The improved arrangement of the 
scales on these new Log Log Duplex 
Trig* and Log Log Duplex* Decitrig 
Slide Rules greatly simplifies the han- 
dling of trig problems. The trig scales 
refer directly to the CD scales so that 
trigonometrical functions can be used 
as factors without having their numeri- 


cal values determined. 
*Trade Mark 


KEUFFEL & ESSER CO. 
NEW YORK : HOBOKEN, N. J. 


Chicago St. Louis San Francisco Los Angeles Detroit Montreal 


For the one-somoster LOW SL 
INTERMEDIATE 
ALGEBRA 


H. L. RIETZ, UNIVERSITY OF IOWA A. R. CRATHORNE, UNIVER- 
SITY OF ILLINOIS; L. J. ADAMS, SANTA MONICA JUNIOR COLLEGE 


Designed for students who have had only one year of high 
school work in the subject, this text is based both on the actual 
classroom experience of the three authors and on the results 
of a careful study and analysis of existing courses in inter- 
mediate algebra. It is mature and lucid in exposition; its wide 
variety of problem material is practical and carefully graded. 


248 pages. $1.75 


Holt 


BASIC COLLEGE 
MATHEMATICS 


C. W. MUNSHOWER AND J. F. WARDWELL 
COLGATE UNIVERSITY 


This book surveys and unifies, through the concept of function, 
the material of the basic collegiate mathematics course. It is 
designed for those students who will take only one year- of 
college mathematics, as well as for those who are preparing 
for further work in the subject. Treats traditional algebra, 
trigonometry, analytics and the elements of calculus. 


Approximately 600 pages. Probable Price: $3.00 


Holt 


Now Books of Unusual Ontonost. 


DIFFERENTIAL AND INTEGRAL CALCULUS 
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THE FALL MEETING OF THE MARYLAND-DISTRICT OF 
COLUMBIA-VIRGINIA SECTION 


The fall meeting of the Maryland-District of Columbia-Virginia Section of 
the Mathematical Association of America was held at Georgetown University, 
Washington, D. C., on Saturday, December 6, 1941, with a morning session, 
luncheon, and an afternoon session. Professor E. J. McShane, chairman of the 
Section, presided at the sessions. 

The attendance was seventy-two including the following forty-nine mem- 
bers of the Association: O. S. Adams, M. W. Aylor, N. H. Ball, J. D. Bankier, 
H. J. Barten, C. V. Bertsch, Archie Blake, C. C. Bramble, Lillian O. Brown, 
F. L. Celauro, C. R. Clark, Abraham Cohen, H. E. Crull, Alexander Dillingham, 
J. A. Duerksen, P. J. Federico, E. J. Finan, W. C. Flaherty, Michael Goldberg, 
T. N. E. Greville, G. A. Hedlund, L. C. Hutchinson, L. M. Kells, Evelyn M. 
Kennedy, Solomon Kullback, W. D. Lambert, O. E. Lancaster, A. E. Landry, 
Florence P. Lewis, E. J. McShane, Sister Thomas Marie Maloney, W. K. Morrill, 
G. W. Patterson, E. C. Phillips, O. J. Ramler, C. H. Rawlins, J. N. Rice, Irwin 
Roman, R. E. Root, J. B. Scarborough, Arthur Schach, E. D. Schell, W. F. 
Shenton, F. W. Sohon, Mary C. Varnhorn, G. C. Vedova, C. H. Wheeler 111, 
G. T. Whyburn, R. H. Wilson. 

At the invitation of the Section, Dr. L. P. Harrison, associate meteorologist 
of the Weather Bureau, U. S. Department of Commerce, gave an address on 
certain phases of meteorology. 

A motion was passed expressing the appreciation of the Section to the 
authorities of Georgetown University for their generous hospitality. 

After an address of welcome by Rev. Arthur A. O’Leary, president of George- 
town University, the following papers were read: 


1. “On minimizing certain functions of triangular numbers” by Rev. E. C. 
Phillips, Georgetown University. 

2. “Notes on the numerical evaluation of elliptic integrals” by W. D. Lam- 
bert, U. S. Coast and Geodetic Survey. 

3. “Conditioned maxima and minima of functions” by Professor E. J. Mc- 
Shane, University of Virginia. 

4. “Geometric stereograms and how to make them.” by Professor W. F. 
Shenton, American University. 

5. “On the foundations of the calculus of Eudoxus and Archimedes” by Pro- 
fessor G. C. Vedova, University of Maryland. 

6. “Recent investigations concerning the nature of thunderstorms and their 
electrical manifestations” by Dr. L. P. Harrison, U. S. Weather Bureau. 

Abstracts of the papers follow, numbered in accordance with their place on 
the program: 


1. Dr. Phillips discussed the functions arising from the solution of the fol- 
lowing mathematical recreation: Given a triangle composed of n(m-+1)/2 coins 
to invert it, so that its apex which was directed upward now points downward, 
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by moving the least possible number of coins. He endeavored to find a quadratic 
expression for the number, NV, of coins which have to be moved in order that 
the new base will lie along an arbitrarily chosen line x spaces from the apex in 
the form N=ax?+bdx-+c. It was found that the general value of N cannot be 
expressed by a single quadratic function of x but requires two distinct quadratic 
functions. The minimum integral values of these were determined. 

2. Mr. Lambert gave two similar but not identical formulas, derived by 
quite different procedures, for the numerical computation of elliptic integrals of 
the first and second kinds for the extreme case where the modulus, k, is very 
nearly unity and the amplitude @ nearly 90°, so nearly that k’ tan ¢ >1. These 
formulas apply when standard procedures are inapplicable or inconvenient. He 
also discussed the computation of elliptic integrals of the third kind and found 
as a result of his experience with many special methods that the formulas in- 
volving Jacobi’s theta functions and Jacobi’s quantity q are in general most satis- 
factory. He also discussed tables and collections of formulas from the point of 
view of the computer. 

4. Geometric stereograms or anaglyphes, as Vuibert. called them in 1910, 
are geometric figures prepared in two complementary colors and viewed through 
glasses of the same colors. They will produce sharp black and white figures in 
three dimensions. Professor Shenton explained a simple method whereby an 
elementary school student can make successful drawings in three dimensions. He 
displayed drawings made by various processes. 

5. Professor Vedova discussed how the attitude of the Greeks toward the 
infinite had influenced their conception of number and how this in turn forced 
the development of their integral calculus (method of exhaustions). 

6. Dr. Harrison gave the results of recent investigations regarding the nature 
of thunderstorms. Slides were presented showing the formation of thunderheads 


d th ] ] if 
an eir electrical manifestations. | C. H. WHEELER II, Secretary 


THE MARCH MEETING OF THE SOUTHERN CALIFORNIA SECTION 


The twenty-second regular meeting of the Southern California Section of 
the Mathematical Association of America was held at Occidental College, Los 
Angeles, California, on Saturday, March 14, 1942. Professor L. J. Adams, chair- 
man of the Section, presided. 

The attendance was sixty-five, including the following thirty-eight members 
of the Association: C. M. Ablow, L. J. Adams, O. W. Albert, C. K. Alexander, 
L. D. Ames, Harry Bateman, Clifford Bell, E. T. Bell, L. T. Black, F. A. Butter, 
Jr., P. H. Daus, D. C. Duncan, W. H. Glenn, Jr., H. J. Hamilton, P. G. Hoel, 
C. G. Jaeger, G. R. Kaelin, Ada A. McClellan, G. F. McEwen, W. E. Mason, 
B. C. Moore, P. M. Niersbach, W. T. Puckett, Jr., H. R. Pyle, V. V. Quilliam, 
E. C. Rex, J. M. Robb, G. E. F. Sherwood, D. V. Steed, A. E. Taylor, C. W. 
Trigg, S. E. Urner, Morgan Ward, R. L. White, W. M. Whyburn, Clyde Wolfe, 
Euphemia R. Worthington, M. A. Zorn. 


356 MARCH MEETING OF THE SOUTHERN CALIFORNIA SECTION [June-July, 


The following officers were elected for the coming year: Chairman, Morgan 
Ward, California Institute of Technology ; Vice-Chairman, D. C. Duncan, Los 
Angeles City College; Program Committee, F. A. Butter, Jr., Chairman, L. T. 
Black, and the Secretary. The next meeting was tentatively scheduled to be held 
March 13, 1943, at the University of Southern California. 

The following nine papers were read. The paper by Professor M. A. Zorn was 
an invited hour expository lecture. 

1. “A boundary-value problem with conditions at k points” by Dr. C. P. 
Brady, Los Angeles City College, introduced by Professor Duncan. 

2. “Statistics of nebulae” by Dr. G. F. N. Mulders, University of Redlands, 
introduced by Professor Albert. 

3. “Square inscribed in a simple, closed, convex curve” by Professor H. J. 
Hamilton, Pomona College. 

4. “Algebra—retrospect and prospect” by Professor M. A. Zorn, Univer- 
sity of California at Los Angeles. 

5. “Airplane lofting” by Professor L. J. Adams, Santa Monica Junior 
College. . 

6. “Analytic functions and conformal mapping on surfaces” by Professor 
H. R. Pyle, Whittier College. 

7. “On certain polynomial differential operators” by E. C. Rex, University 
of Southern California. 

8. “The part played by mathematical tables in the development of applied 
mathematics” by Professor Harry Bateman, California Institute of Technology. 

9. “A property of Bernoulli numbers” by Carl Savit, California Institute of 
Technology, introduced by Professor Ward. 

Abstracts of the papers follow, numbered in accordance with their place on 
the program: | 

1. Dr. Brady used the method of successive approximations to establish 
the existence and uniqueness of a solution of a system of ordinary differential 
equations, with associated conditions at k points. 

2. Dr. Mulders discussed the statistical treatment of nebular counts by com- 
paring the dispersion of the nebulae with that of a random distribution, and 
showed that the probability of a random distribution of the external galaxies 
brighter than magnitude 12.7 is 1:420,000,000. 

3. Professor Hamilton showed how the existence of a square inscribed in a 
simple, closed, convex curve followed from the consideration of a continuously 
turning inscribed rhombus and a limiting process. 

4, Professor Zorn illustrated the principles of modern algebra by several 
examples from algebra and analysis. He stressed the value of the concept “in- 
determinate” (as opposed to “variable”), and predicted that its introduction 
into other fields will produce significant results. 

5. Professor Adams gave a brief explanation of airplane lofting, with some 
of the current geometric and analytical practices used, and an indication of 
some of the mathematical problems which arise. 
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6. If we are given two surfaces S; and S»2 defined by their metrics and so 
related that the point (x, y) of S; corresponds to the point (#, §) of S. where 
z= (x, y), j=W(x, vy), we can find the functions Z and W, such that Z=c, is 
a minimal curve on S; and W=c2 is a minimal curve on Sz. Professor Pyle 
showed that the conditions that W be an analytic function of Z are the same as 
those for the conformal mapping of S2 on S;. The conditions were found in terms 
of the differential parameter of the first order of differential geometry. A gen- 
eralization of the Laplace equation was found in terms of the differential 
parameter of the second order. 

7. Mr. Rex factorized the operator f(D) = D§+a,D?+a.D +a; for certain a’s 
(which are rational integral polynomials in x). Then a particular solution was 
obtained for [f(D) |y=0. | 

8. As indicated by Professor Bateman, great progress was made when men 
interested in the stars thought about the navigation of the primitive sailing ship 
which was probably driven before a wind making the “right angle” with the sail. 
Records began to be kept of the direction of the wind dnd a voyage along the 
“right line” joining two places was probably found to be much more desirable 
than one along two legs of a triangle when oars had to be used part of the time. 
Eratosthenes of Cyrene recommended the measurement of the zenith distance 
of a star as an aid to the location of position. The idea was developed by 
Hipparchus, trigonometry was invented, and a table of chords or sines published 
in the Almagest of Ptolemy became well known, particularly when this book 
was prescribed as part of a pilot’s education in the fifteenth century. Until the 
error in the compass was established there must have been doubts about the 
accuracy of the tables and, indeed, an error was located by Johannes Miller 
(Regiomontanus) who constructed his own tables of sines and tangents. Ten 
place tables with first differences were soon afterwards constructed by Georg 
Joachim (Rheticus) and these became of additional interest when it was claimed 
that a table of sines was also useful in predicting the range of a cannon ball. 
Tartaglia wisely dedicated his book of questions and inventions to King Henry 
the Eighth of England who, perhaps envious of the fame of Prince Henry the 
Navigator, preferred to be remembered as an authority on ballistics rather than 
matrimony. It soon became the fashion for a monarch to provide funds for work 
on tables and great mathematical progress was made when Kepler worked at the 
construction of new tables for Rudolph of Bohemia, when Flamsteed was ap- 
pointed by Charles II of England to provide new tables for the use of English 
seamen and when Euler was appointed. by Frederick the Great. A. Inglis in the 
Mathematical Gazette of 1936 has indeed surmised that Napier had the needs 
of navigation in mind when he invented logarithms; he may at any rate have 
been familiar with the work of Wright on Mercator’s Projection. 

9. Mr. Savit gave a proof by an elementary construction that the denomi- 
nators of Bernoulli numbers recur infinitely many times. 


P. H. Daus, Secretary 


WHAT IS ANALYSIS IN THE LARGE? 
MARSTON MORSE, Institute for Advanced Study 


1. Introduction. All mathematics is more or less “in the large” or “in the 
small.” It is highly improbable that any definition of these terms could be given 
that would be satisfactory to all mathematicians. Nor does it seem necessary or 
even desirable that hard and fast definitions be given. The German terms “im 
Grossen” and “im Kleinen” have been used for some time with varying mean- 
ings. It will perhaps be interesting and useful to the reader to approach the 
subject historically by way of examples. 

No proofs are given. In attempting to give the reader a conception of 
analysis in the large two ways are open. The first is to attempt an elementary 
exposition of the fundamental techniques. Unfortunately, this method of ex- 
position is attempted much too often. The explanations given are fragmentary 
and give an exaggerated notion of the importance of some special technique, and 
no adequate notion of the subject as a whole. In a new and comprehensive field 
possibly the only way to give the beginner a stimulating and adequate notion of 
what the subject is about is to give examples and results which are themselves 
relatively complete. The cooperative reader can readily imagine the variety of 
techniques that might be used to obtain the stated results, and may himself in- 
vent new techniques, but in the presence of significant results he is less apt to 
be concerned with trivialities and subjective bypaths. 


2. An example from differential geometry. Most of classical differential 
geometry is “in the small,” that is, most theorems are proved merely in the 
a point. It is proved, for example, that in the neighborhood of a point P of a 
surface 2, 2 can be referred to isothermic parameters so that neighboring P, 


(1.1) ds? = d(u, v)[du? + dv? | 


with A(u, v) ~0.* The question in the large as to what sort of closed surfaces 
can be represented as a whole with parameters (u, v) and ds? of the form (1.1) 
has been asked and answered in general only in recent years. It is required that 
there be just one curve u=const. and just one curve v=const. through each 
point. Among two-sided or orientable surfaces which admit such parameters, 
those of the topological typet of the torus are the only possibilities. 

One could continue by asking a more general question. What sort of closed 
surfaces S admit a representation in terms of parameters (u, v) in such a manner 
that there is one and only one curve u=const. and one and only one curve 
y=tconst. through each point? Such a representation of S would in particular 
imply the existence at each point P of S of a vector tangent to the curve 
u=const. through P. There would thus exist a field of vectors, one for each point 


* Appropriate hypotheses as to the regularity of the representation of the surface must be 
made. 
+ A surface is of the topological type of the torus if it is the (1, 1) continuous image of the torus. 
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of P, tangent to S and P and varying continuously with P. For such a field to 
exist S must be the topological type of the torus. 

Thus in questions as to the existence of parameter nets without singularities 
the controlling factors are those of topology. One can see why analysis or ge- 
ometry in the large depends so heavily on topology. 


3. An example from the theory of functions of a complex variable. The 
theorem that a function f(z) of a complex variable z which has no singularities 
in the extended plane other than poles is a rational function of 2, is a theorem 
in the large whose proof illustrates some of the salient characteristics of an- 
alysis in the large. One begins by representing f(z) neighboring z= as the sum 
of the “principal part” of f(z) at 29 and a function analytic at %. This is the pre- 
liminary analysis in the small. 

Upon subtracting the principal parts of f(z) at each pole from f(z) one ob- 
tains a function ¢(z) bounded in absolute value and with at most removable 
singularities. According to Liouville, (zg) is a constant. ‘The theorem follows. 

The analysis in the large comes in the proper definition of the extended plane 
and the proof of the Liouville theorem. Details will not be given but it will be of 
interest to state that the theorem of Liouville can be reduced to a theorem of 
topological character on the nature of vector fields. 


4. Differential equations in the large. An example from the works of Henri 
Poincaré. It is no mere coincidence that Poincaré was the first to comprehend 
fully the possibilities of analysis in the large, and at the same time was the father 
of modern topology. Poincaré was not satisfied with the classical theory of dif- 
ferential equations. He wished to know something concerning the system of 
trajectories as a whole. He was greatly interested in the movements of the 
planets but found insufficient generality and completeness in the classical theory. 
His interest in Celestial Mechanics is in the background of all of his papers on 
differential equations. 

Poincaré’s first papers on differential equations are not pretentious in their 
generality, but in method they are most novel. Poincaré is concerned with an 
ordinary first order differential equation* defined at each point of a 2-sphere. 
In terms of any system of local coordinates (u, v) representing the neighborhood 
of a point (uo, vo) on the sphere the differential conditions have the form 


du dy 
U(u, 2) — V(u, ») 
The functions U and V are supposed real and analytic in (#, v) neighboring 
(uo, Vo). Points (#0, vo) at which both U and V vanish are termed “singular 
points.” These points are supposed finite in number on the sphere. 


Poincaré makes certain assumptions concerning the singular points (wo, vo). 
To state these conditions we shall take (uo, v9) as the origin. Then U and V have 


* Poincaré. Sur les courbes définies par les équations différentielles, Jour. de Liouville, 1881, 
1882. 
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developments of the form 
U=aut+bs+-:-:-, 
V=cutdv+--- 


neighboring the origin. Poincaré assumes in most of his work that the roots 
Ai and dz» of the equation 
a—, b 


C d—vd 7 


are distinct, different from 0, never pure imaginary and that neither Ail Az nor 
el Aa is a positive integer. These conditions will be satisfied by most analytic 
examples. 

Curves on the sphere which satisfy the differential equation are termed 
characteristics. In general characteristics are without singularity except at most 
when they pass through a singular point of the differential equation. Typical of 
analysis in the large, Poincaré’s work permits a subdivision into three parts as 
follows: 

(a). A study of characteristics neighboring a singular point. 

(b). The assignment of an index +1 to each singular point and the establish- 
ment of a relation between these indices. This part of the analysis would now be 
regarded as an essay tn combinatorial topology. 

(c). A description of the characteristics in the large with particular reference to 
recurrence and limiting trajectories; Results (a) and (b) are preliminary to (c). 

PART (a). In his study of characteristics neighboring a singular point, Poin- 
caré shows that there are three principal kinds of singular points as follows: 

“Noeud.” Neighboring a noeud (uo, vo) each characteristic tends to 
(uo, Yo) with a definite limiting direction. For example the differential equa- 
tion 
du dy 


— ————— 


U 2v 


has a noeud at the origin. In this example the characteristics have the form 
kv = hu? where h and k are constants. 

“Foyer.” The characteristics approach such a singular point in the form 
of spirals, with the arc length, becoming infinite. For example, the differential 
equation : 

du dy 


u—-v utd 


has a foyer at the origin with logarithmic spirals as characteristics. 
“Col.” There are just two characteristics which tend to a col as a limiting 
point. For example, the equation 
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has a col at the origin. The characteristics uv=const. include the two char- 
acteristics u=0 and v=0 passing through the origin. 


Part (b). In the development (b), Poincaré assigns an index 1 to each noeud 
and to each foyer, and an index —1 to each col. Poincaré shows that the sum 
of the indices of the of the singular points on the sphere equals 2. Thus:there must 
exist at least two singular points. 

A closed characteristic without a multiple point is called a cycle. If a char- 
acteristic tends to a noeud or a foyer as a limit point there is in general no 
natural way to continue the characteristic, and it is agreed that in such cases 
the characteristic shall end at the noeud or foyer. If a characteristic g tends to 
a col the convention is made that g may be continued turning either to the right 
or left and departing from the col on a characteristic. By virtue of this conven- 
tion the notion of a cycle is enlarged. With this understood we see that a cycle 
can have no singularity other than those occurring at a col. 


Part (c). Poincaré ends with a relatively complete description of the char- 
acteristics. He shows that a characteristic continued without limit in a given sense 
either terminates at a noeud, or ts a cycle, or is asymptotic to a cycle. A foyer is to 
be regarded as a degenerate cycle to which the neighboring spirals are asymp- 
totic. 

The reader is asked to observe the fundamental difference between the 
modes of analysis tequired in Parts (a), (b), and (c), and then to note how (a) 
and (b) are preliminary to (c) and make (c) possible. The index theorem of 
Poincaré has its topological generalization in the fixed point theorems of 
Brouwer, Alexander, Lefschetz, and H. Hopf. The analysis of characteristics 
in (c) is the predecessor of the modern study of recurrence and transitivity 
which G. D. Birkhoff has developed so fully and to which Hedlund, Morse, 


von Neumann, Koopman, E. Hopf and others have made significant contribu- 
tions. | 


5. Elementary examples in equilibrium theory in the large. Equilibrium 
theory in the large makes an extensive use of topology. The principles of analysis 
brought out in the previous examples appear here again. Briefly summed we 
have seen in these examples that analysis in the large has involved (a) a pre- 
liminary analysis in the small, (b) a-local determination of indices, (c) an in- 
tegration of this local analysis by Various means (including topology) into the 
final theorems in the large. The examples which we shall now present will show 
how various problems which from a local point of view appear most diverse, 
from a topological point of view are essentially the same. 

’ We begin with certain results concerning a function f of a point on a closed 
bounded n-manifold 2 lying in an euclidean space of sufficiently high dimension. 
We suppose throughout that 2 is locally represented in terms of m parameters 
(w) with convenient conditions of differentiability and regularity. In terms of 
the local parameters (u) f shall be a function F(u) at least three times continu- 


362 WHAT IS ANALYSIS IN THE LARGE? [June-July, 


ously differentiable. A critical or equilibrium point of f is a point at which each 
partial derivative of F is null. 

For the purposes of this exposition we shall make an assumption which is in 
general fulfilled. We shall suppose that each critical point is non-degenerate in 
the sense that the terms F, of the second order in the Taylor’s formula for F 
about the critical point is a non-degenerate quadratic form. Then, as in the 
elementary theory of conic sections it is possible to make a real non-singular 
linear transformation from the variables (wu) to the variables (v) such that 
takes the form 


2 2 2 2 
Mg = — VU — +++ — UE Vey tt Un 


The number bk is called the tndex of the critical point. 

A manifold such as 2 possesses an 2th Betti number R; G@=1,---, 7). 
This is the maximum number of independent non-bounding 2-cycles* on 2. 
For example, if 2 is a torus then Ro=1, Ry =2, R2=1. We shall be concerned 
with a 3-dimensional torus 73. Such a manifold can, be obtained by starting 
with a 2-dimensional torus 7, and a 2-plane 72 lying in a euclidean 3-plane, with 
WT. not intersecting 7». To obtain 73 we revolve T, about 72 in a 4-plane con- 
taining our’ 3-plane. Such a 73 is sometimes called a product of three circles. 
For 73 one has Ro=1, Ri =3, Reo=3, R3s=1. These numbers are the binomial 
coefficients when 2 =3. We can obtain a 1-1 continuous image of an ordinary 
torus by identifying opposite sides of a square. Similarly one can obtain a 1-1 
continuous image of 73 by identifying opposite faces of a cube. With this identi- 
fication three mutually perpendicular edges of the cube represent three inde- 
pendent non-bounding 1i-cycles, as can be shown. Similarly three mutually 
perpendicular faces of the cube represent three independent non-bounding 
2-cycles. A point is a 0-cycle and 7; itself is a 3-cycle. In this way one intuitively 
accounts for the fact that Ry=1, Ri=3, Re=3, R3=1. A 3-dimensional mani- 
fold which is a 1-1 continuous image of 73 will be called a topological 3-torus. 

The theorem which will be used in what follows is that on 2 the number M; 
of critical points of f of index 2 satisfies the fundamental relationt 


~ 


(5.1) M; = Ri. 


Thus on a topological 3-torus one can infer the existence of at least 1+3-+3 
+1=8 critical points. 

Example 5.1. Triangles of light. Let there be given three non-intersecting, 
simple, closed, non-singular, analytic curves Ci, C2, C3 all lying in a 2-plane. We 
shall be concerned with triangles with vertices p1, p2, p3 on Cy, C2, C3 respec- 
tively. Such a triangle will be called a triangle of light if a ray of light following 


* For details see Seifert-Threlfall, Lehrbuch der Topologie, Leipzig, 1934. Chap. ITI. 

+ See Morse, Calculus of variations in the large. Colloquium Lectures. Amer. Math. Soc. 
(1934) Chap. VI. 

Also, Seifert-Threlfall. Variationsrechnung im Grossen, Leipzig, 1938. 
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this triangle is reflected at p; as if C; were a mirror, or if the angle in the triangle 
at p; is 7. How many triangles of light can we affirm to exist? 

Let f be the sum of the lengths of the sides of the triangle pipop3. We can 
refer C; to a parameter u; which is proportional to the arc length and varies 
from 0 to 27. Then f becomes a function f(w, ue, us). The domain of definition 
of f is clearly a topological 3-torus. As a matter of analysis in the small one 
proves by elementary methods that f has a critical point if and only if the cor- 
responding triangle is a triangle of light. 

These triangles of light can then be classified according to the index of the 
corresponding critical point. According to relation (5.1) in the general theory of 
critical points there are at least 8=1+3+3-+1 of these triangles of light. 

Example 5.2. Normals from a point to a topological 3-torus. Let 3 be a 
topological 3-torus in a euclidean 4-space. Let p be a fixed point not on 
23. We seek normals from p to 23. To obtain these we let f be the distance from 
to 23 regarding f as a function of the point (w) of 23. It can be shown that except 
for a subset of special points p the critical points of f are non-degenerate. More- 
over one then shows by a local analysis that f has a critical point (u) if and 
only if the line segment from to (u) is normal to D3 at (w). According to our 
general theorem there are then at least eight normals from » to 23. These 
normals can be classified and it can be shown that the index of a non-degenerate 
critical point is the number of centers of principal curvature of D3 between p 
and (uw) on the given normal. Similar theorems hold for a topological 2-torus. 
Here the number of normals is at least 4. 

Example 5.3. 3-planes passing through a fixed 2-plane and tangent to the 
preceding topological 3-torus 2X3. We suppose that the fixed 2-plane 72 does not 
pass through a hole in 23, that is, we suppose that 72 can be moved indefinitely 
away from 23 without intersecting 23. We can then show that if 7. is non- 
spécialized there are at least eight 3-planes through 72 tangent to 2s. 

Example 5.4. Heavy chain in equilibrium, with ends free to move on a topo- 
logical 2-torus and on a closed curve C respectively. We suppose that the curve C 
and the topological 2-torus 2» lie in euclidean three space but that no point of 
Cand 22 lie on the same plumb line. We suppose that a chain is provided which 
is larger than the maximum distance from a point of C toa point of 2». The end 
points of the chain are supposed free to move on D2 and C respectively and the 
chain is permitted to pass through 2 or C. If the position of C is non-specialized 
relative to 22, then there are at least eight positions of equilibrium of the 
chain, seven of which are unstable. The function whose critical points are 
sought gives the height of the center of gravity of the chain as a function of the 
end points of the chain. | 

The examples of this section are unified by the fact that the function involved 
is defined in each case on a topological 3-torus. The examples belong equally well 
to mechanics, geometry, or the calculus of variations. The restrictions as to 
non-specialized positions of the, configurations involved can all be removed by 
replacing the definition of a critical point in terms of derivatives by a topological 
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definition of a critical point, and by replacing the classification of critical points 
according to their indices by a topological classification of a group theoretic 
character. This type of generalization both in its form and genesis is character- 
istic of analysis in the large. 

It is possible that analysis in the large may eventually reduce to topology, 
but not until topology has been greatly broadened. It is equally conceivable that 
the apparently less general situations which arise with such frequency in prob- 
lems in analysis in the large may form the canonical cases about which the 
topology of the future can be built. 

Analysis is full of difficult but significant unsolved problems in the large. 
We mention only one example. How does the topological structure of the contour 
manifolds of the Jacobi least action integral J in the problem of three or more 
celestial bodies vary with the value of J? The independent variable in J is a 
closed path. The solution of this problem may disclose that the planetary orbits 
exist for essentially topological reasons. On the purely topological side the num- 
ber of problems whose solution is necessary for a rapid advance of analysis in 
the large is very great, presenting a field that is virtually untouched. 


ON PORISTIC QUADRILATERALS 
H. E. BUCHANAN, Tulane University 


1. Introduction. In 1828 Jacobi [1]| found the condition that a closed polygon 
of sides can be inscribed in one circle and circumscribed about another. Special 
cases of this problem had been solved prior to 1828 by Fuss [2] and Poncelet 
[3]. Later Cayley [4] generalized the problem by considering polygons in- 
scribed in one ellipse and circumscribed about another. W. E. Byerly [5] gave 
some interesting constructions and his paper has further references. 

Jacobi used the theory of elliptic functions to obtain his general solution of 
the problem. Since the elementary theory of elliptic functions is well within the 
range of information of students of advanced calculus, it seems that a review of 
Jacobi’s results with a few new theorems may be of interest. 


2. Definition and relations. A poristic polygon is one which is inscribed in 
one circle (ellipse) and circumscribed about another. In the adjoining figure 
A,A.2A3A,4 is such a polygon. We denote the radii of the two circles by R and 7 
and the distance between their centers by a. Let us choose an arbitrary point, 
Ay, on the larger circle as a starting point and draw the line A,A, tangent to the 
smaller circle. Let the centers of the two circles be C and c. The diameter LM 
passes through c and C. Let CA; make an angle 2¢1 with LM. The lines C'Ao, CAs, 
CA, make the angles 22, 23, and 24 respectively with LM. We shall use C as 
the origin and LM as the x-axis of a rectangular system of codrdinates whenever 
we need to write the equations of any line or the coordinates of a point. 
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From the figure and from the above definitions, the following simple rela- 


tions are easily obtained: 
The acute angle at D is @2—qu, the angle BicC is ¢2+¢1, 


cB, = R cos (¢2 — 1) = a cos (do + 1). 


M 
The last relation can be written in the form 
= COS @- cos d; + — Sin @, sin @1. 
Ria d2 Pi Ria do 1 
Let 
r R— a)? 4aR 
cosa = » then 1 — k? sin? a = ———— where k? = ——-—————: 
+a (R + a)? (R-+ a)? — 


One can easily prove that k?<1 if r<R—a. Then we have 


(1) cos a = cos d2 cos di + V/1 — &? sin? a sin do Sin ¢1. 
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3. Lagrange’s formula. At this point Jacobi must have noticed the similarity 
between equation (1) and Lagrange’s formula. In fact, Lagrange’s formula is 
cn (u— v) =cnucnyv+snusnvdn(u — 9), 
and if we substitute v=u+T7, we have 
(2) cn T=cnucn(u+T)+snusn (u+ T)dnT. 
Equations (1) and (2) are identical if | 


@ do 
a= am T or r= f ——______, 
0 V1 — Rk? sin? 6 

4 b, do 
= am u or “= ———— 
; 0 V1 — k? sin? 6. 

Po dé 

d =am(u+T) or u+T= 


0 /1 ~ B? sin? 6 


4. The closed polygon. When the second tangent is drawn with one end at 
A, and the other at A; it follows that ¢3 is related to ¢2 just as @e is related to 
gi. Thus d3=am(u+2T). And in general ¢@n,,=am(u+nT). Now if the n+1 
vertex is made to coincide with A we shall have a closed polygon and in order 
that this be the case we must have ¢,,1=¢1+/7 where h is a positive integer. 
Hence, 


Lal _ dé 1 dé 4 he dé 
Uu ni = ————— = =p ————————————— — 
0 1/1 — k? sin? 0 0 V1 — k? sin? 6 o V1 — Rk? sin? 6 


From well known theorems on elliptic integrals it follows that u+nT=u+2hK 
and nT =2hK where K is the complete elliptic integral of the first kind. This is 
Jacobi’s criterion for a closed polygon of 7 sides. If the polynomial is a quadri- 
lateral n=4 and h=1 so that 


(3 : r=— 
2 
Jacobi remarked that, since this condition is independent of du, it follows that 
that starting point is quite arbitrary, and we may get as many closed poristic 
polygons as we please by varying the starting point. 
, The condition (3) may be expressed in terms of an elliptic integral in the 


form 
K t do 
2 Jo V1 — BR sin? 0 


5. A relation between R, 7, and a. Equation (3) together with r< R<a are 
necessary conditions for a closed poristic quadrilateral. Further, equation 
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(2) is an identity in uw. Hence, if we can draw one quadrilateral, we can draw as 
many as we please. For convenience we choose u=K/2. Noting that sn K=1 
and cn K =0 equation (2) reduces to 


cn K/2 = sn K/2 dn K/2. 
Since 
r 


cn K/2 = cn T = cosa = ———— 
R-+ a 


we have 


r 4/3 r? R—-a 
Rta. (R+a)? R+a 
which easily reduces to 


r? r2 


(4) 


(Rta)? (Ra) 


It follows that 


7 
sina = 
R-a 


6. Sufficient conditions. Equation (3) and r<R-—a are necessary for a 
closed poristic quadrilateral. We shall also prove that they are sufficient. For 
suppose that they are satisfied. Then (4) is true. Draw two tangent lines, be- 
low the x-axis, to the smaller circle, one passing through M and the other through 
L. Draw the radii to the point of contact. Then the angle McN is the angle a. 
The acute angle at L is also equal to a since sin a=r/(R—a). It follows that the 
tangent line passing through L is perpendicular to the tangent line through M. 
Hence they must: meet on the circumference of the larger circle. Therefore, if 
(4) is satisfied we can draw at least one poristic quadrilateral. Hence if (4) and 
(3) are satisfied we can draw as many as we please. 

If the poristic polygon is a triangle the relation corresponding to (4) is 


r r 


——__— + —__— = 1, 

R+a R-a 
These two relations and corresponding equations for poristic pentagons and 
hexagons were known before Jacobi’s paper of 1828, but the general conditions 
for a closed polygon were first given by Jacobi. 


7. The quadrilateral B,B,.B;B,. Let Bi, Bo, B3, Bs be the points at which 
the sides of the polygon A,42A3A4 are tangent to the smaller circle. We shall 
now prove a theorem about the diagonals of the quadrilateral BiB.B3By. The 
coordinates of B,, Bo, Bs and By, are, 
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[ly cos ($1 + $2) — a, r sin ($1 + $2)], 

[7 cos (2 + $3) — a, r sin (b2 + $3) ], 

[ry cos ($3 + $4) — a, rsin ($3 — oa) ], 
[— r cos ($4 — ¢1) — a, — rsin (61 + $1)]. 

The slopes of BB; and of B,B, are easily found to be —cot S/2 and tan S/2 
where S=d¢i1+¢2+¢3+¢4. Hence the equations of the internal diagonals of 
B,B.B3B,4 are 

y — rsin (¢1 + do) = — [x + a — r cos (61 + $2) | cot S/2, 
y — r sin (do + b3) = [x + a — rcos (bo + o3)| tan S/2 


We are interested in the point of intersection of B,B; and B2By. Solving the 
equations we find the coédrdinates to be given by 


2(x + a) csc S = 7 sin (61 + 2) — 7 sin (2 + 3) + 7 Cos (d1 + oe) cot S/2 
+ 7 cos (2 + ¢3) tan S/2, 


and 


2y csc S = r[cos (61 + $2) — cos (2 + 3) + sin (¢2 + $3) cot S/2 
+ sin (61 + de) tan S/2]. 
In order to simplify these expressions we make use of some fundamental rela- 


tions given by Jacobi on page 285 of his collected works. The relations we need 
are 


tan 1 = s/h; tan do, tan a es = Vk, tan ¢3, 
R— a\? 
tan 22 _ AB tan ou, a1-8=(2 “) 
2 R+a 


In the closed quadrilateral ¢;=2+¢,. Hence the third relation above becomes, 
by using the first, 
— cot d. = ky tan 4. 


The above formulas enable us to write tan S/2 in the form 


mt BE _ / ki sin (bo + os) 


tan S/2 = tan ‘ 
2 2 


COS de COS 3 — ky Sin @o Sin o3 
But from the addition formulas for the elliptic functions we have 


cn u COS 1 


sin d3 = sn (u+ K) = 


dnu dn u- 
and 
ki sin $1 
cos $3 = — ———— 
dn u 
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Hence 
— cot d; = k, tan ¢3. 
This enables us to write 


ky sin $1 sin d2 — COS $1 COS 2 


tan $/2 = — 
/ / ki sin (¢1 + do) 


In the equation which gives y above we replace cot S/2 by the reciprocal of the 
first form for tan S/2 and replace tan S/2 by its second form, then immediately 
all the terms in the right member cancel and therefore y =0. 

To find a simpler form for x we multiply by sin S, combine the proper terms, 
and remove the cosines by the formula 


_ r 
Cos ¢; COS di41 = — Vi Sin d; sin d:414 + ————_»_ i = 1, 2, 3. 
R +a 


There results 


{ + a) Ar ! 1 _ si Ls 
: Rial lH VE = sin ¢@2(sin @; + Sin ¢3 
+ sin ¢4(sin 1 — sin 3), 


or 


2(x + a)(R + a) — 47? 


cn 4 
= = sn (w+ 7)(sn w+ ) 


2Rr dn u 
cn (uw + ~( cn “) 
——————| sn u — . 
dn (u + T) dn u 


If we expand sn (u+7), cn (u+T), and dn (u+T) and simplify, all of the terms 
containing elliptic functions of « cancel and the right member reduces to 
—2sn K/2. Hence 


2ar? 
= — ———— — a, 


R2 — q? 


THEOREM. The internal diagonals of the quadrilateral B,B,B3B, are mutually 
perpendicular and intersect in a fixed point on the line of centers of the two circles. 


8. The external diagonal of A,A,A4;A,. The external diagonal of the quadri- 
lateral 4,4 243A, is the polar of the point of intersection of the internal diagonals 
of the quadrilateral B,B.B;B,. In the notation which we have employed the 
equation of the external diagonal is | 


R?2 + @? 
2a 


x= 


370 ON PORISTIC QUADRILATERALS [June-July, 


Since this is independent of ¢, it follows that the points of intersection of the 


opposite sides of the poristic quadrilateral 41424344 move along the line as ¢1 
varies. 


THEOREM. The external diagonal of all the poristic quadrilaterals that can be 


drawn to two fixed circles is a fixed straight line perpendicular to the line of centers 
of the two ctrcles. 


This theorem enables us to draw as many different poristic quadrilaterals 
as we please with very little labor. We first choose R and a then compute the 
right member of the equation of the external diagonal and draw the line. After 
the two circles have been drawn we choose any point on the external diagonal 
and draw two tangent lines to the smaller circle. These tangent lines cut the 
larger circle in the vertices of a poristic quadrilateral. 


9. Symmetric quadrilaterals. If we start from the point .M and draw a 
poristic quadrilateral then ¢:=0 and am u=0. Since ¢ds=am (u+2T) it follows 
that ¢@3=7/2, that is, the end point of the second tangent line is at the end of 
the diameter opposite to M. Since we can measure ¢2 and ¢3 clockwise as well 
as counterclockwise it follows that every poristic quadrilateral which has one 
vertex at M is symmetrical with respect to the line of centers of the two circles. 


10. Poristic quadrilaterals for two ellipses. Let us draw a plane making the 
angle 6 with the plane of the two circles of §2. This plane may pass through 
the external diagonal of the quadrilateral 4;42A3A,4. Project the figure on this 
plane by drawing perpendiculars from all of its points to the new plane. Then 
it is obvious that the two circles project into ellipses; that the projections of 
the diagonals of B,B.B3B, will still intersect on the line of centers of the two 
ellipses and that the theorem of §8 remains true in the projected figure. 


11. The quadrilateral B,B,B;B,. We have already proved that the internal 
diagonals of the quadrilateral B,B.B;B, intersect on the x-axis and at a fixed 
point. They are also mutually perpendicular. Now we rotate the quadrilateral 
A,A2A3A4, by varying ¢1, so that the point B, is on the x-axis. When this is 
done the diagonal B2B, must coincide with the x-axis, so that B.B,1s a diameter 
of the smaller circle. The diagonal B,B; is perpendicular to B2By, and is bisected 
by it. Hence B,B,B3B, is symmetrical to the x-axis and it is obvious that a third 
circle can be inscribed in it. Hence the quadrilateral B,B.B;By, is a poristic 
quadrilateral. The center of the third circle may be determined by bisecting 
the interior angle at B,. We may determine the coordinates of the center by 
computing the lengths of B,B, and BiB, and using the theorem that the bisector 
of any angle of a triangle divides the opposite side into segments which are in 
the'same ratio as the adjacent sides. If the segments of B.B, are 2r—x and x we 


find 
2r—xXx 2Yr 


= tan ($1 + $2)/2 or «= —~—-———___—___.. 
(1 + $2)/2 or « [1 + tan ($1 + ¢2)/2] 
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The coédrdinates of the center of the third circle turn out to be 


[1 — sin (¢1 + ¢:)] ! 
= ¢ —  —— — 4, 0>. 
cos (¢1 + ¢2) 


We can simplify still further the expressions sin (¢1-+@2) and cos (¢@:1+¢@2). We 
notice that B, and By, are both on the x-axis and cos 2 ¢@,=(r—a)/R, or 
sin d= VW (R—r+a)/2R and cos ¢1:=V(R+r—a)/2R, cos 2 d2= —(r+a)/R, 
or sin d2=V(R+r+a)/2R, and cos d2=V(R—r—a)/2R. Then, in terms of 
R, r, and a, the coédrdinates of the center of the third circle are 
— yv)2 — 72 »\2 _. 2 
[ {ven hee ga 0] 
4aR- 


This last expression is not very simple. It is given for the purpose of showing 
that the codrdinates of the third circle may be calculated in terms of R, r, and a. 

We can now state the theorem: Every poristic quadrilateral, A,;A2A3A,4 de- 
termines another poristic quadrilateral B,B.B3By,. 

It is, of course, obvious that we may continue this process indefinitely. 

Let us change the notation so that the radius of the first circle is Ri, of the 
second R, and so on. Let the distance between the centers of the first and second 
circles be a1, between the centers of the second and third be a2, and so on. Then 
we always have the relation 


( Rist V+( Rist )- 1 
Ri + a; Ri — aj 


One cannot help but wonder what happens to this relation as 7 increases in- 
definitely. It seems probable that a; approaches 0 and that Ri; approaches 
R;/ V/ 2. 

We have made no attempt to apply these results to the case, which Byerly 
discusses, in which the second circle is entirely outside the first. It would be 
interesting to follow the discussion through in that case. 
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REMARKS ON TERNARY DIOPHANTINE EQUATIONS 
KURT MAHLER, University of Manchester 


Let F(x, y) be a binary form of order n»23 with integral coefficients, k40 
an integer, P,,--+-+, P; a finite set of different prime numbers. The following 
results have been proved :* 


THEOREM 1. Jf the equation 
Fi«x,y) =k 


has an infinity of integral solutions x, y, then F (x, y) ts a power of a linear form 
or of an indefinite quadratic form. ; 


THEOREM 2. If the equation 
F(x, y) = F Pi --- Pi 


has an infinity of integral solutions x, y, 21,°°+ , 8, where x and y are relatively 
prime, and 2,20, +--+, 2,20, then F(x, y) ts a power of a linear or quadratic form. 


Now consider a ternary form F(x, y, 2) of order n 2 3 with integral coefficients, 
and the representations of integers k+¥0 by this form. If F(x, y, 2) is decom- 
posable into a product of linear forms with algebraic coefficients and if n is suffi- 
ciently large, then results analogous to Theorem 1 and.2 are true.f On the other 
hand, very little is known about the more general case when F(x, y, 2) is ir- 
reducible in the field of all constants. In this note, I construct examples of 
ternary forms of every order with the property of representing at least one 
integer k#0, or even ‘every integer, in an infinity of different ways. I further 
show how to form positive definite ternary forms of every even order with the 
property that for an infinity of different sets of relatively prime integers x, y, 2 
the greatest prime factor of F(x, y, z) is bounded. Special cases of forms with 
these properties are well known; e.g., the equation 


xe + ye + 2%? = 1 
has an infinity of integral solutions, since identically in ¢, 
(944)3 + (3¢ — 94)? + (1 — 98)3 = 1; 
and the equation ; 
xt t+ yt + 24 = 2.7% 
has an infinity of integral solutions with relatively prime x, y, 2, since identically 


in x and y,f 


* A. Thue, Norske Vid. Selsk. Skr. 1908, Nr. 7. K. Mahler, Math. Ann. 107, 1933, pp. 691-730. 
+C. L. Siegel, Math. Z. 10, 1921, pp. 173-213. 

E. T. Parry, Journal of the London Mathematical Society, 1940, vol. 15, pp. 293-305. 

t The equation x?-+xy+y?=7* has an infinity of integral solutions with relatively prime x, y. 
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wt yt + (x + y)t = 2(0? + xy + y?)?. 


The stated results are obtained by the construction of simple identities. In 
a similar way, it is possible to show the following theorem: “If F(x, y, 2) is an 
srreductble cubic form with integral coefficients, such that the equation F(x, y, 2) =0 
has at least one solution tn integers not all zero, then F(x, y, 2) either represents all 
integers in a suitable linear progression at+b ({=0,F1, F2,-->+) or tt repre- 
sents a certain integer k~0 in an infinity of different ways.” Let g, h, k be three 
integers not all zero such that 


F(g, h, k) = 0, 


and denote with F,, F,, Fg the values of the three first partial derivatives 
OF /dx, OF /0y, OF /dz for x=g, y=h, 2=k. There are three integers not all zero 
such that 

GF, + HF, + KF, = 0. 


Let’ now ¢ be a parameter; then 
F(gt +G, ht+ H, kt+ K) = A#® + Be+Ci+D 


is a cubic polynomial in ¢. This polynomial cannot vanish identically, since 
F(x, y, 2), by hypothesis, is irreducible. It is however at most of the first degree. 
For the assumptions about g, h, k; G, H, K are equivalent to d=B=0. 
According as to whether C40 or C=0, F represents all integers of the progres- 
sion Ci+D, or is equal to D for all values of t. In the second case D0, since 
FXO. 


1. Ternary equations with an infinity of solutions. The general ternary form 
F(x, y, 2) of order n has 
n+i)(in+ 2 
y et Dn +2) 


2 
coefficients. If 


pit), polt), paft) (x pr(t) | > 0 for all 9 


are three polynomials in a parameter ¢t with integral coefficients and of degree 
less than or equal to », then 


F(pilt), pod), pa(t)) = (2) 


is a polynomial in ¢t of degree not greater than nv; its coefficients are linear forms 
in the‘coefficients of F(x, y, 2) with integral numerical coefficients; say 


o(i) = S LA(Pe. 


If d(£) is to be a constant, then the coefficients of F(x, y, 2) must satisfy the ny 
linear equations 


374 REMARKS ON TERNARY DIOPHANTINE EQUATIONS [June-July, 


L.(F) = 0 (h=1,2,---,n). 


For N>nv, this system has always a non-trivial solution in integers; there is 
therefore then a ternary form of order m with integral coefficients not all zero 
such that 


F(pilt), polt), pat) = Lo(F) 


is independent of ¢. The so constructed form F(x, y, ) may, however, be re- 
ducible, and the constant Lo(F) on the right-hand side may vanish. In the special 
case vy =1 of linear polynomials p,(t) both complications can always be avoided, 
and it is possible to determine irreducible forms F(x, y, 2) of every order » such 
that the constant @(¢) =Lo(F) 40.* 

The form F(x, y, 2) constructed in this manner is not definite; it assumes the 
values k=L)(F) for every integral value t=0,F1, #2,---. I give here a few 
examples of this kind: 


xt 8428+ rxys=de+27 identically in ¢ for x=f+-A, y= —1, 2=3; 

yz — 123+ 323 =12 identically in / for x=/-+-1, y= 31, 2=1+2: 

2a4— yt—z4-+ 2x? y+ 242? — 4y%2? = —6 identically in¢for x=?#, y=i+1,z=/—-1; 
2(x-+ y4) —(«—y)22(3a—3y+z) =4 identically in ¢ for x=+1, y=i—1, 2=?., 


2. Forms which represent every integer. Let a, 8, y be three integers and 
assume that the form F(x, y, 2) of order has the following property: 
“On replacing z by ax+8y+y7, we get identically in x and y, 


(1) F(x, y, ax + By +7) = p(x) + ay, 


where a is a constant and p(x) a polynomial in x both depending on F.” 
Assume the form has this property, and let 


E1, £2, me ty Es 
be the different residues of p(x) mod a; since 
p(x) = p(x’) mod a for x = x’,mod a, 


each congruence 
p(x) = & mod a (o=1,2,---,5s)” 


has an infinity of integral solutions x. Hence if k is any integer in one of the 
residue classes 


k = & mod a (o=1,2,---,5), 


then 
p(x) + ay = k 


* This corresponds to the fact that there are irreducible algebraic curves of every order which 
intersect a given straight line only in » coinciding points. 
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has an infinity of integral solutions x, y, and therefore the equation F(x, y, 2) =k 
has an infinity of integral solutions, x y, z 


The following forms satisfy the identity (1): 
(2) Fi(x, y; Z) = xr —l(g _ By)! (1 = 0, 1, nr i, 1); 
Fy(x, ys Z) = y(z — AX — By)"-}, 


as is evident on putting z=ax+fy-+y. A further and less obvious solution is 
obtained in the following way: 
We assume that this solution can be written as 


Frye, y, 8) = 2" + yfilx, ya? + yfo(a, yar? + --- 
+ Vfn—2(x, yz + Vfn—1(2, y), 


where fi,(x, y), for R=1, 2, n—1, is a binary form in x, y of order k with 
integral coefficients. Evidently n none of the forms s (2) is of this is type. 
From (1) and (3), we get 


Frsi(a, yi aw + By +) = (ax + By +7)" + afi(a, y)(ax + By +) 
+ Vfn—1(%, y) 
= p(x) + ay. 


Hence, on developing both sides into sums of binary forms in x, y and comparing 
forms of equal order, 


(ax+By)"+yfi(%, y)(ax+By)™?+ +++ +yfn-a(%, y)(axt+By)+yfnals, y) = enX", 
a) ‘fl 
(1) extant ("7") atte (aatosyent e+ (4 )afeslss doa 


(3) 


¢ ) (ax-+8yyr2+ ("") sft, Maat Byp + + ( ) aaa on 


oe @ j@® e@ @ @ @  e@ #@®  e®  e®  e®  @® ee ee oe ee @ e® oe ee oe oe @ oe @ oe @e® @e® e@ @e@ e@ e oe oe® oe $@o® joe  @ 


(.”,) (ax+By)? + ("—) yf(x, ¥) = con?, 


(.",) eto mort (25) 


Here the c’s are suitable constants; their values are found by putting y=0, 
namely: 


nN ‘ nN nN 
Cn = OQ", Cait = a", Cro = i a a. 
‘ 1 2 n — 1 


d(x, y) = dy = (ax)* — (ax + By)*® (k = 2,3,---,m). 
Then the last equations take the form, 
yfi(x, y) (ax-+-By)"*-+ yfo(«, y) (ax+By)" 3+ +++ +yfn-i(x, y) =dn, 


(77°) atte, alex tanet (7°) ofres, vax tay + (7) afestes = (1) dos 


Let 
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(7) yf, y)(ox-++-By)"—44+ (") sfa(x, y) (ax By)" Ob + + + ( ) Mfn—a(%) 9) = ( ; ) Gnas 


(12) a (24) 


This system of linear equations for 


yfi(a, ¥), Vala, V)r> ++» Yfnr(%, 9) 
is easily solved just in the required form; for the expressions on the right-hand 
side are all divisible by y. We find for small values of 1: 
= 1: Fo(x, y, 2) = 3; 
: F3(x, y, 2) = 2? + do; 
: Fa(x, y, 2) = 23 + 3dez + (ds — 3(ax + By)d2); 
> F5(x, y, 2) = 24 + Odes? + 4(ds — 3(ax + By)de)z + (ds — 4(ax + By)ds 
+ 6(ax + By)%d2); 
n = 5: Fe(x, y, 2) = 2° + 10d.2? + 10(d3 — 3(ax + By)de)z? + 5(ds— 4(ax + By)ds 
+ 6(ax% + By) 2d») + (ds — S(ax + By)ds + 10(ax% + By)*ds 
— 10(ax + By)%de). 
It is also clear that the following formulae hold: 
Fi(x, y, ax + By + y) = x” "(ax + y)! (1=0,1,---,2— 1); 
(4) F(x, y, ax + By + Y) = ¥" "9; 
Frsi(x, y, ax + By + y) = (ax + 7)” + mBy™'y. 
Assume in particular that 


a ~ 0, B #0, y ~ 0. 


zs 2 8 8 
ll oil | 
mm OG NO 


Then the n+2 forms (2) and (3) are linearly independent; for the polynomials 
in x 


a™"(ax + vy)! (1 = 0, 1,-+-,a-—1) 
are clearly linearly independent, since no two of them vanish to the same order 
at x=0 or at x= —vy/a. Therefore the form of order n, 
4 n+1 
(5) F(x, y, Z) = > CF i(x, y; Z), 
l=0 
where Cy, Ci,--+, Cny1 are arbitrary integers not all zero, does not vanish 
identically; it is again a solution of (1). 
Take 


Y= 1, C, ++ Cr41nB = 1 
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and choose F such that F(x, 0, ax+y) is a polynomial in x exactly of degree n. 
Then by the remark at the beginning of this paragraph, F(x, y, 2) represents 
every integer in an infinity of different ways. We furthermore have 


F(x, y,ax+ By + y) =F(4*,0,ax +7) + 4, 


and conclude that F(x, y, 2) is an irreducible form in x, y, 2, since the expression 
on the right-hand side is irreducible in x and y and of exact degree 7 in x. It is 
again clear, as in the preceding paragraph, that the so constructed form, 
F(x, y, 2) is indefinite. 


3. Forms with bounded greatest prime factor. A positive definite ternary 
form of order n, F(x, y, 2), represents every integer k in at most a finite number 
of ways. Since F(x, y, 2) is positive definite, its order is even, say n=2m. The 
values of F on the sphere x?+?+2?=1 are always positive; since F is continu- 
ous, they have a minimum value V>0 on this sphere. Hence 


F(x, ¥, 2) 
(a? + y? + 2t)™ 


for all points of this sphere, and therefore for all points of space, since f(x, y, 2) 
is homogeneous of order zero. Hence, if k>0 is given and F=k, then 


k= F(x, 9,2) 2 Vat+yte2)™, ie. [ol | yf, lel Ss (R/V), 


so that there are at, most a finite number of integral solutions x, ¥, z. 
Suppose in particular, that this form can be written as 


(6) F(x. y: 2) = aQ(x, y)™ + (2 — % y)G(x, y; z), 
where a0 is an integer and 
| Q(x, y) = ax? + Bay + v9" 


is a quadratic form in x and y, and G(x, y, 2) a form of order n—1 in x, y, 2, 
both with integral coefficients. Since 


(7) F(x, yy %-F y) = aQ(x, yy) ”y 


the form Q(x, y) must be positive or negative definite; otherwise there would be 
real x, y, 2 not all zero such that F(x, y, z) =0. 

By the theory of quadratic forms, it is possible to find for every integer 
t=1asystem of ¢ different prime numbers 


Pi, Po, +++, Pe, 


f(x, ys z) = 


such that the equation 


O(x, y) = FPL--- Pi 


has an infinity of integral solutions x, y, 21, +++, 2, where x and y are relatively 
prime and z,20,-:-, 2,20. Hence, by (7), there exist an infinity of different 
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sets of three relatively prime integers x, , 2, for which the greatest prime divisor 
of F(x, y, 2) is bounded. 

It is possible to find positive definite forms F(x, y, 2) of every even order 
n=2m, which can be written as a sum (6). For instance, it suffices to take 

G(x, ys Z) = (z 7% = y) M(x, y; Z), 
where H(x, y, 2) is a positive definite form of order n—2 =2(m—1). Or we may 
take G(x, y, 2) arbitrary, but such that G(0, 0, 1)>0, and then can make 
F(x, y, 2) positive definite by just choosing for a a sufficiently large positive 
integer. 

In the excluded case that Q(x, y) is indefinite, F(x, y, 2) evidently represents 
an infinity of different integers k in an infinity of different ways. 

As there are many forms of the type (6), we may impose on them further 
conditions, e.g., consider only forms which are quadratic or cubic forms in 
xh, yh zh. In the following examples, the sign “>” means that the right-hand 
side is derived from the left-hand side by the substitution z=x-+y. 


(a) Quadratic forms in x, y?, 22. A few examples are given by the identities, 
in which @ is arbitrary: 


(1 — aot + any? + ans? + a? y?2? > (0? + axy + ay")?; 
xt + al4a — 1) yt + ast + (1 — 2a) 9222 (0 + wy + 2092)? 
(b) Quadratic forms in x’, y3, 23. The following identities hold for arbitrary a: 
(a? — 4a + 4)(x8 + y8) + (a? — a + 1)2° + (303 — 16a? + 28a — 16) xy? 
— (202 — 5a + 2)(x3 + y3)23 — 3(4? + axy + y?)5 
(a? — 3a + 3)x® + a2(y8 + 26) + (2a? — 3a)x3(y3 — 2°) + (303 — 2a?) vis? - 
— 3(x? + axy + ay?)®; 
a(x® + 26) + (3a3 — 3a2 + a)y§ + (2a — 3a?) y3(a — 2°) + (3 — 2a) x2? 
—> 3(x? + xy + ay’), 
(c) A quadratic form in x‘, 4, 2*: 
x8 + yS + 1728 + 14(x* + y*)2t— 2(2a* + Sey + 27) 4. 
(d) There is no irreducible cubic form in x‘, y‘, 24 with rational coefficients, 


but there are four with coefficients in K(./3) which are conjugate in pairs with 
respect to this field. ; . 


_ Final remark. Analogous to (6), there are positive definite quaternary forms 
F(x, y, 8, w) of every even order n =2m which can be written as 


F(x, y, 2, w) = aO(x, y, 2)™+ (w— «— y — 2)G(%, y, 2, w), 


where a0 is an integer, Q(x, y, 2) a positive definite quadratic form and 
G(x, y, 8, w) a form of order n—1. For forms F of this kind, the equation F(x, 
y, 2, w) =k has evidently at least const. | R| /” solutions for an infinity of k’s. 


UNDERGRADUATE MATHEMATICAL RESEARCH* 
F. L. GRIFFIN, Reed College 


In returning to the scene of my own undergraduate work I find it a pleasant 
duty to acknowledge my deep indebtedness to that great college teacher, 
Herbert Ellsworth Slaught. The sense of exploring the unfamiliar, which perme- 
ated the initial two years spent under him, was a delightful experience. And he 
prepared students smoothly for the later years under Professors Moore, Bolza, 
and Maschke. 

Spontaneous mathematical research arising out of the curiosity and reflec- 
tions of inquiring and gifted young minds is no new phenomenon. Witness Pascal 
and Galois. More frequently a stimulating teacher has stirred an alert student 
to study some challenging question. Indeed, some institutions have long made 
a systematic effort to bring this type of experience to any student capable of 
profiting by it. In seeking to arouse interest in investigation they have utilized 
prize contests, departmental club programs, thesis requirements of candidates 
for honors, and so on. Many colleges now encourage a student to study inde- 
pendently some field new to him and to write a report of an expository or critical 
nature. From the standpoint of the student this may be called a type of re- 
search. 

In the present discussion, however, I am using the word “research” in the 
more technical sense of exploring some new question or re-exploring some old 
question and getting results previously unfamiliar to specialists in the field. 
When a student investigates a question and gets results new to him but not 
actually involving priority, the experience may afford as valuable training for 
him as if he were the first to explore the matter. But in connection with the 
discussions of research under way in the present sessions of this Association and 
of the Society, it seems to me of possible interest to inquire how extensively 
research in the more technical sense is being carried on by undergraduates of our 
colleges. 

It is, of course, a fair question how generally undergraduates ought to at- 
tempt mathematical research. For students who are going on to the graduate 
school, theré is so much fundamental material to be learned as a basis for spe- 
cialization that it is debatable whether time ought to be used for efforts in re- 
search. And whether a student is going on or not, one may wonder how much 
worthwhile research can be accomplished with the tools available in under- 
graduate days. Possibly the experience of institutions which have experimented 
with findergraduate research projects may throw some light on these questions. 


Reports from various institutions. Thinking that one source of information 
might be the colleges and universities which according to published report 


* Read at the summer meeting of the Mathematical Association of America, Chicago, Sep- 
tember 1, 1941. 
{ The American Council on Education, American Universities and Colleges, 1940. 
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require a thesis of some or all seniors, I sent a circular letter to the heads of 
the departments of mathematics in about ninety such institutions. The replies, 
not yet complete, run about as anticipated. Usually the senior thesis has the 
character of a critical expository essay or report. Seventeen institutions, how- 
ever, report undergraduate research papers in the technical sense, arising either 
as theses or from individual initiative,—spontaneous combustion, as it were. 
The information thus far available runs as follows: 

Albion College. In 1912 a paper on the normals to a conic embodied sub- 
stantial research. Since 1930 research has been carried on extensively. 

Beloit College. Two recent honors theses have involved research leading to 
new results. One dealt with the mathematical relations involved in a Precision 
Harmonograph; the other developed a variation in Newton’s method of ap- 
proximating the real roots of an equation. 

Brooklyn College. The Mathematical Mirror, published annually for nine years 
by mathematics students of the college, has contained a number of research 
articles. 

University of Buffalo. In the past twelve years there have been about 15 
research papers, usually submitted in the Sherk Prize Contest sponsored by the 
Mathematics Club. Some papers have been presented at the New York State 
Undergraduate Scientific Congress. . 

University of California. Research is frequently done by students in going 
farther into problems which they have begun in some course. The topics have 
related to hyperspace, line geometry, synthetic projective geometry, higher 
plane curves, affine geometry, birational transformations, vector geometry and 
tensor theory, general postulate theory, Boolean algebra,.real and complex 
variable, and problems found in Polya and Szegé’s, Aufgaben und Lehrsdize aus 
der Analysts 

University of Delaware. Honors theses, one or two each year, have dealt with 
such topics as semi-regular-continued fractions, Legendre’s transformations, 
hypergeometric functions, and elliptic functions. New results of interest have 
been obtained in some cases. 

Harvard University. For honors a thesis was long optional or required. Under- 
graduate research papers by A. L. Lowell and Maxime Bécher were published 
back in the 1880's. Since 1926 a thesis has been required of students offering a 
concentration in any field. These theses often contain interesting results not in 
the literature. A recent thesis on the Chi-Square Tests has been published by the 
Harvard University Press. 

University of Minnesota. For graduation summa cum laude a thesis is re- 
quired. In mathematics a few theses have been of the research type. 

University of New Mexico. For several years past a thesis has been required 
for graduation with honors. In mathematics about one thesis a year has made 
an original contribution. One of the latest developed a new implication relation 
in the calculus of propositions. Another studied the asymptotic behavior of cer- 
tain functions of the Bessel type as the argument becomes infinite. 
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New York University. Allusion is made to a recent undergraduate publication. 

Agricultural and Technical College of North Carolina. Since 1939 thesis work 
for students majoring in mathematics has been of a research character, directed 
through the Department of Physics. Abstracts of seven of these theses have 
been published in collaboration-with members of that department. 

University of Pennsylvania. In recent years a junior and a senior published 
important research papers on subjects in which they had become interested 
through advanced courses. One paper gave a new proof of the quadratic rec- 
iprocity law; the other, in the field of algebra, dealt with foundational questions. 

Princeton Unwersity. Since 1927 a thesis has been required of each senior. The 
mathematical papers have frequently been of the research type. 

St. Lawrence University. Two sophomores recently became interested in dif- 
ferentiators and constructed a machine. 

University of Vermont. Since about 1890 a thesis has been required for gradu- 
ation with honors. In the past ten years several of the papers have been of the 
research type. 

University of Wisconsin. An exceptional student sometimes takes both the 
bachelor’s and the master’s degree at the end of four years. One outstanding 
thesis written-by such a student studied the convergence of Newton’s method of 
finding the roots of an algebraic equation when the roots, and possibly the 
coefficients, are complex numbers. 

It would doubtless be of interest if the experience of the preceding institu- 
tions, and of others in which undergraduate research has been carried on, might 
be reported more fully by persons who have the necessary information. 


Experience at Reed College. Please be indulgent if I now speak somewhat 
disproportionately about our experience at Reed College since I am most 
familiar with that. Since the beginning of the college a thesis has been required 
of all seniors in all departments, except students graduated in 1919. The thesis 
always involved some independent investigation; and after a few years, largely 
due to the interest of the students, it took on pretty generally a research char- 
acter in the specialized sense. Of the 94 theses in mathematics written in the 26 
years, at least 80 have involved research with some novel results: and in 56 of 
these I believe that the problem itself was new. At least, I have not been able 
to locate the problems in the literature. 

Since a typical thesis, in a condensed form, has forty or fifty pages and would 
require about thirty minutes for an adequate description, perhaps the best I can 
do here is to suggest the range of topics treated and in a few instances allude to 
some results. : 

Analysis. The largest single group of our research theses falls in the Calculus 
of Variations, where of 17 theses fifteen have dealt with apparently new prob- 
lems. Eight of these related to physical problems: e.g., the form of the plane 
curved wire connecting two points and having minimum moment of inertia 
about an axis in its plane, or having minimum attraction for a particle; or carry- 


382 UNDERGRADUATE MATHEMATICAL RESEARCH [June-July, 


ing an electric current through a wire of given length and producing the maxi- 
mum magnetic force at a point; also, similar problems for surfaces of revolution. 
Seven other seniors determined the system of geodesics upon some surface, e.g., 
the surface generated by revolving a hypocycloid of four cusps about a diameter 
through two cusps. In each case the student determined and plotted typical 
extremals, discussed their properties, studied the envelope of the one-parameter 
family through a single point and determined its singularities, if any; and in most 
cases gave a sufficiency proof for a relative extremum. Parametric equations 
involving elliptic integrals appeared in each problem, except two which required 
a graphical and numerical solution of Euler’s differential equation.* 

One thesis in this field interests me considerably, because it was written by a 
student whose work-the first three years was of such low standing that we re- 
luctantly accepted her as a senior. To our surprise she worked with unusual 
initiative and with application, and needed less guidance than some students of 
distinctly higher standing have had. She dealt with an old problem in an ele- 
mentary. way, “The geodesics on the torus,” which was treated by a leading 
mathematician in both his master’s and his doctor’s theses. (While she was 
studying it I told her nothing of the earlier investigations, preferring, as ad- 
vocated by Professor R. L. Moore, to let a student develop his or her own meth- 
ods before consulting the literature.) She calculated the scales for conformal 
mapping of the torus and obtained and plotted the geodesics, using approximate 
integration extensively and accurately. I wonder whether it may be easier to do 
research of such a specialized type than to organize a broad field clearly, as for 
example our junior course in modern algebra which ranges from matrix theory to 
elements of the Galois theory. | 

Six other theses have discussed troublesome differential equations. A recent 
one worked with a system of equations relating to a hydraulically operated radial 
gate in a government dam at Eugene, Oregon. The motions were accurately 
calculated by numerical integration. This thesis, also, was written by a student 
whose previous standing had been only average, and whose energies had been 
devoted chiefly to actuarial mathematics. Another, written some years ago by 
a top-notch student, did a brilliant job in studying the effect of a shield on a 
coil carrying currents at radio frequencies. He set up a partial differential equa- 
tion of order 2, similar to Maxwell's equations, got its solutions as series 
involving complex trigonometric and Bessel functions, discussed questions of 
accuracy, and got integral expressions for the back magnetic field and power 
loss. Still another paper on ‘differential equations, perhaps the most mature 
thesis job we have had in our department was written this past year, with 
virtually no suggestions from an instructor. This dealt with a second-order equa- 
tion which includes Bessel’s and Riccati’s equations as very special cases. Be- 
sides obtaining formal series solutions and discussing transformations, the stu- 


* Interestingly enough, a student who wrote one of the latter theses got a job in the Ballistic 
Section, Bureau of Ordnance, where her work with trajectories has seemed almost a continuation of 
her thesis. One of her classmates had a similar carry-over in the Coast and Geodetic Survey. 
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dent defined a class of quasi-periodic functions and obtained 18 theorems relat- 
ing these to the solution of his differential equation. (The same man in his fresh- 
man year had written a paper entirely on his own initiative in which he postu- 
lated two classes of elements, C and K, and two operations transforming an 
element of C into an element of K and vice versa, and deduced a series of 
theorems relating to repeated application of the operations.) 

We have also had seven theses dealing with the calculation of elliptic inte- 
grals of type III. One of these used methods apparently not in the literature. 
The resulting tables, running to four decimal places, give values of r(n, k, o) 
for a suitable range of values of n, k, and ¢. 

‘Two other research theses in analysis generalized the circular and hyper- 
bolic functions of sectoral areas, modifying the circle and equilateral hyperbola 
or choosing the origin away from the center. Extensive systems of identities, 
derivatives, etc., were found. 

Geometry. Turning to geometry, there is time to say only that we had a 
sequence of nine theses dealing with conjugate curves* and surfaces. In some 
of the classes studied, the conjugate of a line or conic is usually a higher plane 
curve, sometimes a familiar curve such as the cissoid, conchoid, strophoid, 
limagon, etc., or perhaps another conic, or the polar of the origin with respect to 
a conic. 

There is a group of four theses dealing with centro-surfaces of conicoids,} 
which are distinct from Cayley’s center-surfaces. The centro-surface in some 
cases pinches down to a line and then expands again, so that certain plane sec- 
tions may have nodes or cusps. The determination of the sections usually in- 
volves substantial algebraic difficulties. 

There have been 15 other research theses in geometry, including generaliza- 
tions of the conics in three dimensions, the inverse of the envelope problem, a 
study of the normals to an ellipse (which yielded fifteen new theorems), studies 
of constructibility by use of higher plane curves, and the projective determina- 
tion of conics. 

Algebra and Combinatory Analysis. In this field there have been five research 
theses, three of which obtained substantial and apparently new results. In one, 
criteria were obtained for the algebraic solvability of certain high-degree equa- 
tions by reduction through a chain of reciprocal equations. In another, criteria 
as to the nature of the roots of the cubic and quartic were derived from Argand’s 
representation of the roots of the resolvent equations. In 1916 a student who 
had been reading Ball’s Mathematical Recreations and Essays decided to work 
on an unsolved case of “the schoolgirl problem” (or Euler’s problem of the 36 
officers): 36 girls are to walk in rows of 6; required, if possible, an arrangement 
by which each girl shall walk once and only once with each other girl. By an 
ingenious system of eliminating conflicts it was shown that the desired arrange- 


* Defined in Bulletin American Mathematical Society, vol. 30, 1924, p. 15. 
t Defined in Bulletin, American Mathematical Society, vol. 36, 1930, p. 483. 
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ment is impossible; and some related questions were treated. These results were 
reported to the Society, but were apparently overlooked (as was also a complete 
subsequent treatment of the general problem by Professor H. F. MacNeish)* 
when the same problem was treated some fifteen years later for a doctoral dis- 
sertation in one of our leading universities. 

Further physical problems. Four theses have dealt with problems of light. Two 
of these have studied the effect of a line source of light, placed in certain posi- 
tions, upon the performance of a parabolic mirror. Reflected rays diverging from 
the axis by more than arc sin .01 are considered as “lost”; and for various points 
on the luminous source, boundary curves are determined which separate regions 
of the mirror that “lose” light from regions that “save” light. The quantity lost 
is expressed by a triple integral of complicated form, which is approximated 
numerically. 

Another thesis in this field studied the illumination in the courts of certain 
office buildings in Portland. By spherical trigonometry and descriptive geom- 
etry actual shadows, as contrasted with approximations often used, were con- 
structed for the time of the equinoxes and the solstices. By using a photometer 
the variation of light in offices in a number of respects was studied. 

One of our most original and spontaneous theses proposed a mathematical 
theory as to the nature of potential energy. The student, who while yet in high 
school had studied the theory of relativity, drew extensively upon modern 
physical theory. (He has since taken his doctorate in point-set theory which 
provides him with something of a contrast!) 

Astronomy. A student, who for years had made variable star observations 
with a telescope of his own, analyzed these to determine the light curves of four 
stars. The usual methods for such analysis proved to be useless; but consistent 
patterns were obtained bychoosing as the argument the ratio of the time interval 
since each maximum brightness to the length of the’time in that particu'ar 
“cycle”. 

Economics. A thesis on a problem of duopoly extended a study of certain 
economic questions treated by Professor G. C. Evans.t Keeping his linear de- 
mand law, but replacing his quadratic cost function by a cubic, the student 
found various types of maxima occurring in the study of profits. A plaster model 
was constructed showing some peculiarities of the graphical surface in one case. 

Statistics. A thesis submitted in 1930 dealt with lines of best fit, with special 
reference to the statistical determination of the demand curve for sugar. Three 
different basic assumptions as to the displacement of points in the scatter dia- 
gram from the required line were considered, especially the assumption that the 
displacements are normal to the line. Using numerical data for sugar, a detailed 
study was made of the surface which exhibits the sum of the squared deviations 
as a function of the parameters of the line. Systems of lines of “equally good fit” 


* Annals of Mathematics, 2nd ser., vol. 23, 1922, pp. 221-227, 
} This MONTHLY, vol. 29, 1922, pp. 371-380, 
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were discussed, corresponding to points on contours of the surface; also, “in- 
difference curves” whose tangents are such lines of equally good fit. (This thesis, 
supervised jointly by professors of mathematics and economics, took first prize 
in the Hart, Schaffner and Marx Economics Essay Competition for Under- 
graduates that year. Incidentally, it was written, with. comparatively little 
guidance, by a student whose course work had been of only average quality.) 

Some General Considerations. I have referred to some 56 of our Reed mathe- 
matical theses as having dealt with what appeared to be new problems. There 
are many such problems available, not sufficiently theoretical or advanced to 
justify their use for doctoral disserations but much too involved to permit their 
inclusion as exercises in textbooks. Others suggest themselves in considering 
possible modifications or generalizations of standard procedures or theories. 
Some of these theses were reported to the Society, due to lack of a section of 
the Association in our region. 

While novelty is not essential for the student’s profit in working upon a prob- 
lem, it adds interest. The student greatly enjoys the experience of exploring new 
material, where the conclusions to be expected are not familiar to his instructor 
and are not availabe in’ the literature. In selecting a topic from a list of several 
possibilities the student may, if he likes, first glance over old theses to see what 
field or general type of investigation might suit him best. Sometimes he has a 
preference for a type of work very different from any of the suggested topics; 
and if he does not have a specific topic in mind an effort is made in consulta- 
tion to formulate one. 

One possible value of thesis work is that it gives the student an opportunity 
to make the most of whatever originality, independence, and spontaneity he 
may possess. It has long been my view that the tendency in undergraduate in- 
struction is to neglect somewhat the most promising students in order to give 
adequate attention to the great middle group. In the charming town where I 
passed much of this past summer, one sees traffic signs near each school, which 
I suspect might be repunctuated thus as advice to the institution itself: “School, 
don’t kill a child.” In college, at least, it should not be necessary to kill the inter- 
est of our best students by limiting them to routine course work. Let me close 
with a quotation from a Reed College Bulletin on the subject of the senior 
thesis: “Latent powers of self-direction are developed in a more complete and 
extensive way than is afforded at any other point in the college career, and the 
student has the satisfaction of achieving a degree of mastery not commonly 
associated with the completion of a course.” 


THE ROOTS OF A QUATERNION 
IVAN NIVEN, University of Illinois 


The existence of an mth root of a quaternion a is known,” since the question 
reduces to the existence of a quaternion root of the equation &"—a=0. We are 
led to inquire how many mth roots there are, and how to find them. The answer 
to the first inquiry is that there are exactly m distinct mth roots of a quaternion 
a which is not a real number; if @ is real there are infinitely many mth roots 
unless m=2 and a is positive, in which case there are only two square roots, 
++/q. Our method of proof gives all roots. 


LemMA. Any positive integral power of a quaternion a+bi+cj+dt1j has co- 
efficients of 4, j7, and 1j which are proportional to b, c and d. 


The proof is by induction. Noting that the conclusion is true for the first 
power, we assume that 


(a+ bitcj+dij)™!= A+ q(bi + oj + dij). 
Then we obtain at once 
(a+ bi + cj + dij)™ = aA — g(b? +c? + a?) + (ag + A) (bi + cj + diy), 


which proves the lemma. 

Suppose now that @ is any quaternion which is not a real number. Then the 
lemma enables us to say that any mth root of a must have the form ca+d, c 
and d being real. The question is, simply, what real values of c and d can be used 
so that the equation 


(1) (cf + a)" —£=0, 


has the quaternion @ as a root? Now, designating the trace and norm of a by! 
and n respectively, we know that a satisfies the equation 


(2) f— +n = 0. 


This is the minimal equation with real coefficients satisfied by a, and hence our 
problem is to find real values c and d so that the left side of (1) is divisible by the 
left side of (2). The latter is the case if and only if the roots of (2) in complex 
numbers are also roots of (1). Since @ is not real, the discriminant of (2) is 
negative, so that the complex roots of this equation can be denoted by the conju- 
gates \ and i. Taking J to be the one with positive imaginary codrdinate, we can 
write 


(3) A = 7™(cos mO + 7 sin mA), 0 < mé <7, 


the m being inserted for convenience. We want to choose ¢ and d so that 


* Ivan Niven, Equations in quaternions, this MontTHLy, Vol. 48, 1941, pp. 694-661, 
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(4) (A+d)"™=r, (A+d)™=.2. 


We can ignore the second of these two equations, it being a consequence of the 
first. Substituting (3) in the first part of (4) and taking mth roots, we obtain 


20k 2a k 
(5) er™(cos m6 + isin m0) +d = r feos (0 +=) + 7 sin (0 + =")\ 
m m 
(k=0,1,---,m—1). 
Taking conjugates of both sides of (5), and subtracting the result from (5), we 
get 


ark 
(6) 2cr™1 sin mO = 277 sin (0 -- =") ; (k = 0,1,---,m-— 1). 
m ‘ 


This can be solved for real c since sin m#+0, because of the inequality in (3). 
Substituting in (5) we obtain 


ark Var k 
(7) = ¥ COS (0+) — ¢ cot mé sin (0+) 
Mm , mM 
(k= 0,1,---,m-— 1). 


We prove now that the mth roots of a obtained above are distinct. If the 
values of c in (6) are all different, clearly the quaternion values ca+d have the 
same property. If two values of ¢ are equal, so that 


2rh / 27k 
sin(4 +") = sin(o +=), h # k, 
m m 


then we can show that the corresponding values of d in (7) are unequal. For 
if they were equal, we would have 


f 3 


27h 20k 
cos (0 + ) = 00s (4 +=), h A k. 
m 


Tv 
m 


Since the angles involved here are unequal and lie between 0 and 27, their sum 
must be 27, that is, 
27h 20k 
6+——+64—— =2r. 
m m 
This ‘simplifies to m0 =2(m—h—k), which contradicts the inequality in equation 
(3). We summarize our results. 


THEOREM 1. Given a quaternion a which ts not real, solve the quadratic equation 
(2) an complex numbers (t and n being the trace and norm of a). Denote the modulus 
and amplitude of the root with positive imaginary part by r™ and m@. Then the m 
distinct mth roots of a are ca+d, where c and d are given by equations (6) and (7), 
the same value of k being used simultaneously in the two equations. 
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Henceforth let-@40 be real. Apart from real mth roots, any quaternion 
mth root of a satisfies a quadratic of the form (2), whose left side divides &"—a. 
Hence we search for real values ¢t and » (these no longer denoting the trace and 
norm of a) so that this divisibility property holds; these values can be con- 
structed as follows. If the real positive mth root of || be r, we may designate a 
by r” cos s7, s being 0 or 1 according as @ is positive or negative. Then the com- 
plex roots of &"—a=0 are 


(sr + 2k) _ . (sa + 2kr) 
——_—_—— +1 sin od 


m m 


(8) r( cos (k= 0,1,--- ,m-—1). 
Ignoring any real values momentarily, we note that a conjugate pair of these are 
roots of (2) provided 

(sr + 2kr) 
os ——————— 


m 


t= 2rc n= Pr, 


Since any non-real quaternion root of (2) must have trace t and norm 2, it must 
have the form 


(sr + 2kr) 
g ~—— 


(9) 7 CO + ytteji+ wy (k = 0,1,---,m-—1), 


where y, 2 and w are any real values satisfying 


, (st + 2kr) 
g2 


m 


(10) y? + 22 + w? = 4? — r? co (k=0,1,°-:,m—1). 

Now among the values (8) there may be one or both of the real values r and 
—r. Note that any such values are also given by (9), since (10) implies that 
y =z=w=0 in this case. Hence all quaternion mth roots of a@ are given by (9). 
There are infinitely many roots unless the right side of (10) is zero for every value 
of k, and this conditions obtains only if s=0 and m=2. 


THEOREM 2. Given any real number a0, let r denote the real positive mth 
root of | oe , and let s be 0 or 1 according as a is positive or negative. Then the mth 
quaternion roots of a are given by (9) with condition (10) tmposed, the same value 
of k being used simultaneously in the two equations. 


DISCUSSIONS AND NOTES 


EDITED BY R. J. WALKER, Cornell University, Ithaca, N. Y. 


The Department of Discussions and Notes in the MONTHLY 1s open to all forms of ac- 
twity in collegiate mathematics, except for specific problems, especially new problems, which 
are reserved for the department of Problems and Solutions. 


A COMMENT ON “DIFFERENTIALS” 


DUNHAM JAcKsON, University of Minnesota 


The note on “Differentials” by Kac and Randolph (this MontTuLy, vol. 49, 
1942, pp. 110-112) stresses the idea that when dy is defined in terms of dx 
the latter is to be regarded as an independent variable. May I suggest that the 
presentation would gain strength, not in its introductory stages but after the 
dust of construction and the smoke of discussion have been cleared away, by 
a summary for permanent reference such as the following, for which I make no 
claim to originality: 

If y is a function of x, in symbols y=f(x), dy is a function of the two variables 
x and dx, represented by the formula dy=f'(x)dx. Graphically dy is the incre- 
ment of the ordinate of the tangent line, if x is given an increment Ax equal to 
dx. If dx is infinitesimal and Ax =dx (and if each of the variables x, y has with 
respect to the other a derivative different from zero), dy differs from Ay by an 
infinitesimal of higher order (than dx or dy or Ay). 

To this is to be added: The use of the differential notation in connection with 
the mutual dependence of three variables, any one of which is a function of 
either of the others (and similarly with a larger number of variables), is justified 
by, and serves to commemorate, the rule for differentiating a function of a func- 
tion. 


DIFFERENTIALS 


ALONZO CHURCH, Princeton University 


1, I am interested in the note of Kac and Randolph in the February number 
of the MonTHLY (pp. 110-112), because I agree with them that the usual defini- 
tion of the differential which they criticize is unsound, and that this unsound- 
ness is within the understanding of the more intelligent beginning student in 
the calculus—or at least that it is sufficiently near the threshold of his under- 
standing so that the definition causes him difficulty (even if he cannot make 
explicit the reason for his difficulty). 

I would urge, however, that the objection which they make to the usual 
definition is not sufficient to reveal an unsoundness in it. In effect their objection 
is that, in the equation | 
dy Ay 
— = lm —-;,; 
ax Azo Ax 
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if dx is identified with Ax, the same variable Ax appears in the equation in two 
different rdles, on the left as a free variable and on the right as a bound variable.* 
But this must not be considered an error. For example, in a context where 7 has 


been defined as 
f 1 ax 
1 V/1 —_ x2 


no one would think of objecting to the equation, 
tan (x + 7) = tan %, | 


on the ground that 7 stands for an expression containing x as a bound variable. 
Likewise, in a context where D.y has been défined as | 


A . 
lim > 


Aro Ax 


) 


there should be no objection to writing an equation which contains Dzy and at 
the same time contains a separate occurrence of Aw as a free variable. 

The modification of Kac and Randolph in the definition of the differential 
must therefore be considered as designed to remove a difficulty for the student, 
rather than as correcting an actual error. Its advantage is that it avoids the 
possible necessity for an added explanation, which would, at least in effect, 
have to reproduce the distinction between free and bound variables. 

2. On the other hand, there is a more serious objection which applies alike 
to the definition of Kac and Randolph and to the more usual definition which 
they wish to replace. 

This objection may be formulated in the following terms. Both definitions 


-agree in defining the differential of the independent variable, say x, by taking dx 


to be a new independent variable—hence it should with equal correctness be 
possible to use a single letter, say z, to represent this new variable. Then the 
differential of a dependent variable, say y, is defined by taking dy to be (Dzy)dx 
—i.e., (Dxy)z. But a survey of the more usual purposes for which differentials 
are employed in the calculus will show that not all of these are adequately 
served by taking dx and dy to be z and (D,zy)z respectively. 

In particular, the use of differentials in connection with integration fails to 
be provided for. Thus /xdx becomes simply fxz, and the whole significance of 
the notion is lost. (What plausibly is the operation { which, applied to the prod- 
uct of two independent variables x and z, yields 4x?+C?)—It should be em- 
phasized that the facility which comes with the use of differentials is more 
marked in the integral calculus than in the differential calculus, and that any 
definition of differentials which fails to account for their use with the sign f 


* A variable is free in a given expression (in which it occurs) if the meaning or value of the 
expression depends upon determination of a value of the variable; in other words, if the expression 
can be considered as representing a function with that variable as argument. In the contrary case 
the variable is called a bound (or apparent, or dummy) variable. 
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has therefore lost more than half their value. Compare, e.g., any one of the fol- 
lowing processes in terms of differentials with the clumsier parallel process which 
regards the notation f{ - - - dx as indivisible and employs only derivatives with- 
out differentials: (1) the integration [x./4x-+ 3 dx by the substitution ¢? = 4x +3, 
using the equation between differentials, dx =4tdt; (2) the solution of the dif- 
ferential equation dy/dx =xy by multiplying both sides by dx/y and then apply- 
ing the operation f to both sides; (3) the discovery by inspection of an integrat- 
ing factor for a differential equation of the first order and first degree in two (or 
more) variables. 

Another aspect of the foregoing objection lies in the point that the same 
notation, dx or dy, is given different meanings according as x is independent or 
dependent variable. This is especially unfortunate because it is often precisely 
one of the advantages in the use of differentials that various variables are sym- 
metrically treated, without arbitrarily singling out one or more of them as the 
independent variable or variables (compare, e.g., the equation ds?=dx?+dy? 
with the corresponding equation for (ds/dx)?, or for (ds/dy))?. 

Sometimes a student will ask why the result, 


dy dy du 
ax 7 du dx. 


cannot be obtained by simple cancellation of du against du, and the more diff- 
cult argument which employs properties of limits thus avoided. On the basis of 
the usual definition of a differential, the reply is to point out that du has dif- 
ferent meanings in its two occurrences; but: this immediately reveals the weak- 
ness of this usual definition. . 

If desired, the objection that the usual definition of a differential does not 
treat the variables symmetrically can be regarded as the fundamental objection. 
The operation { must, of course, be the inverse of the operation d, however the 
latter operation is defined; and if the operation d fails to treat the variables 
symmetrically, the same lack of symmetry must affect the inverse operation. 
The difficulty in connection with integration reduces in part to the point that 
the embarrassment occasioned by the lack of symmetry is more acute in the 
case of the inverse operation. But the matter is further complicated by the way 
in which the usual definition of dy introduces a new independent variable z. 

Unless some solution of these difficulties can be found, it seems that it would 
be preferable to introduce differentials in a frankly inaccurate and heuristic 
manner as small values of the increment or “little bits” of the “variable quan- 
tity” involved, rather than to clothe the idea with the deceptive appearance of 
logical accuracy. 


3. There is a method of introducing differentials whjch suggests itself as a 
possible remedy, but unfortunately it may not be suitable for use in an ele- 
mentary course except by devoting a disproportionate amount of time to the 
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study of parametric equations. The statement of it which follows is at all events 
not intended to be in form for presentation to the student. 

This method is simply to define dx and dy to be D,« and D,y respectively, 
where 7 is an arbitrary parameter.* 

This does not contradict the usual statement that differentials are direction 
numbers of the tangent line. On the contrary it implies that statement. But it 
also adds a supplement to it which is needed to provide for certain ordinary uses 
of differentials. In particular the sign { taken by itself is then naturally under- 
stood to mean integration with respect to Tr. 

The extension of this idea to the differential du of a function u of two in- 
dependent variables x and y is possible but somewhat cumbrous. It would per- 
haps be preferable to interpret equations involving du as relative to an arbitrary 
functional relationship between x and y (z.e., as holding for every such func- 
tional relationship which satisfies appropriate conditions). 

No very convenient method is provided of introducing second differentials, 
or of associating differentials with small values of the increment. In fact it seems 
that, if this definition of differentials is adopted, thé notion of a differential 
should be kept entirely separate from considerations connected with small 
values of the increment. A special notation to represent f’(x)Ax may be un- 
necessary if such a notation is introduced, it should be something like 6,f(x) or 

5.y (the subscript being dropped only it in cases where it is irrelevant which vari- 
able is independent). 


RECENT PUBLICATIONS 


EDITED BY VIRGIL SNYDER, Cornell University 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York, N. Y., and not to any of the 
other editors or officers of the Association. 


REVIEWS 


Mathematics in Agriculture. By R. V. McGee. New York, Prentice- Hall, Inc., 
1942. 9+189 pages. $4.00. 


This text covers many of the topics usually taught in a course in Agricul- 
tural Mathematics. The applications of mathematics to agriculture are illus- 
trated by means of interesting, practical problems but this reviewer wonders 
whether problems of sufficient difficulty are included to challenge the student 
of exceptional ability. 


* There should be no objection from the point of view of rigor to the introduction of an 
arbitrary parameter, as opposed to a particular parameter. It means that, in a more explicit for- 
mulation, function variables (or relation variables) would appear, corresponding to the fixed 
functions (or relations) which would be used in introducing a particular parameter. 
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The material in the first three chapters on operations, percentage and equa- 
tions is of the degree of difficulty usually associated with high school algebra and 
arithmetic. The application of the material on lengths, areas, and volumes is 
evident to the agriculturist. The treatment of ratio and proportion is generous 
but variation is omitted entirely. 

The discussion of the right triangle and trigonometry is reduced to the 
minimum essentials. The treatment of statistics consists of an extensive pres- 
entation of the arithmetic, geometric and harmonic means with applications. 
The term “standard deviation” is defined but very few problems on this topic 
are given. The chapter on graphs is well done and in the opinion of this reviewer 
is the best feature of the text. 

The chapter on special applications of practical measurements contains much 
useful information. The author uses the mixture lever instead of the dairy- 
man’s rectangle in solving mixture problems. The treatment of exponents, 
logarithms, and slide rule is conventional. The inclusion of extensive tables, 23 
pages, for future reference is a very desirable feature. 

Conspicuous by their absence from this text the reviewer notices, for ex- 
ample, variation, progressions; interest and annuities. 

FRED ROBERTSON 


A Manual of Problems in Statistics. By S. Dayton. New York, Henry Holt and 
Company. 163 pages. $.95. 


This work has been designed as a companion volume of problems to the 
customary undergraduate text in economic statistics (such as “Statistical 
Methods,” by Frederick C. Mills). In this purpose, it has succeeded admirably. 
There is a wealth of problems which illustrate clearly the computational ele- 
ments involved in virtually all the statistical methods in common use. The wide 
variety of topics handled include algebraic exercises, graphs, description of the 
frequency distribution, index numbers of prices and physical volume, analysis 
of time series (secular, seasonal and cyclical variation), simple correlation 
(grouped and ungrouped data and time series), multiple correlation, the normal 
curve of error, the Chi-square test, measures of reliability, small samples and 
analysis of variance. Two appendices give tables of problem data and the chief 
statistical tables. The data used in the problems are drawn from significant 
economic material and are presented in tables which are models of good con- 
struction. 

A few more detailed remarks may be made on these technical aspects. Prob- 
lem 2¢ in Section A involves the solution of three simultaneous linear equations; 
these equations are linearly dependent, which may confuse the student. The 
section on graphs, though covering a wide range, omits the Lorenz chart which 
has become prominent in recent years in connection with studies of income dis- 
tribution. On the other hand, inclusion of the logarithmic standard deviation in 
describing frequency distributions and of the analysis of variance test for sea- 
sonal variation means treatment of two topics of importance which are fre- 
quently neglected. 
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However, some caveats may be entered on a more fundamental level. These 
may be illustrated by the problems given for describing frequency distributions, 
which involve calculation of several measures each of central tendency, dis- 
persion and skewness. This disregards the logic of the mathematical theory of 
statistics (as developed by R. A. Fisher, H. Hotelling, J. Neyman and A. Wald), 
according to which these measures are used as estimates of parameters of the 
underlying probability distribution. There can, of course, be only one best 
estimate in each case. This same disregard of the mathematical assumptions 
underlying statistical techniques appears in the section on cyclical variation in 
time series. The essence of the proposed method (which is the standard one in 
statistics texts) is to divide the observed values by the product of the trend 
value and the seasonal index. However, the fitting of a trend by least squares 
involves the assumption that there is no cyclical variation. It might be objected 
that since there are no mathematically valid methods of dealing with cyclical 
variation, the suggested technique is at least a good approximation. Prima facie, 
this is a good argument; but it puts the matter up to practical experience. E. L. 
Frickey (see “The Problem of Secular Trend,” Review of Economic Statistics, 
1934) has shown that the average duration of a cycle as determined by stand- 
ard methods from different trends fitted to pig iron production may range from 
3.6 to 45 years (depending on the trend fitted). This would seem to suggest the 
unreliability of the method. Some attention might be paid to the simpler meth- 
ods used by the National Bureau of Economic Research (see W. C. Mitchell and 
A. F. Burns, “The National-Bureau’s Measures of Cyclical Behavior,” Bulletin 
57 of the Bureau), which seem to have definite advantages over the standard 
method suggested by Mr. Dayton. 

Two minor points may be disposed of before closing. In discussing correla- 
tion, use of the standard error of the correlation coefficient is suggested (Section 
J, problem 4), although the size of the sample is only 18; further, in using the 
formula to test the significance, the calculated value is substituted for 7, in- 
stead of the theoretical value. In discussing the analysis of variance, the 
method is introduced (as is customary) by a comparison of two variances. The 
method of treating this problem (making the larger variance always the numer- 
ator in the variance ratio) amounts to using a 10 percent.level of significance 
instead of the 5 percent level which is intended. 

These remarks must not be interpreted to deny the great contribution this 
manual can make to the instruction of a statistics class. Most of the observa- 
tions made on the relation of the material to the fundamental mathematical 
assumption are directed more against possible abuses by instructors than against 
the work itself. As a matter of fact, the sections dealing with measures of re- 
liability, small samples and analysis of variance play close attention to the 
underlying statistical theory; and many recent developments have been in- 
corporated in these sections. In fine, Mr. Dayton’s work can be recommended as 
an invaluable aid in the teaching of elementary economic statistics. 

KENNETH J. ARROW 
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Essentials of Trigonometry with Applications. By D. R. Curtiss and E. J. Moul- 
ton. New York and Boston, D. C. Heath and Company, 1942. 8+174+94 
pages. $2.25. 


The first five chapters of this book are identical with the corresponding 
chapters of the authors’ Brief Course in Trigonometry, except for minor re- 
vision (Reviewed in this MONTHLY, vol. 47, page 560, 1940). The chapters on 
logarithms and on the solutions of plane triangles are well written. The former 
is commendably brief, without the sacrifice of any essential feature. The section 
on co-logarithms is starred for possible omission. In the chapter on the solutions 
of plane triangles the laws of sines and of cosines are proved without the use of 
projections. 

In the part on spherical trigonometry, the right-angle triangle is first dis- 
cussed, with emphasis on Napier’s Rules. Again the laws of sines and of cosines 
are established without the use of projection. Napier’s Analogies are then 
obtained as consequences of these. The applications include plane surveying, 
problems in artillery, plane sailing, including use of’the unit mil in angular 
measurement. In spherical trigonometric applications, plane sailing, great circle 
sailing, determination of time of sunrise and sunset, and of positions on the 
Earth’s surface, of azimuth and hour angle are included. 

The tables are Heath’s Logarithmic and Trigonometric Tables, prepared by 
Professor E. J. Oglesby. They include four-place tables of squares, trigono- 
metric tables, radians, and logarithms of numbers. Then follow five-place tables 
of small angles, trigonometric functions, common and natural logarithms of 
numbers, and a selection of constants and their logarithms. 

The printing and press-work are excellent. 

VIRGIL SNYDER 


The Principles of Financial and Statistical Mathematics. By Maximillian Philip. 
Revised Edition. New York, Prentice-Hall, Inc., 1941, 16-+335 pages. $3.50. 


This book is divided into three parts, Basic Mathematics, Financial Mathe- 
matics, and Statistical Methods. The first division contains material which the 
author believes is essential to students of financial and statistical mathematics. 
Many teachers will consider that most of the material in this part is too ele- 
mentary for students who are mature enough for these subjects. The well pre- 
sented topics on interest and logarithms are essential. The material pertaining 
to progressions, binomial theorem and approximate calculations should have 
been placed in this section of the text. 

The second part contains subject matter usually presented in text books on 
financial mathematics, together with a short chapter on life insurance. Newton’s 
method of interpolation, continuous decrease and increase and depreciation are 
well presented. The three methods of evaluating the price to be paid for a bond 
are of much interest and should prove helpful to the reader. Students who need 
the knowledge of the mathematics in most of Part I before proceeding to the 
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second and third parts will find it extremely difficult to follow what is presented 
about logarithmic series, the base of natural logarithms and continuous increase 
and decrease; others should appreciate these ideas. 

The problems in this part should help one to apply the methods presented 
and should furnish the teacher with adequate material for assignments. 

The last part contains subject matter pertaining to statistics. The presenta- 
tions of the normal curve from a ratio and the straight line in relation to dif- 
ferent kinds of plotting paper are good. The development of the method of 
least squares by minimizing a quadratic expression will enable those who have 
not studied the calculus to understand and appreciate this method. Very little 
use 1s made of probability as applied to statistical problems. Many important 
topics which should be introduced in a beginning course in statistics are omitted. 
There is a shortage of good problems in this part. Little space has been given 
to interpretations of results. It is a mistake to omit ideas concerning sampling 
theory from any test on statistics. 

The tables which accompany this book contain square and cube roots, com- 
mon and natural logarithms, (1-+2)", (1+2)-", Sai, Gai, 1+daiz, 1+ Sai, 
(1-+2)/?, log (1-42), bond table, e?, e~*, life expectation, mortality table, net and 
gross annual premiums, ordinate and areas for the normal curve, log (”!). These 


tables are well arranged, and are very easy to read. 
W. D. BATEN 


A Mathematician’s Apology. By G. H. Hardy. Cambridge, The University 
Press; New York, The Macmillan Company, 1940. 7+93 pages. $1.00. 


Here is a little book every mathematician should have in his circulating 
library. This book should be read and then loaned; first, to every young person 
with mathematical leaning, then to non-mathematicians, and finally to any 
mathematician who inadvertently has failed to buy a copy. 

The young mathematician will learn, probably to his surprise, that his very 
youth with its freshness and lack of restraint, is a much greater asset in his 
chosen field than the greater knowledge and experience that he hopes to ac- 
cumulate over the years to come. He should realize after reading this book how 
important it is for him to pour what he has into an all out effort at the very be- 
ginning of his carrer. At that time, according to Hardy, he is more likely to win 
fame and place (but not fortune) for himself than at any later date. An old 
mathematician, as an old tennis player, may be a fairly young man. 

A non-mathematician may be well repaid for two of his hours spent with 
this book, but he would profit relatively more if he invested five or six. Even the 
person capable of the remark “Who cares if there is an infinity of prime 
numbers?” may feel a sense of satisfaction after Hardy has led him to this 
trough and made him drink. Of course the non-mathematician will puzzle over 
the sentence “Real mathematics has no effect on war,” but it will be good for 
his soul to be jarred from his notion that school mathematics is the ultimate in 
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mathematics. He will, of course, not see what lies beyond but must realize that 
there is something to be seen. 

A mathematician needs no apology for mathematics, but he can read this 
book and after every section feel a deep sense of gratitude to one of his greatest 
contemporaries for putting the cause so clearly and with such force. He may 
not have had the nerve to say for himself, but he will be moved when he reads 
“and there are probably more people really interested in mathematics than in 
music.” 

It is not to be expected that all mathematicians will agree with Hardy on 
every point. There may, for example, be mathematicians who object to Hardy’s 
use of the term “trivial mathematics,” and certainly there are “real mathe- 
maticians” who would not feel they were criticizing the bible if they threw a little 
mud at some “real mathematics.” 

This book is not only about mathematics, it is about ideals, art, beauty, im- 
portance, significance, seriousness, generality, depth, young men, old men and 
G. H. Hardy. It is a book to be read, thought about, talked about, criticized, 


and read again. 
J. F. RANDOLPH 


The College Placement Algebra Workbook; Defense Mathematics. By A. E. Ful- 
ton. Marietta, Georgia, Kennesaw Publishing Co., 1942. 112 pages. $.75. 


This little book is a series of tests of from four to some twenty exercises, on 
perforated sheets to be removed as used. Preceding each test is a short sum- 
mary of the processes to be employed, largely reducing it to a mechanical pro- 
cedure. These begin with the most elementary processes of simplification, addi- 
tion, subtraction, multiplication, division, and factoring. The statements are 
given without proofs or motivation. When a new symbol is introduced, the 
practice is confusing, for example, radicals, p. 27. The introduction of imagi- 
naries is at least naive. These and graphs are so brief as to be really harmful. The 
same statement applies to a solution of a system of simultaneous linear equa- 
tions, p. 39. . 

To this early list of tests is added a considerable selection. from actual 
examination papers given at the Naval Academy, without the summary of the 
processes involved. 

In addition to the incorrect and confusing statements made throughout the 
book, there is also a persistent suggestion of the advertising purpose of the 
course. This is probably not more objectionable than in many other cases, but 
is a lamentable tendency under the present circumstances. 

On the whole the above remarks are applicable to a considerable literature 
on short cuts in mathematical teaching. They are not the opinions of one 
teacher, but the result of a consensus of opinions of a considerable number of 


teachers. 
VIRGIL SNYDER 
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NEW BOOKS RECEIVED 


Essentials of Trigonometry with Applications. By D. R. Curtiss and E. J. 
Moulton. New York and Boston, D. C. Heath and Company, 1942. 8+174+94 
(Tables) pages. $2.25. 

Mathematics in Agriculture. By R. V. McGee. New York, Prentice-Hall, Inc., 
1941. 9+189 pages. $4.00. 

Tables of the Moment of Inertia and Section Modulus of Ordinary Angle, 
Channels and Bulb Angle with Certain Plate Combinations. New York, Work 
Projects Administration, 1941. 13+197 pages. $1.25. 

Intermediate Algebra for College Students. By T. S. Peterson. New York and 
London, Harper and Brothers, 1942. 8+358 pages. $1.85. 

Technidata Hand Book: By E. L. Page (Essential Data on Mathematics, 
Physics, Chemistry, Engineering, Mechanics. For Engineers, Designers, Chem- 
ists, Mechanics and Technical Students.) New York, Norman W. Henley Pub- 
lishing Company, 1942. 64 pages. $1.00. 

Exploring Numbers. By H. G. Campbell and F. L. Wren. New York, D. C. 
Heath and Company, 1942..7+264 pages. $0.80. 

Number Activities. By H. G. Campbell and F..L. Wren. New York, D. C. 
Heath and Company, 1942. 7+247 pages. $0.80. 

Number Experiences. By H. G. Campbell and F. L. Wren. New York, D. C. 
Heath and Company, 1942. 7+248 pages. $0.80. 

Discovering Numbers, by H. G. Campbell and F. L. Wren. New York, D. C. 
Heath and Company, 1942. 7+280 pages. $0.80. 

Supplement to Pandtagonal Magic Squares of Prime Order. By A. L. Candy. 
Lincoln, Nebraska, A. L. Candy, 1942. 1+30 pages. 

The College Placement Algebra Workbook; Defense Mathematics. By A. E. 
Fulton. Marietta, Georgia, Kennesaw Publishing Company, 1942. 112 pages. 
$.75. 

Operational Methods in Applied Mathematics. By H. S. Carslaw and J. C. 
Jaeger, Oxford, University Press, 1941. 16-+264 pages. $5.00. 

Mathematics in Daily Use. By W. W. Hart, C. Gregory and V. Schult. 
Boston, D. C. Heath and Company, 1942. 8+376 pages. $1.32. 

Portraits of Famous Physicists with Biographical Accounts. By H. Crew. 
New York, Scripta Mathematica, 1942. 12 Portraits. 

Calculus. By A. L. Nelson, K. W. Folley, and W. M. Borgman, Boston, D. C. 
Heath and Co., 1942. 10+356 pages. $2.75. 


CLUBS AND ALLIED ACTIVITIES 


EDITED By E. H. C. HILDEBRANDT AND J. S. FRAME 


Send reports of all activities, such as club reports, special features, topics with references, 


student papers, and other material of interest to J. S. Frame, Brown University, Providence, 
RI. 


THE FILM—A TRIPLE INTEGRAL 
E, A. WHITMAN, Carnegie Institute of Technology 


In a recent leaflet entitled Library of the American Mathematical Soctety, 
Professor R. C. Archibald, the Society’s long time, enthusiastic, and efficient 
Librarian said “In the near future films are sure to become very important 
library adjuncts.” Already there are extensive film libraries on many subjects 
but the number of films on mathematics is distinctly limited. As the National 
Council of Teachers of Mathematics program on Visual Aids at the recent 
mathematics meetings at Bethlehem, Pennsylvania, revealed several new films, 
we may suspect that a considerable number of teachers of mathematics are 
considering the possibilities of films. Yet the experiences of these are seldom find- 
ing their way into print. The belief that an exchange of experiences with films 
might be desirable leads this writer to describe briefly the production of the film 
A Triple Integral. In addition, the showing of this film at our recent Christmas 
meetings was followed by inquiries which seemed to indicate interest in the 
details of its production. | 

This film resulted from an experiment in the use of the animated picture idea 
as an aid in class room teaching. There has been no attempt to include any 
motivating effects. Triple integration is one topic where it seems that the process 
could especially well be illustrated by a large number of drawings, too many for 
the teacher to make before a class. For example, suppose a solid has been shown 
on the blackboard and the element of volume selected, say a rectangular paral- 
lelepiped with edges Ax, Ay, and Az. Now the question arises as to what happens 
if other solids like our chosen element of volume are piled one on top of another 
to form a column parallel to the z-axis. Thus far the work can be shown by draw- 
ings on the blackboard or even better yet by supplementing the drawings by use 
of a model. But the calculus requires the limit of the sum of the elements of 
volume as Ag approaches zero, Ax and Ay remaining constant. The number of 
elements of volume is increasing and the height of the column is changing. Here 
the large number of drawings required to sketch the process makes the task too 
long for the class room even for those teachers who can do a good job of sketch- 
ing. Here it would seem that the animated picture might well be used to show 
the process. When the columns are to be summed to form a slice and the limit 
of this sum is considered, the figures become increasingly complex. At the third 
integration when the slices are summed the situation is still more complicated. 
Yet all the figures can be shown in a very short time by the use of a film. 
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In making the film A Triple Integral about five hundred twenty drawings 
and some forty titles were used. These drawings represented only about one fourth 
of the drawings made since in developing this topic the process was necessarily one 
of trial with no previous film to give guidance. The drawings were made by stu- 
dents as a part of a National Youth Administration project and required some 
six hundred student hours. The work however has been good training both in 
learning something of the meaning of precision in drawing as well as in prepara- 
tion for the calculus. The photography in this the fourth trial took some twenty 
hours. The drawings were made on thin vellum paper instead of the celluloid 
sheets used commercially. The latter are said to require greater technical skill in 
drawing. The photography was accomplished by placing the drawings and titles 
on opal glass with light beneath and camera above. Our camera could take single 
exposures as well as run continuously. It did not have a rewind feature so it 
was not possible to make those easy changes between successive titles or be- 
tween the greater changes in the development of the story. The animation was 
accomplished by placing different drawings over various constant backgrounds 
but the character of the film seemed to require much slower animation than 
commercial movies. The showing time for titles required some experimentation. 
The common rules for titles anticipate only the needs of very juvenile minds. 

The technical difficulties in accomplishing animation are a real stumbling 
block in this type of work, at least so our experience goes. Our paper drawings 
would stretch. Our system of indicating where the drawings were to be placed 
with reference to their backgrounds was not sufficiently accurate to prevent un- 
desirable internal motions. Even this fourth attempt at filming has produced 
something that one shows only with hesitation. It would seem to be an ideal 
situation if the mathematician could do the development work and the final set 
of drawings and the photography could be done in some studio that was equipped 
and manned for such work. After all our mathematics text books owe much to 
the art of the printer. Might we not expect then that fine or even acceptable 
films might require the skill and art of the movie studio? 

Such studio production would seem to need either a wealthy patron or an 
interested sponsor. Sometime the question of sponsoring films will likely come 
before our mathematics organizations. Then there is also the possibility that 
some manufacturer may sponsor some films in order to increase the need for 
equipment in somewhat the same way that manufacturers of radio receiving sets 
have sponsored radio broadcasts. Studio production would make films generally 
available, and only under such conditions of availability ean films have wide 
enough circulation to take them out of the hobby class. 

Meanwhile it may be desirable to promote the exchange of experiences be- 
tween those interested in trying to produce films in the field of mathematics. 
To this end the film A Triple Integral will be gladly sent to any one interested 
in it. To those who have inquired about having it generally available, the only 
reply at present is that this must await future developments. 
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CLUB REPORTS, 1941-1942 
Pi Mu Epsilon, Uniwersity of Oklahoma 


Expanding horizons was the topic of Dr. J. O. Hassler and Balfour Whitney at the first meet- 
ing of the chapter held at the university observatory. Other programs were devoted to a discussion 
of Arabic mathematics, yesterday and today by Richard Dulaney who spent two years in Arabia with 
an engineering company, and to Elementary groups by Stuart Lee. The annual mathematics con- 
test sponsored by the society was won by Abdurrahman Durakel who had been sent to study at the 
university by the Turkish government. Mr. Durakel was presented with Courant’s Differential and 
Integral Calculus. Professor O. H. Hamilton of Oklahoma Agricultural and Mechanical College 
was guest speaker at the banquet and initiation and spoke on Mathematics as an avocation, Part of 
the entertainment at the banquet was furnished by problems and puzzles which appeared on the 
printed program. Officers were: Director, Harold Huneke; Vice-Director, Stuart Lee; Secretary, 
Marian Wright; Treasurer, Phyllis Barclay; Sponsor, Dr. Dora McFarland. 


Delta Zero Mathematics Club, Mississippi Delta State Teachers College 


This club was organized in September 1940 under the sponsorship of Dr. J. A. Ward. A con- 
stitution with by-laws was composed and approved. Topics for programs held during the year 
were: The use of matrices in secret codes; Five solutions of an equatton— Factoring, completing the 
square, formula, geometric drawing and slide rule; Famous men tn mathematics—Newton, Archimedes, 
Pythagoras; Interesting facts about fourth dimensional cubes (with models); Three ways of trisecting 
angles; Three ways to take the square root; Speed and force of a bullet shot from different angles; Aero- 
nautical movies, showing the connection between mathematics and aviation. Officers were: Presi- 
dent, William MacDonald; Vice-President, Christine Douglas; Secretary-Treasurer, Connie Scott; 
Reporter, Ranny Williams. 


Pi Mu Epsilon, Oregon State College 


Subjects and speakers at the six meetings held during the year were: Works of Gauss by Dr. 
Henri Scheffe, Duo-decimal system by Jean King, Graphical solutions of equations by Karl Stein- 
brugge, Cantor's theory of trans-finite numbers by Dr. Andrew Sobczyk, The tsograph by Calvin 
Gross, Numerical solution of a pursuit problem by Robert Beagles, Heaviside’s unit function by 
Helen Murdock, The mathematical relationships of the frequencies of musical tones tn scales and 
chords by Eugene Grant. The chapter awards a scholarship annually to a student registered in 
mathematics and also a yearly prize in mathematics to the Willamette Valley Science Conference. 
Director, Eugene Grant; Vice-Director, J. Peterson; Secretary, Annabelle Berg; Treasurer, Pro- 
fessor G. A. Williams. 


Mathematics Club, Women’s College, University of Delaware 


The first meeting was devoted to a discussion of the development of the old Greek curves of 
double motion. Topics and speakers at later meetings were: Applications of mathematics to astron- 
omy by Professor R. W. Jones, Mathematical Logic by Ann Hamilton, Types of proof of the Pythag- 
orean theorem with illustrations by Dr. G. H. Wilson of the Department of Physics. At the annual 
banquet Dr. C. J. Rees discussed five equivalent definitions of the sine function. President, Grace 
Shockley; Vice-President, Katherine Mitchell; Secretary-Treasurer, Alice Ward; Faculty Adviser, 
Edith A. McDougle. 


Mathematics Club, Brown Unwwersity 


This club held its usual series of six monthly meetings from November to April. These were 
planned in advance and announced on a printed program. Undergraduate speakers at four of the 
meetings included Ellen Swanson on Coincidences and probability, Harvey Spear on Election by pro- 
portional representation, Donald Hall on One sided surfaces, Albert Acorn on The bridges of Koenigs- 
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berg, Tamara Bachman on Curtosities in numbers, Paul Tamarkin on Minimal surfaces and soap 
films, Arthur Long on Euler Phi-function and Herbert Maass, Jr. on Mathematics in aeronautics. 
Faculty speakers included Professor J. A. Clarkson of the University of Pennsylvania who spoke 
on Curves of constant width, and Professor J. S. Frame who demonstrated and discussed Stencils for 
detecting primes. Each year a picture is taken of the club and added to a collection of such pictures 
which date, with a few interruptions, back to the founding of the club in 1915. 


Pi Mu Epsilon, University of Missourt 


Activities for the year included five program meetings, a picnic, social meeting in which mathe- 
matical tricks and puzzles were the source of the evening’s entertainment, and an initiation banquet 
at which 26 new members were admitted. Topics discussed were: Dimenstonality—three and other- 
wise by Dr. Herman Betz, Some applications of statics to geometry by L. M. Kelly, Mechanical de- 
scription of curves by Olen Nance, Hyperbolic functions by Dr. B. E. Gillam, Elementary concepts 
from number theory by W. E. Ferguson. Director, D. F. Abell; Vice-Director, G. E. Brown; Cor- 
responding Secretary Dr. L. M. Blumenthal; Treasurer, Dr. B. E. Gillam. 


Mathematics Club, University of Cincinnatt 


Articles from the MONTHLY were used for discussion at several of the meetings. Soap films and 
minimal surfaces were discussed by Adolph Goodman and Ruth O’Donnell. Wine carrying and river 
crossing in a general case was the topic of Robert Buck. Other titles were: Pigs is pigs—a discussion 
of three standard problems of the Diophantine type by Everett Yowell, Polynomials simultaneously 
orthogonal on two or more circles by Stanley Lawwill, The number theory of quaternions by Earl 
Swafford, Regular polyhedra by Robert Buck, Symmetry by Keyser Kunz, Measurement in educa- 
tion by Harvey Weitkamp, The un-necessity of the ruler by Ruth O’Donnell, Elementary functional 
equations by W. E. Restmeyer. President, Adolph Goodman; Vice-President, Robert Buck; Secre- 
tary-Treasurer, Mary Connor. 


Mathematics Club, Hunter College of the City of New York 


During the week set aside for dedication ceremonies for the new Hunter College Building, the 
club sponsored a Bureau of Vital Statistics. They showed pictorially the various data on the new 
building, the students and activities pursued. Programs included the following papers: Alternating 
current developed by means of complex numbers by Frieda Axelrod, Invariants in the analytic geom- 
elry by Professor C. C. MacDuffee, P-adic numbers by Shirley Orlinoff, Transformations by Pro- 
fessor Jewell Hughes Bushey, Mathematical tricks, puzzles, and fallacies by Dora Feldman, Darken- 
ing at the lamb of the sun by Tecla Combariati, Propositional functions by Louise Miller, Under- 
graduate mathematical publications by Professor Lao G. Simons. President, Tecla Combariati; 
Vice-President, Charlotte Gertler; Secretary, Phyllis Monderer; Treasurer, Hortense Schindler; 
Faculty Adviser, Dr. L. A. Aroian. 


Harvard Mathematical Club, Harvard University 


Speakers and their topics for the year included: The princtple of sufficient reason by Professor 
G. D. Birkhoff, Introduction to the prime number theorem by the Rev. R. E. O’Connor, Parallelism, 
geodesics and related topics by Caro Lippman, Milne’s kinematical relativity by John Breakwell, Some 
curious properties of numbers by Dr. A. Whiteman, Transfinite arithmetic by Professor Garrett 
Birkhoff, The elusive Pliicker characters by Professor Oscar Zariski, The Fibonacct sequence by E. C. 
Gras, Radix and number systems by G. F. Forbes, Some questions in analysts by H. Pollard, An 
elementary fixed point theorem by Professor Alfred Tarski, Bertrand’s postulate by C. Price, Some 
paradoxes in measure theory, by J. Eisenstein, Is tt worthwhile to study mathematics? by Professor 
George Sarton. Radcliffe College students are admitted as associate members of the club. Presi- 
dent, E. C. Gras; Vice-President, Murray Lampert; Secretary, Julian Eisenstein; Treasurer, 
Alfred Putnam; Faculty Adviser, Professor D. V. Widder. 
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Pi Mu Epsilon, Columbia University 


At the beginning of the year, the committee on reorganization which had been elected at the 
close of the previous year, sent out letters to a select group of students. Replies were received from 
over twenty five and seventeen of these were ultimately inducted into the society during the year. 
Bi-weekly meetings were held at which the following subjects were presented: The mathematical 
theory of gases by Professor L. P. Siceloff, Mathematics and semantics by Leon Henkin, Contour in- 
tegratton by Lawrence Annenberg, Dimensions by Professor P. H. Smith, Tschirnhaus transforma- 
tions by Richard Brown, The summation of series by Bernard Gelbaum, Transfinite numbers by 
Kenneth Miller, Mathematics and economics by Harry Schwartz, Hyperbolic geometry by Dr. W. 
Strodt. Additional meetings were also devoted to the solution cf problems and preparation for the 
Putnam and the Metropolitan New York Pi Mu Epsilon contest. Director, Leon Henkin; Secre- 
tary-Treasurer, Ulrich Strauss; Faculty Adviser, Professor L. P. Siceloff. 


Mathematics Club, The University of Kansas 


Semi-monthly meetings were held throughout the year. Printed programs were issued at the 
beginning of the year and papers were presented as follows: The foundations of mathematics by 
Bruce Crabtree, Numbers by Kenneth Barnett, The first quadrature of a curvilinear surface by 
Clark Moots, Descartes and the invention of analytic geometry by Arthur Ames, Some famous prob- 
lems of modern mathematics by Professor G. B. Price, Newton, Letbnitz and the inveniion of the 
calculus by John Tweed, Limits by Merle DeMoss, The theory of numbers by Calvin Foreman, 
Probability by L. R. Shobe, A problem in biophysics by Wellesley Dodds, Non-Euclidean geometry 
by Ralph Burson, The Lorentz transformation by Arthur Peters, Iteration method of solving equa- 
ttons by Professor H. E. Jordon, Generalized electrical equations and the M.K.S. system by Professor 
Hessler. President, Bruce Crabtree; Vice President, Merle DeMoss; Secretary-Treasurer, Kenneth 
Barnett; Faculty Adviser, Professor G. B. Price. 


Mathematics Club, University of Rochester 


This club was reorganized early in the year after a lapse of several years. A quiz program in 
the nature of an Information Please contest was conducted at a mid-year meeting. Papers presented 
at the remaining meetings included: The flow of heat and the application of Fourier analysis by David 
Van Horne, Quadratic Diophantine equations by Robert Mann, Linear Diophantine equations—the 
problem of the monkey and cocoanuts—and similar problems by Helen Nyquist, Nomograms and their 
uses by George Monroe, The Minkowski geometry of numbers by David Falkoff. President, Robert 
Mann; Secretary-Treasurer, Catherine Reid. 


Pi Mu Epsilon, University of Arkansas 


During the year, this chapter held seven regular meetings, two picnics and two initiation 
banquets. At the latter, twenty six new members were admitted to the organization. Papers were 
given as follows: Gambling by Howard Head, Proof that the proverbial ‘‘dog did catch the rabbit” 
by Robert Morse, Apportionment of representatives in Congress by Landon Brown. A mathematics 
contest was held at one of the banquets. President, John Turner; Vice President, Bobbie Alfrey; 
Secretary, Robert Hobson; Treasurer, Harry Clayton; Faculty Adviser, Dr. V. W. Adkisson. 


Mathematics Club, Wayne Uniwersity 


At the semi-monthly meetings held during the year the following papers were discussed: 
Configuration symbols in plane projective geometry by Jack Swartz, The use of latent squares in find- 
ing regression lines by Clifford Simms, The theorem: If any odd perfect number exists, it must have at 
least six prime factors by Robert Coveyeau, Trisection of angles by various means by Jack Swartz, 
The simplification of the equation of the conic by Eva Rossman. President, Jack Swartz: Vice-Presi- 
dent, Rollin Woodward; Secretary, Betty Pickering; Faculty Adviser, Dr. D. C. Morrow. 
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EDITED BY OTTO DUNKEL, ORRIN FRINK, JR., AND H. S. M. COXETER 


ELEMENTARY PROBLEMS 


Send communications concerning Elementary Problems and Solutions io H. S. M. 
Coxeter, 69 Chaplin Crescent, Toronto, Canada. 

The department of Elementary Problems welcomes problems believed to be new, 
and demanding no tools beyond those ordinarily furnished in the first two years of college 
mathematics. To facilitate their consideration, solutions should be submitted on separate, 
signed sheets, within three months after publication of problems. 


\ 
PROBLEMS FOR SOLUTION 


E 526. Proposed by R. C. Yates, Louisiana State University 


Find the locus of P if the angles formed by the tangents from P to two fixed 
circles are equal. 


E 527. Proposed by V. Thébault, San Sebastién, Spain 


Show that the sum of the radii of the circles Cy, C2, C3 of E 457 [1941, 637] 
is equal to the diameter of the incircle, and that the sum of the radii of the 
three analogous circles whose centers are exterior to the segments A;J is three 
times as great. 


E 528. Proposed by R. A. Rosenbaum, Reed College 
Prove and generalize the identity 


1\* 
lim (1 + —) eo = eA hl2, 
k- © k 


E 529. Proposed by J. Rosenbaum, Bloomfield, Conn. 
Construct an irregular hexagon which shall be both inscriptible and circum- 
scriptible. 


E 530. Proposed by P. D. Thomas, Southeastern State College, Okla. 


Is there a sphere orthogonal to the six radical spheres determined by four 
given spheres whose centers are not coplanar? (The radical sphere of two spheres 
is the locus of a point whose two powers have zero sum.) 


SOLUTIONS 
The 7th Root of —1 
E 491 [1941, 635]. Proposed ‘by E. T. Frankel, Albany, N. Y. 


Prove that VV { 1 = 234, approximately. 

Solution by I. Opatowski, University of Minnesota 

The ith root of the complex number 2=e* = e+)? js e't2kt where k is an 
arbitrary integer. When z= —1, this becomes 
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‘(oe 


Since e™ = 23.14069 - - - , the value sought by the proposer is that corresponding 
to k=0. 

Also solved by R. K. Allen, Aaron Bakst, W. B. Brown, R. E. Crane, -Wil- 
liam Douglas, Thor Eriksson, Howard Eves, Edward Fleisher, G. S. Heller, 
J. F. Kenney, C. N. Mills, C. C. Oursler, P. W. A. Raine, W. L. Roberts, 
E. P. Starke, Alan Wayne, and the proposer. 


Four- and Six-digit Squares 
E 492 [1941, 635]. Proposed by V. Thébault, San Sebastian, Spain 
Find a four-digit square which remains a square when two zeros are inter- 
calated between the thousands digit and the hundreds digit. 
Solution by Alan Wayne, Rhodes School, New York 
From Barlow’s Tables, there are only seven 6-digit squares whose second and 
third digits are zeros. These lead at once to two 4-digit squares satisfying the 


conditions, namely 
2704 = 52? (200704 = 4487), 


7569 = 87? (700569 = 8377). 


Also solved by W. E. Buker, M. L. Constable, Thor Eriksson, Evelyn Hessel- 
tine, E. P. Starke, and the proposer. (The larger solution alone was found by 
D. H. Browne and William Douglas.) 


A Tetrahedron and Four Spheres 


E 492 [1941, 635]. Proposed by N. A. Court, University of Oklahoma 


Given a tetrahedron ABCD and a point M, prove that the tangent planes, 
at M, to the four spheres MBCD, MCDA, MDAB, MABC, meet the respective 
faces BCD, CDA, DAB, ABC in four coplanar lines. 

Solution by Howard Eves, Allen Academy, Bryan, Texas 

Given a tetrahedron ABCD and a point M, we can easily prove that the 
planes through WM, parallel to the faces BCD, CDA, DAB, ABC, meet the re- 
spective spheres MBCD, MCDA, MDAB, MABC in four cospherical circles. 
For the perpendiculars to the four circles, at their centers, coincide with the 
perpendiculars to the faces BCD, CDA, DAB, ABC at their circumcenters. 
Since these concur (at the circumcenter of the tetrahedron), it follows that the 
four circles (through M) are cospherical. 

The desired theorem can be derived from this by inversion, with center M. 

Also solved by the proposer. 


A Diophantine Equation 
E 494 [1941, 635]. Proposed by Henry Scheffé, Reed College 


Show that, for every positive integer NV, the equation 


x? + y+ 2xny — 34 -—-yt2=2N 
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has a unique solution in positive integers x, y. Give a method for finding it, 
without successive trials. Generalize the problem to m unknowns x1, x2, - + + , Xn, 
satisfying 

F (x1, %2,°°* , %m) = 2°71 N, 


where F is a special polynomial of degree a= 2", with integral coefficients. 
Solution by W. B. Carver, Cornell. University 
The equation 


(1) ee t+ y+ wy —3x-yt2=2N 


may be written as (;)+y=N, where t=x+y—1. Hence all its solutions in 
integers are given by 


i+ 1 f 
(2) += ( )-w+1 y=v-()), 


where ¢ is an arbitrary integer. If now we require that x and y be postive inte- 


gers, we must have 
t i+1 
2 2 


For a given positive integer JN, this defines a unique positive integer ¢, namely the 
greatest ¢ for which (§)<N. Substituting this in (2), we have the unique solu- 
tion of (1) in positive integers. 

To generalize the problem, we define a function of » variables by the recur- 
rence formula 


(3) fila, my x1) = f(fi-1(%1, m8 fy X41); xi) (4 = 3, 4, se ,n), 


where f(x, y) =falx, y) = 9(x? +9? +2xy — 3x —y+2). 
It is readily seen that the function 


(4) F(x, sty Xn) = 2° (41, my Xn) 


is a polynomial of degree a = 2”— with integral coefficients. Writing the diophan- 
tine equation 


(5) F(21,-**, %) = 2° N 


as 
SPn—-1(41,.° °° 5 %n-1), %n) = N, 


we see that it is satisfied by unique positive integral values of f,-1 and x,, say 
fn—1(%1, °°» Xn1) =N, and x, =C,. We now wish to find x, - - - , %n-1 to satisfy: 
fn—1 = Mi, or 


— Sf Sn—2) %n-1) = Ni; 


and we know that this has a unique solution, say fr_2= Nez and %n-1=Cr-1. It is 
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clear that this process continues until we have values for xn, %n1, °° * , 3, and 
want values of x; and x2 to satisfy 


folx1, 2) = Nye, 
which is the equation (1) itself. Hence equation (5) gives the required generaliza- 
tion, F being the polynomial defined by (3) and (4). 
Putting 2 =3, we find that the equation 
(x + y)* — 6x3 — 14x2y — 10xy? — 2y® + 42(x% + yy)? 

+ 742 — y? + 2xny 4+ 42? — 1242 — 4yz + 6% + 2y + 42 = 8N 
has, for any positive integer N, one and only one solution for x, y, z in positive 
integers. 

Also solved by G. B. Huff and the proposer. 
Barycentric Codrdinates 


E 495 [1941, 635]. Proposed by Daniel Arany, Budapest, Hungary 


If x, y, g are the barycentric codrdinates of a point Q with respect to a tri- 
angle ABC, show that, for any point P in the same plane, 


~A P? + yBP? + 2CP? = xAQ? + yBQ? + 2CQ? + (a + y + 2) PQ”. 
Solution by Howard Eves, Allen Academy, Bryan, Texas 
Let A’, B’, C’ be the projections of A, B, C on the line QP, and let k be the 
line through Q perpendicular to QP. Then we have | 
AP? = AQ? + PQ? ~— 20P-0A’, 
BP? = BO? + PQ? — 20P-OB’, 
CP? = COQ? + PO? — 20P-0C’. 
Multiplying these equations by x, y, 2, respectively, and adding, we have 
> (wd P?) = DY (wAQ?) + D1 x PQ? — 20P- Dd, (#04’) 
= D0 («AQ?) + Dy xPQ? — 20P- 2) (xa), 
where a is the distance from k to A, etc. But, from a fundamental property of 
barycentric codrdinates, we know that >| (xa) =0. Hence the theorem. 
(This is easily generalized to any system of points A, B, C,--- and their 
mean center Q for multiples x, y, 2,---. See, e.g., art. 55 in McClelland’s 


Geometry of the Circle.) 
Also solved by the proposer. 
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ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, Wash- 
ington University, St. Louis, Mo. All manuscripts should be typewritten, with double spacing 
and with margins at least one inch wide. 

Problems containing results believed to be new or extensions of old results are es- 
pecially sought. The editorial work would be greatly facilitated, if, on sending in prob- 
lems, proposers would also enclose any solutions or information that will assist the editors 
in checking the statements. In general, problems in well known text-books or results found 
in readily accessible sources will not be proposed as problems for solution in this depart- 
ment. In-so far as possible, however, the editors will be glad to assist members of the Asso- 
ciation in the solution of such problems. 


PROBLEMS FOR SOLUTION 
4040. Proposed by N. A. Court, University of Oklahoma 


Given » points Ay, Ao,- ++, An in space, let G denote their centroid, ? 
the sum of the squares of the m(m—1)/2 segments determined by the given 
points, and P;; the power of a given point P with respect to the sphere having 
for diameter the segment A;A ;; show that 


>, Pi; = n(n — 1)PG?2/2 — k2/2n. 
4041. Proposed by Cezar Cosnitd, Focsani, Roumania 
Integrate the following differential equations 


, we — yr +1 ,_ _ ¥2x+y— 1) 


; = oT, 
x2 — y? — x(x + 2y — 1) 
Determine the integral curves passing through the origin. 


4042. Proposed by Henry Scheffé, Princeton University 


Prove that if A is a fixed positive definite hermitian matrix and X is a 
variable non-negative hermitian matrix (rank =index), then the minimum value 
of the determinant |A+X| is |.A| and is attained if and only if X =0. 


4043. Proposed by H. F. Sandham, Trinity College, Dublin 


Prove that the angle in which the major auxiliary circle of a conic inscribed 
in a triangle.cuts the nine point circle, is equal to the angle which the foci of the 
conic subtend at the inverse of one of them in the circumcircle. Complete this 
result and deduce that the minor auxiliary circle of the conic which has the 
Brocard points as foci, touches the nine point circle, and the major auxiliary 
circle cuts the latter in an angle which is the complement of three times the 
Brocard angle of the triangle. 


4044. Proposed by V. Thébault, San Sebastian, Spain 


Determine the straight lines such that the circumsphere of the pedal tetra- 
hedron of each of its points with respect to any given tetrahedron ABCD passes 
through a fixed point P. 


Examine the case for which ABCD is orthocentric and P is the foot of one 
of its altitudes. 
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SOLUTIONS 


Perspective Triangles (Tetrahedrons) 
3988 [1941, 213]. Proposed by N. A. Court, University of Oklahoma 


The symmetrics of a given straight line (plane) with respect to the sides 
(faces) of a given triangle (tetrahedron) form a second triangle (tetrahedron) 
perspective to the first, and the center of perspectivity is equidistant from the 
sides (faces) of the second triangle (tetrahedron). 

Solution by H. W. Eves, Allen Academy, Bryan, Texas 

We shall prove the theorem for the plane case; a parallel proof can be given 
for the solid case. Let ABC be the given triangle with sides a, b, c and let J be 
the given line. Let the reflections of J in a, 6, c be a’, b’, c’, giving the second tri- 
angle A’B’C’. Now triangles ABC and A’B’C’ are centrally perspective be- 
cause they are axially perspective (on 7). All that remains to be proved, then, is 
that AA’, BB’, CC’ are bisectors of interior or exterior angles of triangle A’B’C’. 
To this end consider triangle 6’c’l. In this triangle 6 and.c are interior or exterior 
angle bisectors because of the reflection property. It follows that 4A’ must be a 
third angle bisector, bisecting the interior or exterior angle at A’. Similar re- 
marks now hold for BB’ and CC’ and the theorem is proved. 

Solved also by the proposer in a similar manner giving the detailed proof for 
the tetrahedron and remarking that the proof for the triangle is analogous. 


Cones and Spheres 
3989 [1941, 213]. Proposed by N. A. Court, University of Oklahoma 


Three given spheres with non-collinear centers are touched by a (fourth) 
sphere in the points P, Q, R, and (p), (q), (7) are great circles, in parallel planes, 
on the three given spheres. Show that the three cones P(p), Q(q), R(r) have a 
circle in common. 

Solution by H. W. Eves, Allen Academy, Bryan, Texas 

Given two spheres Sy and T tangent at a point M. Let (m) be a great circle 
of Sy. Then it is a simple matter to show that the cone M(m) cuts T in a great 
circle (¢) whose plane is parallel to the plane of (m). The theorem now readily 
follows. For let Sp, Sg, Sr be the three given spheres and T the fourth tangent 
sphere. Then, since the planes of (), (q), (7) are parallel, the three cones P(p), 
Q(q), R(r) all cut T in the great circle (#) whose plane is parallel to that of (p), 
(q), (7). This proves the theorem. Note that the condition of non-collinearity 
of the centers of Sp, Sg, Se is not necessary. 

Solved also by G. A. Yanosik and the proposer. 


Editorial Note. The solution by the proposer is similar to the above and gives 
essentially the following argument: 

Since M is the point of contact of the two spheres Sy and T, it is a homo- 
thetic center for the two spheres; and in the homothetic relation thus defined the 
two centers are corresponding points. To the plane of the great circle (m) there 
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corresponds a diametral plane of T; and hence the cone M(m) cuts the sphere 
T in points of this diametral plane of T. 
The solution by Yanosik is analytic and much more complicated than the 
above simple synthetic proof. 
Envelope of Spheres 
3992 [1941, 214]. Proposed by V. Thébault, San Sebastian, Spain 


Show that the envelope of a variable sphere (S) which has its center on a 
quadric surface of revolution (Q) and which is orthogonal to.a sphere (2) tangent 
to (Q) along a circle (C) is composed of two spheres passing through (C). 

Solution by G. A. Vanostk, New York University 

Since the entire configuration here involved is one of revolution about a 
given axis, the problem may be solved by working in any plane section taken 
through the axis of revolution. 

Let the Y-axis be the axis of revolution, and let the plane z=0 be the plane 
of section. 

Take the section of (Q) as 


x? = ayt+ by +e. 


The diameter of circle (C) will join the points (+ +/c, 0). 
The section of (2) will now be 


x? + y?— by—c=0. 

Now the section of the variable sphere (S) will be given by 
(x — h)? + (y — k)? = R?, 
subject to 
h? = ak? + bk +, 

and to 

R?+ c= h? + k? — dk. 
These three relations lead to 
[(b — 2y)? — daa? ]k? + 2[(b — 2y)(a? + y? + 6) — 2bx*]k 

+ [(a? + y? + c)®— 4cx?] = 0. 


The parameter being k, the envelope will now be found to be 


ala? + y?] + [b + W(1 + a)(b? — 4ac)]y — ac = 0, 


which equations represent two circles passing through the points (+-+/c, 0). 
This establishes the truth of the final statement in the problem. 


Editorial Note. The proposer stated that the theorem of the problem results 
immediately from the similar theorem for the plane; and he also remarked that, 
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when the quadric surface is a paraboloid of revolution, the envelope of (S) is the 
plane of the circumference of (C). No proofs were given. 

Some properties of the envelope of the plane figure are easily found when the 
conic is replaced by any curve (Q) which is tangent to a fixed circle (C) at the 
point T. A circle (S) with its center S on (Q) is orthogonal to (C), and we con- 
sider the envelope of (S). A given circle (S) and a similar neighboring circle 
intersect in two points which are inverses with respect to (C). The limiting 
positions F, and F, of these two points on (S) are points of the envelope, and it 
is clear that £, and F are inverses with respect to (C) and that the midpoint P 
of E,E, is on the pedal curve of (Q) with respect to C, the center of (C). If Fi 
and E, are real and distinct points, the point P must lie outside the circle (C); 
when Sis at T, the three points P, F,, EK, must coincide in T. Thus the envelope 
is invariant under inversion with respect to (C) and it must contain the point 
T, which may be a singular point for the envelope. If (Q) cuts (C) in a point, the 
two curves not being tangent at the point, the corresponding point P for the 
intersection is inside (C), and EF; and EF, are imaginary..If a portion of (Q) lies 
inside (C), then each of the points of this portion yields only imaginary points 
for the envelope, except for points, such as T, where this portion may be tangent 
to (C). An example of this is the case where (Q) is an ellipse inside (C) and 
tangent to (C) at one or two points. 

Suppose now that a certain portion of (Q), proceeding in a given sense from 
T, is such that the tangent at each of its points contains no interior point of (C). 
Then the corresponding parts of the envelope are real. For in this case P lies 
outside (C), and the circle (CS) with the diameter CS passes through P and cuts 
(C) in the real points M; and M2. The points C, Mi, P, M2 are necessarily in this 
order, the circle (S) must contain P in its interior, and £, and £2 must be real 
points. Thus, if (Q) is an ellipse containing the circle (C) in its interior so that 
the two are tangent at one or two points, then all the points #, and F: are real. 

If proceeding from T, say to the right, a portion of (Q) is separated from (C) 
by the common tangent at 7, for example if (C) lies below the tangent, and 
the tangent at each point S has an increasing inclination to the common tan- 
gent, then for each S on this portion the tangent to (Q) cuts (C) in two real 
points, the point P is inside (C), and EZ, and £2 are imaginary. This continues 
until we reach a point S; on (Q) such that the tangent at S, is also tangent to 
(C) at Ci, and then for S; the three points P, £1, E, coincide in C,. For points on 
this portion of (Q) beyond S;, to a certain extent the corresponding points P lie 
outside (C) and inside the corresponding circles (.S), and the corresponding 
points E, and F, are real. Thus if (C) is tangent to the two branches of a hyper- 
bola, the envelope has no real points except the two points of contact. 

If (Q) is a parabola tangent to the circle (C) at two distinct points, the en- 
velope is real and passes through these two points of contact. From the above 
solution we see that one part of the envelope is the straight line of the common 
chord; hence the other part is the inverse of this straight line, which is the circle 
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through C and the two points of contact. The equation of this circle in the nota- 
tion of the solution is 


2b(x2 ++ y2) + (4c — By —2be=0, a=0, bc HO. 


The equation of the envelope in the solution results after discarding the fac- 
tor x2. The equation of the axis on the conic is x =0; and there cannot be more 
than four points of the envelope on this axis, and these points must be also on the 
two circles of the envelope. Hence the factor x? should be discarded. 


NEWS AND NOTICES 


Readers are invited to contribute to the general interest of this department by sending 
news ttems to C. O. Oakley, Haverford College, Haverford, Pennsylvania. 


The University of Michigan is offering a new course in mathematics under 
Professor H. C. Carver, who has been serving as a cadet in the Army Air Force 
since February. The course is designed to speed up the training of navigators for 
the air force and is being given during the first eight weeks of the summer session 
beginning June 15. From June 29 to August 21, also at the University of Michi- 
gan, Professor Jerzy Neyman of the University of California is offering an ad- 
vanced course in the theories of testing hypotheses and of estimation, and he also 
joins with Professor C. C. Craig in conducting the regular seminar in mathe- 
matical statistics for advanced students. 


The graduate school of New York University has instituted a program begin- 
ning June 23, 1942, the main purpose of which is to enable college graduates to 
obtain their master’s degree in scientific fields by February 1943, so that they 
may become available as scientific workers or specialized personnel for the war 
effort. During the summer two half-courses in advanced calculus including 
vector analysis are given by Professor Friedrichs and Dr. Robbins, and a full 
course on topics in mathematical physics and applied mathematics by Professor 
Courant. In addition there is an advanced seminar in research problems. 


Fordham University is offering during the summer session an evening course 
including topics in algebra, solid geometry and plane and spherical trigonometry 
to prepare prospective candidates for training as officers in the armed forces. 


Assistant Professor C. B. Allendoerfer of Haverford College has been pro- 
moted to an associate professorship. 


At Massachusetts Institute of Technology Assistant Professor P. D. Crout 
has been promoted to an associate professorship and Dr. Eric Reissner to an 
assistant professorship. 
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Dr. J. A. Daum of the A. and M. College of Texas is now a Second Lieu- 
tenant, U. S. Army. 


Dr. W. B. Fite, Davies professor of mathematics at Columbia University, 
retired in June. 


Assistant Professor J. S. Frame of Brown University has been appointed 
associate professor and head of the department at Allegheny College. 


Dr. J. L. Gibson, professor of mathematics at the University of Utah since 
1904 and dean of the School of Arts and Sciences since 1915, retired in June 
1941. He continues as president of the Utah Conservation and Research 
Foundation, an office he has held since 1937. 


After forty-seven years of service at Williams, College, Professor J. G. Hardy 
retired at the end of this academic year. 


Miss Will Lipscombe, assistant professor at the University of Akron, has 
been promoted to an associate professorship. 


Dr. C. T. McCormick of Fort Hays Kansas State College has been made 
professor and head of the department. 


M. L. Manning, research engineer with the Westinghouse Electric and 
Manufacturing Company, has been appointed an associate professor of elec- 
trical engineering at Illinois Institute of Technology. 


Professor J. S. Petersen, Jr., is on leave of absence from Brescia College, New 
Orleans, and is serving in the U. S. Army Signal Corps. 


At the College of the City of New York, Professor F. G. Reynolds retired in 
June, and Associate Professor Maximilian Philip succeeds him as head of the 
department of mathematics. 


Professor P. R. Rider of Washington University has been appointed an ex- 
change professor at the National University of Mexico for fourteen months 
beginning August 1, 1942. This appointment is under the Convention for the 
Promotion of Inter-American Cultural Relations, and under the auspices of 
the Division of Cultural Relations of the U. S. Department of State. He is to 
lecture on mathematical statistics. 


At Louisiana State University, Professor S. T. Sanders retired June 30, 1942, 
after thirty-five years of service there, and Professor W. V. Parker succeeds him 
as head of the department of mathematics. 


Assistant Professor C. V. L. Smith of Lafayette College is on leave of ab- 
sence and is a lieutenant (jg) of class D-V(S), U. S. Naval Reserve. In March 
through June he attended the Naval Training School of Radio Engineering at 
Bowdoin College. 
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Dr. Roy MacKay, associate professor at New Mexico State College, died 
May 12, 1942, at the age of thirty-eight. He had been a member of the Asso- 
ciation for eleven years. 


W.F. Reynolds, Chief, Section of Triangulation, Division of Geodesy, U. S. 
Coast and Geodetic Survey, died May 1, 1942, at the age of sixty-one. He had 
been a member of the Mathematical Association for fifteen years. 


Maria M. Roberts, Professor Emeritus ‘of mathematics at Iowa-State Col- 
lege, died on April 12, 1942, at the age of seventy-four. She had taught at Iowa 
State College for fifty years, and was a charter member of the Mathematical 
Association. 


THE NATIONAL MATHEMATICS MAGAZINE 


A campaign is being conducted to increase materially the number of sub- 
scribers of the National Mathematics Magazine, published at Baton Rouge, 
Louisiana. This publication, under the editorship of Professor S. T. Sanders, 
has long received financial support from Louisiana State University. Much of 
this support is presently to be withdrawn. In working out new financial arrange- 
ments an enlarged subscription list is essential. Many mathematicians who do 
not at present receive the journal will agree that it has an important place in 
American mathematics and will wish to come to its aid by becoming subscribers. 
The subscription price is $2.00 per year. 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 


Twenty-fifth Summer Meeting, Poughkeepsie, N. Y., September 7-9, 1942. 
Twenty-seventh Annual Meeting, New York, N. Y., December 30-31, 1942. 


The following is a list of the Sections of the Association, with dates of future meetings so 
far as they have been reported to the Secretary. 


ALLEGHENY MOUNTAIN, State College, Pa., 
Oct. 1942 

ILLINOIS 

INDIANA, Notre Dame, April 9-10, 1943 

KANSAS 

KENTUCKY 

LouISsIANA-MissIssIPPi, Ruston, La., 1943 

MARYLAND-DISTRICT OF COLUMRBIA-VIR- 
GINIA 

METROPOLITAN NEW YORK 

MICHIGAN 

MINNESOTA 

Missour], fall, 1942 

NEBRASKA 


NORTHERN CALIFORNIA, San Francisco, 
Jan. 30, 1943 

Oxn10, Columbus, April 1, 1943 

OKLAHOMA 

PHILADELPHIA, Philadelphia, Nov. 28, 1942 

Rocky MouNTAIN 

SOUTHEASTERN 

SOUTHERN CALIFORNIA, Los Angeles, 
March 13, 1943 

SOUTHWESTERN 

Texas, Lubbock, April, 1943 

UprER NEw YorK STATE, fall, 1942 

Wisconsin, Milwaukee, May 7, 1943 


Ready for Fall Classes 


PLANE TRIGONOMETRY, SOLID GEOMETRY, AND 
SPHERICAL TRIGONOMETRY 


By Walter W. Hart* and William L. Hart* 


The Trigonomeiry. Focused on numerical applications but also complete as to 
the theoretical framework @ Moderate in length but not brief @ Provision 
for a:short course @ Acute angle treated before general angle @ Major diffi- 
culties related to identities and equations segregated in separate chapter @ War- 
time flavor in numerous problems @ Emphasis on vector applications @ Con- 
tacts established with surveying, navigation, and artillery practice © Convenient 
three-, four-, and five-place tables. 


The Solid Geometry. Brief but logically complete treatment stressing the 
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Solid Geometry by Walter W. Hart 
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. THE MIGRATION OF MATHEMATICIANS 
ARNOLD DRESDEN, Swarthmore College 


In 1785, Joseph Priestley was elected to membership in the American 
Philosophical Society. In June 1794, at the age of 61, he came to America and 
settled in Northumberland, Pennsylvania. At its meeting of June 20, 1794, 
the American Philosophical Society appointed a committee to prepare a con- 
gratulatory address to Dr. Priestley. At'the same meeting the committee re- 
ported a draft, which was adopted “and the officers of the Society with as many 
of the other members as can conveniently attend are directed to meet at the 
Hall tomorrow afternoon at 1 o’clock in order to present the same.” In the 
minutes of the meeting of July 18, 1794 it was “reported that a number of the 
officers and members. . . waited on Dr. Priestley ‘and presented the address.’” 
It is as follows: 

To Joseph Priestley, LL’D., &c. 

The American Philosophical Society, held at Philadelphia, for Promoting Useful Knowledge, 
offer you their sincere congratulations on your safe arrival in this country. Associated for the pur- 
poses of extending and disseminating those improvements in the sciences and the arts, which most 
conduce to the substantial happiness of man, the Society felicitate themselves and their country, 
that your talents and virtues have been transferred to this Republic. Considering you as an illus- 
trious member of this institution, your colleagues anticipate your aid, in zealously promoting the 
objects which unite them; as a virtuous man possessing eminent and useful acquirements, they 
contemplate with pleasure, the accession of such worth to the American Commonwealth; and look- 
ing forward to your future character of a citizen of this your adopted country, they rejoice in greet- 
ing, as such, an enlightened Republican. 

In this free and happy country, those unalienable rights, which the Author of Nature com- 
mitted to man as a sacred deposite, have been secured. Here, we have been enabled, under the favour 
of Divine Providence, to establish a government of laws and not of men; a government, which 
secures to its citizens equal rights and equal liberty; and which offers an asylum to the good, to the 
persecuted, and to the oppressed of other climes. 

May you long enjoy every blessing, which an elevated and highly cultivated mind, a pute con- 
science, and a free country are capable of bestowing. 

By order of the Society, 
Davip RITTENHOUSE Pres, 
PHILADA, June 20th 1794 


It is the spirit of this congratulatory address which I should like to recap- 
ture in this brief report on the mathematicians from abroad who have come to 
America in consequence of the events of the last ten years. It is meant to be 
congratulatory both to the newcomers and to us who were here to receive them, 
having come at birth or later. American mathematicians would like to wait on 
the good who have sought asylum from persecution and oppression, whose 
worth has acceded to the American Commonwealth. And this welcome is to be 
extended not only to those of high eminence in the profession, but to all who 
intend to make their contribution to American life as professional mathe- 
maticians. It is but natural that great honor is accorded to those who have 
already made contributions of great value and whose association with Ameri- 
can mathematics gives more than promise for the future. But it is a truism that 
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rank and file men are needed as well as captains, colonels and generals. American 
mathematicians are “associated for the purposes of extending and disseminat- 
ing” the beauty and value of their science and they “felicitate themselves and 
their country” that so many “talents and virtues” have become united with 
them. 

Thus no attempt is made to evaluate the significance of the individuals 
whose names appear; in each group the names are placed in alphabetical order. 
While it is a regrettable fact that in 1942 it is still necessary to open an asylum 
to the persecuted and oppressed, we have good reason to congratulate our- 
selves that the shortage of teachers of mathematics, needed for the instruction 
of members of the armed forces, may be met, at least in part, by using the talents 
of those who have come, whatever be the level of eminence to which these talents 
entitle them. 

No one should minimize the difficulties caused by the arrival during a short 
period of time of a large number of Priestleys. It requires all the resources of 
administrative statesmanship which we can command to make practically 
effective the welcome which we want to give them. This problem constitutes a 
challenge to the strength of our organization, and it is a source of satisfaction 
that to such a large extent we have succeeded in solving it.* 

The record which follows indicates how far we have succeeded. It will be 
seen that several of the newcomers have not yet been placed; and that many 
more have not found situations in which they can contribute their gifts and 
accomplishments most effectively. Perhaps this report will help to bring about 
more satisfactory placements. There is no doubt that the increase in our re- 
sources is an event of the first magnitude in the history of American mathe- 
matics. If properly utilized it should give an impetus to the development of 
American mathematics, whose effects will carry us forward to great heights. t 

As with most historical events of importance, there were forebodings of 
what was to come, for some years before 1933. There are many who can be 
looked upon as forerunners of the great migration which began in 1933. The 
names of Bohnenblust, von Karman, Landé, von Neumann, Radé, Schoen- 


* Through the work of the Emergency Committee in Aid of Displaced Foreign Scholars, of the 
Carl Schurz Memorial Foundation, of the Rockefeller Foundation, of the New School for Social 
Research, and of the officers of the American Mathematical Society, a great many mathematicians, 
unfortunately not all, have been placed in permanent positions. The author is indebted to these 
organizations, also to Dean Richardson of Brown University, to Professor H. Weyl of the Institute 
for Advanced Study in Princeton, and to many other individuals, for helping him in obtaining the 
information on which this account is based. In many cases the information is incomplete; it is 
hoped that it is substantially correct. It is quite likely, particularly for the border fields, that per- 
sons have been mentioned who do not consider themselves mathematicians. Such errors of com- 
mission are to be regretted, but less so than inadvertent omissions. The author will be grateful 
for the receipt of corrections and of supplementary data. c 

+ Two articles which have an interesting bearing on the subject of this report have appeared 
recently in the American Scholar, Vol. 11, No. 3 (Summer, 1942), viz.: B. W. Huebsch, Cross- 
fertilizations in letters (pp. 304-314), and Herbert Solow, Refugee Scholars in the United States 
(pp. 374-378). 
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berg, Seidel, Shohat, Struik, Tamarkin, Uspensky, Wigner, Wintner, Zariski, 
have long been familiar to American mathematicians. They are men who have 
become completely absorbed in the scientific life of the country and who have 
enriched it in a significant way. 


1933 


The same can be said about those who arrived in 1933, the first year of the 
period with which we are concerned. They are: 

Eugen Altschul after receiving the Ph.D. at Freiburg in 1912, was engaged 
in business, became lecturer in statistics and economic theory at the University 
of Frankfurt a/M, and spent a half year at the London School of Economics 
before coming to this country. He has been a lecturer at the University of 
Minnesota since his arrival, has undertaken a number of special studies, and 
is now on leave in order to carry on research for the War Production Board. 

‘Felix Bernstein after many years of work at Gottingen, spent the years from 
1933-36 at Columbia University and has since then been professor of Biometry 
at New York University. 

S. Bochner came from Munich to Princeton after a short time spent in Eng- 
land. 

Richard Brauer has been at the University of Toronto since 1935 (visiting 
professor at the University of Wisconsin for half of the year 1940-41, holder 
of a Guggenheim Fellowship 1941-42), having spent a year at the University 
of Kentucky and a year at the Institute for Advanced Study,* after coming 
from Ké6nigsberg. 

Albert Einstein's career, both here in and Europe, and his contribution to 
American life are too well known to require mention here. 

Fritz Herzog completed his studies for the Ph.D. at Columbia University in 
1935 and has been since 1939 an instructor at Cornell University. 

Hans Lewy came to this country from Géttingen, spent the years 1933-35 
at Brown University and has since then been at the University of California. 
Walther Mayer has been at the I.A.S. since his arrival in this country. 

Emmy Noether came to Bryn Mawr College from Géttingen and remained 
there until her earthly career was cut short in 1935. 

Otto Szdsz came from Frankfurt a/M, spent the years until 1936 at the 
Massachusetts Institute of Technology, at Brown University and on a lecture 
tour. Since 1)36 he has been at the University of Cincinnati. 

Hermann Weyl came from Géttingen to the J.A.S., after having spent the 
first weeks of his permanent residence in this country as the Cooper Founda- 
tion lecturer at Swarthmore College. 


* The “Institute” will hereafter be referred to as I.A.S. 
7 Bryn Mawr College has published the memorial address delivered by Hermann Weyl on 
April 26, 1935. 
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Thus we see that the group which came in 1933 has a perfect record for 
thorough assimilation to American scientific life. 


1934 


An equally good record can be reported for the party which came in 1934. 

Hans Bethe, mathematical physicist, left Tiibingen in 1933, spent the next 
year in England and has been at Cornell Uiversity since his arrival in this coun- 
try. 

Felix Bloch, mathematical physicist in Leipzig until 1932 has been at Stan- 
ford University since 1934. i 

Richard Courant left the directorship of the Mathematical Institute at 
Gottingen in 1933, spent the year 1933-34 at Cambridge University and has 
been at New York University from 1934 on. 

George Gamow, mathematical physicist at Leningrad until 1933 has been 
professor at the George Washington University since 1934. 

Hans Rademacher, after earlier appointments at Berlin and Hamburg, had 
been professor at Breslau since 1925. He came to this country as visiting pro- 
fessor at the University of Pennyslvania. His position.at that university was 
later made permanent. 

Gabor Szegé came from Ké6nigsberg to Washington University in St. Louis, 
and went from there in 1938 to the chairmanship of the department of mathe- 
matics at Stanford University. 

Stefan Warschawski had spent some years at Gottingen and a year at Utrecht 
before coming to the United States. A year at Columbia was followed by two 
years at Cornell, and two years at Rochester, before he became assistant 
professor at Washington University, St. Louis, in 1939. 

Max Zorn, student of Artin’s in Hamburg, held assistantships there and at 
Halle. A fellowship at Yale, until 1936, was followed by an appointment at the 
University of California at Los Angeles. 


1935 


The number of arrivals varied but slightly during the following three years. 
More and more the I.A.S. became a reception center for refugee mathematicians. 
The presence on its staff of Einstein and Weyl acted as a magnet for German 
physicists and mathematicians. Added to this, the great personal interest of 
Oswald Veblen and other members of the staff, and the active participation 
in measures necessitated by the events in Europe of the director of the Institute, 
Abraham Flexner, and his successor in -1939, Frank Aydelotte, made the In- 
stitute a natural way station for the victims of fascist and nazist persecution 
and for others whose emigration to this country was more nearly voluntary. In 
1935 came the following persons: 

Reinhold Baer was in Halle until 1933, in England for two years, at the 
I.A.S. during the years 1935-37. This was followed by a year at the University 
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of North Carolina and finally by a permanent appointment at the University 

of Illinois in 1938. 

Herbert Busemann remained at the University of Gottingen for some years 
after receiving the doctorate, spent the years from 1936-39 at the I.A.S., the 
next year partly at Swarthmore College and partly at Johns Hopkins. Since 
1940 he has been at the Illinois Institute of Technology. 

Max Herzberger, theoretical physicist, who came from Jena, where he had 
been associated with the Zeiss Co., has become a member of the research staff of 
the Eastman Kodak Co. 

Fritz John received the Ph.D. from Gédttingen in 1933 and spent the years 
1934-35 at Cambridge University. Upon arrival in this country, he became visit- 
ing professor at the University of Kentucky. He has now a permanent appoint- 
ment at that institution. 

Bela A. Lengyel came from the Polytechnic Institute in Budapest. He has held 
a fellowship at Harvard, was statistician in Worcester, Mass., during 1938 
and he has been, since 1939, an instructor at the Rensselaer Polytechnic Insti- 
tute. 

Lothar Nordheim, theoretical physicist, in Paris after leaving Géttingen, 
was at Purdue University from 1935 to 1937. Since then he has been at Duke 
University. 

O. F. G. Schilling completed his studies at Marburg in 1934, spent two years 
at the I.A.S. (1935-37) and two years at Johns Hopkins (1937-39). At present 
he holds a permanent appointment at the University of Chicago. 

Leo Szilard, physicist from the Kaiser Wilhelm Institute, came first to New 
York University and is now at Columbia University. 

FE. Teller, theoretical physicist formerly at Gottingen, spent a year at Lon- 
don University and is now professor at George Washington University. 


- 1936 


The year 1936 was one of comparative quiet; it brought to this country a 
smaller number of mathematicians than any other year during the nine-year 
period except 1934. 

P.G. Bergmann, theoretical physicist, holds the degree of Ph.D. from Prague 
(1936) and was an assistant at the I.A.S. for four years. He is now a member of 
the faculty of Black Mountain College. | 

W. Z. Birnbaum was on the staff of the Institute for Mathematical and 
Statistical Research (500 Fifth Avenue, New York), spent a year at New York 
University and has had an appointment at the University of Washington since 
1938. 

Olaf Helmer studied in Berlin until 1934, took the degree of Ph.D. in London 
in 1936 and then spent a year visiting a number of colleges and universities in 
this country and lecturing. An assistantship at the University of Chicago, 
1937-38, was followed by an appointment at the University of Illinois. 
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W. Hurewicz holds a doctor’s degree from Vienna and lectured for many 
years at the University of Amsterdam. He spent the years 1936-39 at the I.A.S. 
and has been at the University of North Carolina since 1939. 

HT. A. Jordan is associate professor of mathematics in the Graduate School 
of Georgetown University. 

Eric Reissner continued at the Massachusetts Institute of Technology, from 
1936 on, the studies which were begun in Berlin. In addition to the degree of 
Eng.D. from Berlin (1936), he holds the degree of Ph.D. from M. I. T. (1938). 
After having been an assistant and instructor, he is now an assistant professor 
of mathematics at that institution. 

' Hertha Sponer, theoretical physicist at Géttingen, spent two years at Oslo 
and has been at Duke University smce 1936. 

S. Ulam obtained the degree of D.Sc. at Lwéw in 1933 and carried on further 
studies in Ziirich and in Cambridge. After spending part of a year at the I.A.S., 
he was a member of the Society of Fellows at Harvard University (1936-39) 
and a lecturer at Harvard during 1939-40. Since 1941 he has been a member of 
the faculty at the University of Wisconsin. 


1937 


During 1937, a somewhat larger group arrived in this country including some 
very well known mathematicians; this group consisted of the following persons: 

FE. Artin came from Hamburg, was at Notre Dame University until 1938 and 
went from there to a permanent position at the University of Indiana. 

, Valentin Bargmann, theoretical physicist, holds the doctorate from Ziirich 
(1936) and has been at the I.A.S. since his-arrival in this country. From 1940 
on he has been assistant to Einstein. 

Kurt Friedrichs came from a professorship at Braunschweig, having pre- 
viously lectured at Aachen and at Géttingen. He became visiting professor at 
New York University, where he has been on a permanent appointment since 
1940. 

Hans Hertz was a student at Hamburg from 1934 to 1937. He continued his 
studies in astronomy at Yale, where he received the Ph.D. degree in 1941. He 
has been an assistant at the Yale Observatory from 1940 on and he held a 
Sterling Research fellowship during the year 1941-42. 

Leopold Infeld, theoretical physicist, had been a professor at Lwéw until 
1936. He spent a year at the I.A.S. and obtained a permanent appointment at 
the University of Toronto in 1938. 

Michael Lotkin supplemented his work at Kiel, where he received a doctor’s 
degree, by courses at New York University and he is now teaching at the Tilden 
High School in Brooklyn. 

Karl Menger came to Notre Dame University after having lectured at the 
University of Vienna for over 10 years. 

Erich Rothe holds the Ph.D. from Berlin (1927), lectured at Breslau until 
1935, has been at Wm. Penn College (Oskaloosa, Ia.) since 1937. 
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Feodor Theilheimer holds the Ph.D. from’ Berlin (1936) and taught in sec- 
ondary schools there for a year. He has been engaged in private tutoring in St. 
Louis, 1937-41, and has taken part during the past year in the advanced course 
in mechanics at Brown University. 


1938 


The next year, 1938, brought a very considerable rise of the tide. 

F. L. Alt was engaged in actuarial work in Vienna, where he had received 
the doctor’s degree. He is at present statistician with the Institute of Applied 
Econometrics (500 Fifth Avenue, New York). 

Alfred Bloch had been engaged in secondary school work in Germany, after 
having studied at Strassburg and Munich and having passed the “Staats- 
examen” in mathematics and physics in 1922. He has been teaching, chiefly 
German language, at the University of Utah. 

Claude. Chevalley holds a doctorate from Paris and-has lectured at Strass- 
burg and at Rennes. He was at the I.A.S. during the year 1938-39 and has 
been since then at Princeton. 

Paul Erdés has a Ph.D. from Budapest (1934) and the D.Sc. ‘degree 
from Manchester (1938). He spent four years in England before coming to this 
country, was at the I.A.S., 1938-40, and has held a fellowship at the Uni- 
versity of Pennsylvania since 1940. 

Philipp Frank, theoretical physicist at Prague for many years, is now at 
Harvard University. 

Kurt Gédel had been at the I.A.S., while still on the faculty of the University 
of Vienna, during the year 1933-34 and part of 1935-36. He is now a member 
of the I.A.S., and lectured at Notre Dame University during part of the year 
1938-39. 

Eduard Helly isa Ph.D. from Vienna (1907), taught in the secondary schools 
and lectured at the University of Vienna. He has held important positions in the 
actuarial field and as consultant with financial institutions. He taught at the 
Paterson Junior, College, 1940-42 and has now a position at Monmouth Junior 
College (Long Branch, N.J.). 

Mark Kacis a Ph.D. from Lwéw (1937), where he was a research assistant, 
1935-37. He was also engaged in actuarial work in Europe. He held a fellowship 
at Johns Hopkins during the year 1938-39 and has been an instructor at Cornell 
University from 1939 on. 

Gerhard Kalisch completed in 1941 at the University of Chicago the studies 
begun in Europe. A fellowship at Chicago, 1939-41, was followed by a year 
at the I.A.S. and by an appointment at the University of Kansas. 

Jacob Klein, a Ph.D. from Marburg (1922), lectured at the University of 
Prague, 1934-35, and held a special fellowship in Berlin, 1935-37. He is now 
teaching at St. John’s College- 

Eugen Luckacs holds a doctor’s degree from Vienna (1930). He was engaged 
in actuarial work in Vienna and Trieste, and taught in the schools and in the 
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people's university’ in Vienna. According to available information, he lives at 
present in Baltimore. 

H. B. Mann, Vienna Ph.D. (1935), has taught in secondary schools and 
‘privately in Vienna. After a number of positions and private tutoring, he has 
now a temporary research associateship at Columbia University. 

Karl Meissner, physicist, formerly at Frankfurt a/M, spent two years at 
Worcester Polytechnic Institute and is now at Purdue University. 

Paul Nemenyi holds the D.Sc. degree from Berlin '(1922) and has lectured 
on various engineering subjects at technical schools in Berlin and in Copen- 
hagen. He lectured at a number of places in this country, was engaged in hu- 
draulic research in Iowa and has been an instructor at Colorado State College 
since 1941. 

Jerzy Neymann came from an active career in statistical work in Polish 
universities to the University of California in Berkeley. 

Hans Reissner, holder of degrees from Berlin and Aachen, was professor at 
the technical universities of Aachen (1906-12) and.Berlin (1912-36). He is 
now research professor of Engineering at the Illinois Institute of Technology. 

Helene Reshovsky received the degree of Ph.D. in Vienna in 1930 and was 
a teacher of mathematics and physics in a “Realgymnasium” in that city. 
During the years 1939-41 she taught the same subjects at Dana Hall School 
(Wellesley, Mass.). At present she holds a similar position at the Baldwin 
School (Bryn Mawr, Pa.). 

M. A. Sadowsky has been at the Illinois Institute of Technology since his 
arrival in this country. A holder of the doctorate from Berlin-Charlottenburg 
(1927), he taught at this institution from 1926-31, at the University of Minne- 
sota, 1931-33 and at Leningrad and Novocherkassk, 1934-37. 

Catharine Stern took the Ph.D. degree at Breslau in 1918, her major. inter- 
est being mathematics and science. She has been largely concerned with educa- 
tional questions, bearing on the training of children, both in Europe and here. 
She is associated with the Child Study Association of America and the American 
Psychological Association. She is included in this report because her work may 
have an important influence on the teaching of mathematics in our schools. 

Abraham Wald received the degree of Ph.D. in Vienna in 1930, was assist- 
ant of Karl Menger, 1930-34, member of the Institute of Business Cycle Re- 
search (Vienna) during the years 1934-38. After holding a fellowship of the 
Cowles Commission during the summer of 1938, he became successively research 
associate in mathematical statistics (1938-40), lecturer (1940-42), and assist- 
ant professor at Columbia University. 


1939 


The peak of the immigration of mathematicians was reached in 1939, a year 
after the start of increased persecutions in Europe, the year in which the war 
broke out. Many of those who came in 1939 had of course made preparations 
long in advance, so that this high tide reflects events of the preceding years 
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probably to a larger extent than those of 1939. The reader will recognize in the 
list which follows several names which were well known among American 
mathematicians for a long time, and which have acquired added importance 
for our scientific development. | 

Alfred Basch obtained the doctorate from the Vienna Technical University 
and has combined teaching at technical schools in Dresden, Prague and Vienna 
with engineering practice. He taught at Holy Cross College (Worcester, Mass.) 
during the years 1939-42. At present he has a position in the Paterson Junior 
College and, during the summer of 1942, in the Harvard Summer School of 
Engineering. 

Gustav Bergmann, theoretical physicist (Ph.D., Vienna, 1928) and a doctor 
of jurisprudence (Vienna, 1935), was a lecturer and assistant in mathematics 
at the University of Vienna, and practised law in Vienna during the years 
1935-38. He has been at the University of Iowa since 1939. 

Stefan Bergmann has a doctor’s degree from Berlin (1922), has taught at 
Berlin and at the Technological Institute of Tomsk. He lectured at the Mas- 
sachusetts Institute of Technology, 1939-40, and is at present visiting lecturer 
in applied mathematics at Brown University. 

Alfred T. Brauer was assistant to I. Schur at the University of Berlin, 
1926-35 and took his degree there in 1928. He has been at the I.A.S. during 
the years 1939 to 1942, contributing a great deal to the formation of the library 
of the Institute’s school of mathematics. He has now a temporary appointment 
at the University of North Carolina. 

Walther Bruns was known in the German. educational world as Walther 
Jacobsthal. He occupied important positions as director and administrator of 
schools in Berlin and as a lecturer on mathematical education. He is at present 
living in Syracuse, N. Y. 

Max Chameides was a teacher in the schools and in the “Volksuniversitat” 
in Vienna. 

Samuel Eilenberg received the Ph.D. degree at Warsaw in 1936, spent the 
next three years in Paris and Cambridge, and has been at the University of 
Michigan since 1939, obtaining appointment to the regular faculty in 1941. 

Willy Feller, Ph.D. Gottingen, was at the University of Kiel, 1928-33, and 
at Stockholm during the years 1934 to 1939. Since his arrival in this country, 
he has been at Brown University. 

Guido Fubini, professor at the University of Turin for over 30 years, has 
been at the I.A.S. since 1939. | 

Hilda Getringer holds a Ph.D. from Vienna (1918) and has had wide experi- 
ence in probability, statistics and various other fields of applied mathematics, 
at the Universities of Berlin, Brussels and Istanbul. She has been on a tempo- 
rary appointment at Bryn Mawr College, 1939-42, and has filled a part-time 
position at Swarthmore, 1941-42. During the summer of 1942, she is on the 
staff of the School of Mechanics at Brown University. 

Michael Golomb received the Ph.D. in Berlin in 1934 and spent the next five 
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years in Yugoslavia. Since coming to this country he has been at Cornell Uni- 
versity as a research assistant and as a part-time instructor. In September 1942 
he goes to Purdue University as instructor. | 

Ernst Hellinger, professor at Frankfurt a/M from 1914 to 1938, has been a 
visiting lecturer at Northwestern University since 1939. 

Walter Jacoby studied at the University of Berlin and was a teacher in the 
high schools of that city. 

Georg Jaffé, professor of theoretical physics at Leipzig, 1905-26, and at 
Giessen, 1926-33, is at present on the faculty of Louisiana State University. 

Arthur Korn, professor at Berlin since 1913 and active in various fields of 
applied mathematics, is now at Stevens Institute of Technology. 

Friedrich Kottler, professor of theoretical physics at Vienna, 1919-38, was 
a member of the staff of the Eastman Kodak Company, 1939-40. 

Gustav Kiirti, Ph.D. in physics from Vienna, was at the University of 
Rochester and spent the year 1941-42 at the Massachusetts Institute of Tech- 
nology: 

Gustav Land (formerly Gustav Deutschland), Berlin Ph.D. in Astronomy 
(1908), was active in astronomy and in meteorology at the observatories in 
Berlin, Kénigsberg and Leipzig until 1919. He was engaged in statistical work 
until 1938. After a short period at the Nautical Almanac Office in London, he 
became Research Associate at the Sproul Observatory (Swarthmore), 1939-41. 
Since then he has been research assistant and instructor at the Yale Observa- 
tory. 

Gerhard Lewin, physicist with a Ph.D. from Prague (1930), was engaged in 
industry and business in Berlin, 1930-33, and in Prague, 1933-37. Since 1939, 
he has been connected with the R.C.A. laboratory in Harrison, N. J. 

Karl Loewner received the Ph.D. in Prague (1917) and lectured in Berlin 
(1922-28), in Cologne (1928-30) and in Prague (1930-38). Since 1938 he has 
been visiting professor at the University of Louisville. 

H. T. Ludloff was a privat-dozent at the University of Breslau. He spent 
some time at Thiel College (Greenville, Pa.) and is now in the department of 
physics at City College, N. Y. 

Richard von Mises was for many years (1920-33) professor of applied mathe- 
matics at Berlin, later at Istanbul (1934-39). He is now visiting professor at 
the Graduate School of Engineering of Harvard University, lecturer at the 
Massachusetts Institute of Technology, and during 1941-42, visiting professor 
at Brown University. 

1 Otto Neugebauer, privat-dozent (1926-32) and later professor at Gottingen 
(1932-34), spent the years 1934-39 at the University of Copenhagen, con- 
tinuing there the editorship of the Zentralblatt fiir Mathematik, which he had 
started in 1931. Since 1939, he has been professor at Brown University and 
editor of Mathematical Reviews. 

Gottfried Noether, nephew of Emmy Noether, carried on in this country 
the studies begun in Breslau and continued in Tomsk, at Ohio State Univer- 
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sity (1939-40) and at Illinois (1940-41). He is now in the U. S. Army. 

I. Opatowskt had spent the years 1932-35 at the University of Turin and 
was later employed by the Fiat Co. (1936-38). He was an instructor at the 
University of Minnesota (1939-42) and is now at the Armour Research Founda- 
tion, Illinois Institute of Technology. 

Antia Riess studied at Heidelberg, Leipzig and Marburg, and received the 
Ph.D. from the latter university in 1921. She has been active as an educational 
administrator and as a teacher in secondary schools and normal schools in Leip- 
zig and in Hamburg. She is at present a visiting lecturer at Wellesley College. 

Peter Scherk received the Ph.D. degree at Gottingen in 1935. The year 
1939-40 was spent at the Taft school. The next year he held a fellowship at 
Yale and during 1941-42 he was at the University of Indiana. 

Olaf Schmidt was a student at the University of Copenhagen and a teacher 
in the secondary schools. He has been at Brown University since his arrival in 
this country as an instructor and as a research assistant to Professor Neuge- 
bauer. | | 

Alfred Seckel, active as teacher and as educational administrator (Staats- 
examen in philosophy, mathematics and physics) in Magdeburg and in Frei- 
burg, had a position at Canisius College (Buffalo) from 1939 till 1941. He is 
now at the Chestnut Hill Academy (Philadelphia). 

Wolfgang Sternberg was professor at Heidelberg during the years 1920-27 and 
at Breslau during the years 1927-33. At present he is living in New York City. 

Alfred Tarski, professor at Warsaw, 1925-39, has been a visiting lecturer 
at Harvard University (1939-41) and at New York City College. He held a 
Guggenheim Fellowship during the year 1941-42 and has been called to fill a 
temporary vacancy at the University of California at Berkeley for 1942-43. 

Otto Trettel was a secondary school teacher in Mannheim and in Heidelberg. 
He has been associated with Milton College. 

Wolfgang Wasow was a student at Gdttingen (1930-33) and at Paris 
(1933-34). He taught in German schools in Italy during the years 1935-38. A 
part of the year 1939 was spent at the Choate School (Wallingford, Conn.), 
the next year at Goddard Junior College (Plainfield, Vt.). During the years 
1940-42 he has held a fellowship at New York University and since 1941 he 
has taught at the Connecticut College for Women. 

Alexander Wundheiler received the degree of Ph.D. at the University of 
Warsaw in 1932 and lectured there from 1927-39. He held a special lectureship 
at the Massachusetts Institute of Technology during the second semester of 
1940 and taught mathematics at Tufts College during the following year. Since 
February 1942 he has been an instructor in the physics department at New 
York City College. | 

Antoni Zygmund, professor at Warsaw (1922-30) and at Wilno (1930-39), 
has been on the faculty of Mt. Holyoke College since 1939. He has also been a 
lecturer at the Massachusetts Institute of Technology and a visiting professor 
at the University of Michigan. 
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1940 


The next year, 1940, showed a considerable decrease, due to a large extent 
very probably to the increasing difficulties of communication and of transporta- 
tation. The arrivals during 1940 include the following: 

Felix Adler, theoretical physicist with a Ph.D. from Ziirich (1938), spent the 
years 1938-40 at the Collége de France. He was at the I.A.S. during the year 
1941-42 and has a temporary appointment at the University of Wisconsin for 
1942-43. 

Hugo Basch, an engineer holding diplomas from the Vienna Technical Uni- 
versity, was engaged in important civil engineering enterprises in Austria. He 
has been associated with engineering firms in Philadelphia since 1940 and lives 
in Moorestown, N. J. 

Lipman Bers received the Ph.D. from Prague in 1938 and spent the years 
1938—40 in Paris. He took part in the work of the advanced mechanics courses at 
Brown University in 1941. . 

Paul Boschan, trained in electrical engineering and in actuarial work, re- 
ceived the degree of Ph.D. in Vienna in 1934 and was engaged in research work 
with the Foundation for Visual Education in Vienna and also in actuarial work. 
Since shortly after his arrival in this country he has been associated with the 
Institute of Applied Econometrics in New York. 

Hans Fried, Ph.D. Vienna (1924), Staatsexamen (1927), was a teacher in 
Vienna from 1927 to 1938. He spent the year 1939-40 in England. After some 
months in New York, a half year at the Haverford Workshop and the summer 
of 1941 at Brown University, he became a.research assistant at the Sproul Ob- 
servatory in the autumn of 1941. 

E. J. Gumbel was professor at Heidelberg during the years 1923-33 and at 
the University of Lyons from 1933 to 1940. He is now living in New York City 
and is associated with the New School for Social Research. 

T. Koopmans, trained as a mathematical physicist and as a mathematical 
economist, received the doctorate from Leiden in 1936. He lectured at the 
Commercial University in Rotterdam, and was research associate at the Rot- 
terdam Institute for Economics and economic specialist at the League of Na- 
tions. Since 1940, he has lectured at New York University, he has been a 
research associate at Princeton University and economist with the Penn Mutual 
Life Insurance Co. (Philadelphia). At present he holds a similar position with 
the Combined Shipping Adjustment Board in Washington, D. C. 

1 Wolfgang Pauli, professor of theoretical physics in Ziirich, 1928-40, has been 
at the I.A.S. from 1940 on. 

‘Bruno Pontecorvo, physicist, formerly at the University of Rome, has been 
associated with the Well Surveys Co., at Tulsa, Okla. 

Georg Pélya was professor at Ziirich from 1928 to 1940. He has spent the t two 
years, 1940-42, at Brown University, with a lectureship at Smith College dur- 
ing a part of the last of these years. He has now been called to a permanent ap- 
pointment at Stanford University. 
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Arthur Rosenthal was professor at Munich (1912-22) and at Heidelberg 
(1922-35) and spent the year 1939-40in Holland. After a year at the University 
of Michigan, he has now been appointed to a visiting professorship at the Uni- 
versity of New Mexico. 

C. L. Siegel was professor at Frankfurt a/ M, 1922-37, and at Géttingen, 
1938-40. Since his arrival in this country, he has been at the I.A.S. 

Heinz Simon, who was a teacher of physics and mathematics in Frankfurt 
a/M, 1925-39, is now at the Southern Union College (Wadley, Ala.). 

Andrew Vasonyi received the degree of Ph.D. at Budapest in 1938 and spent 
the years 1938-40 in Paris. He was at the Haverford Workshop, 1940-41, at 
the summer school for advanced mechanics at Brown University, 1941 and 1942, 
and pursued his studies at Harvard University during the year 1941-42. 

Alexander Weinstein has lectured at the Universities of Ziirich, Hamburg 
and Breslau (1928-33). The years 1933-40 were spent in France. After some 
time in New York City, he received a temporary appointment at the University 
of Toronto in 1941. 

Frantisek Wolf, after having received a doctor’s degree at Brno (1928), was 
a teacher in the schools and a privat-dozent at the Charles University in Prague. 
The year 1937 was spent in Cambridge and the years 1938-40 in Sweden. A 
temporary appointment at Macalester College (St. Paul, Minn.) was followed 
in 1942 by an instructorship at the University of California at Berkeley. 


1941 


During the year 1941, a number of long delayed immigrations were accom- 
plished, bringing to friendly surroundings some who had been driven from 
their homes a year or more before. The group included the following: 

Ferdinand Beer received the degree of Ph.D. from the University of Geneva 
in 1937 and had taught in the schools of Paris. He has a position at the God- 
dard Junior College, in Plainfield, Vt. 

L. N. Brillouin, D. Sc., University of Paris, 1920, professor of theoretical 
physics at the Sorbonne and at the Collége de France, 1928-40, and general 
director of broadcasting in France, 1939-41, was visiting professor at the Uni- 
versity of Wisconsin during 1941-42 (he had been guest lecturer there during 
the second semester of 1927-28). For the year 1942-43, he has been appointed 
to the faculty of the school for advanced mechanics at Brown University. 

L. Corbeillier, student of the Ecole Polytechnique in Paris (1911-13), holder 
of a Ph.D. from Paris (1926), as well as of an A.M. in Philosophy, was engaged 
in engineering work in France and in-work at the Ecole Polytechnique. He is 
now a lecturer on electronics in the Officers Training Course at Harvard. 

Max Dehn was professor at Kiel (1911-13), at Breslau (1913-21) and at 
Frankfurt a/M (1921-35). He spent the year 1939-40 as professor at the Nor- 
wegian, Technical Institute in Trondheim and came to the United States by 
way of Siberia. After a professorship of mathematics and philosophy at the 
University of Idaho, in Pocatello, he was appointed visiting lecturer at Illinois 
Institute of Technology. 
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Jacques Hadamard, for many years professor at the Collége de France, is 
now living in New York City. He lectures occasionally at Columbia University 
and at neighboring institutions. 

Herbert Jehle, D.Eng. from Berlin (1933), collaborator on the Fortschrttte 
until 1936, spent the year 1937-38 at Southampton University College, and the 
years 1938-40 at Brussels. He is now in the physics department of Harvard 
University. 

S. Mandelbrojt, D.Sc. (Paris, 1923), has lectured at the universities of Lille 
(1928-29) and Clermont-Ferrand (1930-38) and became professor at the Col- 
lége de France in 1938. He is now visiting professor at the Rice Institute, where 
he had also spent the year 1926-27. 

Helen Polanyi was a student at the Ziirich Technical University in 1915-17. 
She was at the University of Vienna in 1933-35. At present she is on the faculty 
of Bennington College. 

Willy Prager, D.Eng. (Darmstadt, 1926) has been professor at Darmstadt, 
Géttingen, Karlsruhe and Istanbul. He is now professor of applied mathematics 
at Brown University. 

Fritg Reiche was professor of theoretical physics in Berlin (1913- 21), 
Breslau (1921-33) and in Prague (1933-35). He is now living in New York City, 
associated with the New School for Social Research. 

Raphael Salem had training in Paris as an engineer and as a mathematician, 
receiving the degree of engineer in 1921 and the degree of Sc.D. in 1940. For 
several years he was engaged in banking. At present he 1 is a lecturer in mathe- 
matics at the Massachusetts Institute of Technology. 

Hans Samelson, mathematical economist with the degree of D.Sc. from 
Zirich, is now at the I.A.S. 

André Weil, D.Sc. (Paris, 1929) has lectured at Aligarth University (Delhi), 
1930-32 and at Strassburg, 1933-40. He spent the year 1941-42 at Haverford 
College and has now been appointed at Lehigh University. 


1942 


The list of names is brought to a conclusion by recording the arrival during 
‘the first half of 1942 of the following: 

E. Kogbethantz, D.Sc. (Paris, 1923), who lectured in Paris (1921-27), at 
the University of Teheran (1933-38) and again in Paris (1938-40). He is now 
joining the faculty of Lehigh University. 

,Syluia Nowinska was trained at the University of Lausanne and was for sev- 
eral years assistant at the Paris-Meudon Observatory. She is at present living in 
New York City. 


It has not been possible to give more than very brief indications of the 
scientific careers, both in this country and abroad, of the mathematicians who 
have come to this country during the years since 1933. Still less has it been 
possible to speak of their scientific work, of their plans and hopes, or to have 
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them record their impressions of the new environment, their prospects and their 
difficulties. Because this has not been feasible, let me presume to speak for them, 
even though my arrival in this country falls in a very much earlier period; not 
however in my own words, but rather in those of Priestley, who replied in the 
following manner to the congratulatory address presented to him by the Ameri- 
can Philosophical Society: 


To the Members of the American Philosophical Soctety of Philadelphia. 


GENTLEMEN :—It is with peculiar satisfaction that I receive the congratulations of my brethren 
of the philosophical Society in this city, on my arrival in this country. It is, in great part, for the 
sake of pursuing our common studies without molestation, tho’, for the present, you will allow, 
with far less advantage, that I left my native country, and have come to America; and a Society 
of philosophers, who will have no objections to a person on account of his political or religious 
sentiments, will be as grateful as it will be new to me. 

My past conduct, I hope, will show, that you may depend upon my zeal in promoting the valu- 
able objects of your institution, but you must not flatter yourselves, or me, with supposing, that, 
at any time of life, and with the inconvenience attending a new, and,uncertain settlement, I can 
be of much service to it. 

I am confident, however, from what I have already seen of the spirit of the people of this coun- 
try, that it will soon appear that republican governments, in which every obstruction is removed 
to the exertions of all kinds of talents, will be far more favourable to Science, and the arts, than any 
monarchical government has ever been. The patronage to be met with there, is ever capricious, 
and as often employed to bear down merit as to promote it; having for its real object not science, 
nor anything useful to mankind, but the mere reputation of the patron, who is seldom any judge 
of science. Whereas a Republic which neither flatters, nor is to be flattered, will not fail in due time 
to distinguish true merit, and to give every encouragement that is proper to be given in the case. 
Besides, by opening, as you generously do “an asylum to the persecuted and oppressed of all 
climes,” you will in addition to your own native stock, soon receive a large accession of every kind 
of merit, philosophical not excepted, whereby you will do yourselves great honour, and secure the 
most permanent advantage to the community. 

J. PRIESTLEY 
PHILADA, June 21st 1794, 


Perhaps it is in the great scheme of things, that a seed, produced by the 
distressing events which have occurred during the last ten years, planted in 
the fertile soil of American science, will grow into a powerful tree, to add 
beauty and strength to the future life of mankind. 


THE APRIL MEETING OF THE OHIO SECTION 


The twenty-seventh annual meeting of the Ohio Section of the Mathematical 
Association of America was held at the Ohio State University, Columbus, Ohio, 
on Thursday, April 2, 1942, with an afternoon session, a dinner, and an evening 
session. Professor Louis Brand, chairman of the Section, presided. 

_ Fifty-six persons registered attendance, including the following forty-five 
members of the Association: G. E. Albert, W. E. Anderson, F. R. Bamforth, 
Grace M. Bareis, I. A. Barnett, H. M. Beatty, Henry Blumberg, Louis Brand, 
C. T. Bumer, V. B. Caris, E. H. Clarke, Rufus Crane, Wayne Dancer, O. L. 
Dustheimer, D. H. Erkiletian, Jr., M. P. Fobes, T. M. Focke, L. R. Ford, R. C. 
Hildner, Margaret E. Jones, H. W. Kuhn, Lincoln LaPaz, H. W. Linscheid, 
E. S. Manson, C. G. Maple, Florentina Mathias, Emma J. Olson, C. R. Pettis, 
Jesse Pierce, H. S. Pollard, Tibor Radé, S. E. Rasor, Maxwell Reade, R. B. 
Rice, N.S. Risley, K. C. Schraut, H. E. Stelson, C. W. Topp, W. R. Van Voorhis, 
R. W. Wagner, J. H. Weaver, R. B. Wildermuth, F. B. Wiley, C. O. William- 
son, P. M. Young. 

-The Section was fortunate in having Professor L. R. Ford of Illinois Institute 
of Technology as the guest speaker. The following officers were elected for the 
coming year: Chairman, C. T. Bumer, Kenyon College; Secretary-Treasurer, 
Rufus Crane, Ohio Wesleyan University; Member of Executive Committee, 
G. E. Albert, Ohio State University; Member of Program Committee, A. C. Ladner, 
Denison University. It is expected that the next meeting will be held on Thurs- 
day, April 1, 1943, at the Ohio State University. 

The following six papers were presented: 

1. “Non-metric differential invariants” by Professor Louis Brand, Univer- 
ty of Cincinnati. 

. “Vector inequalities” by Professor Tibor Radé, Ohio State University. 

; “Mathematical methods in non-linear problems” by Dr. C. A. Ludeke, 
University of Cincinnati, introduced by the chairman. 

4. “Application of tensor analysis to the investigation of seodesic lines on an 
ellipsoid of revolution” by Professor E. S. Manson, Ohio State University. 

5. “The error in using simple interpolation in tables of finance” by Professor 
H. E. Stelson, Kent State University. 

6. “A million ways to solve equations” by Professor L. R. Ford, Illinois 
Institute of Technology. 

In addition to these papers, a portion of the afternoon session was devoted to 
a symposium in which the members compared experiences as to the effect of the 
present emergency upon nature and content of courses offered. 

Abstracts of some of the papers follow: 

1. A relation between two tensor invariants in m-space, generalization of the 
divergence and curl of three-dimensional vector analysis, and independent of 
the metric fundamental tensor g;; and the affine connection Ij, was established 
by Professor Brand by setting up a one-to-one correspondence between co- 

variant tensors of order m(0SmXn) and contravariant tensors of order n—m, 
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their duals. It was proposed to define curl P as an absolute, covariant, alternat- 
ing tensor of order n—1, if P is an absolute covariant tensor of order —2; while 
rot P, defined as the dual of curl P, is a contravariant vector density. 

2. An inequality such as the inequality of Schwartz is easily proved while 
others are more complicated in appearance and proof. For many of these latter, 
simple proofs can be given based on theorems concerning the area of a triangle 
in terms of various data. One must first recognize a given inequality as a special 
case of a more general inequality involving vectors. Professor Rad6 presented 
several examples and suggested that such applications of theorems be used as 
stimulating exercises even though the inequalities derived be beyond the scope 
of instruction. 

3. Dr. Ludeke presented four methods used in solving certain types of non- 
linear differential equations. The first, known as the method of isoclines, and 
applicable to non-linear equations of the form dv/dx = B(x) v*1+k(x)/v=f(x, v), 
where v =dx/dt and f(x, v) is single valued and continuous: this method obtains 
a first integral between x and v by plotting the family of curves f(x, v) =con- 
stant, and attaching to them the corresponding slope of the integral curve. The 
integral between x and ¢ is determined by a second graphical integration. A 
second method, applicable to the preceding equation with B(x) =0, is used to 
find only the frequency of the solution by direct integration over a quarter cycle 
in steps small enough to ensure approximate linearity of k(x). A third method, 
used in solving the equation md?x/d#?+8,(dx/dt)"+kx =Psinat, replaces the 
term +6,(dx/dt)" by an equivalent term 6i(dx/dt); the equivalence being de- 
termined by the dissipative work of each per cycle. The equation is then linear 
and the solution is well known. A fourth method, applicable to equations of the 
form md?x/dt+-k(x) =Psinat, assumes the solution in the form «=) /7-1,3,5,-.- 
a, sin nat, and k(x) in the form yo n-1,3,5, °° A,sin nat; and then proceeds to 
determine the a; so that when the A; are calculated from them the series 

n=1,3,5:-» An sin nat gives the correct form k(x). . 

4. Professor Manson discussed the application of the equations of a geo- 

desic obtained by tensor analysis, 


d*t,/ds* +7} py, a} — —=0 
5 


to the two dimensional case of the geodesic on the surface of a spheroid of revolu- 
tion. Equations were developed showing the relation between the longitude 9, 
and the latitude ¢, and also between the distance s, and ¢. Professor Manson 
showed how these equations may be used in computing the distance along a 
geodesic between two points of known latitude and longitude. 

5. Formulas for determining the error in using simple interpolation in tables 
of finance were derived by Professor Stelson. The cases considered were inter- 
polation for the time, rate, and amount. Algebraic expressions were derived 
showing the maximum error and the average error in each case. Approximate 
rules for the accuracy of interpolation were presented. 

RUFUS CRANE, Secretary 
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THE ANNUAL MEETING OF THE OKLAHOMA SECTION 


The annual meeting of the Oklahoma Section of the Mathematical Associa- 
tion of America was held in connection with the annual convention of the 
Oklahoma Education Association in Oklahoma City on Friday morning, Febru- 
ary 13, 1942. Professor C. E. Springer, chairman of the Section, presided. 

Forty-seven representatives of high schools and colleges attended the meet- 
ing, including the following sixteen members of the Association: E. F. Allen, 
Joseph Barnett, Jr., J. C. Brixey, N. A. Court, A. H. Diamond, H. L. Hall, 
O. H. Hamilton, J. O. Hassler, E. E. Heimann, J. E. LaFon, Dora McFarland, 
W. C. Randels, S. W. Reaves, W. T. Short, C. E. Springer, B. S. Whitney. 

At the business session the following officers were elected: Chairman, O. H. 
Hamilton, Oklahoma A. and M. College; Secretary, J. C. Brixey, University of 
Oklahoma. ; 

The program consisted of the following six papers: 


1. “The bisectral center of four spheres” by Professor N. A. Court, Uni- 
versity of Oklahoma. 

2. “Equi-continuous collections of continuous transformations” by Professor 
O. H. Hamilton, Oklahoma A. and M. College. 

3. “A comparison of the effectiveness of mathematics teaching in different 
types of Oklahoma colleges” by Professor J. O. Hassler. 

4. “Conformal mapping of contours in the study of potential flow” by 
Professor A. H. Diamond, Oklahoma A. and M. College. 

5. “On new methods in differential equations with applications to the struc-- 
tural analysis of airplanes” by Professor Stefan Bergmann, Brown University, 
introduced by the Secretary. 

6. “Quadratic forms which represent all integers, except those in certain 
geometric progressions” by Professor S. B. Townes, University of Oklahoma, 
introduced by Professor Springer. 


Abstracts of the papers follow. 


1. Professor Court defined the “sect” v? of a point V for a sphere (A, a) as 
the square of the distance VA of the point V from the center A of (A, a) in- 
creased by the square of the radius a of (A, a). The sphere (V, v) having V for 
center and v for radius bisects the sphere (A, a). He pointed out the degree of 
parallelism between “sect” and “power.” He showed that, given four spheres 
(A), (B), (C), (D), there is a sphere (V) bisecting those spheres, and that the 
sphere (V), the orthogonal sphere (U) of the given spheres, and the sphere 
(O'!. =ABCD determined by the centers of the given spheres, form a coaxal 
pencil. The sphere (V) also bisects the sphere having for center the centroid G 
of the tetrahedron (7)=ABCD and for the square of its radius one-fourth of 
the sum of the squares of the radii of the given spheres increased by one- 
sixteenth of the sum of the squares of the edges of (7). 

2. Professor Hamilton discussed the definitions of a continuous transforma- 
tion on a set-of points, homeomorphism, and an equi-continuous collection of 
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homeomorphisms. He gave a proof of the theorem: If 7’: is a homeomorphism of 
a compact continuum JN, lying in a Euclidean space of m dimensions, into itself; 
and if the integral powers of JT form an equicontinuous collection of homeo- 
morphisms, then there can be defined on N a metric function, D(A, B), which is 
left invariant by the homeomorphism 7°. 

3. Professor Hassler reported the results of an investigation of the grades in 
mathematics made at the University of Oklahoma by students transferring there 
from other colleges in the state. He classified the students according to the 
nature of the colleges from which they came, and made a comparison of the ef- 
fectiveness of the teaching of mathematics in the different types of colleges. 

4. The study of potential flow about biplane wing sections in a two-dimen- 
sional stream leads to the problem of conformal mapping of a doubly connected 
domain into a ring. The plane in which the doubly connected domain lies was 
first mapped by Professor Diamond into the interior of a rectangle by means of 
a function defined by an elliptical integral of the first kind. Finally he mapped 
the rectangle into a ring by the exponential function. 

5. Professor Bergmann discussed the mathematics involved in the structural 
analysis of airplanes. 

6. Professor Townes discussed forms ax?-+by?-+cz?-++-dw? which represent all 
integers except those in certain geometrical progressions. For example, 
x?-+y2+ 722 7w? was found to represent all integers except 7*-3 and 7*-6, R20. 


J. C. Brrxey, Secretary 


THE NINETEENTH ANNUAL MEETING OF THE 
LOUISIANA-MISSISSIPPI SECTION 


The nineteenth annual meeting of the Louisiana-Mississippi Section of the 
Mathematical Association of America was held at the Heidelberg Hotel in Jack- 
son, Mississippi, on Friday and Saturday, March 6-7, 1942. 

The attendance was about sixty-five, including the following twenty-eight 
members of the Association: P. H. Anderson, T. A. Bickerstaff, Leora Blair, 
W. H. Bradford, H. E. Buchanan, R. L. Coker, W. E. Cox, D. S. Dearman, 
W.L. Duren, Jr., Virginia I. Felder, F. C. Gentry, H. S. Kaltenborn, H. T. 
Karnes, C. G. Killen, A. C. Maddox, Dorothy McCoy, B. E. Mitchell, I. C. 
Nichols, W. V. Parker, H. L. Quarles, S. T. Sanders, Jr., H. F. Schroeder, C. D. 
Smith, V. B. Temple, J. F. Thomson, B. A. Tucker, J. A. Ward, F. L. Wren. 

Sessions were held F riday afternoon and evening and Saturday morning. 
Professor B. A. Tucker, chairman of the Section, presided at all sessions. The 
annual dinner was held on Friday evening. The visiting speaker, Professor F. L. 
Wren of George Peabody College for Teachers, delivered an address at the dinner 
and also spoke at the Saturday morning session. 

At the business session on Saturday morning it was decided to hold the meet- 
ing at Delta State Teachers College, Cleveland, Mississippi, in 1944. The fol- 
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lowing officers were elected for 1942-43: Chairman, J. A. Ward, Delta State 
Teachers College; Vice-Chairman for Louisiana, S. T. Sanders, Jr., South- 
western Louisiana Institute; Vice-Chairman for Mississippi, B. O. Van Hook, 
Millsaps College; Secretary-Treasurer, F. C. Gentry, Louisiana Polytechnic 
Institute. 

The following ten papers were presented: 

1. “A solid of revolution” by Professor J. A. Ward, Delta State Teachers 
College. 

2. “Poristic polygons” by Professor H. E. Buchanan, Tulane University. 

3. “Fire insurance, a one-, a three-, or a five-year policy?” by Professor I. C. 
Nichols, Louisiana State University. 

4. “The problem of Apollonius” by Mrs. Alta H. Samuels, Hinds Junior 
College, introduced by the Secretary. | 

5. “The twelve squares ascribed to a triangle” by Professor B. E. Mitchell, 
Millsaps College. 

6. “A note on Heaviside operators” by Professor J. F. Thomson, Tulane 
University. 

7.. “Distributions in stratified sampling” by Dr. P. H. Anderson, Louisiana 
State University. 

8. “Boundary values for probabilities in problems of two variables” by 
Professor C. D. Smith, Mississippi State College. 

9, “The next step forward” by Professor F. L. Wren, George Peabody Col- 
lege for Teachers. 

10. “A contraction method for determinant expansion” by Professor F. L. 
Wren, George Peabody College for Teachers. 

' Abstracts of some of these papers follow: 

1. Professor Ward showed how to obtain the median curve of the solid of 
revolution obtained by rotating a rectangular parallelopiped about a diagonal. 
He showed that there are eight different types of median curves, depending on 
the ratios of the edges, and displayed graphs of several of them. 

2. After reproducing a part of Jacobi’s paper in order to get an intelligible 
start Professor Buchanan proved the following theorems: (1) The diagonals of 
the quadrilateral formed by the points of tangency of a poristic polygon are 
mutually perpendicular, and intersect at a fixed point on the line of centers of 
the two circles; (2) The external diagonal of a poristic quadrilateral is a fixed line 
perpendicular to the line of centers; (3) Every poristic quadrilateral determines 
another poristic quadrilateral which is inscribed in the smaller of the original 
circles and circumscribed about a third circle whose center can be found by a 
geometric construction. 

3. Using the assumptions first, that insurance is paid in advance; second, 
that discounts of half a year and of one whole year are given on three-year and 
five-year policies respectively; and, third, that the fire rate itself remains un- 
changed for the duration of the periods under discussion, Professor Nichols 
showed that (1) a one-year policy is consistently higher than a three-year policy. 
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(2) A three-year policy is cheaper than a five-year policy for a rate of interest of 
4% or higher, the difference becoming greater as the rate increases. (3) For a 
rate of interest of 34% or less the five-year policy is cheaper than the three-year 
policy, the rate at which these two policies are equal being slightly under 4%. 
Therefore, in general practice, the three-year policy should be written. 

4. Mrs. Samuels showed that nine of the ten cases of the problem of Apol- 
lonius may be reduced by inversion to three cases, namely, PPL, PCC, and CCC. 
She then solved these three cases by inversion, emphasizing their simplicity. In 
each solution, through thé mechanics of inversion, three points through which 
the required circle must pass are easily located, thereby reducing each problem 
to PPP, the first and simplest of the ten cases of the problem of Apollonius. 

7. Dr. Anderson compared the random sample distribution of a statistic 
with the stratified sample distribution of the same statistic. The statistics con- 
sidered were the mean, the standard deviation, and the student’s ratio. The 
samples were taken from a rectangular, a normal, a skewed, and a general 
population. This paper appeared in the Annals of Mathematical Statistics, 
March 1942. 

8. Beginning with the fundamental concept of Bernoulli, Professor Smith 
compared five types of probability. Consider the joint occurrence of two char- 
acteristics of an item U;,;. If the characteristics fall in column (2) and row (7) of 
the xy-plane and M,(j, 2) is the moment about the y-axis, Pj Sn(j, 4)/d", where 
P; is the probability that the item U;,; falls farther from the x-axis than a dis- 
tance X. A similar bound with respect to the y-axis gives a rectangle within which 
U;,; does not fall. In case of correlated characteristics a boundary parallelogram 
was found. The bounds were reduced by cases where the frequency does not 
increase with \. For frequency surfaces, a boundary circle and a boundary ellipse 
were given. . . 

9, Professor Wren raised and discussed the following questions: What is the 
next step forward in the mathematics program in the elementary and secondary 
schools of the United States? The present emergency has given a great deal of 
emphasis to the importance of mathematics. It has also thrown the spotlight on 
some of the weaknesses of the mathematics program of the past and present. 
As we project our thinking into the forthcoming peace era, what are the implica- 
tions as to curriculum, methods of teaching, and preparation of teachers? What 
should the Association, Council, and Society be doing now in the planning of this 
peace-time program for mathematics? 

10. Professor Wren proved the theorem which establishes the contraction 
method for the evaluation of determinants. He then applied this technique to 
find the quotient of two determinants, to solve systems of simultaneous linear 
equations, to find- the common root of two equations of the form aoX*+a.X? 
t+a,X+a3;=0 and 6)X?+b,:X+5.=0, and to find the moments of the point 
binomial (p+q)”. 

W. V. PARKER, Secretary 
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THE TWENTY-EIGHTH ANNUAL MEETING OF THE KANSAS SECTION 


The twenty-eighth meeting of the Kansas Section of the Mathematical As- 
sociation of America was held at Fort Hays Kansas State College, Hays, on 
Friday and Saturday, March 27-28, 1942, in conjunction with the meetings of 
the Kansas Academy of Science and the Kansas Association of Teachers of 
Mathematics. There were three sessions at all of which Professor C. F. Lewis, 
vice-chairman of the Section, presided. Professor C. V. Bertsch, elected chair- 
man a year ago, is now connected with American University, Washington, D. C. 

There were forty in attendance, including the following twenty-five members 
of the Association: Wealthy Babcock, Florence L. Black, B. H. Buikstra, E. E. 
Colyer, R. D. Daugherty, Lucy T. Dougherty, Paul Eberhart, F. D. Faulkner, 
W.H. Garrett, Edison Greer, Emma Hyde, W. C. Janes, H. E. Jordan, C. F. 
Lewis, Anna Marm, P. S. Pretz, G. B. Price, C. B. Read, J. A. G. Shirk, D. T. 
Sigley, G. W. Smith, W. T. Stratton, Gilbert Ulmer, E. B. Wedel, A. E. White. 

The officers elected’ for the coming year are: Chairman, C. F. Lewis, Kansas 
State College, Manhattan; Vice-Chairman, Paul Eberhart, Washburn Munici- 
pal University of Topeka; Secretary, Anna Marm, Bethany College. The decision 
on the time and place for the next meeting was left to the executive committee. 

The Committee on the Third Placement Test, given at the beginning of the 
1941-42 school year to Freshmen in most of the colleges and junior colleges of 
the state, reported through the chairman, Professor Gilbert Ulmer, and Profes- 
sor O. J. Peterson. There was general discussion on the test in which many of 
those present took part. The Committee was asked to continue the Test work 
in 1942-43. | 

Professor Emma Hyde gave a tribute to the memory of Professor U. G. 
Mitchell, expressing the feeling in all our hearts, as we met for the first time 
without his presence—thankfulness for the years during which he has been our 
leader and our inspiration, and sadness for the parting now. 

The following eight papers and reports were presented: 

1. “Continued fractions of quaternions” by E. G. Swafford, Fort Hays, 
Kansas State College, introduced by Professor Colyer. 

2. “A system of linear differential equations with a regular singular point” 
by . D. Faulkner, Kansas State College. 

. “Some properties of Sine Z as the inverse of an | integral” by B. H. 
puta, Kansas State College. 
4. “Some formulas in analytic geometry” by Professor G. B. Price, Uni- 
versity of Kansas. 
_ §. “Mathematics used by the Armed Forces” by Professor D. T. Sigley, 
‘Kansas State College. 

6. “Some circles related to the triangle” by Professor G. W. Smith, Uni- 
versity of Kansas. 

7. “Is mathematics an exact science?” by Professor C. B. Read, University 
of Wichita. 
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8. “Report of the committee on the Placement Test” by Dean Gilbert Ulmer 
and Professor O. J. Peterson. - 

Abstracts of most of the papers follow. 

1. Mr. Swafford showed that any right-handed quotient of two quaternions 
of the Hurwitz integral domain H can be represented by a finite regular right- 
handed continued fraction of quaternions of H by using an euclidean algorithm 
to determine a greatest common right divisor of the two quaternions. 

2. Mr. Faulkner discussed in detail the solutions of the system of differential 
equations, 

t(dX,/dt) = O11:(t) Xi +612(¢) Xe, 
t(dX 2/dt) = Boi (t) X41 + 6o2(t)X2, 


where the 6’s are functions of ¢ holomorphic at the origin, at least one of which 
is not zero at the origin. 

4. Professor Price considered the formulas for lengths, areas, volumes, ... 
expressed in terms of certain determinants of the coérdinates of the points, and 
showed how they followed a simple and definite pattern thus explaining to an 
analytic geometry class how mathematics grows by generalization. A second set 
of formulas, related to the above, gives the distance from a point, line, plane, 
... determined by one point, two points, three points, ... in m-dimensional 
euclidean space. 

5. Professor Sigley presented some observations on the status of mathe- 
matical development in the United States at the present time, and on the rela- 
tion of this development to the war. He enumerated typical problems, problems 
that men in the armed forces and related industries must solve, classified accord- 
ing to mathematical principle involved. It seems that present offerings in 
mathematical curricula are sufficient for proper training of the personnel of the 
armed forces. More time could be devoted profitably to these subjects, with ad- 
ditional emphasis placed on the study of charts, graphs, tables, ‘interpolation, 
and other phases of graphical and numerical methods. 

6. By means of a set of charts, Professor Smith discussed the geometry of a 
plane triangle; especially the circles that are associated with a triangle, such 
as the circumscribed, the inscribed, and the escribed circles, the inexcircles, 
the exexcircles, the nine-point circle, the isogonic circles, the Spieker circle, the 
circles of Droz-Farney, the Fuhrmann and the Brocard circles, several of 
the Tucker circles, the circles of Apollonius, the Canon circles and the Blanc 
circles. Although the triangle has been studied for a long time and by a great 
many‘investigators, it still presents many problems, several of which Professor 
Smith pointed out. 

7. Professor Read called attention to several instances in which texts and 
reference books in mathematics contain definitions or statements which are 
contradictory. The plea was made that, if there is a disagreement as to definition 
of terms, the author might at least call attention to the fact that there is varia- 
tion in usage. Among illustrations used, were: the meaning of factorial for 
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fractional values of »; definition of the principal values of the inverse trigono- 
metric functions; inconsistencies in number classification; confusion in the use 
of terms total force and total pressure; definitions of.an asymptote; use of the term 
rate of change; definition of a mantissa. The last three mentioned have been 
discussed in the “Questions, Discussions and Notes” department of this 
MonrtTHLY, October 1939, December 1939, and March 1941. 


Lucy T. DoucueERTy, Secretary 


THE APRIL MEETING OF THE IOWA SECTION 


The thirty-first regular meeting of the Iowa Section of the Mathematical 
Association of America was held at Iowa Wesleyan College, Mount Pleasant, 
Iowa, on Friday and Saturday, April 17-18, 1942, in conjunction with the fifty- 
sixth annual meeting of the Iowa Academy of Science. Dean O. C. Kreider, 
chairman of the Section presided. He was relieved by Professor Fred Robertson 
for part of the session on Saturday morning. 

The attendance was about twenty-six including the following seventeen 
members of the Association: J. W. Beach, J. O. Chellevold, L. M. Coffin, N. B. 
Conkwright, A. W. Davis, C. W. Emmons, Cornelius Gouwens, L. A. Knowler, 
O. C. Kreider, R. B. McClenon, F. M. McGaw, E. E. Moots, H. V. Price, Fred 
Robertson, W. J. Rusk, E. R. Smith, Roscoe Woods. 

On Friday evening the members and friends of the Association and the Iowa 
Academy of Science had a joint dinner. The officers of the section elected for 
1942-1943 are as follows: Chairman, N. B. Conkwright, State University of 
Iowa; Vice-Chairman, H. E. Ellingson, Luther College; Secretary-Treasurer, 
Cornelius Gouwens, Iowa State College. 

A resolution expressing the appreciation of the members of the Section for 
the hospitality and courtesy extended to them by the host, Iowa Wesleyan 
College, and by Professor G. E. King of the department of mathematics, was 
adopted at the business meeting. 

The following resolution on the closing of the earthly career of Miss Maria M. 
Roberts of Iowa State College was presented and passed: 

Miss Maria M. Roberts entered Iowa State College as a student in the Fall 
of 1887, and upon her graduation was retained on the staff of the department of 
mathematics as instructor. Her student career was so satisfactory and notable 
that this was a worthy recognition of her abilities. Thereafter for more than 
fifty years she was connected with the college as teacher or as administrator in 
connection with the Junior College. 

. Miss Roberts was a true teacher, inspiring guide, and helpful friend to the 
host of youth who had the privilege of coming under her influence. As co-author 
with Miss Julia Colpitts, Miss Roberts made in their text in analytical geometry 
a valuable contribution to the teacher’s tools. The Association has lost a faithful, 
and helpful member, and Iowa State College a worthy alumna and teacher. A 
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large number of former students everywhere will join in spirit in this resolution 
of memory and esteem. 

The following thirteen papers were read on the Association program, the last 
four by title: 

1. “Summation of certain series of ccnstants by the method of residues” by 
Professor J. J. L. Hinrichsen, Iowa State College, introduced by the Secretary. 

2. “The number of isomeric alkenes” by R. E. Carr, Iowa State College, 
introduced by the Secretary. | 

3. “The adequacy of the frequency definition of probability” by Professor 
E, S. Allen, Iowa State College, introduced by the Secretary. 

4. “Trends in teaching” by Professor P. G. Robinson, Iowa State College, 
‘introduced by the Secretary. 

5. “Spherical trigonometry as an emergency course” by Professor R. B. 
McClenon, Grinnell College. 

6. “Survey courses” by Dean O. C. Kreider, Ellsworth Junior College. | 

7. “Report and discussion of survey courses by the Section Committee” by 
Professor Fred Robertson, Iowa State College, Chairman. 

8. “Report of the representative on the Board of Governors for Region 
Number 9, lowa—Minnesota—Wisconsin” by Professor Cornelius Gouwens, 
Iowa State College. 

9. “Systems of linear equations with coefficients subject to error” by Dr. 
A. T. Lonseth, Iowa State College. (Read by Professor Gouwens.) 

10. “Boolean matrices” by Professor E. W. Chittenden, State University of 
Iowa. (Read by title.) 

11. “A test for the nature of the roots of a cubic equation” by Professor E. E. 
Watson, introduced by the Secretary. (Read by title.) 

12. “The asymptotic distribution of means of stratified samples” by Profes- 
sor A. T. Craig, Iowa State University. (Read by title.) 

13. “Gamma function expansions” by Professor Henry Van Engen, State 
Teachers College. (Read by title.) 

Abstracts of some of the papers follow: 

1. Professor Hinrichsen reviewed the theory of residues and its application 
to the summation of certain convergent series of real constants. This method 
was illustrated by summing the series > 7_,(1/1+?) and more generally 

n-i(l1/1-++n*”), where p is a positive integer. The usefulness of the method is 
restricted in that the mth term of the series must be an even function of n. 

2. Mr. Carr described a method for finding the number of isomeric alkenes. 
The alkenes are considered to be built up by attaching four alkyl radicals to the 
four available bonds of a basic skeleton 


The alkenes are classified in 30 types, chosen according to the degree of similarity 
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between the attached alkyl groups. Formulas developed by Mr. Carr for each 
type enable one to compute the-numbers of different varieties of isomers. 

3. Recently several writers have named instances of probabilities of isolated 
events—probabilities, according to them, incapable of description in terms of 
frequency limits.,Professor Allen, analyzing them, held that every numerical 
probability can be regarded as the limit of relative frequency of success in actual 
or imagined sequences of trials. 

4, Dr. Robinson gave a refreshing discussion on trends in teaching, particu- 
larly in the direction of thinking on the part of the student as contrasted with 
the emphases on skills. 

5. Professor McClenon gave an outline of the content of a fundamental 
course in spherical trigonometry and exhibited interesting analogies between 
formulas in spherical trigonometry and in plane trigonometry. 

6. Dean Kreider stated that the various survey courses may be classified as 
of the review type, the eclectic, the analytical, the cultural, the historical or the 
psychological. The main characteristics of survey mathematics should be 
breadth, psychological organization, and value. The keynote should be to make 
mathematics really and obviously worth while to students and to encourage 
students rather than to eliminate them. This paper will appear in the Proceedings 
of the Iowa Academy. 

7. Professor Robertson offered evidence showing the need for survey courses, 
described types which have been offered and exhibited recent texts in the field. 
An interesting discussion developed. 

8. Dr. Gouwens presented a report on the state of the Mathematical As- 
sociation of America and an account of the business meetings of the Board of 
Governors during the past year. - 

9. Dr. Lonseth presented formulas for maximum errors in the solutions of 
a system of m linear equations in ” unknowns where the coefficients are subject 
to small errors. 

10. Professor Chittenden discussed the algebra of matrices whose elements 
belong to a Boolean algebra. If the Boolean algebra is finite, the resulting algebra 
of matrices is an interesting form of non-commutative distributive algebra. 
Tables of incidence relations in topology are well known examples of such 
matrices in case the basic Boolean algebra has only two elements. He defined 
addition and multiplication of such matrices in the usual manner and rank in 
terms of linear dependence. 

CORNELIUS GOUWENS, Secretary 


REMARKS ON THE ABEL-DINI THEOREM 
T. H. HILDEBRANDT, University of Michigan 


1. The Abel-Dini Theorem* may be stated as follows: If d, is a sequence 
of positive numbers such that the infinite series do ndn is divergent and if 


Sn= >> dm, then the infinite series )- 


m=1 n n 


is convergent for a>0, and divergent 


dn 
glita 


for a<0. A corresponding result holds for convergent series, excepting that the 
remainders replace the sums, viz., if c, are positive numbers such that > nc, is 


convergent and if 72= >> Cm, then >» is convergent for a<0 and diver- 


1-+a 
; m=n-+1 n n—-1 
gent for a0. Of the two theorems, the second is slightly easier to demonstrate. 
For the divergence feature it is sufficient to consider the case where a=0, make 


the substitution c, =fn_1—7r, and make the observation that 
Yn—-1 — Tn Tm 


™m Cn mm tn—-1 m 
yy > EH 


n=k Tn-1 n=k Vn-1 n=ak Vk—-1 Tk-1 


— 1n 


which approaches 1 in m for fixed &. For the convergence theorem we take 
a=-—f£6, with 0<6<1 and note that | 


Cn Vn—1 — Vn 4 B : Vn 1 B Tn B 
yite yi-B Yn—1 re) tn—-1 


n—1 n—1 


1 8 B 
= — [tra — fn] 
Bo 
since x <1+8(x—1) for 0<8<1 and x20. Then since >. ,(r4_1—72) converges: 
it follows that >_,.c,/ri-* converges for 0<8<1 and consequently for 8>0. 
_The Abel-Dini theorem, where >_,d, diverges, now follows by making the sub- 


oo, 1 1 1 dn Cn dn , 
stitution 7,= — so that ¢, = —— = - Then —~— = — . It is 
Sn ~  Sn-1 Sn Sn—18n rite S71 Sn 


interesting to note, however, that the convergence part of the theorem now 
yields the Pringsheim modification of the Abel-Dini theorem, viz., if 


dn 
>, d, is divergent then >, ——— is convergent for a>0.f Obviously one can 


n Sh—-1S n 
get a “Pringsheim” modification for > ncn convergent by starting with the Abel- 
1 
Dini theorem and setting s,=— - 
ln 


* Cf., for instance, Knopp, Infinite Series, 1928, pp. 290-293. 
+ Cf. Knopp: loc. cit., p. 300. 
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If in the proof that >> is convergent for 8>0, we should consider 


n—l 


C 
instead 3’ we find that the inequality «8 —1<8|x®—1] would need to be ap- 


plied in the reverse form, yielding nothing. It raises the question whether the 
theorem is valid in this form. The answer is in the negative. 

For this purpose we take r,=1/n™=n-™. Then ¢,=(n—1)-@7 1)" yon” 
and ¢,/rb 8 = (n—1)-@-)"*. 1, 0-8)2" — 4-8" the last term of which obviously 
approaches zero, but the first term of which for 0<6<1 is obviously greater 
than (n—1)(@-#n"-@-bD"" which approaches infinity for all 0<8<1; ie., it is. 
possible for >) nc,/7% to diverge for all a>0. We might note, however, that if 
tn =1/n" then > nCn/r- converges for 8>0. Similar results hold for the diver- 


gent series, i.¢., there exist divergent series }.,d, such that > )nd,/s%_1 is diver- 
gent for all aZ20. 


2. The Abel-Dini theorem gives at once the properties of the harmonic 
series 1/n'** by taking d, =1; as a matter of fact it might be considered a gener- 
alization of this. If we in turn apply the Abel-Dini theorem to d,= 1/n we get 


1 

the statement: ee is convergent if a>0 and divergent if a0. 
(Es) 
1 ™ 
log 1 . . 
Since lim pt this is equivalent to ), —-————— is convergent if 
n > n niogit?n 
1 


a>0 and diversent if w<0. The next steps }» ——— ————— and so on, 
»n log n(log log n)* 
seem to require more complicated consideration.” These results suggest the ques- 


n 


tion whether it is possible to prove similar theorems about > Silloe 5) ie 
n Sn(log s ot 
dn 


n Sn log Sa(log log s S ,) tre . 
We note that since s,—> implies log s,—®, log s,—log s,_1 are the terms 
log Sn—log Sn_1 
of a divergent series. Hence >) —-————--— with sy =1 is convergent if a>0 
n (log Sn) ¥* 
and divergent if <0. Now the series ), ———— 
n Sn(log s,)1*% 
log S,—log Sn_1 


and so on. 


n 


will have the same con- 


vergence and divergerice properties as >» 


if the ratio of the 


n (log s,)1*¢ 
corresponding terms is bounded from zero and infinity. This ratio is equal to 
dn 1 = Sn1/Sn 


rt trp ert 


Sn(log Sn — log Sn-1) ~— log (Sn/Sn_1) 
* Cf., however, Knopp, loc. cit., pp. 292-293. 
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x—1 
Now the function ——— for 0<x<1 increases monotonically from 0 to 1. 
og x 


_Hence we have the theorem: 


THEOREM I. If 5n=) %-1dm where dy, are positive and the terms of a divergent 
series and tf Sy1/Sn 1S bounded from zero in n (or dn/S, 1s bounded from unity), 


dn 
n >, — —— 1s convergent for a>0, and divergent for aS0. 
n Sn(log s,)!t¢ 


Since for the convergences of a series > nun it is sufficient that the ratio of 
the terms u,/a, with > jndn convergent be bounded we can assert: 


THEOREM la. If d,>0 are the terms of a divergent series and 5,=)_%,-1dm, then 


dn 
—— 14s convergent for a>0. 
n sa (log Sn) bre 


However, the divergency for w<0 cannot be asserted for all d,, particularly 
if lim d,,/Sn=1. We note the folowing instances. If s, =”, then s,_1/ S,—-0. How- 


— n—I mI 1 
ever, LX dn/Sn(log s,)!+*= \ 


——-—————— is obviously di- 
nt n't+2(log n) l+a 

vergent “for a <0. On the other hand, if s,=n”, then d,/s,(log sn)1*@ is less than 

1 


The following extension to iterated logarithms holds: 


and consequently gives rise to a convergent series for a>—1. 


THEOREM II. Jf d, >0 are the terms of a divergent series, and S,=) ma1dm and 
af Sn—1/Sn ts bounded from zero (or dn/Sn from unity), then 


nn nn rr ee ee 


“sy log Sn (log log sp)! 


ts convergent for a>0 and divergent for a0. 


By the Abel-Dini theorem, summing from a value of 7m so that log s,#0 and 


log log sn—log log Sa—1 
log log s, #0 for n=», the series > ae > lows yi 
hn og log s,,)1* 


will be convergent 


for a >0 and divergent for a<0. The ratio of the terms of this series and of the 
series of the theorem can be transformed as follows: 


dn Sn — Sn-l 1 — log sy_1/log Ss, 


sn log sy log (log sn/log x1) Sa[log sn — log Sn] ‘log (log sn/log Sn) 


1 — Spi/Sn 1 log. $n1/log Sn 


log (Sn/Sn—1) ‘log (log > s,/log Sn—1) 


444 - REMARKS ON THE ABEL-DINI THEOREM [Aug.-Sept., 


Since Sn1/Sn is bounded from zero, the first term of the product is bounded 
from zero and infinity. Further, if s,_i/s, is bounded from zero, then 


log Sn—1 ' log (Sat /Sn) 


log Sn log Sn 


obviously approaches 1 as m and s, approach infinity. Hence the product of 
these terms is bounded from zero and infinity. Obviously we can assert the con- 
dn 


vergence of ——__—______-_—__——— for any a> 0. 
X Sn log sn(log log s,)*** f 


dn . Sn-1 
One might inquire whether the divergence of )) ——— with —— approach- 
n Sn LOX Sn Sn 


dn 
ing zero is sufficient to guarantee the divergence of )) ——---——_—__- The 
n Sn log Sn(log log s») 
example s, =n" gives 


dn - n” — (n — 1)"7} 1 


Sn log Sn log log Sn n” ‘n{log? n + (log n) log log n| 


and shows that the reply is negative. 
Obviously the reasoning of Theorem IT can be continued yielding the result: 
If the ratio s,_1/S, is bounded from zero, then the series 


dn ; 
—_—_____________—__.——- where (log)*s, = log log - : - log s, 
n Sn log Sn ++ [(log)*s,]*4 k times 


is convergent if w@>0 and divergent if a0, the series starting with an m» such 
that for n= and k21, (log)*s, does not vanish. 


3. The harmonic series a,=1/n with the property that >),a}** is a con- 
vergent series for a>0O and divergent series for a0 suggests the question: 
Do similar properties hold if @,=dn/Sn, dn>0, > sndn divergent? No general 
theorems can be proved because: 

If D,>0 is any series such that D,=1 and D,<1, n>1, and >_,D, is di- 
vergent, then there exists another divergent series Yondn such that dy/s,=Dn. 
For da/Sn = (Sn—Sn—1)/Sn=Dn gives 


Sn—-1 
Sn = 
y, 1 _ Dn 
Then 
- S1 
Sy =r 
ae (1 ~ Dn) 


Since Ss, >S,—1 we obtain at once d,>0, in terms of s,;=d;. Obviously s,—-™. 
In the case of the harmonic series a,=1/n, the number 1 is the dividing 
line between the numbers a such that }\a% converges and diverges, 1 being on 
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the divergent side. Do there exist series where the dividing number is on the 
convergent side; z.e., do there exist sequences a, >0 such that >),a% is conver- 
gent for w2a> and divergent for a<ao? Obviously if the statement is true for 
ao =1, it can be obtained for any a» replacing a, by a;/”. For ~=1 we have the 


instance a, =—————— where e>0. Obviously > a, is convergent and so 
n logit? n ; n ' 
> an, a>T1, will also be convergent. On the other hand, >> ——_________ is 
- - [n logite n |i-« 


\ 


1 
divergent for a>0. This follows by comparison with a 0<@6<a and the 
. n\- 


é 


fact that lim =o if e>0. A similar trick enables us to prove the following 


L— 00 log Xx 
theorem of which the result just mentioned is a special case: 


THEOREM III. Jf d,>0 ts such that > nd, is divergent, then there exists a 
sequence Cy, such that 0<CxZd, for all n, yonln 1s convergent but 0 1s divergent 
fora<i. : 


By way of proof we let D, =d, if d, <1, and D,=1ifd,2=1.Let S,=) 71D». 


n 


Then obviously S,—, and D,,/S,—0. Let c, =— ——, B>0O. Then b 
aned / S(log Sy”? ° 


Theorem Ia, Sonln is convergent, and c,<d,. On the other hand, since D, <1, 
we have for a>0 | 


V 


| D, im D, 
Sn(log S,,)1*8 ~ S$, “flog S, ]a-oa+e 
which by comparison with D,/S'~7, with 0<y<a, turns out to be divergent. 


We have the obvious corollary: 

If d,>0, is any sequence such that >_,d° is divergent and 0<f<e, then 
there exists a sequence 0<c,<d, such that >),ch is convergent but >.,c% is 
divergent for g<f.* 

Obviously the Abel-Dini theorem gives: 

If d,>0, is any sequence such that >_,d% is divergent and 0<f<e, then 
there exists a sequence d,’ <d, such that >),d”% is divergent for g<f, but 
> nd”. is convergent for g>f. 


* This and the succeeding corollary are due to H. H. Goldstine, who obtained them in proving 
a theorem on classes of sequences due to E. H. Moore. 


ON SEMI-CONTINUITY* 
TIBOR RADO, Ohio State University 


1. The concept. Semi-continuity is one of many fundamental conceptions 
that were introduced into Analysis around the year 1900. The following in- 
complete survey will be concerned primarily with applications of the idea of 
semi-continuity. The extent of the literature makes the inclusion of a compre- 
hensive bibliography prohibitive, and for our modest purposes a detailed 
bibliography is irrelevant anyway. Our objective is merely to illustrate how semi- 
continuity, originally a mere abstraction, became in the course of time an indis- 
pensable tool for many classical problems in Analysis, Geometry, and Potential 
Theory. We restrict ourselves therefore to two remarks concerning literature. 
The well-known standard treatises on Real Variables and Point-set Theory 
(Carathéodory, Hahn, Hobson, R. L. Moore) contain comprehensive informa- 
tion on semi-continuity itself, while further details and references concerning 
applications may be found in two surveys by the present author (On the problem 
of Plateau and On subharmonic functions, both in the Ergebnisse der Mathe- 
matik series). 

For brevity, we shall write l.s.c. and u.s.c. for lower semi-continuous and 
upper semi-continuous respectively. Let f(x) be a function defined in a closed 
interval 


TiaSxSb. 
Then f(x) is l.s.c. at a point xo of I if 
feo) > — 2% and f(ao) S lim f(a) 
for every sequence x,— Xo. Similarly, f(x) is u.s.c. at a point xo of J if 


flo) <+ © and f(xo) 2 lim f(x») 


for every sequence x,—o. If f(x) is l.s.c. (u.s.c.) at every point of J, then f(x) 
is l.s.c. (u.s.c.) in J. 

The conditions involving the values + © are needed to cover certain ap- 
plications. More explicitly, we require that — 0 <f(x)S+ © if f(x) is l.s.c. and 
— 0 Sf(x)<+ © if f(x) is u.s.c. 

For the sake of immediate illustration, the following simple remark may be 
used. Let g(x) be continuous at a point xo of J. Let us take a number k¥ g(x»). 
Define 

f(x) = g(x),  & A MX, 


f(x) = k. 


Clearly, f(x) is discontinuous at x9. On the other hand, f(x) is semi-continuous 
there. Specifically, f(x) is l.s.c. at xo if R<g(xo), and u.s.c. at xo if R>g(xo). 


* Presented, by invitation, at the annual meeting of the Mathematical Association of America, 
in Bethlehem, Pa., January 1, 1942. 
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If a function f(x) is both l.s.c. and u.s.c. at xo, then it is continuous at xo and 
conversely. Thus the property of continuity may be thought of as the logical 
sum of the properties of lower and upper semi-continuity. We expect therefore 
that semi-continuous functions will enjoy about half of the properties of con- 
tinuous functions. Several simple and important theorems bear out this expecta- 
tion. Two typical theorems of this type will be stated now. The simple proofs 
are omitted. Such theorems may_possibly be used to good advantage as exercises 
in familiarizing beginners with the idea of continuity itself. 

If f(x) ts l.s.c. (u.s.c.) in I, then f(x) ts bounded from below (above) in I. 

If f(x) ts l.s.c. (u.s.c.) in I, then tt takes on there a minimum (maximum). 

The class of semi-continuous functions is of course much more comprehensive 
than the class of continuous functions. Still, in a sense to be explained now, semi- 
continuous functions are quite close to continuous functions. Let us use the term 
L-sequence (U-sequence) to refer to a monotonically increasing (decreasing) 
sequence of functions. We have then the following theorem. 

If fr(x) 1s an L-sequence (U-sequence) of continuous functions in I, then lim 
Ffn(x) =f (x) ts L.s.c. (u.s.c.) in I. Conversely, tf f(x) ts l.s.c. (u.s.c.) n I, then we have 
an L-sequence (U-sequence) of continuous functions f,(x) such that f(x) =lim fn(x) 
in I. 

Thus semi-continuous functions are simply the limits of monotonic sequences 
of continuous functions. It is then natural to consider the limit functions of 
monotonic sequences of semi-continuous functions. It turns out that these limit 
functions comprise all the functions that seem to be needed in applications, 
namely all measurable functions.* Thus semi-continuous functions are, in a sense, 
stepping stones between continuous and measurable functions, As a consequence 
semi-continuous functions may be used to construct a most beautiful and peda- 
gogically sound theory of measurable functions and their integrals. 

The conception of semi-continuity can be extended, in an cbvious manner, 
to functions of several variables and more generally to functionals. We state 
presently the general definition; examples will follow in a moment. 

Let 7» =f(&) be a functional, defined on a range X, with values in a range Y, 
Then f(€) is l.s.c. (u.s.c.) at £o in X if 


fléo) S lim f(&) for &%— £o, 


or 
flo) = lim f(én) for: & — &o 


respectively. This definition presupposes first that in both ranges X, Y the con- 
ception of convergent sequence and that of limit inferior (limit superior) is 
suitably determined, and second that in the range Y an order relation is given. 

We shall discuss now a few outstanding examples of semi-continuous func- 
tions and functionals. 


* The precise theorem reads as follows. Every measurable function is the limit, almost every- 
where, of a U-sequence of l.s.c. functions and of an L-sequence of u.s.c. functions. 
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2. Potentials and convex functions. We restrict ourselves, for definiteness, 
to the two-dimensional case. In the xy-plane, let there be given a negative mass- 
distribution (the reader may think of. a distribution of negative electric 
charges). Such a distribution gives rise to a potential u(x, y). What are the char- 
acteristic mathematical properties of this potential? This question is of course of 
great interest. By virtue of a most important coincidence, the answer to this 
question is identical to the answer to the following, entirely different, question 
that originates in pure mathematics. Let f(x) be a function that is convex from 
below in an interval J. Then, in every sub-interval of J, the graph of f(x) is below 
its chord. Since the chord is given by a linear function h(x) =ax+ 8, a convex 
function f(x) may also be described as a sublinear function. in the sense that, in 
every sub-interval, f(x) is dominated by the linear function h(x) with the same 
boundary values. In view of the importance of convex functions of a single 
variable, we may ask for a useful generalization of this idea to functions of two 
(or several) variables. Now, a linear function h(x) =ax+ 8 may also be described 
as a solution of the differential equation , 


d*h 
dx? 
As a natural generalization, we have then, in the two-dimensional case, the 
harmonic functions which arise as solutions of the differential equation 
Oh dah 
Ox? §ay? 
Thus we arrive at the definition of subharmonic functions, defined by the prop- 
erty that in every sub-region of its range of definition, a subharmonic function’ 
is dominated by the harmonic function with the same boundary values. Now, 
how is all this related to semi-continuity? First of all, we find that the potentials 
u(x, y), referred to above, are subharmonic functions. As far as applications in 
pure mathematics are concerned, we may include in the definition of a sub- 
harmonic function any continuity requirements to suit ourselves. However, if 
all the potentials u(x, y) of negative mass-distributions are to be subharmonic 
functions and conversely, if every subharmonic function is to be, essentially, a 
potential of this type, then we have no choice in this matter. It turns out that 
we have to require precisely the property of upper semi-continuity. 


3. Arc-length and area. In the preceding example, semi-continuity was in a 
sense forced upon the Analyst by an outside application. Similar situations arise 
if we undertake to apply Analysis to certain simple and fundamental problems 
in Geometry. Let X designate the class of continuous curves in three-space, 
say.. Let £ designate an individual curve and f(£) the arc-length of & where f(£) 
may be +. Simple examples show that f(€) is not a continuous functional. 
That is, &,—£) generally does not imply that f(é,)—-f(&). But, if convergent 
sequences of curves are suitably defined, then it is found that f(€) is a I.s.c. 
functional. 


an 
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Similar statements hold if X stands for the class of continuous surfaces and 
f(&) for the area of the surface &. In fact, this semi-continuity property is used as 
a desideratum in defining the area of a surface. Unfortunately, the area of a 
surface cannot be defined, in analogy with the arc-length, as the limit of the 
areas of inscribed polyhedra, as simple examples show. The generally accepted 
definition of the area f(£) of a surface & is given by the formula. 


(1) f(E) = grb. lim $(r,), 


where the greatest lower bound is taken with respect to all sequences of poly- 
hedra 7,, inscribed or not, converging to & in an appropriate sense, and $(7,) 
designates the elementary area of 7,. The purpose and effect of this definition is 
to make the area a l.s.c. functional. 

We wish to call attention on this occasion to a simple, natural and apparently 
quite difficult problem. As regards the definition of the area by formula (1), it 
may be argued that it would be more natural to state that definition in terms of 
inscribed polyhedra. Let us designate by f*(£) the quantity obtained by restrict- 
ing, in the formula (1), the polyhedra 7, by the requirement that each 7, be 
.inscribed in the surface &. The problem we wish to call attention to requires to 
determine whether f(£)=f*(£). Only partial results aré known, and in every 
instance the contrast between the simplicity of the problem and the complexity 
of the methods is striking. Still, a little reflection shows that the problem would 
be solved if we could prove that the functional f*(é) is also l.s.c. 


4, Calculus of Variations. The analytic formulation of the geometrical facts 
stated in sections 2 and 3 leads to important questions in Analysis. Let us con- 
sider, for definiteness, a sequence of smooth curves given by equations 


y = gn(X), O0O<« 1. 


Suppose that g,(x)—g(x) uniformly in this interval, where g(x) is again a smooth 
function. The arc-lengths of all these curves are then given by the familiar in- 
tegral formula, and the remarks in section 3 lead to the relation 


2) f+ ep bde stim f [1 + gf? ae 


Let us observe that our assumptions do not imply any degree of approximation 
in terms of derivatives. Hence there is nothing obvious about (2) from the point 
of view of Analysis. We are thus led to the following general question. Let a 
curve ~ be given by equations of the form 


x= x(t), ~ y = y(t), z = 2(2), Osi 81. 


Let F(x, y, 2, \, u,v) be a function of six variables. We define a functional 


~s 


i(® = J F(x(8), y(0), 2(4), 2'(t), CB), #/(O)ae. 
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Under what conditions will this functional f(&) be l.s.c.? The same question 
arises in connection with double integrals depending upon a surface & The 
questions thus raised are important in Calculus of Variations, where we deal with 
the problem of minimizing such integrals. We mentioned above that a lL.s.c. 
function, defined on a closed interval, reaches a minimum there. We can expect 
then to obtain existence theorems in Calculus of Variations in cases when the 
variational integral is a l.s.c. functional. This simple idea is the foundation of the 
so-called direct method in Calculus of Variations. In this manner, semi-continu- 
ity takes its place amongst the fundamental conceptions of a classical field in 
Analysis. 


5. Point sets. As a last example, let us consider the following situation. Let 
X designate a point-set, in the xy-plane for definiteness. Let X be partitioned, in 
some definitely given manner, into mutually exclusive subsets for which we shall 
use the generic notation 7. We denote the class of all the sets 7 by Y. We define 
now a functional y = f(€), for points € in X, by the agreement that 7 ='f(&) is the 
unique set 7 of the class Y that contains the point &. Under what conditions shall 
we say that this functional f(£) is u.s.c.? Checking back, we see that we have to 
state first various definitions. Since & stands for a point in the xy-plane, the rela- 
tion £,—£ will stand for ordinary convergence. Next, we define lim 7, as the set 
of points (x, y) with the property that every neighborhood of (x, y) is entered 
by infinitely many sets of the sequence nn. Finally, if S1,.S2 are two point-sets, we 
shall interpret the relation S,;5.S_; as meaning that S; is a subset of S:, and we 
shall write C instead of S$. Applying the general definition stated in section 1, 
we shall say that the functional 7 =f(€), defined at the beginning of the present 
section, is u.s.c. if for every £ in X 


f(E) D lim f(é,), 


whenever &,—£ ). The prevalent practice, though, is to describe the class Y of 
subsets 7 as an upper semt-continuous collection. The wording of the definition 
is of course irrelevant so long as the logical content is the same. The point is 
that semi-continuity, applied in this manner in point-set theory, admits of 
many significant applications. 

The preceding rapid survey lends support to the statement that a mathe 
matical conception may originate as a mere abstraction, and still develop into 
a tool of great usefulness in a surprising variety of applications. To avoid giving 
undue aid and comfort to the specialist dealing in mere abstractions, we want 
to’conclude by a complementary statement: it would seem that only those mere 
abstractions survive that do develop into tools of great usefulness in a surprising 
variety of applications. 


THE RATIONAL CANONICAL FORM OF A MATRIX* 
M. F. SMILEY, Lehigh University 


1. Introduction. There are several different methods in the literature for the 
computation of the rational canonical form of a matrix.t We shall give a method 
here which is (1) valid in an arbitrary field K, (2) exceedingly simple, and (3) 
based on elementary transformations. Our result is obtained by exploiting the 
same lemma which Albert has used in simplifying the computation of the 
inverse of a non-singular matrix.f A description of the general reduction process 
is given in Section 2 and a particular numerical example is treated in Section 3. 


2. The reduction process. Two matrices A and B with elements in KX are said 
to be similar (in KX.) in case B= PAP! with P a non-singular matrix with ele- 
ments in K. Now a non-singular matrix is the product of a finite number of 
elementary transformation matrices, § and the lemma used by Albert then shows 
that A is similar to B if and only if we can obtain B from A by a finite number 
of elementary similarity transformations of the following types. 

Type (1). Interchanging the 1th and jth rows and the corresponding columns. 

Type (ii). Adding ceK, times the ith row to the yi row and subtracting c times 
the jth column from the 1th column. 

Type (iii). Multiplying the ith row by a nonzero element aeK, and multiplying 
the 1th column by a“. 

We shall denote these transformations by e;;, ;;(c), and 7;(a), respectively. 

Let us call a matrix of the form 


( 0 1 0 

0 0 1 0 0 
(1) 

0 0 0 --+-0 1 

am Gm—1 Gm2°** Qe ay 
a canonical block. We shall show how a matrix A =(a;,)(4, 7=1, ---,2) may be 
reduced by transformations of types (i)—(iii) toa matrix B=diag{B®,---, BO} 
where B(a=1, +++, #) are canonical blocks. The computation of the rational 


canonical form of B may then be carried through via elementary similarity trans- 


* Presented to the American Mathematical Society, Dec. 29, 1941, under the title Ele- 
mentary similarity transformations and the rational canonical form of a matrix. 

+ C. C. MacDuffee lists the contributions prior to 1933 in The Theory of Matrices, Ergebnisse 
der Mathematik, vol. 2, 1933, p. 424. See also E. T. Browne, On the reduction of a matrix to 
canonical form, this MONTHLY, vol. 47, 1940, pp. 437-450. 

t A rule for computing the inverse of a matrix, this MONTHLY, vol. 48 1941, pp. 198-199. 
See also A. A. Albert, Introduction to Algebraic Theories, Chicago, 1941, p. 42; and G. Birkhoff 
and S. Mac Lane, A Survey of Modern Algebra, New York, 1941, p. 279. 

§ A. A. Albert, Introduction to Algebraic Theories, p. 44. 
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formations. However, it is much simpler to resort to a computation of the in- 
variant factors of x[—B. Let f.(x)(a=1,---, ¢) be the non-trivial invariant 
factor of x[ —B™, Let d(x) be the greatest common divisor of fi(x), +--+ , fi(x). 
Let B”, BY-” be canonical blocks corresponding to d(x) and to f(x) -fi-1(x)/d(x) 
(See Albert, Introduction to Algebraic Theories, p. 105). Then B,=diag {| B®, 
.++, Be»), BY), BM} is similar to B. Repeat this process on the matrix 
diag { B®, ---, B®, BY) | and continue repetitions until the rational canonical 
form of B is obtained. 7 
Let us return, then, to the problem of reducing A =(a;;,)4, 7=1,°--°-, n). 
to diag { B®, rey Bo} with each B® (a=1,---, ¢) a canonical block. First, 
if some a1;(7>1) is nonzero, we may apply é:;‘to obtain a matrix (a;,) with 
a',~0. Application of re(ai2), followed by fie(aj), Pse(@is),-° +, Pn2(@in) 
yields a matrix (aj’) whose first row is (0, 1, 0,---, 0). If then some ax (k > 2) 
is nonzero, we may apply e3; to obtain a matrix (a;’’) with a33;’0. Application 
of 7r3(ag3’) followed by P1s(azi’), pes(a22’), Pss(G24’), - °°» Pns(@an) produces a 
matrix -whose first two rows agree with (1). This process may be repeated until 
we have reduced the matrix A to its rational canonical form of just one canonical 
block, in which case we have attained our goal; or until we reach a matrix of the 


form ; 
B, 0 

(c ») 
in which B,; is a gXq canonical block. Using transformations of type (il), we 
can replace this matrix by one of the same form in which the last g—1 columns 
of the matrix corresponding to C=(c,,; r=1,---+,#—g,s=1,--:,q) are all 
zero. How this is done will be clear if we show how to “remove’’ the element ¢j,. 
To do this, multiply the (¢—1)st row by cq, and subtract it from the (¢+1)st 
row and add cq, times the (¢-+1)st column to the (¢—1)st column. Note that 
this transformation is p,-1,941(—¢ig) and that it leaves the matrix B, unaltered. 
When the last g—1 columns of the matrix C have been replaced by zeros, it may 
be that each element in the first column of the matrix corresponding to C is zero, 
and then we have reduced A to the matrix diag {B®, D®}, with B® =B, and 
D® the matrix corresponding to D. If so, we apply the above process to the 
matrix D®. If not, some element ci, of the matrix C™ = (c/,) corresponding to 
C is nonzero. Apply 7¢4:,(1/ci,), followed by Pots,¢41(—C1), °° °°» Patsets—1 
(—Cj,s-1)) Patsateti(—Cieti)s °° * Pats,n(—Ct,n—a)s €q+i,q+s to obtain a matrix 


B, 0 
C® De® 


in which the only nonzero element of C®=(c/!) is cjj=1. In this case it is 
always possible to obtain a matrix with a larger canonical block in the upper 
left-hand corner. The argument falls into two cases according to whether or not 
there is some nonzero element d”% (s>1) of the matrix D®=(di/; u, s=1, 

- , m—q). Since the argument is similar in the two cases, we shall give the 
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details of proof only in the more involved case in which there is some nonzero 
element is(S>1). Apply eaters %qr2(di;), followed by Pa+s,q+2(di3), - 
Dn, aC to obtain a matrix 

B, 0 

C@) pi) 


in which the first row of D® is (6, 1,0,---,0). Now apply e1,¢41, C2,¢41) °° * 
€g,q+1 to obtain the matrix 
( 8 1 0 ---0 0 1 O---0 
}9 0 4 0 0 0---0 
| 
0 0 0 ---0 1 0 O---90 
(2) | 
ay Ay ad, ay 0 
| 0 0 0 O * | 
| ! 
l* 0 0 ---0 O * *... *] 


Here the asterisks designate possibly nonzero elements. Applying 6,42,2(1) in- 
troduces new elements into the second row; but it is easy to remove these ele- 
ments, new elements being introduced in the third row. Then these elements and 
the subsequent elements may be similarly removed without affecting the element 
1 in the mth row and the (n+1)st column. The same process may be employed 
to remove 6. We are thus assured a larger canonical block in these cases. Since 
the matrix A has only a finite number of rows and columns, our process must 
ultimately cease and we have reduced the matrix A to the desired form. 


3. An example. As an illustration of our reduction process of Section 2 we 
shall reduce the matrix 


(-1 0 0 0) 

1 2 I 0 | 
A =| 

| 0 3 2-1 

{0 5 3-1) 


to canonical form. Note that A is singular and that it has the form (for g=1) 
which led to (2). We apply e12, P32(1), and 412(2) to obtain successively 


(2 1 1 #0) (2 1 0 0) (0 1 0 0) 
lo -1 0 of 13-1 3-1 ls 403-1 
| 3 0 2-1 E 0 oat fs 8 | 
Ls 0 3-1) (5 0 3-14 5 0 3-1 
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Application of 73(3), f43(—1), and $13(5) gives 


(oO 1 0 0 (oO 1 0 0 ( 0 1 0 0 
| 1 _ 5 1 1 0 0 1 1 | 
| 9 0 2-3] 4 0 1-1 {’ —1 5 1-1] 
; 0 1-14 F 0 1 OJ L <0 0 1 OJ 
Use of f23(1), 4(—1), and pu(—1) yields 
( 0 1 0 0 ( 0 1 0 0 ( 0 0 °) 
| 0 0 1 0 | 0 0 1 0 | 0 0 1 0 
-1 4 2-1? }-1 4 2 1]? 0 2 | 
| O-1 1 0) | 0 1-1 0 r —{ 0 | 
Finally, we use pa(4) and ps(2) to find 
( 0 1 0 0) (oO 1 0 0 
10 O 1 O| 0 0 1 0 
10 0 2 ah 0 0 0 1t 
r 0 3 OJ lo 0 3 >| 


The last matrix obtained is the rational canonical form of A. 


A MAXIMUM PROBLEM 
B. M. STEWART, Michigan State College 


If an impurity appears at a point P in a solid, the question may be asked: 
What plane section cutting off P will leave a maximum volume of pure material? 
For example, the problem would seem to have a certain practical aspect for the 
gem-cutter. There is a simple geometric way to characterize the answer. 

Given a set M of a finite number of bounded solids, fixed in position in 
three-space and a point P in the space; then a plane p through P divides M 
into two subsets on the volume of one of which attention is fixed by the label 
V,. If this volume is the same as that of M, the plane p determines an absolute 
maximum for the function V. Otherwise consider the two cases I and II accord- 
ing as P is not, or is, in the same plane as a plane face of one of the solids of 
M. Let the plane p have in common with the set M the area A,. Using these 
terms it is possible to state the following theorem: 


THEOREM. In case I a necessary condition that the plane p serve to maximize 
the function V ts that P be the centroid of the area Ap. 


For the proof let the plane p be fixed; let Z be a variable line in » through 
P; let q be a plane intersecting » in L and making an angle 6 with the plane p; 
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then. the volume V, corresponding to V, may be described as V(6, L). Let the 
line L be fixed. Let Z divide the area A, into areas Ay, and A,» and divide the 
corresponding area A, into areas Ag, and A, where A, and Aq are to be sepa- 
rated by an acute angle 0. Let #1, —p2, ¥q, —#g be the distances of the 
centroids of Ay, Apo, Agi, Age, respectively, from the line L. Denote the portion 
of M between A, and Aq by V:i(6, ZL) and the portion between A,» and Aq 
by V2(6, L). 

Let us investigate the existence of the derivatives 0Vi/00 and 0V:2/00@ for 
6=0 and any fixed L. Let the angle @ be taken small, say, less than A@. Since we 
are considering case I, 4(@) is a continuous function, and therefore (0) and 
A a(0)%.(6) are continuous. Thus if s and S indicate the minimum and maximum 
values of Aq(0)%,(0) in the interval —A@<6@<AO0, we know that s and S may 
be made to differ from A p1%,1 by an arbitrarily small number simply by taking 
Aé sufficiently small. Consider the inequality: 


sAd < AV, < SAO 


where the bounding approximations are the volumes of solids of revolution 
expressed by the Theorem of Pappus. Then divide by Aé@ and let A@ approach 0 
to show that 0V,/06 exists at 6=0 and has the value A,i%p1. In similar fashion 
0 V2/00 = —A Xo. 

Consider the total variation AV = V,— V,=AVi—AV2. Hence 


OV avy OVe ; ; 
00. a0 ag Peet T Ante 

Then since 0 V/06 exists at 9=0, a necessary condition that p serve to maximize 
V(6, L) is that 0V/0@=0; but this is to assert that the line L passes through the 
centroid of the area 4,=Ayi+Ap2. If this argument is pursued for each of 
the lines Z in p and through P, the demand is that P itself be the centroid of the 
area A,. This completes the proof. - 

In case II the above argument fails for then the function A,(6) may have 
discontinuities with a saltus possible when the variable plane through P is in 
coincidence with a portion of the surface of M which is flat. Thus 0Vi/0@ may 
fail to exist for the critical plane p which maximizes V, and then this plane need 
bear no nice relation to the point P. But even in case II a maximizing plane p 
can sometimes be discovered by noticing that for it the left-hand and right- 
hand derivatives 0V/00@ exist, are evaluated by (Ap%,)— and (A,#,)t, and are 
respectively positive and negative, creating the “tent” type of maximum. 

In general, the function V(6, L) is continuous, bounded by the volume of M, 
and periodic of period 27 in each of the variables. If V indicates the complement 
of Vin M, then V(6-+7, L) =V(6, L), so that V may be described as skew sym- 
metric of period 7 in the variable @. 

The condition of the principal theorem was described as necessary, but of 
course is not sufficient, for a maximum of V; for it characterizes equally well 
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horizontal points of inflection of the volume function. Minimum points can all 
be found by virtue of the skew symmetric property already mentioned. 

We state next the form which the theorem takes for two-space leaving the 
proof to the interested reader since he can proceed in a manner analogous to 
that given above, using that variation of the Theorem of Pappus which gives 
the plane area swept out by one or more segments of a rotating line. 

Given the set M of a finite number of bounded areas in a plane; P, a point 
in the plane; and ZL, a variable line through P, separating M into two subsets, 
on the area of one of which attention is fixed by the label Az. If this area is the 
same as that of WM, then LZ determines an absolute maximum for the function A. 
Otherwise two cases I and II arise according as P is not, or is, on aline, a portion 
of which serves as part of the boundary of M. Let the line ZL have in common 
with M the line segments S;z. 


THEOREM. In case I a necessary condition that the line L serve to maximize the 
function A is that P be the centroid of the line segments S,. 


If M be a single area which is convex with respect to P (t.e., every line 
through P intersects the boundary of M in just two points, separated by P), 
then the necessary condition is that the line L maximizing Az, have the line 
segment S, bisected at P. But this is a known result* which can be established 
in various ways. One of these, which expresses Az as an integral containing a 
parameter, namely—the slope of the line through P, offers an interesting exer- 
cise in the use of Leibniz’ rule for differentiating such integrals. A posteriori, it 
follows for this particular type of area, granting the existence of a maximum for 
Az, that there exists a line segment S; bisected at P. This is a theorem estab- 
lished elsewhere by other means and for far more general boundary curves.f 

In conclusion let me suggest a further line of theorems which can be proved 
by a slight modification of the method of this paper. For example for the set of 
coplanar areas M let the problem be to determine that tangent line LZ of a 
curve C with continuously turning tangent which will separate M into two sub- 
sets, making the area of one of these a maximum. A necessary condition (in case 
I) is that the point of tangency P shall be the centroid of the segments S; in 
common to £ and M. As a special case there is the well known theorem that a 
triangle of minimum area circumscribing an oval must have the points of 
tangency bisecting the sides. The generalization of these statements to three 
dimensions is straightforward. 


/* For example, see H. Levy, Modern Science, Knopf, 1939, p. 317. 
} J. D. Hill, H. E. Vaughan, this MonTHLY, vol, 46, 1939, p. 657. 
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tivity in collegiate mathematics, except for specific problems, especially new problems, which 
are reserved for the department of Problems and Solutions. 


NEW FORMS OF CERTAIN INTEGRALS 
C. R. WYLie Jr., Ohio.State University 


It is a remarkable fact, sufficient in itself perhaps to justify such investiga- 
tions, that often inquiries into relatively advanced or abstract questions throw 
new light upon topics long regarded as entirely familiar. The present paper is a 
case in point. In attempting to systematize certain integrations involving Bessel 
functions the author encountered formulas which proved to have useful and ap- 
parently new analogues in the integration of circular and exponential functions. 
It is the purpose of this note to call attention to these results and to sketch the 
process by which they may be derived. 

We consider first the integral fx" cos x dx, and guided by a few particular 
cases we write 


(1) { x" cos x dx = P(x) sin x + Q(x) cos x, 


where P and Q are functions of x to be determined. Differentiation of (1) gives 
(2) x" cos x = P’ sinx + Pcosx+(Q’ cos x — Q sin x. 


Since the antiderivative of a function is unique to within an additive constant, 
any pair of functions P, Q satisfying (2) can be used in (1). A sufficient condition 
that P and Q satisfy (2) is that* 


(3) P-Q 
(4) | P+Q 


Hence we seek a solution of these equations. Eliminating Q from (3) and (4) we 
have 


(5) . PU + P= x. 


_— 


0, 


x”. 


I 


* It is an interesting exercise in calculus to show that the more general equations, 
P’ —Q = F(x) cosx, P + QO’ = x* — F(x) sin x, 


where F(x) is arbitrary, afford a solution of (1) differing only by a constant from that given by 
(3) and (4). 


\ 
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We solve this by assuming 
P= x°(ag + ax + dex? + ss ). 


It turns out that we must choose c=n+2. Straightforward calculations then 
yield at once 


P= p{—_________*___4 eo \, 
(n+ 1)(m~+ 2) (n+1)--- (w+ 4) 
or, after multiplying up and down by I'(n-+1), 


00 nt+2k 
6) P=T(" + 1) 2, (— 1)**' —_—_—____., 
( Xu Tin + 2k + 1) 
and from (3) 

> n+2 k—1 

7) Q=TH+1)D (- ye ——___. 
( k=1 T'(n +- 2k) 
Equation (1) with P and Q defined by (6) and (7) respectively is valid for all 
values of n.except n= —1, —2, —3,---+,and has the useful property of converg- 


ing more rapidly than the formula obtained by multiplying the Maclaurin 
expansion of cos x by x” and integrating termwise. 

Particularly useful and elegant results are obtained when 7 is a‘ positive 
integer. If, for instance, n is even, we have 


nt2k 


xX 
P= >> (— 1)! ——_____. = n\(— 1) (n+2) /2 (— 1)i— 
k=1 (n + 2k)! j= >, (29)! 
= (— 1) 2x \[cos x — S(n42)/2(cos x) |, 
> ynt2k—l . > y2itl 
Q = ald) (~ 1) = = al(— 1)? YS (- 17 
k=1 (n + 2k — 1)! j=n/? (27 + 1)! 


(— 1)*/?n!|sin « — Spjo(sin x) ], 
where S,(cos x) denotes the rth partial sum of the Maclaurin series for cos x. 


Finally, then, 


(8) J a" cos a dx = (— 1)”/2n1[S(n42)2(cos x) sin x — Sp2(sin «) cos x], 
nm even, n > QO. 


To‘this are to be added these companion formulas, all obtained in the same 
fashion: 


(9) J “™ cos x dx = (— 1) Yat [S41 /2(sin x) sin « + Sinzy/2(cos x) cos x], 


n odd, n > 0, 


1942] DISCUSSIONS AND NOTES 459 


(10) J a" sin «dx = (— 1)(+2/2y 15, (sin x) sin x + S(n+2)/2(cos x) cos x], 
n even, n > QO, 
(11) J x" sin x dx = (— 1) 2941 [Senay /9(Co8 “) sin x — S(ay1/e(sin x) cos x], 
n odd, m > 0, 


(12) [ reas = (— 1)"m!S,41(e-*)e” 

; n integer, n > 0. 
(13) [ eax = — n\Sn11(e*)e~* 
These seem to the writer to be superior to the usual one-step reduction formulas 
to be found in most handbooks. 


The application to Bessel functions which first suggested the above results 
to the author involved the integral [x*Jm(x)dx. If we write 


(14) J HF m(a)dx = «P(x)J m(x) + «xO(x«)J m_1(x) 
and differentiate we have 


mn . 
x 


m— 1 
+ 20( Int — In) 


x 


(15) 


where the expressions in parentheses are well-known equivalents of J), and Ji,_, 
respectively. A sufficient condition that (15) subsist is that simultaneously 


(16) xP’ + (1 — m)P — x0 = x", 
(17) x0! + mQ + xP = 0. | 
If P and Q are eliminated from these equations we find 
P' (m — 1)? 
(18) pl + —+ E — P = (n — m — 1)x", 
x x | 
Q m? 
(19) g”+—+[1-" lo = — ors 
: x x 


P and Q are thus to be determined as particular solutions of non-homogeneous 
Bessel equations of orders (m—1) and m respectively. In general these solutions 
will be what are known as Lommell functions. We are interested, however, in 
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the following rather common special cases in which it turns out that P and Q 
can be expressed in terms of more familiar and accessible functions: 


A.1 | n=m+t2k+1 
TART \ b=0,1,2-°°, 
A.2 n= —-m+2kR+1 
B.1 = 2k 
" mr \ k=0, +1, + 2, 
B.2 n= —m+2k 
In each of these cases we assume a solution of the form Q=x°(aotaix+ ---). 


In A.1 we take c=m-+2k-+2 and find at once from (19) 


QO —_— — x mr2k+2 je 
| 2?(k+-1)(m+k-+1) 


2 
a rere 
24(k + 1)(k + 2)(m + k + 1)(m + k + 2) 
If we multiply up and down by 27k! T'(m+k+1) we have 


(20) QO = (— 1)42™*24kIT(m + Rk + 1)[Tm — SeriVJn) |. 
Then from (17) we find 
(21) ° P= (= 1)FH2—2eRIT(m + +1) [Ima — Sept Jm—1)]. 


Substituting (20) and (21) into (14) and observing that products of the Bessel 
functions cancel, we obtain the useful result 


(22) { emt 2er1y d= (—1) 2 22h IT (m+ R41) [Se41J m1) m—SeraJ mI m1 |x. 


With proper care (22) can be used for all values of m. The apparently trouble- 
some cases arising when m is a negative integer andm+k-+1S0are best handled 
however by writing J _m=(—-1)"Jm in the original integral and considering only 
=1, 2, 3, 
In A.2 we must have c= —m+2k+2. P and 0 are then 


QO = (— 1)*2-™2eRIT(— m + Rk + 1) [Jem — SeriJ—m)], 
P= (— 1)F2-™FRID(— m + k + 1) [F_m41 — Ser(J—m41) |. 


Substituting these values into (14) and observing that products of the Bessel 
functions combine to give precisely the Wronskian of the solution- -pair 
[Jy J—m], that is C/x, and hence contribute only to the integration constant we 
find 


J nn m+2 k+l] dx 
(23) 


= (= 1) 2-m eR IT — m + kh + 1) ¢[Se(J— mas) m + Sip1(J—m)I ma] - 
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With the proper interpretation (23) can be applied without restriction on m. 


However the apparently troublesome cases when m=1, 2, 3,:-- and —m-+k 
+1<0 are best handled by writing Jm=(—1)”J_m in the original integral and 
considering only m= —1, —2,---> 


‘In B.1 let cam+2b+1. We then find that 
OQ = (— 1)F1(R + ET (m + kh + 4)2™2-11H, F Si(Hn)], 
P= (— 1)9E(h + 9) Om + b+ 9)2" [Ht F Si(Hm) |, 


' 


and finally 
(24) [rade = (—1)4T(k +40 (m+ k + 1) 9.) mb2i-t 


: [— I m\ H m1 + S1,(H m1) } + I ma\Hm + Si(Hm) t |, 


where H,, is Struve’s function of order m,* and the plus or minus sign is to be 
used according as the subscript of S; is minus or plus.f This result is valid for 
all m except when m is half an odd integer and simultaneously m+k+ 50. 
In these instances a logarithmic term is inevitable. 

In B.2 we take c=m-+2k+1 and obtain finally 


(25) J a MORI nda = (— 1)RD- mh IDC + 3)0(— m + b+ 3) m{ Amit 


F Sii(H—met)} + Jemii{H—m F So(H_m)}], 


where again the plus or minus sign is to be used according as the subscript of 
S, is minus or plus. This result is valid for all m although inconvenient to use 
when m is half an odd integer and —m+k+40 because of the indeterminate 
forms which occur. 

The present analysis may of course be used to obtain formulas expressing 
the integral in (14) in terms of Jm and Jm4i. In cases A.1 and A.2 these are 
perhaps of sufficient interest to be included here. 


J gmrektiy dx 
(22.1) J 


—- (— 1) #2 moh RIT (m + k + 1) [SiS m)I mt ~ S(T ms)F m |. 


J a m+2 k+l] dx 
(23.1) 


= (— 1) *2-m+2k RIT (— m + k + 1) [St:(J—m)F mt + Srp1(J—m—1)F m |%. 


* Watson, H. N., Theory of Bessel Functions, p. 328. 
+ By the symbol S_;(>_, asx") we mean a ix, 
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NOTE ON WHITTAKER’S METHOD FOR THE ROOTS OF A POWER SERIES 


T. J. Hiceins, Illinois Institute of Technology 


Several years ago, in running through back issues of the Proceedings of the 
Edinburgh Mathematical Society, the writer found in a paper of the English 
mathematician E. T. Whittaker a certain, very elegant theorem that deserves 
more attention than it has evidently received.* 


The root of the equation | 
(1) O = ado + ax + dex? + agave +--- 


which ts the smallest in absolute value is given by 


ae a3 
2 3 
Qo ApQ2 Qo | a1 Qe 
x -—- o_O —- 
ay a,| a1 ae ai as a, ade a3 
a a ao a ‘ao A, a2 
QO ad a 
Ay a3 a4 
(2) 
a, a2 a 


(mn nn ET e e e 


Qa, Qe a3 Qa, Q2 a3 
Qo a, ade Qo G1 a2 a 
0 a a1 0 ao a, ae 


0 0 @ a 


This theorem is of interest both for the neat manner in which the root is dis- 
played as a function of the coefficients of the equation and as a means of de- 
termining the roots of the algebraic and transcendental equations encountered in 
the solution of technical problems. In this latter respect, the writer has found use 
of it usually preferable to the other methods available: for no differentiations, 
cumbersome divisions, or tables of transcendental functions are required; by 
depressing the roots by one synthetic division each root in turn can be made 
smallest and by a slide-rule or calculating machine be computed rapidly to the 
desired degree of exactness. As, often, in the preliminary design of electrical net- 
works or coupled mechanical systems, or in the analysis of their subsequent 
opetation, numerous formidable algebraic or transcendental equations must be 
solved, the time saved by use of a calculating machine may be considerable. If 
a ten or twenty inch slide-rule provides sufficient accuracy, the saving is yet 
greater. - 


* E. T. Whittaker, A formula for the solution of algebraic or transcendental equations, Pro- 
ceedings of the Edinburgh Mathematical Society, vol. 36, 1917-18, pp. 103-106. 
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The following examples serve to indicate the scope and the flexibility of (2). 
I. In the calculation of the transient field current of a’synchronous machine 
by Heaviside’s expansion theorem,* it was necessary to find the roots of 


p> + 0.6193 p4 + 0.1273 p? + 1.044 X 10-2 p? + 2.966 X 10-4 
+ 5.739 XK 10-7 = 0. 
By (2) the root smallest in absolute value is 
5.739 X 10-7 (5.739 X 10-7)? 1.044 x 1072 


SS el COS I ree CC lt 


2.966 X 10°* 2.966 K 10-* | 2.966 X 10-4 1.044 x 107? 
5.739 K 10-7 2.966 X* 10-4 
= — 1.936 X 10°§ — 0.1415 X 10-3 = — 0.002078. 


The indicated computation, carried out on a ten inch slide-rule in less than 
three minutes, yields a value sufficiently accurate for engineering purposes. The 
known, more exact value (— 0.002084) could be obtained by computing a third 
term. 

II. Determine the least root of 


Jo(x) = 1 — 2/22 + 4/22-42 — 46/22.42.62 +... 
=—- {— 2/2? -. g2/22. 42 _ g3/22.42.62 5 


As the form of the coefficients enables one to manipulate the determinants 
with ease, (2) quickly yields 


z= 4+ 4/3 + 20/57 + 316/4009 = 5.763; x = 2.40+. 
The value given in standard tables is 2.405. 


Note by the Editor. Whittaker gives a proof of his theorem only for the case 
in which f(x) is a polynomial. The combined efforts of R. P. Agnew, Barkley 
Rosser, and myself have sufficed to prove the general theorem in the following 
more useful, though less spectacular, form. 


THEOREM. Let f(z) be an analytic function, and r a complex number, such that 
(ii) rts a simple root of f(z) =0, 
(iii) If s ts a root of f(z) =0 distinct from r then | s | > | r | ; 
(iv) f(z) has no singular points, except possibly poles, in or on the circle 
z| = |r]. 
Let —1-+a12-+-a227+ +--+ be the Maclaurin expansion for f(z), and define 
Ao, Ai, wee by 


(3) Ay = 1, An = Ania + GAneo tees + AnA 9, n > 0. 
Then r=lim,.0 An/An4t- 
* Doherty and Keller, Mathematics of Modern Engineering, p. 129. 
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Proof. We first prove a purely formal identity. Namely, if a is any complex 
number and if g(z) = (1—2/a)/f(z) =bo+big+bo2?+ +--+, thén A,=a~"(bo+dia 
+-dou?-+ +++ +b,a"). Define F(z) by F(z)=Ao+Ais+Aoz?+ ---. Thenfrom 
(3) we have f(z) F(z) = —1. Hence 


F(z) = — 1/f(z) = g(z)/(1 — 2/a), 
that is 
Ag+ Are + Aes? + +++ = (bo + big + doz? +--+) + 2/at+ 22/a®?+---) 
= bo + (bo/a + b1)8-+ (bo/a? + b1/a + be)z?*+ +: . 


The desired expression for A, follows on equating corresponding coefficients. 
(The above relations between power series merely express finite algebraic rela- 
tions between the coefficients, and so questions of convergence need not be con- 
sidered.) 

Now take a=r. By conditions (ii), (iii), and (iv) there is a circle lz] =R 
inside of which f(z) has the one and only one root r and no singularities except 
poles. It follows that g(z)= —(1—2/r)/f(z) is regular for | 2 <R and so g(r) 
exists, is not zero, and equals bo-+i7-+dor?+ ---. We have therefore 


bo + bir + +++ + bar” 


A,/Anua = 1 ———————_., 
° bo + byt ts Ong ar™tt 
‘so that ( 
, g(r) 
lim A,/Anyi = 1 = 7 
ne g(7) 
This statement of the theorem is convenient for calculational purposes. That 
it is equivalent to Whittaker’s formulation follows from the fact that for aj = —1 
we have 
Qa, Qe a3 Qn 
ao a, a2 Qn—-1 
An = 0 ao a Qn—2 ’ 
00 O-:+a4 


and An/An4s1 is the sum of the first +1 terms of (2). 

The following examples indicate how much easier it is to use the new form of 
the theorem than the old. 

III. To solve log (1-+z) =1/2 we find the least root of 


— 1+ 22 — 22? + 323 — 2744+ .--- = 0, 


Thus 
A, = 2(A n-1 —_ FA n_-2 + 5A n_3 + sc ). 
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We find successively 

Ao = 1, Ai = 2, Ap = 3, Ag = 14/3, Ag = 43/6, As = 166/15, Ag = 767/45, 
and so 
Ao/A1=.5, A1/A2=.667, Ao/A3=.643, A3/A4=.651, Ag/As=.048, As/Ao=.6493. 


The root is e/?—1=.64872. 
IV. To find the least root of Jo(./z) =0 (see example ITI) it is convenient to 
put B,=4"(n!)24,, so as to avoid fractions. Then 


2 2 | 
By = (‘) Bra — (;) Bnot+ :: *y 


An/Anti = A(n + 1)?Br/ Bass, 


and we obtain for Bo, Bi,---+, By, the values 1, 1, 3, 19, 211, 3651, 90921, 
3081513. These give for Ao/Ai,---, As/Az the values 1, 5.333, 5.684, 5.763, 
5.779, 5.782, 5.783. The root of Jo(x) is then \/5.783 =2.405-—. 

V. The function 


tan «/z 1 2 17 62 1382 21844 


—~f——g—— 2 — —— 38 — -__- 


= g> — —_____ g 
V/s 3 15 315 2835 155925 6081075 
fee. 
has 72=9.870 as its smallest root. We obtain for Ao, Ai,-- +, Ae, the values 1, 
—1/3, —1/45, —2/945, —1/4725, —2/93555, —1382/648750375; and for 
Av/A1,:++,As/As, the values —3, 15, 10.5, 10, 9.9, 9.877. 
‘ R. J. W. 


CLUBS AND ALLIED ACTIVITIES 


EDITED BY J. S. FRAME | 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to J. S. Frame, Allegheny College, Meadville, Pa. 


WAR TOPICS IN CLUB REPORTS 


The opening of another year of club activities finds this country in the throes 
of a great war. With it the war has brought a great increase of interest in mathe- 
matics, and a greater realization of its importance. Among mathematicians and 
mathematics clubs there has been considerable emphasis on the applications of 
mathematics to the war effort. About half of the clubs whose reports have been 
received to date list in their programs topics related to this subject. The Math xX, 
publication of the Washington Square College Mathematics Club, New York 
University, opens with the following paragraph. “The war effort has greatly 
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increased the need for training in mathematics with the emphasis on applied 
mathematics. There is a greater demand than can at present be supplied for 
young men and women who are prepared in the fields of mathematics, physics, 
engineering, and statistics.’ 


UNDERGRADUATE PUBLICATIONS 


The Math X, just quoted, sold out its complete edition of 400 copies. The 
papers included were as follows: Kénigsberg’s seven bridges by Jack Moshman, 
Mathematics and physical theories by Frank Grace, Non-dimensional variables 
by Melvin Lax (including an interesting derivation of Van der Waal’s equation 
connecting the pressure and volume of a gas at constant temperature), A trick 
with numbers by Marvin Forray and An introduction to the calculus of finite 
differences by Marvin Forray, An extension of the max- and min- problem by 
Harold Lewis, Infinity and transfinite numbers by S. M. Forman. 

Other publications received were the Chapter News Letters of the Kappa 
Mu Epsilon chapters at Illinois State Normal University, Kansas State Teachers 
College at Emporia; and Mt. St. Scholastica College at Atchison, Kansas. 
Printed programs were received from Brown University, Central Michigan 
College, and the University of Kansas. 


BIBLIOGRAPHIES 


The report of the Mathematics Club of the University of Kansas included 
bibliographies for the following topics. Abstracts of the talks were also sent to 
the editor. 


1. The three great problems of ancient mathematicians by Jean Bartz. 
Sanford, Vera. A Short History of Mathematics. Cambridge, Mass., Houghton Mifflin, 1930. 
Ball, Walter William. Mathematical Recreations and Essays. London, Macmillan, 1905. 
Cajori Florian. A History of Mathematics. Chicago, Open Court Pub. Co., 1928. 
Lovitt, William Vernon. Elementary Theory of Equations. New York, Prentice-Hall, 1939. 


\ 


2. Some problems in synthetic geometry by O. C. Moots. 
Smith, D. E. A History of Mathematics in America before 1900. Chicago, Open Court Pub. Co., 
1934, 
Cajori, Florian. A History of Mathematics. New York, Macmillan, 1931. 
Johnson, R. A. Modern Geometry. New York, Houghton Mifflin, 1929. 
Shively, Levi S. An Introduction to Modern Geometry. New York, J. Wiley and Sons, 1939. 
Coolidge, Julian L. A History of Geometrical Methods. Oxford, Clarendon Press, 1940. 


3. The history of the development of algebraic symbols by Harwood Kolsky. 

Cajori, Florian. Hfstory of Mathematical Notation. Chicago, Open Court Pub. Co., 1928. 

Hill, G. F. Development of Arabic Numerals in Europe. Oxford, Clarendon, 1915. 

pomith, D. E. Number Stortes of Long Ago. New York, Ginn and Co., 1919. 

Babylonian Math Sharks—2000 B.C. Sci. Am. 157: 311, N 37. 

G. A. Miller. Implications in the history of math. Sch. and Soc. 47: 275-7, F 26°38. 

G. A. Miller. Solution of equations by the ancients. Sch. and Soc. 49: 178-9, F 11 739. 

J. D. Buddhue. Origin of our numerals. Sci. Mo. 41: 490-500, D '35. 

G. A. Miller. On the history of negative numbers. Sci. Ns. 82: 517, N 29 735. 

G. A. Miller. Mathematical solution developed during more than three milleniums. Sch. and Soc. 

39: 211, F 17°34, 
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A. Miller. Our common numerals. Sci. Ns. 78: 236-7, S 15 733. 

A. Miller. Mathematical weakness of the early civilizations. Sci. Mo. 33: 419-23, N '31. 
L. C. Karpinski. Descartes in the modern world. Sci. Ns. 89: 150-2 F 17 '39. 

W. Shepherd. Fascination of figures. Sci. Digest 7: 29-36, Ap '40. 

R. D. Carmichael. Number and clear thinking. Sci. Mo. 41: 490-500 D '35. 

Meanings of words in math. Science Ns. 92: sup. 8, N 29 '40. 

S. Leacock. Thru a glass darkly: Human thought in math. symbols. Atlan. 158: 94-8, Jl 36. 
R. C. Archibald. Babylonian mathematics. Sci. Ns. 70: 66-7, J1 19 '29. 

G. A. Miller. Babylonian mathematics. Sci. Ns. 72: 601-2, D 12 '30. 


G. 
G. 


4, The algebra of attributes by Bruce Crabtree. 
Birkhoff and MacLane. A Survey of Modern Algebra. New York, Macmillan, 1941. Chapter XI. 
Birkhoff, Garrett. Lattice theory Am. Math. Soc. Colloq. Pub. 


5. Gambling by Howard Barnett. 
Culin, Stewart. Gambling Games of the Chinese in America. 
Levirison, H. C., Your Chance to Win. 
Proctor, R. A., Chance and Luck. 
Editorials from Detrovt News, 1922-3. | 
De King is daid! American Mercury, vol. 48; pp. 212-5 Oct. ’39. 
Gambling by wire. Christian Century, vol. 47; pp. 525-9, Ap 23 '30. 
I can pick winners, but. Colliers, vol. 82; p. 24, Dec. 15 '28. 
Change for the bettor; pari-mutuel. Colliers, vol. 105, pp. 52-3, June 15 ’40. 
You can't beat the races. Colliers, vol. 75, pp. 18-9, June 27 '25. 
Betting and lotteries. Contemporary Reviews, vol. 145, pp. 715-21, June '34. 
Pari-mutuel. Literary Digest, vol. 119, p. 38, Apr. 27, ’35, vol. 116, p. 27, July 29 ’33. 
Poker permutations and combinations. Literary Digest, vol. 118, p. 33, July 21 '34. 
Games of the moment (slot machines). New Outlook, vol. 165, p. 33, Apr ’35. 
Gamblers don't gamble. New Republic, vol. 99. p. 130, June 7 '39. 


6. The mechanics of rocket fight by Howard Gadberry. 
Oberth, Herrman. Raketen zu den Interplaneteratum. 
R. Esnault-Pelterie. L’A stronautique. 
Sanger, Eugen. Raketenflugtechnic. 
Goddard, Robert H. Liquid Propellant Rocket Development. 
Dresser, Peter. Why Rockets Don’t Fly. 


The following articles to be found in the Journal of the American Rocket Society. 


Goodposture, R. Laws of rocket motion. 
Africano, A. Empirical rocket design formulas. 
Africano, A. Velocity ratio efficiency. 

Sanger, E. Rocket combustion motors. 

Wyld, James Fundamentals of rocket motion. 
Dresser, Peter Previewing the aerological rocket. 
Shesta, John Thermal efficiency overemphasis. 
Shesta, John. Theory of rocket operation. 


CLUB REPORTS 1941-42 


Mathematics Society, University of Wisconsin at Milwaukee 


Of the six papers presented, three were offered in competition for the annual Euler Prize in 
Mathematics. P1, its derivation and transcendence by D. E. Mereen (the prize winner), Chance- 
probability by Herbert Reider, and “e” by Virginia Kubacki. The other three papers submitted 
dealt with subjects particularly suited to a nation at war. They were Mathematics tn artillery 
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warfare by Professor W. E. Roth, Navigation through the U. S.and Canada by Miss Iverson (a dis- 
cussion of methods of mapping with particular stress upon the navigation from an aeronautical 
standpoint), and Simple mathematics in the present war by Professor Morris Marden (a presentation 
of warfare problems set up for solution by the group). President, D. E. Mereen; Vice-President, 
R. E. Barr, Jr.; Secretary-Treasurer, Jean Petran; Faculty Adviser, Professor Marden. 


Mathematics Club, Connecticut College 


Members of our Mathematics Club gave short speeches on various subjects as follows: 
Euclid by Claire Peterson, Quadrature of the circle by Doris Kaske, Trisecting an angle by Dorothy 
Green, and Squaring the cube by Mary Powers. Our only outside speaker was Professor J. S. Frame 
of Brown University who spoke on Mathematical problems in national defense. At another meeting 
the Sophomores presented the play The Flatlanders taken from this MonTHLY. President, Doris 
Kaske; Vice-President, Alyce Watson; Secretary, Barbara Pilling; Treasurer, Mary Powers; 
Faculty Adviser, Professor Julia W. Bower. 


Pi Mu Epstion, Lehigh University 


The Chapter held regular monthly meetings with mathematical programs, and sponsored one 
open lecture, given by Professor Otto Neugebauer, Brown University, on the subject Origins of 
ancient mathematics. The lecture was well attended and enjoyed by all who heard it. Officers for 
1941-42 were: President, A. B. Brown, ’42;Secretary, W. A. Eisele, ’42; Treasurer, R. M. Maiden, 
’42; Faculty Adviser, Tomlinson Fort. Elected for 1942-43 were: President, M. G. Arsove, '43; 
Secretary, Stanley Caplan, ’43; Treasurer, C. S. Bennett, '43. 


Pi Mu Epsilon, University of Nebraska 


Demonstrations of mathematical machines were held at a number of the meetings. A model of 
the Rigge curve tracing machine was explained by Joseph Martin, the slide rule by Vernon Vrana, 
a poor man’s planetarium—an astronomical projector constructed and discussed by O. C. Collins, 
the harmonic analyzer by L. A. Rife, At a joint meeting with the local chapter of the American 
Institute of Electrical Engineers, Herbert Gaba spoke on the Multiplication of complex numbers. 
An initiation banquet, a quiz program and a spring initiation picnic completed the year’s calendar. 
Director, D. L. Christensen; Vice-Director, Theodore Roesler; Secretary, Jean Hakanson; Treas- 
urer, Dayle D. Rippe. 


Kappa Mu Epsilon, Mount St. Scholastica College 


At the opening initiation meeting of the Kansas Gamma Chapter ingenious tests were given 
to determine the candidates’ fitness. The November meeting was a round table discussion on 
Mathematics and national defense with special emphasis on the role of the American college woman. 
A Christmas party was held in December, and in January a pop-corn sale, the proceeds of which 
were contributed for the support and continuance of the Boletin Mathematico. Two plays were 
presented by the chapter at an all school assembly: Modern mathematics looks up its ancestors by 
Marion Stark, and A trtp to infinity by Tena Anders, a pledge. A meeting was held in February in 
honor of Lincoln, with emphasis upon his accomplishments in mathematics and upon those of his 
contemporaries. A “St. Patrick’s” party was the second social event of the year, featuring an 
original skit Irish medley, with songs, recitations and dances. Pledges demonstrated their mathe- 
matical fitness for membership into Kappa Mu Epsilon on pledge day in April, and four new mem- 
bers were initiated at the May meeting. Officers for 1941-42 were: President Tartaglia, Bobbe 
Powers; Vice-President Cauchy, Mary Margaret Downs; Secretary Galileo, Margaret Mary 
Kennedy; Treasurer Napier, Mary Hughes; Faculty Sponsor, Sister Helen Sullivan, OSB. Elected 
for 1942-43 were President Proclus, Margaret Molley; Vice-President Cauchy, Mary Margaret 
Downs; Secretary Leibnitz, Virginia Meyers; Treasurer Bernouilli, Jane Schweizer. 


RECENT PUBLICATIONS 


EDITED BY VIRGIL SNYDER, Cornell University 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York, N. Y., and not to any of the 
other editors or officers of the Association. 


REVIEWS 


Engineering Drawing. By D. E. Hobart. New York, D. C. Heath & Company, 
1941. 7+430 pages. $2.75. | 


The text is one which will find a useful and welcomed place in the field. The 
book is well done with careful attention to conventions and accepted indications 
in standard practice. Particular commendation should be given the treatment 
of limit dimensioning and welding. Isometric drawing is clearly illustrated to 
expedite its understanding and use. 

The chapter on fasteners is complete with ample tables to cover student 
needs. Much has been made of that portion on charts and graphs. 

In construction drawing, architectural drawing perhaps purposely was 
neglected but the treatment of structural steel is highly commended. 

In intersections and developments there is given the needed descriptive 
geometry for a full understanding of the subject and the timely treatment of 
surfaces of double curvature will prove of value to those interested in lofting. 

In general the book is concisely expressed.and clearly written. The theory is 
ably presented and consideration given to detail shows the author completely 
familiar with the problems which arise in teaching the subject. For greater 
choice or needed variety for those using the book in successive years the problem _ 
content could be expanded. 

R. W. BocKHORST 


An Introduction to Analytical Geometry and Calculus. By T. K. Raghavachari. 
Mount Road, Madras, Oxford University Press, 1941. 20-+-192 pages. Rs 2. 


This little book was written specifically as a textbook in the intermediate 
courses of South Indian Universities and without doubt adequately serves the 
purpose for which it was intended. There seems, however, to be little place in 
the American colleges or universities for such a treatment of analytic geometry 
and ¢alculus as it is too long for a course of three hours and too short for six. 
It could possibly be used in a one-year cultural course by giving a very short 
treatment of trigonometry between the analytic geometry and calculus. The 
author is an excellent expositor and if he could maintain his clarity throughout 
a longer book covering what Americans consider standard he would have a book 
that would undoubtedly find its place among the textbooks of this country. 

The book is pocket size and contains 192 pages about equally divided be- 
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tween geometry and calculus. Only the straight line and circle are included in 
analytic geometry but functions, graphs, and tangents to curves are discussed 
under calculus. The part on calculus, though short, can by no means be consid- 
ered a “calculus made easy” in the bad sense of the phrase, as more than usual 
care is taken to tell the truth. For example, the area under a curve is defined (not _ 
proved) to be the limit of the sum of areas of rectangles and moreover the exist- 
ence of this limit is made quite plausible. 

There are of course omissions from standard courses. Conic sections are not 
mentioned and the definite integral is applied only to areas under.or between 
curves and to volumes of revolution. On the other hand, the treatment of the 
straight line is most exhaustive. A somewhat startling inclusion is an extension 
of directed distances to directed areas; “Areas will therefore be positive if the 
perimeter is described in the counter-clockwise direction and negative if clock- 
wise.” The author should probably not be blamed for his “proof” that dx =Ax. 

It is with some regret that such an attractive book both in appearance and 
exposition cannot be recommended for use in America, 

J. F. RanpDoLPH 


Tables of Natural Logarithm. Volume IV. Contains the Decimal Numbers from 
5.0001 to 10.0000. (Prepared by the Federal Works Agency Projects Adminis- 
tration for the City of New York. Conducted under the Sponsorship of the 

~ National Bureau of Standards.) New York, Work Projects Administration, 
1941. 22+506 pages. $2.00. , 


This is Volume IV of a series of four volumes of natural logarithms. It con- 
tains the natural logarithms of decimal numbers from 5 to 10 at intervals of 
0.0001. 

The corrections of errors in the Wolfram Tables, and the explanations of 
the procedure for direct and inverse interpolation are repeated from the earlier 
volumes. The arrangement of the page and the safeguards for a high degree of 
accuracy are the same as in the preceding volumes of the series. 

VIRGIL SNYDER 


TechniDaita Hand Book. By Edward L. Page. New York, The Norman W. Hen- 
ley Publishing Company, 1942. 64 pages. Spiral binding, $1.00. Cloth bind- 
ing, $1.50. 


This book contains a well-selected group of formulas, definitions, laws, fig- 
ures, tables, etc., from mathematics, mechanics, physics, chemistry, and engi- 
neering, in a form convenient for quick reference. In many places the typography 
. is not clear, exponents being particularly hard to read. Quite a few obvious errors 
were noted, the most.serious of which occurred in the solution of the general 
cubic equation. It seems especially unfortunate that so many errors should occur 
in a handbook. 

N. G. GUNDERSON 
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Brief Course in Analytics. By M. A. Hill and J. B. Linker. New York, Henry 
Holt and Company, 1940. 9+204 pages. $1.36. 


This elementary text in Analytic Geometry, though designated brief, covers 
all the topics usually given in a first course in analytics. It includes the following 
chapters: Basic Definitions and Theorems, Equations and Loci, Straight Lines, 
Special Equations of the Second Degree, General Equation of the Second De- 
gree, Equations in Other Forms, Elements of Solid Analytic Geometry. 

The explanations are clear but concise. The arrangement of topics is good. 
“Many problems have been included in the text, some of which are quite easy, 
others difficult. By solving the former, the student will gain confidence in him- 
self and will be able to apply his knowledge in solving the latter.” 

Answers are given for the odd numbered problems. The text should satisty 
both the student and the instructor. 

R. P. STEPHENS 


College Algebra. By C. H. Sisam. New York, Henry Holt and Company, 1940. 
12+395 pages. $1.90. 


The author of an earlier work on Analytic Geometry has here produced a 
new College Algebra. The outstanding feature seems to be the flexibility per- 
mitted in using the text to meet college algebra classes of varying ability and 
different high- school background. Sufficient material is presented on the or- 
dinary elementary algebraic processes to make the text suitable for the high- 
school graduate who has been exposed to but one year of algebra. The insertion 
of a section on business mathematics and some mathematical tables is a unique 
feature. The exercises seem to be sufficiently numerous to permit instructors to 
select those best suited to the needs of the individual students. 

A. V. Kozak 


Intermediate Algebra for College Students. By T. S. Peterson. New York, Harper 
and Brothers, 1942. 8+358 pages. $1.85. 


This well written book covers those topics usually found in intermediate 
algebra textbooks; to quote, “the author has purposely neglected to stress cer- 
tain principles which are more effectively studied in college algebra and which 
have little value for the student who does not intend to continue work in mathe- 
matics.” In accordance with this purpose, about three-fourths of the book is 
devoted to algebra through simultaneous quadratic equations, and about fifty 
pages are devoted to ratio, variation, the binomial theorem, logarithms, and 
progressions. A number of sections are marked “optional.” The rigor is sufficient 
for the purposes intended. 

There-are a number of features which may appeal to teachers. Word state- 
ments of rules, usually approached intuitionally, are very prominentlydisplayed ; 
symbolic statements receive less emphasis. Common errors, and points which 
the student might overlook otherwise, are brought to his attention through 
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“notes.” A great deal of emphasis is placed upon the checking of solutions; 
there is a good note on page 295 on estimating the reasonableness of logarithmic 
solutions. 

The “stated problem” is stressed throughout the book, the recommended 
procedure consisting of analysis, solution, statement of the answer in words, and 
check. The familiar tabulated forms of the secondary school textbooks are 
utilized in the analysis of problems, and certain problems are diagrammed as 
well. . 

There are many examples of illustration; many students who wish to acquire 
facility in the use of elementary algebraic operations could use this book without 
additional instructional assistance. The exercises, and the review lists at the 
end of each chapter, contain an ample number of problems for classwork as well 
as for outside preparation; all of the problems are of familiar types and they are 
well chosen. Answers are given to most of the odd numbered problems; in the 
sample selected for solution by this reviewer no errors were detected. 

Some teachers may think that too much attention is given to “transposition” 
and that too little attention is given to the operation of adding the same quan- 
tity to each member of an equation. A suggestion, perhaps a very minor one, 
for future editions of the book, is that some principle of order be adopted for the 
entries in the tables printed on pages 216, 217, 255 and 256; most teachers prob- 
ably would prefer the order used in the tables printed on pages 219 and 223 to 
that used in the table on page 220. 

The general appearance of the book is attractive; the only detected printing 
error is an obvious and harmless one on page 31. 

C. W. MuNSHOWER 


An Introduction to the Theory of Newtonian Attraction. By A. S. Ramsey. Cam- 
bridge, The University Press; New York, The Macmillan Company, 1941. 
9+-184 pages. $2.50. 


This is a textbook setting forth the elementary groundwork of the classical 
theory of gravitational attraction and potential. In this purposely limited re- 
spect it is a welcome addition to the textbook literature in English. It is the 
last of a series of the well-known books on Mechanics which Mr. Ramsey has 
written in recent years, and he is to be congratulated on his perseverance to so 
complete and successful a conclusion of his task. 

The first chapter is concerned with some “Preliminary Mathematics” in- 
cluding the Laplacian in curvilinear coordinates and the convergence of volume 
intégrals. There are some remarks on “vectorial methods,” but the vector analy- 
sis is not employed in this book. In the remaining six chapters one finds in order: 
the consideration of the usual elementary theorems and problems on the gravi- 
tational attraction and potential at points outside and inside attracting con- 
tinuous matter (II, III); the theorems of Laplace, Poisson, and Gauss (IV) and 
of Green (V); harmonic functions of integral degree (VI); and the attraction of 
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ellipsoids, with a few brief final remarks on the equilibrium of a rotating fluid 
mass, (VII). . 

The author's style is pleasingly direct; he writes with an admirable economy 
of language. The physical ideas are everywhere carefully presented, but in cer- 
tain places important questions should have received, in the reviewer’s opinion, 
more attention to mathematical rigor. The book is well illustrated with over 
fifty diagrams, and the usual long sets of valuable College examination problems 
have been selected with care. There is an occasional and discriminating use of 
geometrical argument. Although there are a few incidental references scattered 
throughout the book there is no bibliography, which is most unfortunate. More- 
over, this subject has a long and glorious history and the author’s bald bio- 
graphical footnotes are hardly the way of meeting the responsibility of referring 
to it. / 

Since formal courses in this subject at the undergraduate level for which this 
book is expressly written are apt to be rare, it should be stated that serious 
students in mathematics and physics will profit from reading this book inde- 
pendently during or immediately following the first course in analytic me- 
chanics. 

S. G. HACKER 


Tools. A Mathematical Sketch and Model Book. By R. C. Yates. Baton Rouge, 
Louisiana State University, R. C. Yates, 1941. 194 pages. $1.60. 


This interesting and different book “has been designed especially for college 
students who are prospective students of mathematics” and treats of geometri- 
cal instruments, their use and their equivalence. Freshman work in algebra, 
trigonometry, and analytics is the only mathematics presupposed. 

The nature of the material presented is best seen from the titles of the eleven 
sections of the book. These are: The Straightedge and Modern Compasses 
(Modern Geometry), Dissection of Plane Polygons, The Compasses (Geometry 
‘of Mascheroni), Folds and Creases (Geometry of Paper Folding), The Straight- 
edge (Synthetic Projective Geometry), Line Motion Linkages (How to Draw a 
Straight Line), The Straightedge with Immovable Figure (Geometry of Ponce- 
let-Steiner), The Assisted Straightedge, Parallel and Angle Rulers, Higher Tools 
and Quartic Systems, and General Plane Linkages. 

Not presuming to be complete, each section is preceded by a bibliography 
for further reading and consists of explanatory text, together with many plates 
which are to be worked out by the student in laboratory periods. 

The present book is a loose-leaf affair, printed by the author, and hence not — 
of a very durable nature. However, much of unusual interest is to be found here, 
which will be valuable to any teacher of mathematics and will make excellent 
supplementary class material. 

R. A. HARRISON 
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NEW BOOKS RECEIVED 


General Trade Mathematics. By E. P. Van Leuven. New York, McGraw- 
Hill Book Co., 1942. 10-+575 pages. 

Logarithms, Trigonometry, Stattstics. First Year College Mathematics. By H.R. 
Cooley, P. H. Graham, F. W. John, and A. Tilley. New York, McGraw-Hill 
Book Co., 1942. 12+280 pages. $2.00. 

A Short Course in Tensor Analysis for Electrical Engineers. By G. Kron. New 
York, John Wiley and Sons, Inc., 1942. 15+250 pages. $4.50. 

The Fundamental Principles of Mathematical Statistics with Special Reference 
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PROBLEMS AND SOLUTIONS 


EDITED BY OTTO DUNKEL, ORRIN F RINK, JR., AND H. S. M. COXETER 


ELEMENTARY PROBLEMS 


Send all communications concerning Elementary Problems and Solutions to H. S. M. 
Coxeter, 24 Strathearn Boulevard, Toronto, Canada. 

The department of Elementary Problems welcomes problems believed to be new, and 
demanding no tools beyond those ordinarily furnished in the first two years of college 
mathematics. To facilitate their consideration, solutions should be submitted on separate, 
signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 531. Proposed by P. R. Hill, University of Georgia 


Suppose six students be standing an examination in a row of seats with an 
aisle at each end. If they finish in random order, what is the probability that a . 
student will have to pass over one or more other students in order to reach an 
aisle? 


E 532. Proposed by V. Thébault, San Sebastién, Spain 


Find a perfect square whose digits form one of the permutations of five 
consecutive digits. 


E 533. Proposed by N. A. Court, University of Oklahoma 


Prove that, if an orthocentric group of points occurs as a section of an ortho- 
centric group of lines, then the plane of section is perpendicular to one of the 
lines. | 


E 534. Proposed by D. H. Browne, Buffalo, N. Y. 


Show that 4, 5, 7 are the only values of n for which n!-+1 is a perfect square. 


E 535. Proposed by A. H. Stone, Institute for Advanced Study 


Let A’, B’, C’ be three points on the circumcircle of a triangle ABC, whose 
Simson lines with respect to A BC all meet in a point, O. Prove that the Simson 
lines of A, B, C, with respect to the triangle A’B’C’, concur at the same point O. 


E 511 [1942, 195]. Proposer’s Correction 


After “Doppler effect,” the problem should read as follows: 

The train of sound waves of maximum apparent pitch leaves the bomb at the 
elevation at which the component of the bomb’s velocity in the direction of the 
observer is a maximum. Find this angular elevation, and show that it approaches 
two-thirds of the initial elevation if the initial elevation is small. 
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SOLUTIONS 


A Magic Square of Triangular Numbers 


E 496 [1941, 699]. Proposed by R. V. Heath, Wall St., New York City 


What is the smallest value of ” for which the n? triangular numbers 0, 1, 3, 
6, 10,---, 4n?(n?—1) can be arranged to form a magic square? , 


Partial solution by the proposer 

Such an arrangement can certainly be found for n=8. 

A magic square is said to be doubly-magic if its sums remain uniform when 
all its numbers are squared. Clearly, the magic property will still be retained if 
each of the original numbers is subtracted from its square. The resulting numbers 
are all even, and their halves are the triangular numbers; in fact each original 
number 7 leads to 4r(r—1). Here, for instance, is a doubly-magic pandiagonal 
square (cf. Rouse Ball, Mathematical Recreations and Essays, 11th edition, p. 
212, Fig. xxvii) along with the corresponding magic square of triangular num- 
bers: — 


~ 820 630 10 
1953 1431 171 

780 = 990 66 

1225 1711 435 

3 45 1081 

210 496 1596 

91 21 8561 

378 136 1540 


(In this last square, each of the eight rows, eight columns, and two main diag- 
onals has the sum 5460.) 

But it remains possible that a smaller set of triangular numbers might form 

a Magic square without the corresponding natural numbers forming a magic 

square. Moreover, it has never been satisfactorily proved that there is no doubly- 
magic square of order 7. 
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Partition of a Triangle 


E 497 [1941, 699 |. Proposed by V. Thébault, San Sebastién, Spain 


The sides of a triangle A’B’C’, of constant size, remain parallel to those of 
a fixed triangle ABC, and form with it three more triangles and three pentagons. 
Show that the position of A’B’C’ which minimizes the sum of the areas of these 
three triangles makes the areas of the three pentagons all equal. 

Solution by Howard Eves, Chattanooga, Tenn. 

Let us designate the three triangles (all similar to ABC) by T(A), T(B), 
T(C), where T(A) corresponds to the vertex A in the obvious manner. First, 
let A’B’C’ move so that 7(A) remains constant in area. This means that the 
side B’C” slides along a fixed line parallel to BC. In order for the area T(B) 
-+7(C) to be a minimum, we must have 7(B)=T7(C). Treating T(B) and T(C) 
similarly, we see that, in order for the area 7(4)+7(B)+T7(C) to be a mini- 
mum, we must have 7(A)=7(B)=T(C). This guarantees that the parallelo- 
grams AA’, BB’, CC’ be all equal in area (since in pairs they have equal bases 
and altitudes); and this in turn implies equality of area for the three pentagons. 

Noite. Triangles ABC and A’B’C’ have a common centroid, since the lines 
AA’, BB’, CC’ are medians of both. 

Also solved by the proposer. 


A Convergent Sequence 
E 498 [1941, 699]. Proposed by E. C. Kennedy, Texas College of Arts and 
Industries 
Consider the relation 


k+ T,, 
Dn41 = (/; _T, . 
What is the largest value of k such that the sequence { Tn \ for a suitable range 
of values of I, converges to a positive number? What is this number? 


Solution by P. D. Thomas, Southeastern State College, Durant, Okla. 
Assume that {7,} has a positive limit, T. Then 


or 
(1) T3— 27? +T+R=0. 


This equation has no positive root if R is positive, but at least one otherwise. 
(If —4/27<k <0, it has three.) Thus the required largest value of & is 0, and 
then 7'=1. 

(Cf. No. 379 on p. 380 of the National Mathematics Magazine, April, 1941.) 

Also solved by the proposer. 

Editorial note. If —2<k<0, the sequence {Tn} converges to tue largest 
root of (1), provided T> lies between this root and 2. 
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Centers of Similitude 
E 499 [1941, 699]. Proposed by D. H. Browne, Buffalo, N. Y. 


Two intersecting circles (4) and (B) have centers mutually external. Two 
other circles (C) and (D), orthogonal to (A) and (B) respectively, are drawn 
through the points of intersection. Show that the two common tangents of (C) 
and (D) are concurrent with the two common tangents of (A) and (B). 

Solution by W. F. Clarke, San Jose, Calif. 

Let # and F be the intersections of (A) and (B), and P. the point where their 
common tangents meet AB. By the requirements of the problem, (C) and (D) 
must pass through E and F, with EC perpendicular to HA, and ED to EB. 
Clearly, angles AEB and CED have a common bisector, which meets AB at K, 
the harmonic conjugate of P with respect to A and B. Since P and K are the 
external and internal centers of similitude of (A) and (B), it follows that EP is 
the external bisector of both angles AFB and CED. Thus P is the harmonic con- 
jugate of K with respect to C and D, whence the common tangents of (C) and 
(D) must also pass through P. 

Also solved by Howard Eves, P. D. Thomas, and the proposer. 

Editorial Note. The result can be obtained more rapidly as follows. With 
respect to the circle through FE with center P, (A) inverts into (B). Therefore 
(C) inverts into (D), and the tangents from P to (C) touch (D) also. 


Differences of Factorials 


E488 [1942, 377]. Generalization by H. W. Becker, Vallejo, Calif. 
Let {u,} be any sequence, and v,=(E—x)*u. Then | 


(E + x) "Uo = Un. 
Proof. Since E*vyp=(EH—<x)*uo, we have 


(E+ x)" = >( ” are ("oe — x)"-"u 
r r 


r=0 


| 
M 


= (LE — 4+ x)" = Un. 
The case when v,=k! suggests the notation 
x xe? ak 
whence 
‘ O!, = 1, k!, = kR(k — 1)!, + x*, 
and k!o is the ordinary factorial. The above theorem then gives 
(FE — x«)0!, = n!}. 


Problem E 488 itself is included, k!, being the “super-factorial,” and k!_, the 
“sub-factorial.” 
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ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, Wash- 

angton University, St. Louis, Mo. All manuscripts should be typewritten, with double spacing 
‘and with margins at least one inch wide. 

Problems containing results believed to be new or extensions of old results are espe- 
cially sought. The editorial work would be greatly facilitated, if, on sending in problems, 
proposers would also enclose any solutions or information that will assist the editors in 
checking the statements. In general, problems in well known text-books or results found 
in readily accessible sources will not be proposed as problems for solution in this depart- 
ment. In so far as possible, however, the editors will be glad to assist members of the 
Association in the solution of such problems. 


. PROBLEMS FOR SOLUTION 
4045. Proposed by A. M. Glicksman, The Bronx High School of Science 


Show that y, Euler’s constant, is given by 


v= D(- 9, -y-, y= tim (Yo — — tog n ). 


r=2 7 k=1 kr N— 0 


4046. Proposed by Otto Dunkel, Washington University 
Show that Euler’s constant y is given by 
T3 TS % 1 
= 2} 1 — log2 -——- — —_ :- - - 7 Ty = —_———_ - 
, BS 3 | | LY aD: 


4047. Proposed by Theodore R. Running, Ann Arbor, Mich. 


Triangles have the sides x—1, x, x-+1, the altitude # with x as base, an 
area A, where x, h, A are whole numbers. The first six possible triangles are 
given by the table 


n 
0 ) 2 0 
1 3 4 6 
2 12 = 14 84 
3 45 52 1170 
4 168 194 16296 
59 627 724 226974 


Do the relations 
hn+2 = Ahns —_ Mn, Ln42 > AXn+1 — Xny Anse = 144,44 —_ An, 
hold for all the triangles fulfilling the given conditions? 


4048. Proposed by V. Thébault, San Sebastién, Spain 
Find a number of six digits N =abdcdef such that the product NN’ is a perfect 
square, where N’ =defabdc. 
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- 4049. Proposed by V. Thébault, San Sebastidn, Spain 
In an orthocentric tetrahedron ABCD the straight lines joining the centroid 
with the circumcenter of the triangles of the faces cut the respective radical 
planes of the circumsphere and the spheres with the medians of ABCD as dia- 
meters in four points of the same plane. 


SOLUTIONS 


Inequalities for Intervals 

3949 [1940, 182 |. Corrected. Proposed by P. Turdén, Budapest, Hungary 

Given the angles 0<¢1<¢2< +--+ <¢@,<2a with the common initial line 
Ox, show that there exists an angle 6 with the properties: 8 2=7/2"—-D/?+1, and 
there exist no integers k and v such that ¢,+8<d¢,<¢,+28, or ¢,—28 <d:z 
<¢,—8. 

Solution by the Proposer 

We consider in turn three cases: 


I. If min lou— > 1/2, N\=n(n—1)/2, we may take B=7/2™"!. 

II. If max |o.—¢,| < 7/2, we may take, for example, 8 =57/8. 

III. If min |¢,—¢,| <a/2*, and max |¢,—¢,| >7/2, let ¢,-¢,=Ay, u>?. 
We now arrange these differences in monotonic increasing order, and for sim- 


plicity we use simple subscripts 0<A;,A,,---, A,<2z. The conditions here 
evidently mean that 


Ay < 1/2* = 20/21, Ay, > 21 /2™*1; 


and it is obvious that there exists an integer 7 such that 
LSr<d, ApS 2/21 Aye, S Qe DM, 
This means that for no k and » is 


2°17 /2s+1 < | on _— dy 


< Qrtty /QM1, 


and hence a suitable choice is 
B = 2x /21, 


; Tetrahedral Polars 
3993 [1941, 273]. Proposed by N. A. Court, University of Oklahoma 


A variable plane passing through a fixed point of the face ABC of the tetra- 
hedron DABC meets the edges DA, DB, DC in the points P, Q, R. Show that 
the’locus of the point U common to the three planes PBC, QCA, RAB is a cone 
of the second degree. 

I. Solution by H. S. M. Coxeter, University of Toronto 

' Let (x, y, 3, 4) be the barycentric coordinates of U, referred to the tetra- 
hedron ABCD, so that the points P, Q, R are 


(x, 0, 0, t), (0, ¥, 0, t), (0, 0, &, t), (¢0). 
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The condition for these to be coplanar. with the fixed point (J, g, /, 0) is 


x 0 0 1 
y 

0 0 I 

¥ — 0, 

0 O 1 

lf g hk 0 


or fyz-+gex-+hxy =0. Thus the locus of U is a quadric cone with vertex D. 

II. Solution by the Proposer. 

Let s be the trace of the variable plane POR in the face ABC, and S the 
harmonic pole of the line s for the triangle ABC. 

The harmonic pole M of the plane POR for the tetrahedron DABC lies on 
the line DS, and also in the plane BCP’ projecting from BC the harmonic con- 
jugate P’ of P to the vertices D, A. Hence the plane BCP meets the line DS 
in the harmonic conjugate U of M for the pair of points D, S. Similarly the 
planes CAQ and ABR pass through U. 

If the trace s remains fixed and the variable plane PQR revolves about s, 
the point U describes the fixed line DS. 

The line s passes through the fixed point Z given in the plane ABC. As the 
line s revolves about L, the point S describes a conic (L) circumscribed about 
the triangle ABC (J. J. Mathieu, Nouvelles Annales de Mathématiques, 1865, 
p. 407). Consequently the locus of the point U is the cone obtained by project- 
ing the conic (ZL) from the vertex D. . 

Remark. We have incidentally proved the proposition: 

If a plane revolves about a fixed point in a face of a tetrahedron, the har- 
monic pole of the variable plane for that tetrahedron describes a cone of the 
second degree having for vertex the vertex of the tetrahedron opposite the face 
containing the fixed point. 

Indeed, the cone D(L) is also the locus of the point M. 

Solved also by G. B. Huff, W. T. Short, C. E. Springer and P. D. Thomas. 

Edttorial Note. The remaining solutions are analytic, and Huff stated that 
the same analysis applies to any number of dimensions greater than one. The 
theorem by Mathieu used by the proposer is easily proved. For, if the plane of 
P,Q, R cuts the sides BC, CA, AB in A, Bi, Ci on the straight line s, let Ai, 
Bi, Ci be the respective harmonic conjugates of the last three points with re- 
spect to the corresponding pair of vertices of triangle ABC. Then AA/, BB, 
CC} intersect in S, the pole of s with respect to triangle ABC. If s rotates in 
the plane of ABC about the fixed point L, the points Ai, Bi, C; describe pro- 
jective ranges on their respective bases; and we have the projective ranges 
(Ad) (Ai) A(Bi) A (B/). It follows that A(A7/), B(B/), C(C7) are projective 
pencils, and that S describes a conic (L) passing through the vertices of ABC. 
If AL cuts BC in Ay, then AAg is the tangent at A, where Ap, B, Aj, Cisa 
harmonic set of points. If By, Co are similarly defined, then the three tangents 
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AA, BBs, CC) are such that Aj, Bj, Ce lie on a straight line / which is the 
polar of ZL with respect to ABC. If L lies on a side, say AB, then C; is the fixed 
point LZ for all positions of s, and CY is also a fixed point, and S describes the 
straight line CC/. The conic degenerates into the pair of straight lines of AB 
and CC{ which is of the hyperbolic type, except when L is at the midpoint of 
BC, and then we have the parabolic type with AB and CC as parallel straight 
lines. | 

Conversely, if any conic passes through the vertices of triangle ABC, there 

exists a point ZL by means of which the conic is generated in the above manner. 
For, let the tangents at the vertices cut the opposite sides in Ag, By, Cy. 
Then the triangle and the three tangents form a degenerate hexagon inscribed 
in the conic whose opposite sides meet respectively in Aj, Bg, Co, and these 
three points lie on a straight line 1 by Pascal’s theorem. The polar of Aj with 
respect to the conic is the straight line through A cutting BC in Ao so that B, 
Ay, C, Aj isa harmonic set; hence AA», BBy, CCy must meet in a point Z which 
is the pole of / with respect to the conic and also with respect to the triangle 
ABC; and L is the desired point. 
_ We now determine the regions of the plane for L which give the different 
types of the conic (L). If the conic (L) has a point at infinity S,,, the polar 
of this point with respect to ABC is the straight line s, passing through LZ, 
and if it has two distinct points at infinity, the intersection of their polars is 
L. We consider therefore the envelope y of the one-parameter family of polars 
with respect to ABC of points on the line at infinity. The envelope y must 
be a conic; for, if Z is any point of the plane, the conic (LZ) cuts the line at in- 
finity in two points, and hence there are precisely two tangents from L to ¥, 
which may coincide and then L is on y. We show next that the conic y is tangent 
to the sides of ABC at their midpoints, and this determines it as an ellipse 
whose center is at G, the centroid of ABC. The polar with respect to ABC of 
the point at infinity on AB is AB, and hence this side is tangent to y. At any 
point C; of AB other than the midpoint M, the conic (C1) is of the hyperbolic 
type and there are two distinct tangents from Ci to y, one of which is AB; but 
for the midpoint M, the conic (M,) is parabolic and the two tangents from M, 
to y coincide in AB, with the limit point M, as the point of contact of AB. 
We now have the result: 

If LZ is inside the ellipse y the conic (Z) is an ellipse; if Z is on y the conic 
(L) is a parabola; if L is inside ABC but outside of y the conic (ZL) is a hyper- 
bola with one branch passing through the vertices of ABC; if L is outside of 
ABC then (L) is a hyperbola with one branch through one vertex of ABC and 
the other branch through the remaining two vertices. 

If Z is at the centroid G of ABC the conic (G) is an ellipse with center G 
tangent to the sides of the triangle complementary to ABC at their midpoints 
A, B, C. The two ellipses y and (G) have other important properties. 

‘This completes the determination of the form of the cone for the various 
positions of L. 
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There are three polars of a given point P(y1, yo, y3, ys) with respect to a 
given tetrahedron A1A2A3A,4, whose equations are 


a ex~=0, 2 Ye =0, @& N==0, 47 =1,2,3)4 
vi igG WEN] yi 

The third polar, or polar plane of P, has the following property: If P’ is a 

point on the polar plane of P, and the straight line joining P and P’ cuts the 

faces of the tetrahedron, the surface x1%2x%3x4=0, in the points Qi, Qe, Qs, Qs, 

then we have the harmonic relation 


=> 
PP 
This result and also corresponding relations for the first and second polars are 


easily obtained by requiring the sum of the coordinates of each finite point to 
be a constant, say unity. 


1 
PQ; 


Partial Differential Equation 
3995 [1941, 273]. Proposed by Cezar Cosnijé, Focsani, Roumania 


Integrate the partial differential equation 
yx + y)B2x — (42 — y?)Say — a(x + Y) yy + CH _ Vy) (Se + Sy) = 0. 


Solution by H. W. Bailey, University of Illinois 

This equation is readily solved by a Laplace transformation (e.g., Morris 
and Brown, Differential Equations, Prentice-Hall, New York, 1935, p. 340 ff.). 
The Monge auxiliary equation 


(x + y)[ydy? + (x — y)dydx — xdx?| = 0 


has solutions x?+y?=a, x—y=b. On making a transformation of variables 
u=x?+y*, y=x—y, the differential equation becomes 2,,=0 which has the 
general solution z=¢(u)+yW(v). Hence, in terms of x and y, the general solution 
is 


2 = o(x? + y*) + v(x — 9). 


Solved also by G. W. Petrie, P. D. Thomas, A. K. Waltz, and C. L. Weaver. 
The proposer stated that the solution could be obtained by the above change 
of variables to u and v. 


Summation of Series 
3996. [1941, 341] Proposed by Elbert H. Clarke, Hiram College 


Sum the series 


> [(m — 1)R]!/(nk)!, 


where & is any integer greater than unity. 
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Solution by the Proposer 

The general term, 1/(nk+1)(nk+2) -+ + (nk+k) can be separated into its 
partial fractions by the usual methods, and it is easily discovered that we have 
a common factor 1/(k—1)! and that the successive fractions have numerators 
which are the binomial coefficients in the expansion of (1—1)*-1. This suggests 
that the original sum can. be expressed as f(1) where 


t= Gola Cy F403 )e- 


. k— 1\ x* ghd kR—1\ x? 

Mm) hed) G_Jeti-( 1 ip 
+ (Oy eeoe(P BE) 

2 k+ 3 k—1/ 2k 


each cycle of terms carrying the same binomial coefficients while the powers 
of x rise steadily in step with the regular progression of the denominators. It is 
seen at once that the derivative f’(x) has a simple form in which the factor 
(1—k)* occurs multiplied by a geometric series of ratio «*. In symbols, 
1 1— x)! 
(a) = —~— Bao 
(k—1)! 1-—-— x5 


Hence the original series may be written 


i [(m — 1)k]! 1 1° (1 — x)*? 
2) ars 7 aapid, [+e+ep. pee 


' Again using partial fractions, the integrand may be written B,/(x—a) 
+.Bo/ (x —a2)+ +++ +Bj/(x—aj)+ +++ +Bra/(x—cx1) where a; is one of the 
complex kth roots of 1. By the usual reductions it is found that B; 
= —aj(1—aj)*-Y/k. 

Hence the original infinite series is reduced to a finite sum 


1 &= 1 — Qj 
Gl (= a(t a) tog (=), 


k} j=l —_ Qj 


When this is translated in the ordinary manner into a sum of real and 
imaginary terms it is easy to show that the imaginary terms cancel out and the 
real terms double up, all of them if 2 is odd, and all but one if 2 is even. If we 
use’d (Rk, j)/2* to stand for the expression to be summed 


o(k, 7) = (sin ZY | cos mee log (2 sin “Z) | 
m(k — 27)(k + | 


vie 
— (k — 27) sin 
+ 5 6 J) 7 
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and the sum of the infinite series with which we started is 


00 [(n _ Ik]! Qk (k-1)/2 
2 Ink]! a Vo 
if k is odd, and 
2'1 log 2 Qk (b~1)/2 
————— + — o(k, J); 
Rk! kt Gay 


if k is even. 
Series for k= 2, 3, 4, 5, are given for reference. 


1 1 1 
k= 2 —- + —— + — --+ = log 2, 
1273. 4°36. 
1 1 ra/3 
k= 3: ———— + ——_ = 2S to 3], 
1-2-3 156. 4 3 
; ri 1 4 1 4 al ; a 
= : oo eo = oO —_ + ) 
1:2:3-4 5-6:7-°8 4 6 
1 1 | 1 i+ V5. 
kR=5: — - -+ + = —| log 2 — log 20 
12.345. 7.8-9-10 > al 7s s 


4 4/5 log (5 — \/5) + OV + 11/5 — svi5 = 118) |. 


Editorial Note. The equality (2) results from the Abel theorem given in 
Goursat-Hedrick’s Mathematical Analysis, vol. 1, p. 378. The summation of 
series of a similar form is given in the solution of 2907 [1923, 206]. 


Slopes and Curvatures 


3999 [1941, 409]. Proposed by G. B. Van Schaack, Michigan State College 


Let f(x) be a polynomial of degree n with n distinct real roots x,, 
(4=1, 2,--+-,m”). Let A; be the reciprocal of the slope of the curve y=f(x) 
at x=x,. Let p;, (j=1, 2, —1), be the algebraic radius of curvature of 
the curve at the critical soint "of the curve which lies between x; and %xj41. 
(a): Show that if m>1, then \i+Ae+ +--+ +A, =0. (b) Show that if.1>2, then 
pitpet +++ +pni1=0. 

Solution by Paul Brock, Student, Brooklyn College 

We may consider the coefiicient of the highest power of x in f(x) to be unity, 
and then 


Sf’ (41) = (41 — 42) (41 — x3) +++ (41 — Xn), 
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‘where n>1 and no two x;’s are equal. We shall prove that the following sum is 
Zero 


n 1 1 
ii f'(ai) ("1 — 2) (41 — 3¢3)(H1 — 24) +++ (at — an) 
1 
(42 — %1)(%2 — %3)(%2 — 4) +++ (2 — Xn) 
1 
Ce — wae — ma) (ty — 8) (eB) 
1 
t (Xn — %1)(%n — X2)(4n — %3) + + (nu — Ln—1) | 


The first term on the right is equal to the sum of the partial fractions 


1 1 
t v1 — cle — X2) (x3 — 4) ms (43 —_ >| ron 


+ lec werw etl 


and hence the original sum is zero. This proves the first part. Since p;=1/f’’ (&;), 
where f’(#;) =0, and the #,’s are distinct and real, the second part follows from 
the above on replacing f(x) by f’(x) with n>2. 

Solved also by P. Chairulli, H. W. Eves, F. A. Ficken, P. M. Hummel, 
D. C. Lewis, R. K. Morley, andthe proposer. 


Editorial Note. Chiarulli’s solution is similar to the above. The proposer’s 
solution denotes by V the Vandermonde determinant of order n with the ith 
row x77}, x@? . . -) x, 1. In this determinant the cofactor of x77’ is (—1)*"V;, 
where V; is a similar determinant obtained from V by omitting the first 
column and ith row. Then, taking unity as the leading coefficient of f(x), 
f'(*:) = V/(—1)*"'V;; and it follows that the sum of the reciprocals of f’(x:) 
is 1/V times the determinant obtained from V by replacing the elements of its 
first column by unity. Hence if 22, this sum is zero. The solutions of Lewis 
and Morley consider the residues of 1/f(z), where f(z) is a polynomial of the mth 
degree with distinct zeros 2; in the complex plane. The proofs are essentially as 
follows: The sum of the residues for the whole z-plane is zero, and the residue 
for the point at infinity is zero since 2 = 2. It is obvious that the residue for the 
pole z; is 1/f’(z:), and this completes the proof of (a). 
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Hummel stated that the theorem of the problem results from the long known 
relations 


k Pia 
n Xx; \ 
(1) >» =~ = 0, k=0,1,:'-,n—2; (2) = 1/cp, 
i=] f(a) _ 1 Fa 


where f(x) is a polynomial with complex coefficients, of which ¢ is the leading 
one, of degree 22, and with distinct zeros x; (see Burnside and Panton’s 
Theory of Equations, vol. 1, p. 172, problem 4). The proof in this reference is 
different from his own which is briefly as follows: Assume that (1) is true for 
any chosen set of m distinct x,’s, let x,4:1 be different from each of these, and set 
F(x) = (*—Xn4y1) f(x). Then F’(x;) = (x#;—Xnqi)f’ (x1), t= 1, 2,+-++, 2, and 

“ 


m Xi Xn-+1) 
0 = ——_____-——- ksin-— 2. 
2 a ->S F(x.) " 


We may then write 


———- = Xn41 
i=1 F’ (x3) * i=1 ma 


and, since *,;1 may be any one of the z+1 distinct zeros of F(x), we see at 
once that in this last equation the sum on the right and the one on the left 
must each be zero. Since (1) is easily verified for n=2, the induction proof of 
it is now complete. Set 1=mcox;""1/f! (x;) + (n—1)e1w,”?/f! (4) + +++ 5 sum 
each side forz=1, 2, ---,m, and then (2) follows after using (1). The induction 
proof by Eves for the case k= 0 is essentially the same. 

Ficken used Lagrange’s interpolation formula on an auxiliary function and 
differentiation of the result gives 


n rN; - 1d 


Let F(x) =(«- xo)f(%), then No= 1/f@r0), A;=); Woe xo); and it follows that 
the sum of the A,’s is zero forz=0, 1, , n, thus proving (a). The above for- 
mula results directly by the use of the partial fraction expansion of 1/f(x), 
then the proof is closely related to the one by Brock. 

After the completion of his solution Lewis discovered that a generalization 
of the problem is given in Pélya und Szegé’s Aufgaben und Lehrsdize aus der 
Analysis, vol. 2, p. 87, problem 67. He stated that his proof can be adapted to 
this generalization. The proof in this reference is essentially the same as the 
one in the first reference above. 

A solution by Han Ming-té, Peiping, China, was received after the prepara- 
tion of the above. In the same cover with it were solutions of 3968 and 3969 
by Li Ou using inversive geometry. 


= 0, f( 0) a 0, n = 1. 


NEWS AND NOTICES 


Readers are invited to contribute to the general interest of this department by sending 
news items to C. O. Oakley, Haverford College, Haverford, Pennsylvania. 


The members of the Mathematical Association are reminded that, as previ- 
ously announced, the Annals of Mathematics and the Duke Journal of Mathe- 
matics are continuing the generous plan of allowing the half rate for those 
journals to those whose membership in the Association and whose subscription 
to the respective journals are unbroken from 1942 to the year in question. 


Since the beginning of 1942, Professor G. D. Birkhoff has been acting as ex- 
change professor with Latin-American universities. He has given series of lec- 
tures in the universities at Mexico City; Lima and Arequipa, Peru; and Santiago, 
Chile. At a special session he was made an honorary member of the faculty of 
the Universidad Nacional Mayor de San Marcos de Lima, which is the oldest 
institution of higher learning in the western hemisphere. 


The University of Michigan announces the following promotions: Dr. C. C. 
Craig and Dr. R. V. Churchill have been promoted to professorships; Dr. P. S. 
Dwyer has been promoted to an associate professorship; Dr. R. M. Thrall has 
been promoted to an assistant professorship. 


The University of Oregon has granted leaves of absence to Assistant Pro- 
fessors K. S. Ghent and T. S. Peterson for service with the Naval Ordnance 
Department. ) 


Purdue University announces the following promotions and appointments: 
Dr. M. W. Keller and Dr. J. W. T. Youngs have been promoted to assistant pro- 
fessorships; Dr. Leonidas Alaoglu, B. H. Arnold, N. J. Fine, Dr. J. H. Giese, 
Dr. Michael Golomb, Dr. Ivan Niven, Dr. Maxwell Reade, and Dr. G. S. Young 
have been appointed as instructors. 


At Washington and Jefferson College Associate Professor H. C. Shaub has 
been promoted to a professorship and made head of the department. D. T. 
Finkbeiner has been appointed to an instructorship. 


Professor C. R. Adams has been made chairman of the department of mathe- 
matics in Brown University. 


“Professor C. B. Allendoerfer is on leave from Haverford College to become 
associate physicist in the Bureau of Ordnance, Navy Department. 


Assistant Professor Frances E. Baker of Mount Holyoke College has been 
appointed to an associate professorship at Vassar College. 


Assistant Professor P. N. Carpenter of Grove City College has been pro- 
moted to an associate professorship. 
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Cornell College, Iowa, has appointed W. M. Davis of the Illinois Institute 
of Technology to an assistant professorship. 


Dr. D. M. Dribin of the University of Nebraska was appointed in June for 
work in cryptanalysis in the Intelligence Service, Office of the Chief Signal Officer 
in Washington. 


Assistant Professor H. A. Giddings of the Illinois Institute of Technology 
has been appointed to an associate professorship at the University of New 
Hampshire. 


. Professor H. V. Gummere of Haverford College retired in June, at which 
time Haverford College conferred upon him the doctorate of science. 


Dr. E. R. Hedrick retired on July 1 as vice-president of the University of 
California and provost at the Los Angeles campus. 


Dr. P. R. Halmos has been appointed associate at the University of Illinois. 


Dr. T. J. Higgins of Tulane University has been appointed an associate pro- 
fessor of electrical engineering at the Illinois Institute of ‘Technology. 


Professor M. H. Ingraham, head of the department of mathematics at the 
University of Wisconsin, has been appointed dean of the College of Letters and 
Science, and Professor R. E. Langer succeeds him as head of the department. 


Professor S. C. Kleene of Amherst College is now a lieutenant (j.g.) in the 
U.S. Naval Reserve. | 


G. J. Neupert, head of the department of mathematics at Lewiston, Idaho, 
State Normal School has retired. He is succeeded by A. J. Boosinger who has 
been a member of the staff since last September. , 


Assistant Professor C. R. North of Rutgers University has been granted 
leave of absence to teach mathematics at the U. S. Naval Academy. 


Dr. H. L. Olson has been appointed assistant professor at Southwestern Uni- 
versity, Georgetown, Texas. 


Professor H. A. Robinson of Agnes Scott College is teaching mathematics at 
the U. S. Military Academy, West Point, with the rank of major, F.A. 


Assistant Professor E. A. Saibel of Carnegie Institute of Technology has 
been promoted to an associate professorship. 


L. W. Swanson of the University of Minnesota has been appointed assistant 
professor at Coe College, Iowa. 


At Fenn College, Dr. W. R. Van Voorhis has been promoted from instructor 
to assistant professor. 
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Dr. R. K. Wakerling of Texas Technological College’ has been appointed 
assistant professor at Fresno State College. 


THE SIXTH CORPS AREA CONFERENCE ON PRE-INDUCTION 
TRAINING 


On June 26 and 27, 1942, a conference representing colleges and universities in 
the Sixth Corps Area was held at Evanston, IJlinois, to consider programs for 
pre-induction training of students who enlist for military service on a deferred 
basis. This conference was attended by over one hundred delegates from forty 
institutions, and by fifteen officers of the Army and the Navy. After a session 
devoted chiefly to a preliminary discussion by these officers of the problems be- 
fore the conference, divisional meetings for mathematics and the sciences oc- 
cupied the afternoon of the 26th, and most of the following morning. The various 
divisions then reported their recommendations to the conference as a whole. 

The meetings of the mathematics division were attended by about fifty men 
representing more than.twenty-five institutions. -Lieutenant Commander E. P. 
Wilson was present and gave valuable advice and information. 

At the afternoon session, Professor L. R. Ford presiding, discussion centered 
about the necessity or advisability of radical changes in the usual beginning 
college courses in mathematics. Accounts were given of programs that have been 
followed, or are planned for next year, at various institutions. A motion was 
passed expressing the sénse of the meeting that it is feasible to meet the require- 
ments of military pre-training programs, so far as Algebra and Plane Trigo- 
nometry are concerned, by suitable modification of existing courses, but it is 
desirable to organize a new course in Solid Geometry and Spherical Trigonome- 
try. It was also recognized that something must be done to improve the tech- 
nique of students in arithmetical computation. 

Two committees were then appointed to draw up recommendations which 
might be presented to the conference as a whole. The first committee, on the 
program for a course in Solid Geometry and Spherical Trigonometry, consisted 
of Professors H. P. Evans (chairman), E. J. Moulton, and E. W. Schreiber. The 
second committee, whose members were Professors G. E. Moore (chairman), 
D. R. Curtiss, and E. B. Miller, prepared outlines of mathematical programs for 
each of several kinds of pre-induction training. These reports were presented and 
adopted by the division at the next morning’s session, Professor C. N. Mills 
presiding, and were later adopted by the conference as a whole. The substance 
of these reports, as approved by the conference, follows. 


The mathematics division recommends that courses be uniformly planned in the Sixth Army 
Corps Area as shown in the following chart. Since many institutions divide the academic year. into 
semesters, while others use the quarter plan, this chart lists class hours in terms of both semester- 
hours (class hours per week for one semester) and quarter-hours (class hours per week for one 
quarter). Thus in the table below, Algebra (3s or 4q) indicates a course of 3 semester-hours, or one 
of 4 quarter-hours. 
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MINIMUM COURSE RECOMMENDATIONS 


Courses Program Involved 
(1) Algebra (3s or 4q) Pre-Aviation Cadets as ] 
I (2) Plane Trigonometry (3s or 4q) 


Bombardiers, Navigators, Flight 
(3) Solid Geometry and Spherical Trigo- or Pilots 

nometry (3s or 4q) 
(1) Algebra (3s or 4q) 


II |(2) Plane Trigonometry (3s or 4q) Communications | 
(4) Analytic Geometry (3s or 4q) Ground Forces | 
Calculus (8s or 12q in addition to above) | Meteorology | 
(1) Algebra (3s or 4q) 
III |(2) Plane Trigonometry (3s or 4q)? Geology Option ) Photography 
(4) Analytic Geometry (3s or 4q) Physics and 
Calculus (6s or 8q in addition to above) Chemistry Option 


Note 1. For course (1), students entering college with only one year of high school algebra should 
take a course in intermediate algebra; students entering with one and one half years 
should take a course in ordinary college algebra. 

Note 2. In courses (1), (2), and (3), special emphasis should be placed.on the use of tables, on inter- 
polation, and on computation. ; 

Note 3. Course (3), being of a combined character, was given special consideration by a separate 
committee. Details are found later in this report. 

Note 4. Special emphasis should be placed on graphical methods in course (4), Analytic Geometry. 

Note 5. Students who enter college with credit in College Algebra or Plane Trigonometry, or both, 
should be encouraged to take continuation work in mathematics beginning with their first 
semester in College. One suggestion is that, if they enter with two courses, they should take 
Analytic Geometry. If they enter with credit in College Algebra but not Trigonometry, 
under proper circumstances, they might continue with both Trigonometry and Analytic 
Geometry for groups II and III above. 

Note 6. It is recommended to the supervising military authorities that the comprehensive ex- 
aminations given in the various military programs cover in algebra just those topics which 
are common to the two courses: Intermediate Algebra and College Algebra. 


COMPUTATIONAL ARITHMETIC 


In view of the reiterated plea from representatives of the armed forces that we strive for 
greater accuracy and speed in computational arithmetic, we recommend that colleges give special 
drill work to improve computation. This may be done by definite drill in connection with courses 
in Algebra, Trigonometry, and Solid Geometry—or, schools may wish to offer special course work 
designed to remedy the serious lack of computational ability. 


In the report of the committee, topical outlines of the courses were pre- 
sented. Since these followed traditional subject outlines of such courses, only 
the following for the new course on Solid Geometry and Spherical Trigonometry 
is here given. 


SOLID GEOMETRY AND SPHERICAL TRIGONOMETRY 
Credit, 3 semester-hours or 4 quarter-hours. About 43 class periods. 


Solid Geometry (intuitive development). 


Straight Lines and Planes. 5 lessons, 
Drawing of three-dimensional figures. Relative positions of lines and planes in space. Projec- 
tions. Dihedral and polyhedral angles. 
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Polyhedrons, Prisms, Cylinders, Cones. 10 lessons. 
In the presentation of these topics emphasis should be placed on the making and interpreta- 
tion of drawings of three-dimensional figures and the development of space intuition. State- 
ments of theorems should be clarified by construction and use of models. When possible, the 
drawings of figures should be motivated by word problems involving mensuration formulas 
(the more important of these formulas should be memorized). The problems assigned should 
include many designed to give practice in computation; some should require the use of trigo- 
nometric functions and of logarithms. Problems concerning loci, frustums, and prismatoids 
might also be included. 

The Sphere and Trihedral Angles. 10 lessons. 
Definitions. Circles on a sphere. Area and volume of a sphere. Spherical angles. Spherical tri- 
angles and trihedral angles. Area of a spherical triangle. 


Spherical Trigonometry and Applications. 


Spherical Trigonometry. 10 lessons. 
Polar triangles. Formulas for right spherical triangles. Napier’s rules. Rules regarding the rela- 
tive magnitude of parts. Solution of right spherical triangles, isosceles triangles, quadrantal 
triangles. The law of sines. The law of cosines. Formulas for half-angles and half-sides. Napier’s 
analogies. Solution of oblique spherical triangles, six cases. 

Applications of Plane and Spherical Trigonometry to Navigation. 8 lessons, 
Plane sailing. Parallel sailing. Middle latitude sailing. Dead reckoning. Great circle sailing. 
Positions on the celestial sphere. The astronomical triangle, with applications. 


A limited number of reports of the conference is available on application to 
the President of Northwestern University. Mimeographed accounts of the com- 
plete agenda of the mathematics division can be had, not more than one to an 
institution, and so long as they last, by writing to the Department of Mathe- 
matics, Northwestern University, Evanston, Illinois. 

D. R. Curtiss 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 


Twenty-fifth Summer Meeting, Poughkeepsie, N. Y., September 7-9, 1942. 
Twenty-seventh Annual Meeting, New York, N. Y., December 30-31, 1942. 


The following is a list of the Sections of the Association, with dates of future meetings so 
far as they have been reported to the Secretary. 


ALLEGHENY MOUvuNTAIN, State College, NEBRASKA 
Pa., Oct. 23-24, 1942 NORTHERN CALIFORNIA, San Francisco, 

» ILLINOIS Jan. 30, 1943 

Iowa Onto, Columbus, April 1, 1943 

INDIANA, Notre Dame, April 9-10, 1943 OKLAHOMA 

KANSAS PHILADELPHIA, Philadelphia, Nov. 28, 1942 

KENTUCKY Rocky MOUNTAIN 

LovuIsIANA-MissIssiIpP1, Ruston, La., 1943 SOUTHEASTERN 


MARYLAND-DISTRICT OF COLUMBIA-VIR- 
GINIA, Baltimore, Dec. 5, 1942 

METROPOLITAN NEW YORK 

MICHIGAN 

MINNESOTA 

Missour], fall, 1942 


SOUTHERN CALIFORNIA, Los Angeles, 
March 13, 1943 

SOUTHWESTERN 

Texas, Lubbock, April, 1943 

Upper New York STATE, fall, 1942 

Wisconsin, Milwaukee, May 7, 1943 


3K Wartime Texts! 


PAUL L. EVANS 
MATHEMATICS FOR TECHNICAL TRAINING 


Three compact volumes giving the essentials of ALGEBRA, PLANE TRIG- 
ONOMETRY, and CALCULUS for the use of hurry-up courses. Developed 
in the heart of the aircraft industry, at Curtiss-Wright Technical Institute, 
Glendale, California. Each $1.25; all three, $3.40. Subject to discount. 


GRANVILLE—SMITH—MIKESH 
SPHERICAL TRIGONOMETRY 


A special edition of the well-known G-S-M Trigonometries which includes 
basic preparatory material for training in navigation and other technical 
branches. $1.25, subject to the usual discount. 


GINN AND COMPANY 


Boston New York Cuicaco ATLANTA DALLAS CoLUumMBUS SAN FRANCISCO 


TRIGONOMETRIES FOR WAR COURSES « ¢ 


Especially written to meef present emergency needs 
Published January, 1942 


CURTISS and MOULTON’S 
ESSENTIALS OF TRIGONOMETRY, WITH APPLICATIONS 
Without Tables, $2.00. With Tables, $2.25. Tables separately, $1.25 


ESSENTIALS OF SPHERICAL TRIGONOMETRY. Paper. $.60 


Published August, 1942 
W.L. HART’S 
PLANE TRIGONOMETRY, WITH APPLICATIONS 
Without Tables, $1.75. With Tables, $2.00 
W,. L. HART and W.W. HART’S 
SOLID GEOMETRY AND SPHERICAL TRIGONOMETRY 
Without Tables, $1.90. With Tables, $2.15 


~ PLANE TRIGONOMETRY, SOLID GEOMETRY, AND 
SPHERICAL TRIGONOMETRY 
Without Tables, $2.35. With Tables, $2.60 


_D. C. HEATH AND COMPANY 


BOLETIN MATEMATICO 


Fundado en enero de 1928 por 


BERNARDO I, BAIDAFF 


Se trata de una publicacién matematica cuyas colaboraciones se publican en: aleman, 
castellano, frances, ingles, italiano y portugueés. 


Durante los primeros doce afios se publicaron 286 articulos, 249 notas y 1892 problemas 


propuestos. 
| 
La publicacién es quincenal y aparece desde marzo hasta diciembre. 


La primera entrega del mes es dedicada a las siguientes secciones: Articulos, In- 
formaciones Bibliograficas e Intermediario con preguntas y respuestas; y la segunda 
las secciones: Notas, Miscellanea, Problemas resueltos y Problemas propuestos. 


La suscripcién anual es de 2.50 ddlarea norte-americanos. Para la miembros de la 
Mathematical Association of America y American Mathematical Society solo 2 
dolares. ; 


Las suscripciones deben enviarse a 
BOLETIN MATEMATICO 
Avenida de Mayo 560, Buenos Aires, Reptblica Argentina 


WHAT IS MATHEMATICS 


An Elementary Approach to Ideas and Methods 
By Richard Courant & Herbert Robbins 


A lucid representation of the 


+ “ 


and important influence on 
thought in this country.”—M. WES- 


TERGAARD 
+ ..awork of art. Mathematics 
becomes here a living process, 


more vital than either logic or estab- 
lished theorems.”—MARSTON MORSE 


6é 
e 


. it deserves to have a great + 


fundamental principles in the 
different fields .of mathematics.”— — 
ALBERT EINSTEIN 


+ “|. . afi exceedingly important 
‘contribution in coordinating dif- 
ferent mathematical fields. The as- 
tronomical reader is very grateful for 
that.”—PETER VAN de Camp 


$5.00 


OXFORD UNIVERSITY PRESS 
= 


114 Fifth Avenue 


A New Brink Text 


PLANE and SPHERICAL 
TRIGONOMETRY 


By RAYMOND W. BRINK, PH.D. 
PROFESSOR OF MATHEMATICS, UNIVERSITY OF MINNESOTA 


Cm straightforward exposition and an abundance of interesting 


applications distinguish this new book which combines Brink’s well- 
known Plane Trigonometry with a standard course in spherical trigonom- 
etry. The spherical trigonometry section presents a systematic and lucid 
treatment of right and oblique spherical triangles, supplemented by timely 
applications to geography and the celestial sphere, thus providing the 
mathematical basis for navigational practice. 


Spherical Trigonometry is also available as a separate volume. 


D. APPLETON-CENTURY COMPANY 
35 West 32nd Street New York, N. Y. 


ANNALS OF MATHEMATICS STUDIES 


A new series of lithoprinted monographs (6 x 9) dealing with topics 
of current mathematical interest and selling at moderate prices. 


1. Algebraic Theory of Numbers. 


By Hermann WEYL 227 pages, $2.35 
2. Convergence and Uniformity in Topology. 

By Joun W. Toxey 95 pages, $1.50 
3. The Consistency of the Continuum Hypothesis. 

By Kurt GOpEL 68 pages, $1.25 
4, An Introduction to Linear Transformations in Hilbert Space. 

By F. J. Murray 135 pages, $1.75 
5. The Two-Valued Iterated Systems of Mathematical Logic. 

By Emi Post 125 pages, $1.75 
6. The Calculi of Lambda Conversion. 

By ALtonzo CuurcH 79 pages, $1.25 


The prices above are subject to an educational discount of fifteen per cent. 


PRINCETON UNIVERSITY PRESS 
Princeton, New Jersey 
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NEW McGRAW-HILL TEXTS 


for 
WAR TRAINING COURSES 


* 


Plane and Spherical Trigonometry 


By Lyman M. Ketts, WILLIs F. Kern, and JAMES R. BLanp, United States 
Naval Academy. Second edition. 401 pages, 6 x 9. $2.00. With tables, $2.75 


Plane Trigonometry 


By Lyman M. Ke ts, Wi1tis F. Kern, and JAMEs R. BLAND. Second edition. 
303 pages, 6 x 9. $1.50. With tables, $2.40 


Spherical Trigonometry with Naval and Military Applications 


By Lyman M. Ke tts, Wittis F. Kern, and James R. BLAND. 164 pages, 
$1.50. With tables, $2.40 


Logarithmic and Trigonometric Tables 


Compiled by Lyman M. KE ts, WILLIs F. Kern, and James R. Bianp. 115 
pages, $1.00 


Mathematics for Electricians and Radiomen 


By Netson M. Cooke, Chief Radio Electrician, United States Navy. 604 pages, 
6 x 9. $4.00 


Practical Mathematics for Home Study. New third edition 


By the late CLaupe I. Parmer. Revised by S. F. Biss, Illinois Institute of 
Technology. 696 pages, 5 x 7. $4.00 | 


Mathematics and the Aviation Trades 


By James Nawicu, Manhattan High School of Aviation Trades. 267 pages, 
6 x 9. $1.80 


Elementary Mathematics in Artillery Fire 
By Josepn Mitter Tuomas, Duke University. 256 pages, 6 x 9. $2.50 


Simplified Industrial Mathematics 
By Joun H. Wotre, Wititam F. Mvetcer, and Setsert D, Muttixin, Ford 
Motor Company. 258 pages, 5 x 7. $2.00 


Send for copies on approval 
McGRAW-HILL BOOK COMPANY, Inc. 
330 West 42nd Street New York, N.Y. 


GEORGE BANTA PUBLISHING COMPANY, MENASHA, WISCONSIN 
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WHAT IS A CURVE? 
G. T. WHYBURN, University of Virginia 


1. Introduction. When the searching light of modern mathematical thinking 
is focused on the classical notion of a curve, this idea is found to involve ele- 
ments of vagueness which must be clarified by accurate and exact definition. 
Fortunately this has been made possible and relatively simple by development in 
the field of set-theoretic topology. Weshall endeavor to set forth below, first the 
need for explicit definition of a curve, then the definition itself, and finally sev- 
eral illustrations of types of simple curves which can be completely character- 
ized by their topological properties and which more nearly approach the classical 
notion of a curve. 


2. The classical notion. The concept of a curve as the “path (or locus) of 
a continuously moving point” usually is accompanied by intuitive notions of 


RK, R RK, 


a 


x 
Fic. 1. 


thinness and two-stdedness. When the curve is in a plane, these were thought to 
be consequences of the rather vaguely formulated definition of a curve as just 
given. 

That the path of a continuously moving point is not necessarily a thin or 
curve-like set was shown by Peano and somewhat later by E. H. Moore, who 
demonstrated the remarkable fact that a square plus its interior can be exhibited 
as the continuous image of the interval. In other words, if S denotes a square 
plus its interior, we can define continuous functions x(é) and y(¢) on the interval 
0<t<1 so that as ¢ varies from 0 to 1, the point P[x(z), y(¢) | moves continuously 
through all the points of S. 

A still more striking result in this direction is the remarkable theorem 
proved independently by Hahn and Mazurkiewicz about 1913. This theorem 
asserts that in order for a point set Mf (in euclidean space of any number of 
dimensions) to be representable as the continuous image of the interval 0 </<1, 
it is necessary and sufficient that be a locally connected continuum. (A con- 
tinuum in euclidean space is a closed, bounded, and connected set; and a con- 
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tinuum MM is locally connected provided that for any «>0 a 6>0 exists such that 
any two points x and y of WM at a distance apart <6 can be joined by a sub- 
continuum of M of diameter <e). Thus since obviously not only a square but 
also a cube, an ~-dimensional interval, an n-dimensional sphere and a multitude 
of other sets are locally connected continua, any such set VM can be represented 
as the path of a continuously moving point in the sense that we can define con- 
tinuous functions 


x; = x;(f) OfSt+S£1,1=1,2,---,2, 


such that as ¢ varies from 0 to 1 the point P with coordinates (x1, x2, +--+, Xn) 
moves continuously through all the points of MM. 

Even when a set is sufficiently “thin” or “1-dimensional” that we would 
probably call it a curve it may be in a plane and still not be two-sided. To illus- 
trate we note that in Figure 1 any point on the base of the continuum, such as 
x, is a boundary point of each of the three regions Ri, Re, R3 into which the ccn- 
tinuum divides the plane. Hence there are three sides of the base of this con- 
tinuum. (Clearly we could add extra oscillating curves to the figure so as to 
make an arbitrarily large number or even an infinite number of regions each 
having all base points x on their boundaries). Nevertheless our continuum is a 
thin 1-dimensional set made up of an infinite number of line segments. Now 
it is possible to construct in a plane a continuum which is thin in the sense 
that it will not contain the interior of any circle and yet is so unusual that it will 
divide the plane into any finite number or an infinite number of regions and, 
further, it will be the boundary of each one of these regions. Also a plane con- 
tinuum can be constructed which not only itself cuts the plane into infinitely 
many regions but has the remarkable property that every subcontinuum of it 
(any “piece” of it) also cuts the plane into infinitely many regions. 


3. Dimensionality. General definitions of curve, surface, solid. Undoubtedly 
sufficient evidence has been given of the necessity of being precise in our defini- 
tions and statements concerning curves, surfaces, etc., and of the unreliability 
of our intuition concerning these concepts. 

We leave aside the continuous traversibility of the set as a criterion char- 
acterizing or distinguishing between curves, surfaces, solids, etc., since we have 
seen how it fails in this respect, and concentrate on content or dimensionality 
of the set as a guide. 

Hence it seems natural and adequate to define a curve as a 1-dimensional con- 
tinuum, a surface as a 2-dimensional continuum and a solid body as a 3-dimen- 
sional continuum. 

These definitions are satisfactory provided we give an adequate definition 
of dimensionality of a set. To this end let us concentrate our attention on com- 
pact sets, 2.e., sets K which have the property that any infinite subset has a 
limit point belonging to K, sets which are closed and bounded if they lie in a 
euclidean space. 
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We then define the dimensionality of the empty set to be —1 and agree the 
dimensionality of any other set is to be 20. Assuming, then, that we have 
defined the dimensionality concept for dimensions Sn—1, by induction we de- 
fine a set K to be of dimensionality 2 provided (1) every pair of distinct points 
p and g of K can be separated in K by some set X of dimensionality <n —1, 2.e., 
K—X falls into two separated sets K, and K, containing p and g respectively; 
and (2) some pair of points of K cannot be separated in K by a subset of K of 
dimensionality <n—1. Thus for 20, a set K is of dimension x provided n is 
the least integer such that every pair of distinct points of K can be separated 
in K by the removal of a subset of dimension not greater than 7 —1. 

According to this definition, then, a compact set K is of dimension 0 pro- 
vided every two points of K can be separated in K by omitting the empty set, 
1.e., provided they are already separated in K. Hence a 0-dimensional set is 
one which is non-empty but is totally disconnected in the sense that its only 
connected subsets are single points. A compact set K is 1-dimensional provided 
any two points can be separated in K by omitting from K a 0-dimensional or 
totally disconnected set but some two points cannot be separated without omit- 
ting some points from K. A compact set K is 2-dimensional provided each pair 
of points of K can be separated in K by omitting a 1-dimensional set but not 
every pair can be separated by omitting a 0-dimensional set, and so on. 

Stated in other terms, if we accept our definition that a curve is a 1-dimen- 
sional continuum, a surface is a 2-dimensional continuum, and a solid body is 
a 3-dimensional continuum, we see that a non-empty compact set K is 0-dimen- 
sional if every pair of its points are separated in K. Theset is 1-dimensional at 
most provided we can (with shears if you like) separate any two of its points by 
cutting the set along a 0-dimensional set, 7.e., by cutting out only single points 
as connected pieces. The set is 2-dimensional at most provided we can separate 
any two points by cutting the set along a 1-dimensional set, 7.e., by cutting out 
only curves as connected sets. The set is 3-dimensional at most if we can separate 
any two points by cutting (with a saw perhaps) the set along a 2-dimensional 
set, t.e., by cutting out only surfaces as connected sets. 


4. Some simple types of curves. Having defined exactly the notions of 
curve, surface, and solid in terms of their topological properties in such a way 
that they correspond roughly to the geometrical notions of line, plane, and space, 
we consider now some interesting particular kinds of curves which may be simi- 
larly characterized. 

Take first a straight line interval ad joining two points a and 6 and ask the 
question “What properties of a set make it essentially like an interval?” or 
“When are the points in a set associated together like those in the interval 
ab?” For example, if ad is a taut string and we release the tension and let it go 
slack but do not allow it to loop over onto itself, it is no longer straight but it re- 
tains its same essential structure. It can still be severed by cutting out any one 
of its points other than a or 0; and it is this property in particular which char- 
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acterizes the interval completely from the topological point of view. In other 
words, if we understand by a simple arc any set of points which is topologically 
equivalent to an interval in the sense that its points can be put into one-to-one 
and continuous correspondence with the points of an interval, then in order that 
a continuum T bea simple arc tt 1s necessary and sufficient that T contain two points 
a and b such that the removal of any potnt of T other than a or b will disconnect T. 
Thus in Fig. 2, (a) is a simple arc, but (b) is not a simple arc because the re- 


moval of neither a, 6, nor x will separate the set (¢.e., will make it fall apart). 
x 


ad b 


(a) Fic. 2. (b) 


Consider next a circle C and let us ask similar questions. If C is distorted, 
as was our interval, by letting it slacken and bend but not fold onto itself or be 
broken violently, it is seen to retain its essential set structure. It retains the 
property, for example, of being severed by the removal of any two of its points 
whatever. Here again the property mentioned is characteristic for the type of 
curves which are topologically equivalent to the circle. In other words, if we 
define a stmple closed curve as a set which can be put in one-to-one and continu- 
ous correspondence with a circle, then 7 order that a continuum C be a simple 
closed curve ti 1s necessary and sufficient that C be disconnected by the omtssion of 
any two of its points. Thus in Figure 2, (a) is not a simple closed curve since the 
removal of both a and 0 leaves the set connected. In Figure 3, (a) and (b) are 
simple closed curves but (c) is not a simple closed curve because the removal of 
x and y leaves the set connected. 


(a) (b) (c) 
FIG, 3. 


A curve which is made up of a finite number of simple arcs which overlap 
with each other only at end points of themselves is called a graph or a linear 
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graph. A graph, then could be regarded as being constructed by putting together 
in any one of numerous ways a finite number of simple arcs so that no two of 
the arcs will overlap anywhere except possibly at an end point of both. All of the 
curves illustrated in Figs. 2 and 3 are graphs; and of course many more compli- 
cated structures could be made which would still be graphs. However, if a graph 
is in a plane it, like the simpler curves previously discussed, will have the classi- 
cal property of 2-sidedness which does not belong to all curves. 


(a) (b) 
Fic. 4. 


Finally, we mention two further types of curves which in general are not 
graphs and yet whose structure is interesting and simple, namely the dendrite 
or acyclic curve and the boundary curve. A dendrite is a locally connected con- 
tinuum which contains no simple closed curve. It may contain infinitely many 
simple arcs [See Fig. 4 (a) |. In fact it may be impossible to express it as the 
sum even of countably many arcs, and yet it has the property that any two of 
its points are end points of one and only one arc in the curve. A boundary curve 
is a locally connected continuum which can be so imbedded in a plane that it 
will be the boundary of a connected region of the plane. Although it is true 
that every dendrite is a boundary curve, in general a boundary curve will con- 
tain one and may contain infinitely many simple closed curves [See Fig. 4 (b) J. 
However, it is interesting to note that no such curve could contain a cross bar on 
a simple closed curve. In other words, the most that any two simple closed curves 
can overlap is in a single point (point of “tangency”). Thus any boundary curve 
breaks up into so called cyclic elements which are either single points or simple 
closed curves, no two of these have more than one common point, and these fit 
together to make up the curve and give it a structure relative to these elements 
which is very similar to that of a dendrite. [Compare Fig. 4 (a) with Fig. 4 (b) ]. 


5. Conclusion. We have touched but a few of the many interesting aspects 
of the fundamental theory of curves. The subject has an extensive literature, 
particularly from the topological point of view, which the explorative reader will 
find fascinating as well as instructive. The field is a live one and it is currently 
receiving important contributions. Interesting and difficult problems remain 
unsolved. There is much to attract and repay the student who will expend the 
effort necessary to acquire a knowledge of these problems and to master the 
methods which have been devised for attacking them. 


ON THE TEACHING OF ELEMENTARY MATHEMATICS* 
MOSES RICHARDSON, Brooklyn College 


The following remarks are addressed to those who are preparing themselves 
to be teachers of elementary mathematics. They begin with some horrible ex- 
amples of what I think a good teacher should not do, and some general prin- 
ciples that I think a good teacher would do well to follow; they conclude with a 
serious thesis concerning the proper emphasis of various aspects of elementary 
mathematics. 

Most of the examples come out of my own first-hand experience at various 
institutions (although some do not) and could be, but will not be, documented. 
If this be undiplomatic, it is at least not appeasement. I shall not discuss what 
should be taught to freshmen because this depends to some extent on what they 
are being prepared for, and because I have expressed my views fully on this sub- 
ject elsewhere. Rather, I shall confine myself to remarks which I consider to be 
valid regardless of what topics the curriculum contains. 

There are at least three different French languages: Parisian French, Gascon 
French, and a language spoken by American tourists called High School 
French. In our subject, we have Pure Mathematics, Applied Mathematics, and 
a peculiar subject sometimes called “Freshman Mathematics.” Every instructor, 
in the normal exercise of his duties, accumulates his own collection of specti- 
mens of “Freshman Mathematics.” An innocuous example is that of the stu- 
dent who divided a large number by 1 by the process of long division. I call this 
innocuous because at least he was using a general algorithm which could be 
applied, however inadvisedly, to his problem. A more common and harmful 
sample is the following: 


1) ——— = —— =1+4+1=2. 

( 2x Za 

This illustrates the “law of universal cancellation” which says that whenever a 
symbol occurs twice on the same paper or blackboard it may be crossed out in 
both places. A well-known “proof” of it proceeds as follows: 


16 166 = 1866 1 


64 664 6664 4 
Very common specimens of “Freshman Mathematics” are the following: 
(2) sin (x + y) = sin x + sin y, log (« + y) = log « + log 4, 
Vety=Vat vy. 
* Based on an address delivered at the triennial convention of Pi Mu Epsilon held at Lehigh 


University, January 1, 1942. 
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Other common errors are “transposing” 2x =1 to obtain’ 
1 


3 i} 2 
(3) — 
(presumably because whenever a symbol is “brought” from one side of an 
equation to the other its sign must be changed); and adding fractions by adding 


numerators and denominators separately as in 


a C a+c 
(4) oye eS 
b d b+d 
A favorite specimen of mine is the following “proof” of the remainder theorem: 


x — a| f(x) | i 
f(x) — f(a) 
f(a) - 

A young teacher may well feel at times as though he has somehow blundered 
into a psychopathic ward. But successful psychoanalytic technique requires 
sympathy, understanding of the difficulties, and probing into the past of the 
patient to find the events leading up to the tragedy. I can speak at first hand of 
this latter aspect since I have taught both high school and college freshman 
classes for many years. 

It is essential for the teacher to understand both the student’s prepara- 
tion and difficulties, and, if I may be so bold as to say so, the subject he is teach- 
ing. I emphasize this because I once heard a man high in educational circles 
assert that one who knows too much can’t be a good teacher. This is unques- 
tionably true, but only because one who knows too much cannot exist. Of course, 
there are distinguished scholars who do not teach well, and excellent teachers 
who are not distinguished scholars. But if one has the patience and sympathy 
needed for good teaching and is willing to devote time and thought to the prob- 
lems of teaching, then increased scholarship can only enrich one’s teaching, not 
spoil it. On the other hand it is impossible for any one to teach well something 
he doesn’t himself understand. There are, I am afraid, some people teaching the 
third reader who have never progressed beyond the fourth. By this I do not 
mean at all that it is necessary for a teacher of elementary subjects to be well 
versed in partial differential equations or the calculus of variations in the large, 
or similar advanced technical subjects; but I do think it essential that he have 
a broad, deep, and clear understanding of the fundamental concepts underlying 
elementary mathematics. That such understanding is not always present be- 
comes obvious upon contact with some teachers and some textbooks. 

For example, I was once asked to settle a bet between two ex-colleagues, one 
of whom contended that 0/0=0 because 0 divided by anything is 0, while the 
other held that 0/0=1 because anything divided by itself is 1. Neither was 
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willing to listen to an explanation of why both were wrong; they wanted only a 
verdict as to which was right. This would make a better story if there were a 
third who claimed that 0/0= © because anything divided by 0 is ©, but I shall 
not yield to the temptation to embellish the facts. 

Then there is the teacher who seriously claimed that it was literally correct 
to write 1/0 = © in a trigonometry class on the grounds that Veblen and Young 
write this equation in their Projective Geometry. Needless to say, Veblen and 
Young are considering a particular coordinate system on a line in the projective 
plane and division means to them not numerical division, but a certain quadri- 
lateral construction. 

Another instructor “derived” an equation for vertical lines as follows: 


y — b= © (x — a), 
1 
x—-a=—(y— b) =0. 
ore 


In fact, so many people and textbooks have the courage of their confusion 
on the subject of infinity that it is small wonder that some of our brightest stu- 
dents come away with the impression that the cardinal number of the set of all 
natural numbers is © which is obtained by dividing 1 by 0 and represents the 
place where parallel lines meet. I have often wondered why no one has ever 
“proved” the statement 1/0= © by appealing to the fact that if one tries to 
divide 1 by 0 on a calculating machine it will run until worn out. 

Then there are many books which carelessly ask the student to write the 
nth term of a sequence whose first few terms are given, as though this were a 
reasonable mathematical question. To answer it, as you know, requires not 
mathematics but clairvoyance. For example, the mth term of a sequence begin- 
ning with 2, 4, 6, 8, -- - may be 2” but it may also be 2n-+ (n—1) (n—2) (n—3) 
(n—4)f(n) where f(n) is almost completely arbitrary. 

Perhaps more serious than these troublesome confusions is the failure of 
some teachers and some textbooks to pay due attention to converse propositions. 
For example, one of my ex-colleagues once remarked to me that he liked trigo- 
nometric identities because nothing could be more satisfyingly certain than to 
come out with the same expression on both sides. I answered, “Yes, as long as 
all the steps are reversible.” The man’s jaw dropped. He had never heard of 
that, and it took me 45 minutes to persuade him that the trouble lay with the 
converse proposition. It turned out that, although he liked trigonometric 
identities and had taught them for years, he had never understood them. 
Similarly, many texts on analytic geometry leave the student without the 
slightest suspicion that a converse proposition is needed in discussing equations 
of loci. . 

I say that this is perhaps a more serious matter because it is symptomatic 
of a more or less widespread tendency that I regard as vicious: namely, the 
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tendency to say that one of the main objectives of teaching mathematics is to 
train the student to think logically and then to teach the subject as though it had 
nothing to do with logical reasoning at all. The man just referred to paid careful 
attention to converses in plane geometry because that was traditional but had 
little suspicion that algebra or trigonometry had anything to do with reasoning. 
In fact, I recently had the distressing experience of hearing someone high in 
educational circles say that after all plane geometry is mostly a matter of 
memory. Is it any wonder that this opinion of mathematics is so widespread 
when it is all too often taught as a matter of memorized formulas, routine mean- 
ingless manipulations, and undigested proofs? It is my opinion that many of 
the ills of mathematics come from such excessive formalization and neglect of 
fundamental principles and common sense. If mathematics is presented as a 
collection of arbitrary rules of thumb for petforming peculiar manipulations 
which somehow solve problems in which the student is not interested anyway, 
it is not surprising that many intelligent students are repelled from the sub- 
ject for life. Such a collection of tricks is merely a branch of parlor magic, while 
the ideas of mathematics constitute an important current in the history of 
human thought. When these disgruntled individuals grow up some of them lead 
movements to abolish mathematics as a required subject. J am convinced that 
this often happens because they have never had contact with genuine mathe- 
matics at all, but only with formalized, memorized regurgitated techniques. 

This souring of public opinion among non-technical people is by no means 
the only ill effect of excessive formalization. I am convinced that many purely 
technical difficulties arise from the same source. Thus, the errors given in (2) 
arise from thoughtless, superficial, formal analogy with the distributive law 
a(x+y)=ax+ay. The troubles with cancellation, transposition, and fractions 
((1), (3), (4)) are due to thoughtless, unrationalized formalization. A memo- 
rized rule that has not been understood is difficult to recapture when the smallest 
part of it is forgotten. 

J do not know whether one can attribute the tendency toward excessive 
formalization to a unique source. Perhaps it is partly due to the fact that teach- 
ers are sometimes judged by the results of their students on stereotyped 
examinations which can usually be passed with only formal techniques and 
without understanding. This practice may put pressure on the teacher to forget 
about the difficult (though worth while) task of teaching mathematics and cause 
him to give instead a coaching course for the examination. This makes the 
teacher’s life easier, but harder to justify. He can then “cover” all the topics re- 
quired for the examination easily, by the simple process of camming memorized 
techniques into his students and ignoring the opportunity to give real insight 
into mathematics. He'can teach “box” methods for solving problems since he 
is sure that the examination will not contain a strange “type” of problem that 
will not fit into his boxes. I have actually seen a secondary teacher who taught 
the logarithmic solution of triangles at the outset of the term before the very 
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definitions of the trigonometric functions. He “justified” this procedure on the 
grounds that he found students lost most credits on those questions on the 
Regents’ examinations and consequently should get as much drill as possible on 
them. Beginning on the first day of the term surely gives the maximum drill. I 
met another secondary teacher who disliked teaching plane geometry because 
he was unable to formalize it as he did algebra. He did, however, like to teach 
some “calculus” in his advanced algebra section. By “teaching calculus” he 
seems to have meant training his students to write nx”—! whenever they saw x”, 
much as a mouse is trained to run a maze when a gong rings. 

By now, I think I have complained enough about some of the extreme cases 
that I have had the misfortune to encounter. I hope they are uncommon. Let 
me now say a few words about some much less rare situations. There is the 
teacher who does “take up” the fundamental ideas and the reasoning behind his 
processes. But he does it once and rapidly, hopes that the best students will get 
it, and races on. This practice arises from a point of view with which I am not 
in sympathy. I do not consider the fundamentals important only for the few 
best students and the techniques important for everybody. I think that the 
fundamentals are important for all and will justify, in the long run, the time 
and effort needed to get them over to most of the class. I think it is part of the 
teacher’s job to disseminate the ideas of mathematics as widely as possible, not 
to keep them within an esoteric circle of witch-doctors. The “devil take the 
hindmost” theory of teaching, if pushed to extremes, leads the teacher to give 
lectures which only he understands. 

Another practice of which I disapprove and which is prevalent among col- 
lege teachers, is that of blaming the student’s incompetence on his high school 
training and letting it go at that. In fact, the high school teachers proceed 
similarly to blame the elementary school teachers, who blame the parents, who 
presumably can blame nothing but heredity, so that the original fault seems to 
lie with Adam. I can see no sense whatever in grumbling because a freshman has 
not mastered the routine techniques of high school algebra and then rushing 
him on into further ill-understood memorized techniques. We must accept our 
students as incontrovertible data; if they never learned to add fractions sensibly 
let us not consider it beneath our dignity to teach it to them. Even where they 
have had prerequisite material, they often have it no longer. Unless one is willing 
to face the facts as they are and do the best job possible under the circumstances, 
one might as well lapse into one’s anecdotage and go about mumbling about the 
good old days. 

I have said a great deal about what I think a good teacher of freshman 
mathematics should not do. It is harder to say what he should do since that 
depends on his own point of view, his temperament, training, and interests. 
However I shall undertake to enunciate a few generalities. 

I think it is important for a teacher of elementary mathematics to be thor- 
oughly familiar with the foundations of the subjects he teaches and to have as 
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broad a mathematical background as possible. A teacher who has only super- 
ficial knowledge himself, slips comfortably into the habit of regarding things as 
“easy” because he is “familiar” with them. On the other hand, genuine famili- 
arity with the deep-lying difficulties underlying elementary mathematics will, 
if nothing else, prevent false emphases and tend to make one more tolerant 
towards the students’ difficulties. This was brought home to me in the first 
high school class I ever taught when a student bisected an angle thus: 


An angle had been defined as a figure consisting of two rays with a common 
vertex. But insufficient stress had been placed on a careful definition of what is 
meant by “bisecting” an angle. For example, one may be more inclined to 
sympathize with a student’s troubles with minus signs if one realizes oneself 
that —(—2) and (—1) (—2) represent different situations. In any case, you 
will not teach them that “two minuses make a plus” because you can lay one 
minus sign vertically across the other thus: +. Many an advanced student, 
well trained in advanced techniques, remains unfamiliar with fundamental con- 
cepts because he has been expected to acquire familiarity with them by osmosis. 
This process does not always take place, perhaps because it proceeds only from 
the more dense to the less dense. 

I think it is important that you try not to teach falsehoods that have to be 
corrected later, unless, as Forder remarks,* it be contended that an unsound 
proof has an educational value not possessed by a sound one. Needless to say, 
an unsound proof may well have educational value not possessed by a sound 
one provided it is used as an example of faulty reasoning. By this I do not mean 
at all that elementary teaching should be rigorous. I mean only that where gaps 
occur they should be pointed out, and that theorems which cannot be treated 
soundly at the student’s level should be assumed or discussed informally rather 
than be given a bad proof. 

Try to keep alive your interest in mathematics and its teaching. It is easier 
to give your students enthusiasm for mathematics if you have it yourself. De- 
spite heavy schedules and other adverse conditions, it is always possible to come 
yet a little closer to attaining your ideal objectives, provided you know what you 
want them to be.{ Try to teach in such a way that the students will acquire: 


* H. G. Forder, The Foundations of Euclidean Geometry, Cambridge Press, 1927, p. viii. 

} For an excellent discussion of the objectives of teaching elementary mathematics, see the 
Fifteenth Yearbook of the National Council of Teachers of Mathematics, which was drawn up by 
a joint committee of the Council and the Mathematical Association of America. 
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(1) an appreciation of the natural origin and evolutionary growth of the basic 
mathematical ideas from antiquity to the present; (2) a critical logical attitude 
and a wholesome respect for correct reasoning, precise definitions, and clear 
grasp of underlying assumptions; (3) an understanding of the role of mathe- 
matics as one of the major branches of human endeavor and its relations with 
other branches. Try to emphasize the distinction between familiarity and under- 
standing, between proof and routine manipulation, between a critical attitude 
of mind and habitual unquestioning belief, between scientifically organized 
knowledge and both encyclopedic collections of facts and mere opinion and con- 
jecture. Try to give them not only formulas but a wholesome appreciation of the 
nature and importance of mathematics. 

Let me try to summarize my point of view in another way. There are three 
main aspects that must be brought out to some extent in the teaching of ele- 
mentary mathematics, namely: 

A. The routine techniques which are basic for future work. This aspect will 
be designated by “techniques.” 

B. The concrete applications of mathematics, the concrete settings in which 
mathematics originated, the interrelations among the “branches” of mathe- 
matics, and it relevance to the real world in general. For lack of a better term, 
this aspect will be referred to as the “relevance” of mathematics. 

C. The reasonable justification of the techniques, and the logical nature of 
mathematics in general. This aspect will be designated by “reasonableness.” 

There seems to be some fear in certain quarters that overemphasis of C 
leads to excessive abstraction which will repel the general public from mathe- 
matics. This fear seems to be founded on the undeniable fact that some abstrac- 
tions which appear in research papers lack a rich concrete background. This is 
true, but it is also true that few mathematicians are seriously interested in such 
an abstraction per se except possibly for the purpose of acquiring a Ph.D. or a 
promotion. Nevertheless, it must be granted that even such an empty abstract 
science is pure mathematics even though it is not important pure mathematics. 
It does not seem to me that anything is to be gained by hiding this innocent fact 
from the general public as though it were an important trade secret, much as 
the Pythagoreans are said to have tried to hide the irrationality of the square 
root of two. The truth will gain more for our subject than suppression of allegedly 
harmful ideas, which are, in my opinion, not harmful at all as long as one em- 
phasizes that mathematicians are almost always interested only in abstractions 
which have rich concrete interpretations and which serve to unify or clarify 
concrete subjects which are interesting in themselves. As for this tendency to 
abstraction seeping harmfully into the teaching of elementary mathematics, 
such fear strikes me as being not only groundless but actually pointed in pre- 
cisely the wrong direction. 

In the actual practice of elementary teaching, as I have observed it, “tech- 
niques,” “relevance,” and “reasonablesness” are usually given attention in 
precisely that order, with “techniques” far in the lead almost to the total exclu- 
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sion of the other two, with “relevance” running a very bad second, and “reason- 
ableness” a much worse third. It is my contention that this order should be 
reversed; in any case “reasonableness” and “relevance” deserve at least as 
much importance as “techniques.” For students whose major interest is in the 
sciences, all three aspects should be virtually tied for first place. By this, I do not 
mean at all to belittle the importance of “techniques” for technical students, but 
I am convinced that when their reasonable justification is properly stressed, the 
techniques themselves require far less attention than is ordinarily given them. 
Understanding really does improve technical facility. 

For students with little or no interest in the sciences, who really have little 
need for such facility, “techniques” should trail considerably behind. It is 
definitely my experience that these students can become very interested in the 
logical nature of mathematics, whereas they have no personal interest whatever 
in solving problems of a practical (to a technician) nature, no matter how inter- 
esting such problems may seem to a mathematician. It may seem surprising 
to many teachers, but it is nevertheless a fact that to many college freshmen 
the idea that algebra is a reasonable subject comes as a complete revelation. 
If there is danger to the status of mathematics, it does not arise from over- 
emphasis of its “reasonableness.” It comes from the deadly overemphasis on 
routine “techniques,” and the unwholesome neglect of its “reasonableness” and 
of its “relevance” to the real world. 


THE FIRST ANNUAL MEETING OF THE METROPOLITAN 
NEW YORK SECTION 


The first annual meeting of the Metropolitan New York Section of the 
Mathematical Association of America was held at Hunter College, New York 
City, on Saturday, April 18, 1942. Professor F. H. Miller presided at the 
morning session and Professor T. F. Cope, chairman of the Section, presided at 
the afternoon meeting. 

The attendance was about one hundred and thirty-six, including the follow- 
ing seventy members of the Association: R. Lucile Anderson, R. G. Archibald, 
L. A. Aroian, Aaron Bakst, Brother Bernard Alfred (Welch), Frank Boehm, — 
A. B. Brown, Jewell Hughes Bushey, J. H. Bushey, S. S. Cairns, H. R. Cooley, 
Elizabeth M. Cooper, T. F. Cope, W. H. H. Cowles, Marguerite D. Darkow, 
D. R. Davis, Carolyn Eisele, W. H. Fagerstrom, J. M. Feld, Edward Fleisher, 
R. M. Foster, B. P. Gill, Marion C. Gray, Etta Greenberg, Harriet M. Griffin, 
J. I. Griffin, C. C. Grove, N. A. Hall, L. S. Hill, J. H. Hlavaty, R. A. Johnson, 
L. S. Kennison, E. H. Koch, Jr., Edna E. Kramer-Lasser, Helen L. Kutman, 
A. W. Landers, Mary K. Landers, Nathan Lazar, C. H. Lehmann, C. C. Mac- 
Duffee, H. F. Mac Neish, J. J. McCarthy, P. H. McGrath, Mary McKenna, 
D. May Hickey Maria, A. E. Meder, F. H. Miller, E. C. Molina, Philip Newman, 
M. A. Nordgaard, Walter Penney, Mina S. Rees, Selby Robinson, S. G. Roth, 
H. D. Ruderman, Arthur Sard, Edna C. Schnefel, L. P. Siceloff, Lao G. Simons, 


506 MEETING OF METROPOLITAN NEW YORK SECTION [October, 


James Singer, C. S. Stuckey, J. A. Swenson, J. J. Tanzola, H. E. Wahlert, Louis 
Weisner, Mary E. Wells, A. Marie Whelan, D. E. Whitford, John Williamson, 
Jack Wolfe. 

At the beginning of the morning session President G. N. Shuster of Hunter 
College welcomed the Section to Hunter College. At the beginning of the after- 
noon meeting the following officers were elected for the coming year: Chairman, 
H. F. Mac Neish, Brooklyn College; Vice-Chairman, Edna E. Kramer-Lasser, 
Thomas Jefferson High School; Secretary, H. E. Wahlert, New York University; 
Treasurer, F. H. Miller, Cooper Union. 

The following four papers were presented at the morning session: 

1. “An application of matrix theory to cryptography” by Professor L. S. 
Hill, Hunter College. 

2. “The teaching of mathematics at the defense training institute” by C. H. 
Lehmann, Cooper Union. 

3. “On the principles of statistical inference” by Dr. Abraham Wald, Colum- 
bia University and Queens College, introduced by Professor Cope. 

4. “Mathematical training for aeronautical engineers” by Dr. N. A. Hall, 
Vought-Sikorsky Aircraft Company. 

At the afternoon session a symposium on “Integrated mathematics in high 
school” was held. Dr. J. A. Swenson of Andrew Jackson High School presided at 
this symposium and the following four papers were presented: 

5. “The significance of Ax in secondary mathematics” by Agnes Morley, 
Andrew Jackson High School, introduced by Dr. Swenson. 

6. “Integrated mathematics with special application to the tenth year 
(geometry)” by Harry Sitomer, New Utrecht High School, Brooklyn, introduced 
by Dr. Swenson. 

7. “Spatial and probable relationships in secondary mathematics” by Dr. 
Edna E. Kramer-Lasser, Thomas Jefferson High School, Brooklyn. 

8. “Integrated mathematics in Catholic high schools” by Brother Anselm. 
St. Joseph’s Normal Institute, introduced by Brother Bernard Alfred. 

Abstracts of the papers follow. 

1. Professor Hill’s presentation was based upon two articles published in this 
MONTHLY: Cryptography tn an algebraic alphabet, July, 1929, and Certain linear 
transformatton apparatus of cryptography, March, 1931. The articles attracted 
wholly unanticipated attention in the United States and abroad. Their interest 
was strengthened by the circumstance that the author’s learned, ingenious, and 
mechanically-minded colleague of some fifteen years, Professor Louis Weisner, 
was able to plan a machine for the speedy and effortless operation of those 
simpler types of transformation which were considered in the 1929 article. These 
transformations include, as special cases several of the more prominent military 
cipher systems, and afford extensions which seem to be quite beyond cryptana- 
lytic approach. 

2. Mr. Lehmann described the origin, organization, and scope of the Defense 
Training Institute of the Engineering Colleges of Greater New York. This new 
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school, in actual operation since February 10, 1941, is the only one in the country 
having a full daytime coordinated curriculum set up primarily to train engi- 
neering personnel for war industries. The address featured the place of mathe- 
matics in the Institute’s curriculum and described some of the teaching problems 
in mathematics encountered in what is probably one of the most highly con- 
centrated and intensive technical programs ever undertaken. 

3. Dr. Wald discussed some modern developments of the theory of statistical 
estimation. Suppose x is a random variable and its probability distribution func- 
tion f(x, 8) involves an unknown parameter @. In the theory of estimation the 
value of the unknown parameter @ has to be estimated on the basis of NV observa- 
tions %1,:°°, xy on the variable x, 4.e., we have to construct a function 
t(x1, - °°, xn) of the observations which can be considered as a “good statistical 
estimate” of the parameter 6. In the modern theory definitions for a “good” or 
“best” statistical estimate are formulated and solutions are given for certain 
classes of cases. If the number of observations JN is large, the so-called maximum 
likelihood estimate provides a satisfactory solution of the problem of estimation 
under fairly general conditions. 

4. Dr. Hall discussed the mathematical training required by aeronautical 
engineers from the viewpoint of the engineer, whose primary consideration is the 
production of the most efficient airplane. He presented a brief picture of the 
program of development of airplane design from the original conception in terms 
of function and specifications to the final detail design for production. The 
various places where mathematics entered the program were pointed out to in- 
dicate the type of mathematical training required. It was observed that two 
distinct types of ability were demanded. First, the average engineer was called 
upon to use mathematics of a difficulty up to the grade of the calculus with abso- 
lute accuracy and dependability. The need for training in thoroughly reliable 
work as a basic requirement was stressed. The second demand was for a prepara- 
tion in advanced fields of mathematical analysis with emphasis on numerical 
methods and the possession of the viewpoint of mathematical service to the 
engineering program. “When we are training aeronautical engineers, we must 
train men to develop airplanes and not mathematics.” 

6. Mr. Sitomer pointed out that, whether in the tenth year or not, inte- 
grated mathematics must not be confused with simultaneous, correlated, com- 
prehensive, or general mathematics, which refer to the scope of instructional 
materials but not to the methods of presentation and solution. Integrated 
mathematics may be defined as a program, not a syllabus, which aims to enlist 
any branch of mathematics which is best fitted to solve a given problem, whether 
it be computation or proof. The more branches in use, the better the integration. 
The simpler the computation or proof, the better the integration. In the tenth 
year we may select methods from algebra, plane and solid geometry, trigonome- 
try, calculus, function theory, number theory, vector analysis and topology. 
Courageous experimentation in the classroom by teachers, well-read in mathe- 
matics, will determine possible syllabi. In the tenth year special emphasis on the. 
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nature of proof and on a postulational system demands a simple synthetic intro- 
duction with a gradual transition to analytic geometry and other methods of 
proofs. Integrated mathematics results in a rich set of concepts arranged spirally 
in a syllabus. 

7. Dr. Kramer-Lasser showed how integrated mathematics is used to de- 
velop general space concepts. Even as early as the seventh year, elementary 
procedures form a foundation for more advanced work. For example, in working 
with paper patterns, proper numbering of vertices and edges eventually leads 
pupils to think of the surfaces they construct as sets of triangles with suitable 
identification of vertices and edges. In the ninth and tenth years, space geometry 
is studied along with plane. By rotating and translating 3, 4, ---, 2—1 dimen- 
sional forms, pupils obtain an abstract realization of 4, 5, +--+, 2 dimensional 
figures. Combinatorial methods are also used to obtain the concept of higher 
dimensions. In the eleventh and twelfth years, elementary analytic geometry of 
three dimensions is studied and analytic generalization to higher dimensions is 
made. 

8. Brother Anselm stated that, in general, the Catholic High Schools in and 
around New York City adhere to the traditional courses in mathematics. They 
do this because they think that their present curriculum is the best for their 
particular needs. They are reluctant to change to the integrated course because 
most of the leading educators in this field are not certain that integrated mathe- 
matics courses are better than the traditional courses. Moreover, they fear that 
lack of drill and understanding of the reasons for manipulative processes may be 
brought about by the integrated program. They are convinced also that the 
much desired purpose of an integrated program can be achieved with the tradi- 
tional subjects. Hence the Catholic schools look, not to a change of courses to 
improve secondary mathematics, but rather to better teaching of the present 
courses. 

H. E. WAuHLERT, Secretary 


THE ANNUAL MEETING OF THE ROCKY MOUNTAIN SECTION 


The twenty-sixth annual meeting of the Rocky Mountain Section. of the 
Mathematical Association of America was held at the Colorado School of Mines, 
Golden, Colorado, April 17 and 18, 1942. There were three sessions. Professor 
J. C. Fitterer presided at the first two and at the business session of the third. 
The Saturday morning session was a joint meeting with the mathematics section 
of the Eastern Division of the Colorado Education Association. Mr. H. W. 
Charlesworth of East Denver High School presided at this meeting. 

The attendance was forty-four, including the following fifteen members of 
the Association: C. F. Barr, J. R. Everett, J. C. Fitterer, I. L. Hebel, A. J. 
Kempner, Claribel Kendall, A. J. Lewis, S. L. Macdonald, A. E. Mallory, W. K. 
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Nelson, Greta Neubauer, M. G. Pawley, A. W. Recht, C. H. Sisam, and W. E. 
Wilson. 

At the business meeting the following officers were elected for the coming 
year: Chairman, Professor A. E. Mallory, Colorado State College of Education; 
Vice-Chairman, Professor A. W. Recht, University of Denver. 

The following papers were presented: 

1. “An improved cosine-law slide rule” by Professor I. L. Hebel, Colorado 
School of Mines. 

2. “On determining the ‘best’ critical region for testing the null hypothesis 
when the parent populations follow the Poisson law” by H. T. Guard, Colorado 
State College, introduced by Professor Macdonald. 

3. “The use of Cauchy’s integral formula in evaluating certain improper 
integrals” by Professor A. J. Lewis, University of Denver. 

4. “A study of roulettes with the aid of the cathode-ray oscillograph” by 
Professor M. G. Pawley, Colorado School of Mines. 

5. “Geometrical demonstration of a theorem on envelopes and its application 
to solve a maximum and minimum problem” by G. E. Uhrich, University of 
Colorado, introduced by Professor Kempner. 

6. “The mathematical approach to the fundamentals of hydraulics” by C. P. 
Vetter, Senior Engineer, Bureau of Reclamation, introduced by the Secretary. 

7. “Remarks on repeating decimal fractions” by Professor Emeritus I. M. 
De Long, University of Colorado. Read by Professor A. J. Kempner. 

8. “Periodic decimal fractions, primitive roots and quadratic residues” by 
Professor A. J. Kempner, University of Colorado. 

9. “A report of instruction and learning activities as observed in geometry 
class rooms” by Professor A. E. Mallory, Colorado State College of Education. 

10. “The handmaiden spurned” by Professor O. H. Rechard and Professor 
C. F. Barr, the University of Wyoming. 

11. “Some simple proofs of the addition law in trigonometry” by G. E. 
Uhrich, University of Colorado, introduced by Professor Kempner. 

12. “The use of mathematics in industry” by L. A. McElroy, Denver public 
Schools, introduced by the Secretary. 

13. “Constructions by means of a marked ruler and other instruments” by 
Professor Claribel Kendall, University of Colorado. 

Abstracts of the papers follow. 

1. Professor Hebel gave an extension of an earlier paper concerning a slide 
rule for the solution of the cosine law of spherical trigonometry, particularly as 
applied to distances on the earth. By properly manipulating the equation, an 
improved slide rule has been devised which gives a direct solution by purely 
mechanical means, as contrasted to the original model where it was necessary to 
“take out” intermediate answers to reach the final results. The operation was 
demonstrated on a specially constructed two meter long classroom model slide 
rule. 
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2. This problem was first considered by Przyborowski and Wilenski in 
Biometrica, 1939. 

Given the random variables x; where p(x;|\,) =e /x,!, (C=1, 2). To de- 
termine the best critical region for testing the composite hypothesis, Ho, that 
\i=Az2 with respect to the alternative hypothesis \1<A2. The test consists in 
finding a region, wo, in the sample space, W, such that, if E is the observed 
sample point, 


1. P| Eewo| Ho} Se, the desired level of significance. 
2. P{ Few)| H:}>P{Eew| Hy} 


where H; 1s any alternative hypothesis and w is any other region that satifies 1. 
The test reduces to rejection of Hy) when x,Sx, where x, is chosen so that 


Le S 1 v1 A s—21 
|) (= < 
&()Gaa) Gea) 


is satisfied. A is the ratio of the sample sizes and s=x,-+x». 
The power function is 


Bel) = X(")/ y( OY where 6 > 1 
ue Aw a,/ \1 + AO <a) wes 


The calculations of tables given the critical region and values of the power 
function for specified values of s and @ and also with s unspecified were demon- 
strated by Mr. Guard. 

3. Professor Lewis outlined methods of using Cauchy’s integral formula and 
Cauchy's residue formula in evaluation of certain improper integrals with real 
integrands. He illustrated the method by applying it to two examples. 

4. Professor Pawley made a study of the parametric equation 


x Q1 COS Mt + Ag COS Net + a3 COS Nb, 


y = 4, Sin mt + ae Sin Mot + ag sin not. 


The equation was shown to represent a group of roulettes, including epicycloids, 
hypocycloids, epitrochoids, and hypotrochoids, depending upon the relations 
between the a’s and n’s. The various curves were pictured on the flourescent 
screen of a cathode-ray oscillograph. Simple rules were given for anticipating 
the form of roulette obtained when the a’s and n’s in the equation are varied. 
An equation was given for a curve approximating the N-sided regular polygon 
and these curves were displayed on the screen of the oscillograph. 

5. Mr. Uhrich dealt mainly with a geometrical proof of the theorem: The 
envelope of the family of chords which cut segments of equal area from a given 
curve 1s tangent to each chord at its midpoint. The converse of this theorem is 
proved in Salmon’s Analytische Geometrie der Kegelschnitte, Kap. 13, with the 
purpose of application to conic sections; however the method seems to be general. 
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Besides some special examples, Mr. Uhrich used this theorem to prove: Of all the 
chords which can be drawn through a fixed point within a closed convex curve, 
that chord which is bisected by the point cuts off a segment of minimum area 
from the curve. This theorem was given as a problem in the Analyst, vol. 5. 

6. Mr. Vetter outlined the various methods of mathematical approach to 
the solution of problems connected with fluid flow. These methods permit of 
practical solutions and of solutions that may be verified experimentally only in 
comparatively few and comparatively simple cases. He demonstrated further, 
that as an alternative it is possible to attack the problems from purely dimen- 
sional considerations without the necessity of simplifying assumptions. The latter 
method, without leading to final answers, nevertheless gives precise information 
as to the mathematical form of the functional relationship between the physical 
quantities involved and, in many instances, permits experimental verification or 
experimental evaluation of specific functional constants. He analyzed the rela- 
tionship of the method to the theory of models. 

7. Professor Emeritus Ira M. De Long of the University of Colorado is 
eighty-seven years old, and has been for four months in a Boulder hospital. He 
has maintained his life-long interest in the properties of repeating decimals, and 
never tires of telling me interesting and amusing relations which he has dis- 
covered for himself. Without claims of priority I present two examples. 

(1) If we expand a fraction a/p, p a prime, say 3/7, we have 10-3 =4:7-42, 
10-2=2-7+6, 10-6=8-7+4, 10-4=5-7+5, 10-5=7:7+1, 10-1=1-7-43, 
with the digit period 428571’ and the remainder period 264513. The 7(4+2-+8 
+5+7+1)=9(2+6+4+54+1+4+3). For a/p, p->> (digits) =9->> (remainder). 
For a base g instead of 10, g#1, 40 mod f, 9 is replaced by g—1. 

(2) To obtain the period of 1/49 from the period 142857 or 1/7, proceed as 
follows: Write 


.020408 020408 020408 020408 020408 020408 020408 
142857 285714 428571 571428 714285 857142 


020408 163265 306122 448979 591836 734693 877550 


which is (except for the last 0 which has to be replaced by 1) the correct period. 

8. The examination of the period length and digit properties, etc., of an ordi- 
nary repeating decimal have a particularly special character, on account of the 
orientation with respect to the base 10. By considering simultaneously the repre- 
sentation of all fractions a/p, (a/p) =1, for a given p, with respect to all bases 
g>1, and by fixing attention on the periodic remainder sequences rather than 
upon the periodic digit sequences, the general pattern or relations appears 
clearly. For a/p, a=1, 2,-++, p—1 we have for each base g>1, (p/g)=1, the 
following theorems: 

I. Letdi=1,--+,d,,+++,d,=p—1 be the divisors of p—1. Then, denoting 
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by L(a/p), the period length in the remainder sequence, there are exactly $(d,) 
remainder sequences for which L(a/p),=d,. (For p=7, a=4, g=2, 3,---, 6,8 
we have remainder sequences 124, 513264, 214, 623154, 34, 4, respectively.) 
The same holds of course for the digit periods. 

II. For a given g the remainders 1, 2,---, p—1, of a given a/p will either 
form exactly a remainder period, or the p—1 remainders break up into a sets of 
8 each, a8 =p—1. In each of these L(a/p), one of the three cases occur: Either 
each number of the period is quadratic residue of p, or each number is a non- 
residue; or the numbers are alternately residues or non-residues. 

III. If (g/p) =1, L(a/p),, is a divisor of (p—1)/2, 1 and (p—1)/2 inclusive. 
But if (g/p) = —1, L(a/p),, which must divide p—1, does not divide (p—1)/2. 

9, Professor Mallory gave a report of the type of work being done in certain 
geometry classes. The classes visited showed a high degree of understanding of 
the subject matter as revealed by the procedures. 

10. The paper by Professor Rechard and Professor Barr grew out of the re- 
jection by a geologist of a simple formula involving a few trigonometric functions 
on the basis that geologists would not use it. Instead, in his published paper, he 
described and illustrated a graphic method for solving a chain of right triangles. 
Where the fault lies for such a situation is the question raised by this paper, 
in the hope that out of it might come some clue to the old problem of how to 
make usable mathematics used. 

11. In this paper Mr. Uhrich gave a presentation of three of the four proofs 
with slight variations for the addition theorem for the sine of the sum or dif- 
ference of two angles which are given in Professor Gerhard Hessenberg’s Ebene 
und sphirische Trigonomeirie, Kap. IV. 

12. The successful person in industry is the one who can separate essential 
and non-essential factors, get the job done and show a profit. Mathematical 
training is important to the extent that it applies to the job in hand. Pupils 
should be offered basic knowledge of mathematics with the problems that are 
real to them. This should help them to develop the habit of applying mathemati- 
cal knowledge to practical situations. Industry specializes; mathematics essen- 
tial to one industry has no value to another. But, since no one can predict with 
100% accuracy the potentialities of an individual, it would seem wise to recom- 
mend training in mathematics for each pupil, at least until a choice of occupation 
has been made. 

13. We are all familiar with constructions by means of an unmarked ruler 
and compasses, the euclidean instruments. Some or all of these constructions 
can be carried out by means of other instruments such as an angle ruler, a 
marked ruler, an unmarked ruler without compasses or by compasses alone. 
Professor Kendall paid particular attention to constructions by means of a 
marked ruler, including the trisection of the angle and the finding of a length 


which is the cube root of a given line segment. 
A. J. LEwis, Secretary 


MODIFIED CONTINUED FRACTIONS 
J. W. BRADSHAW, University of Michigan 


In an article* in this MONTHLY the “modification” of slowly convergent con- 
tinued fractions was suggested by the author as a means of obtaining forms that 
would converge more rapidly and thus be more useful in computation. In the 
present article the general considerations underlying such “modification” are 
developed and the procedure is illustrated with some concrete examples. The 
notion of a modified continued fraction is not new; Sylvester in 1869 called 
attention to a first modification of Euler’s continued fraction for 7/2, and Glai— 
sher{ in 1874 compared this result with a similarly modified Wallis product. But 
its usefulness seems not to have been appreciated. 

1. Definition. Given the convergent infinite continued fraction d9+a;/b,; 
+d./be.+---, by K,=A,/B, we denote the convergent of order v, and by 
L,=C,/D,, the same finite continued fraction with the last partial quotient, 
a,/b,, replaced by c,/d,. The problem is to determine c,/d, so that 


(a) lim,.. L,=lim,_,. K,, 
(b) L, will converge more rapidly than X,,. 
We call the function of v thus obtained the convergent of order v of the “modified 


continued fraction.” 


2. Formulation of conditions. The variation with v of the convergents of the 
continued fraction and the modified continued fraction is governed by the two 
pairs of equations: 


\" = byAy_4 + a,A y_2, (2) \" = dyA y_1 + CyA y_2, 
B, = b,B,_\ + ayBy_s, D, = dy By_1 + Cy By_2, 
(vy = 1, 2, 3,--- ; it being assumed as usual that A_; = 1, B_, = 0). 


(1) 


From the relation 
(3) A,B, — A,1B, = (— 1) ayaz--- a, (v = 1,2,3,---), 


it follows that 


A,/B, — C,/Dy = (— 1)**®aya2 +--+ a_1(b,c, — a,d,) 
2 2 
(4) — [b,d,By_1 + (b,c, + a,d,) B,_1B,_» + a,C,By_2 |, 
(vy = 2,3,---). 
* J. W. Bradshaw, Modified series, this MONTHLY, vol. 46, 1939, p. 486. 
+ J. J. Sylvester, Note on a new continued fraction applicable to the quadrature of the circle, 
Philosophical Magazine, Series 4, vol. 37, 1869, pp. 373-375. 


tJ. W. L. Glaisher, On the transformation of continued products into continued fractions, 
Proceedings of the London Mathematical Society, vol. 5, 1874, pp. 78-88. 
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If L, is to approach the same limit as K,, the limit of this expression must be 
zero. Since the continued fraction is assumed to be convergent, 


lim (A,/B, — A,1/By-1) = lim (— 1)"a,a2- ++ a /B,By_4 


yoo poo 


lim (— 1) aya ++ - a,/(b,B,_1 + a,B,1B,_2) = 0. 


yo 


The condition lim,_,,, L,=lim,_,.. K, will then certainly be satisfied, if 
| dydy — bye, and, |, 
(5) | Bd, Bra + (bocy + ard) By1By_- + a,0,By-2| ( = 2,3,--+) 
> | b,d,By_1 + ayd,By_1By_2|. 


< 


Now further, we wish C,/D,—C,1/D,_1 to approach zero faster than 
A,/B,—A,1/B,_1. Use of the reduction formulas (1) and (2) yields 
C,Dy_1 — Cy.D, = (— 1)’ ayae+ + + Gy-2(dydy_1dy_1 — dyCy-1by_-1 — CvGy-1), 
(v = 2,3,---, if for» = 2 we put aide: - + G2 = 1). 
The comparative rate of approach to zero is then given by 
(6) (CL/Dy — Cra/Dy-1)/(A»/By — Av-/By-1) 
= — B,B,_4(dydy_1Q)_1 — dyCy_1by_-1 — G0y-1)/D Dy1d,a1, (v = 2,3,--° ). 


The limit of this multiplied by v* should equal a finite quantity G for some posi- 
tive a. 


3. Application to a continued fraction for 7/2. As an illustration we consider 
the continued fraction, 1+ K=., 1/(1/v), which is equivalent to Euler’s con- 
tinued fraction for 7/2. Here db) =1, a, =1, 06, =1/v; we assume c,=1, and condi- 
tions (5) and (6) take the simpler form 


(7) dy >0, |d,By1+ (1 + rd,)By1By2 + vBy2| = | d,Bya + vd,B,sB,-2|, 
(8) — B,B,_3(d,d,_1 — d,b,_, — 1)v*/D,D,_1 = G ¥ 0 for a positive a. 


For d, we choose a rational fraction in v, seeking to determine coefficients so 
that 


(9) dy(b,-1 —_ dy_1) + 1 


shall be of low degree in v. It is clear that numerator and denominator of d, 
should be of the same degree and have the same leading coefficient. Assume 


(10) dy = (qov' + qwt* +--+ + 4i)/(pov' + pw * +--+ + pe), 


do = po, ¢ an integer. 


Then the numerator of the expression (9) takes the form 
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(qov' + qu? * +--+ + Qt) 
(11) [— gol» — 1)42 + (po -— gy — Dit: +++ (ber -— qd’ — 1) +91] 
+ (port + pwtt + +++ + pi) [poly — 1)? + piv —1)'+ +--+ + pe —1)], 
while the denominator is 
(12) (por + pw +--+ + pod ldoly — 1) + pie — 1) +--+ + py — 1]. 


The number of terms, powers of v including the zeroth, in (11) is 2¢+2, while the 
number of independent coefficients at our disposal is 2#+1. It is therefore pos- . 
sible to make this numerator independent of v. Equating to zero coefficients of 
successive powers of vy we obtain the sequence of equations: 


po — Qo = Y, 
1 
Aa-us= Po 
1 3 
po- Qa = — a Pt Ty Po 
1 3 
ps — 93 = — po Peg Py 
(13) 1 3 45 
Pa a = — Ps 3 PT 5g P™ 
1 3 45 
Ps —- % = oy bt — oy Pa TGQ Pu 
1 3 A5 1125 
Pe — 6 = oy bse Pat a5 Ps — Foo Pm 
1 3 45 1125 
pi - = pbs — Ps T 75, bs ~ t004 2 
These yield the following sequence of possibilities for d,: 
4y — 1 
4y — 3 =i |4y — 3” 
16v? — 12y+ 11 2 9 
mo 16? — 200 + 15 pot twor 
64y3 — 80v? + 168” — 47 2 | 9 | 25 | 


+ 


tf ft sy" 
64y® — 112y? + 200» — 105 |4v — 3 |4v — 2 |4v — 2 


This suggests that the successive convergents of a certain infinite continued 
fraction will furnish the modification we desire. 
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4, Continued fraction form of modification. We now define a new continued 
fraction, using p as index and accents on the quantities connected with this 
to distinguish them from those of the continued fraction with which we started: 


00 2 1)? 
p=1 4y — 2 


The convergents of order 0, 1, and 2 have entered into the values of d, given 
above. We now seek to show that if A}(v)/B,(v) denotes the convergent of order 
p of this fraction, 


(16) dy =1+2 + A; (v)/By(v) = [Ag (v) + 2By (») |/Ag (») 


furnishes thé desired modification for p=0, 1, 2,---+. The expression (9) now 
takes the form 


A,(vy) +2B/()F 1 Aj(v— 1) + 2BJ(v — 1) 
ey pat veny tt 
7 1 
— (v= 1)Af (0) Af (v — 1) 

— 2(v — 2)A/ (v — 1) Bi (v) — 4(v — 1) B/ (») BJ (v — 1). 


[Ay (vA; (v» — 1) — 20 — 1)A; (») By (v —1) 


The numerator of this fraction we denote by M,(v) and proceed to show that it 
is independent of v. We have, in fact, Mo(v) = —9, Mi(v) = 225, Me(v) = — 11025, 
M3(v) = 893025. By means of the reduction formulas M,(v) can be expressed in 
terms of M,_:(v), M,-2(v), and two new functions that we denote by U,(v) and 
V, (v) : 
U,(v) = Ap (v)Apaly — 1) — 2 — 1)A;z (») Beal — 1) 
— 2(v — 2)By (v)Agaly — 1) — 40v — 1)B; (v) Bp-alv — 1), 
V(v) = Ap (v — 1)Ag-a(v) — 2(v — 1) Be — 1)Ap-al) 
— 2(v — 2)A; (v — 1)B,_1(v) — 400 — 1)B) (v — 1)B,_1(7). 
We then have 
M,(v) = (4v — 2)(4v — 6)M,1(v) + (4v — 2)(2p + 1)?U,-1() 
+ (dv — 6)(2p + 1)?V,1(v) + (2p + 1)*M,-2(?). 
Further application of the reduction formulas yields 
U,1(v) = (4v — 2)M, 2(v) + (2p — 1)?V,_2(v), 
Vp>(v) = (4v — 6)M,_2(v) + (2p — 1)?U,-2(), 


and then from M,(v) and M,-.(v) the quantities U,3(v) and V,_3(v) can be 
eliminated, giving finally 
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M,(v) = (4v — 2)(4» — 6)M,_1(7) 
+ (2p + 1)2(32v? — 64» + 40 + 8p? + 2)M,_o(v) 
+ (2p + 1)?(2p — 1)?(4v — 2)(4y — 6) M,_3(¥) 
— (2p + 1)?(2p — 1)?(2p — 3)*M,_a(?). 
By mathematical induction it can then be shown that 
(18) M,(v) = (— 1)P-13%-5%- 2p +3), (p= 0,1,2,--°). 


The original continued fraction converges very slowly; the value of 2/2 ob- 
tained by its use shows an error of 15 in the second decimal place when p is taken 
equal to 4, and even when vy =§8, the error is still more than 8 in this second deci- 
mal place. This is to be contrasted with an error of 3 in the seventh decimal place 
obtained by using the modified continued fraction with vy =4, p=4. 


(17) 


5. Other solutions. Other solutions of the problem proposed can be obtained 
by imposing different conditions on d,. If instead of requiring that (11) shall be 
independent of v, we now require that it shall be the product of y—1 anda 
quantity independent of v, we obtain a second solution. This will enable us to 
cancel the factor y—1 from numerator and denominator of d,. To this end we 
put p;=0 and proceed to determine coefficients as before. The sequence of 
values of d, are now convergents of a modified continued fraction, namely, the 
same continued fraction as before, except that the pth partial quotient 
(20+1)2/(4v—2) is to be replaced by (29-+1)?/(4v-+2p+1). A suggested nota- 
tion for this modified continued fraction is the following: 

p 2 2 

(19) wy — 34 Ke OM gy COED 

1 4y — 2 4y+2p+ 1 
The rate of convergence is somewhat improved as soon as p= 2p. 

A third solution may be obtained by arranging for further cancellation. Since 
we have taken p,=0, the denominator (12) is now divisible by (»—1)?. The 
numerator will also contain this factor and it may be cancelled, if we take 
Pii1—q:=0. If the remaining coefficients are then determined, the result is the 
same continued fraction modified in a different way; the pth partial quotient is 


(2p-+1)?/(2v+2p-+1): 
(2p + 1) (2p + 1) 


Ay — 3 Ko eee a 
(20) ‘ TA 4y — 2 hap bd 


This modified continued fraction converges still more rapidly, if p22». 


6. Double modification. The two modified continued fractions met above 
suggest the application of the general method directly to the continued fraction 
4y—34+K>_, (20+1)?/(4»—2). For this purpose we take c,=a,=(2p+1) and 


dj = (qop't! + gip' +--+ + giss)/(bop' + pip’ * +--+ + pi). 
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Condition (6) now leads us to try to make d,(d,_1—0)1) —c, of low degree in p. 
The coefficients of powers of p in the numerator of this expression we equate to 
zero, obtaining the sequence of equations: 


qo — 2p0 = 0, 
qi — 2pi = (2 + 1)po, 
qz — 2pf = (2 + 1)pi + rho, 
; — 2ps = (2v + 1) ps + v2 pl — vb, 
qi — 2pd = (20 + 1)ps + v2 os — v2pf — 1(v4 + 2v3 — 3y2) 04, 
gs — 2pg = (Qo+ 1)pd + v? bs — vw? bg — 4(v4 + 2n3 — 3y%) pf 
+ 4(3v* + 6r3 — v*) oo, 


oe) 
oo 
| 


(21) 


From these we obtain for d, a sequence of rational fractions in p, which may 
be thrown into the form of 4 times successive convergents of a new continued 
fraction, for which we take the new parameter co: 

a(2v + 2p + 1)+ Keli 2(v — 1 + 0)?/(p + 1). 
We shall distinguish the elements and convergents of this continued fraction 
by double accents: 


by’ = 4(2v + 2p + 1), ag’ = 4(v —1+ 0)’, b3’ = pti. 


7. The function f(v, p, ¢). Our approximations to the value of the original 
continued fraction, viz., 7/2, are now functions of three indices; we proceed as 
far as we like with the original continued fraction, 1+K,1/(1/v), replace 1/y 
by 1+2 divided by the second continued fraction, 4v—3+K,(29+1)2/(4v—2) 
carried as far as we wish, and finally replace the denominator of (20-+1)?/(4v —2) 
by four times the third continued fraction, again continued as far as may be de- 
sired. The result of these steps may be put in a single formula: 


[44/°Aj_y + (2p + 1)?BL'A/ 2] [4,1 + Ayo] 
+ 2[44/’By, + (29 + 1)?B, Bi 2|Ay_1 
[447/Al_1 + (2p + 1)°Bs' Af 2] [Bia + By] | 
+ 2[44/’ By. + (2p + 1)?Bi'.B/ 2|By_1 


(22) f(y, Pp, c) = 


In this we have for 


Ve Ay = 1, By = 1; 


1 
A, = —A,_4 + Ay_2, B, = — By 4 + By_2, (v — I, 2, 3, oe ). 
4 4 
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p: Ao = 4v — 3, By = 1: 
Ay = (4v — 2)Ap-1 + (2p + 1)?Ap, 

B, = (4v — 2)B, 1+ (2p + 1)?B,_2, (o = 1, 2,3,---). 
o: Ay =1(2v+2p+1), Bo =1; 

Ay = (9 + DAs + 2 — 14+ 0)?AGos, 

Be = (0 + 1)Bela + 400 — 1 + 0)?Booe, (o = 1,2, 3,---). 

By substituting in this formula we find, for example, that f(4, 4, 4) yields 
an approximation with an error of 2 in the ninth decimal place. But we also 


note that f(5, 4, 3) and f(8, 4, 0) have exactly the same value. Investigation of 
a considerable number of such cases leads to the surmise that, in general, 


(23) f(y, p, ©) = ftv + 1, p, o — 1). 


It may be argued that if this surmise is correct our last modification has ac- 
complished nothing from a practical point of view; we would have done just as 
well to use formula (20), replacing vy by v-+c. As an illustration of the method, 
however, it has some interest. 


THE ROOTS OF A QUATERNION 
LOUIS BRAND, University of Cincinnati 


The theorems relative to the roots of a quaternion given by Niven in this 
MonrTHLY, vol. 49, 1942, pp. 386-388, may be very simply obtained by writing 
a quatérnion g=d+ai+67+ck in the form 


(1) g = k(cos 0 -+ e sin 8), O56 < 2r. 
Here kR=VS@P+0+P +e, 
V@tP +O 


d e 
cosd =~, sin @ = — ——————, 


k 


and in case a?+06?-++c?+0, € is the unit vector 


at + 67 + ck 
“tage 
When gq is real (a=) =c=0) € may be chosen at pleasure. 
Since e = —1, we have by De Moivre’s Theorem 
(2) g” = k"(cos nO + € sin 16). 


If g?=Q, Q will have the same unit vector as g. With Q given, we can always 
write 
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(3) Q = K(cos ¢ + sin 4), O<¢Sr. 
Then, with the same e¢ for g, we have 
kn = K, cos m0 = cos @, sin 20 = sin ¢, 


and the uth roots of Q are given by (1) provided 


(4) k= Ki! the positive root, 
ob 27 

(5) g@=—+m—, (m= 0,1,---,n— 1). 
N N 


These ” values of 6 comprise all values in the interval 0S @<27 which satisfy 
the equations above. 
When Q is not real, g has the same unit vector as Q and the u values of 6 
in (5) give precisely ~ quaternion uth roots. 
When Q is real € is arbitrary. 
If O>0, ¢6=0 and 
2m 
6 = ——_, (m= 0,1,---,n— 1). 
n 
When n=2, the values 6=0, w give just two roots ++/O, both real. When 
n>2, some values of 6 (#0 or 7) give non-real roots g and with these any unit 
vector € may be associated. 
If O<0, ¢=7 and 


a am + Dr 


nN 


(m=0,1,---,n— 1). 


In every case some values of 0 (#7) give non-real roots g and with these any 
unit vector € may be associated. 
We therefore have proved the 


THEOREM. A non-real quaternion has exactly n nth roots. If Q is real and 
positive it has just two square roots, ++/Q; in all other cases a real quaternion 
has infinitely many roots. 


In order to compute the roots, formulas (4) and (5) suffice in all cases. For 
example if Q=1-+72+7-+&, we write 
t+jtk 
= 2(cos 60° + e sin 60°), = —— 
The cube roots of Q are then 


g= 7/2 (cos 6 + e€ sin 8), 6 = 20°, 140°, 260°. 


THE SPHERICAL PENDULUM AND COMPLEX INTEGRATION 
ALEXANDER WEINSTEIN, University of Toronto 


A century ago, Puiseux [1] published the following theorem: The increment 
of the azimuth of a spherical pendulum corresponding to its passage from the 
lowest level 2; to the highest level 22 is greater than 7/2. Later Halphen [2] found 
that ® is less than 7. Subsequently A. de Saint-Germain [3] and Gerard [4] gave 
simpler proofs for both inequalities, still involving somewhat laborious computa- 
tions. Moreover, A. de Saint-Germain [3], following an idea of Hadamard [5], 
gave a simple and direct proof of Halphen’s inequality based on the theory of 
residues. 

In the present note complex integration will be used to give a simple demon- 
stration of both inequalities. In the case of Halphen’s inequality the argument 
reduces to that of Saint-Germain. The method allows a discussion of a new case. 

It is well known that ® is given by the formula 


1) b= 22 LAdzg 
da (P= BV — aie — m2) (2 — 25) 


where / is the length of the pendulum and 2, 22, 23, satisfy the following condi- 


tions 
1? +- 2126 


—1< 24 <2. <1 < 23, Z1 + 22 <0, 23 = — ; 
Z1 + Be 


so that the condition z;>1/ is automatically satisfied. We put 


(cr — 21) (I? — 22) 
Z1 + Se 


and denote by A the positive square root of A*®. The polynomial (z —2,)(¢—22) 
(g—23) takes for z= +/ the negative real value —A?®. We see that ® depends only 
on the two real parameters 2, and ze which are subject to the conditions —1 <3; 
<ge<l and 2; +2.<0. 

Considering the integrand in (1) as a function of the complex variable z =x 
+2zy, we obtain a single valued branch of this function in the domain exterior to 
the two narrow lanes (or cuts) C; and C2 (see the Figure) by putting 


(3) Z— S_ = rpe™n, O <6, < 2z, (k = 1, 2, 3). 


(2) A? = 


With these conventions ® is the positive value obtained by integration in the 
positive sense along the lower border of C;. Our domain contains the two poles 
of our integrand z= +/; the corresponding residues are 7/2, 1/2. Applying 
Cauchy’s theorem to our domain, Saint-Germain obtains immediately Halphen’s 
inequality <7. It may be noticed that, by Cauchy’s theorem, C2 can be re- 
placed by a vertical line L’ cutting the real axis between / and 23. 
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In order to obtain Puiseux’s inequality ® >7/2 we shift L’ toa new position 
L of abscissa x =&, OS & <1, and we apply Cauchy’s theorem to the domain on 
the left of this vertical line L. We obtain at once 


E-+i00 
(4) 28 =7r+ 


E—to0 


where the integrand on the right hand side is the same as in (1). Since ® and + 
are real the integral in (4) reduces to its real part. We have therefore, putting 


a =a(y) = (0, +62+63)/2: 


f E-+ ico f -f00 iLA dy 
din Jag (PO BF 9 = Diky)elVrinrs 


tor? — & + vy?) sina — 2&y cos a dy 
= 1A i) |e |S 
eo (12 — £2 4 y?)2 + 4ery? Vrirars 


L 


In order to show that this integral is positive let us take the non-negative 
abscissa — of L nearer to 2, than to 23: £—%2.<23 —&. Since 1<23 and —1<2z_</ this 
condition can be fulfilled by non-negative values of & We have then (see the 
Figure) for y>0: 62.+03>7 and, a forttor1, 6,+62.+63>7. Moreover, we have 
obviously 6;<7/2, 62<7/2, 03S so that 7/2 <a <7 and the integrand is positive 
for y>0. Since a( —y) =27-+7)—a(y) the integrand is an even function of y and 
therefore is positive also for y<0. In this way we obtain from (5) and (4), sub- 
stituting the explicit value for the positive quantity A from (2), 


]? — 22)\(]? — 2 °o (7? — & + y?) sina — 2éy cosald 
5) bart 1y/E We —® @- AP -—#) c* [OC - & +9”) sina — 2Ey cos aldy 
— (1 + 22) 0 [(22 — & - y?)? + 489? ]\/ rior 
which proves Puiseux’s inequality ®>7/2. 
By Cauchy’s theorem we can shift now the abscissa £ to any point of the 


interval 2.<&<J. For instance, if 2; and ze are both negative, we can take €=0. 
Then by (6) 


(2 — 22 — (Fo 2)(P = 2) sin ady 
7 © = 7/2 l oe 
(7) [2 + ane — (21 + 22) 0 (P+ (P+ y Vries 
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Consider now the case when 2; and gz tend to —1, which implies that g3 is con- 
verging to /+0. The integral in (7) remains finite and tends to a value J, so 
that we obtain lim ®=7/2, a well known result which is usually obtained by 
somewhat delicate reasoning. The value J can be easily computed. Putting 
2, = 2,= —l we have 


w+ 6; 


11, =e = 73, 01 = 00 = r — 63,0 = a 12 608 1 =/1, y=I/ tanh, i -- yr = 7. 
Therefore we have 


1 
cos —d 
c 2° 
0 rv/r, 7 [24/1 


or, putting ¢=/2 sin 61/2, 


w/2 61 _— 
J = i) Cos a cos 61\/cos 61 dé, 
0 


J= 


\/2 1 y/o v2 3m 
ad. (1—)/1—¢ w= ie 


Since — (21-+22) tends to 2], we have finally, from (6)"! 
lim (« _ “er — (2 — 8)-1? = 39/16. 


Using again (6), we see that ® converges to 7/2 when 2, tends to —/ and 2 
remains arbitrarily fixed. In this case the motion approximates the oscillations 
of a simple pendulum of finite amplitude. It seems that this case has not been 
mentioned in the bibliography of the question. Let us also note that the method 
of complex integration allows to represent the excess of ® over 7/2 explicitly 
in the form of an integral. 
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THE HAGGE CIRCLE OF A TRIANGLE 
A. M. PEISER, Cornell University 

1. Introduction. If from the vertices A;, 7=1, 2, 3, of a triangle, lines are 
drawn through a fixed point P, meeting the circumcircle again at B;, and if C; is 
the reflection of B; in A;A;, then the points C; determine the Hagge Circle of P 
with respect to triangle A1A2A3 [1, p. 300]. We denote by H(P, T) the Hagge 
circle of P with respect to triangle 7. 

In the following discussion we shall use conjugate codrdinates,* taking as the 
vertices of our triangle 7, the turns t,;, 7=1, 2, 3;7.e., complex numbers with unit 
modulus. Then the origin of coordinates, O, is the circumcenter of T. 

Consider a fixed point p not on the circumcircle of T, so that p is not a turn. 
Then the points C; which determine H(p, T) are readily found to be 
titn(tip — 1) 


1 i= 1; tk — 
(1) C + by ti; — p 


Introducing the symmetric functions 
Si =ty + tet ts, 
So = tite + tots + ests, 
S'3 = lylots, 
we may write (1) in the form 
Se — Ssh — pSi t+ pt; 
aR . 
If we replace ¢; by the variable turn ¢, we obtain 
Se — Ssh — pSi t+ pl 
pte 


which is the equation of a circle through the points c;, or precisely H(p, T). If, 
in particular, we let ¢=(S.—$36)/(Si—p) we have x=.S;. But S; is the ortho- 
center of T [4], so that the Hagge circle of any point with respect to a given triangle 
passes through the orthocenter of the triangle [1, p. 300]. 

Eliminating ¢ from (3) and from the conjugate equation of (3), we have the 
equation of H(p, T) in the form 


(2) i= 


(3) «= 


(4) (x — c)(% — é) = @G 
where ; 
5) _ Pb — Sipp + Sep — Ssh 


1 — pp 
* For explanation of this method, see [2], [3] and [4]. 
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and 

S3p? — Soh + Si — p 
(6) = 

1 — pp 
that is, H(p, T) has center at c, and radius \/qq. But from (6), g is the isogonal 
conjugate [4] of p in 7. Hence, the radius of the Hagge circle of p is the distance 
from the circumcenter to the tsogonal conjugate of p. 
It follows immediately from (5) and (6), that 


(7) (c + g)/2 = S,/2. 


Now Si/2, being midway between the circumcenter and the orthocenter of 7, 
is the nine-point center of 7, so that for any point p, the nine-point center is 
midway between the Hagge center and the tsogonal conjugate of p. 

If we allow p to be on the circumcircle of 7, but not at ¢;, then H(p, T) is 
simply the line of images [5] of » with respect to T. 


2. Hagge circles in an orthocentric system. Let p be any point not a member 
of the orthocentric system h, f, #3, Si, and consider H(p, T;) where T; is the 
triangle ¢;4,.S,. Let m=S,—p. Then the isogonal conjugate of pin T; is found to 
be 

5 tin(Sym — So + tim — £) 
a (timm — m — Pim) 
Since the nine-point circle of T is also the nine-point circle of T; [1, p. 197], it 
follows from (7) that the center of H(p, T;) is given by 
tiini(Ssim — So + tm — £3) 


(timm — m — tm) 


Now the circle we are seeking has center at d; and passes through #;, the ortho- 
center of 7’;. We find its second intersection with the circumcircle of T to be 
A= d,;/ (t;d;) = S3M /m. And so 

So — Ssh p 


» eS 


Since this result is symmetric in h, fo, #3, we have 


THEOREM 1. The Hagge circles of any point distinct from the points of an ortho- 
centric system, with respect to three triangles of the system, are concurrent ata point 
on the circumetrcle of the fourth triangle. 


It follows from (8) that Ep — S36 = S,E — Sy. The set of points p which satisfy 
this equation is precisely the line of images [5] of the point E with respect to T. 


* Other properties of the point E were first stated by J. R. Musselman, [5], [6]. 
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Conversely, for any point p on the line of images of Z, but not at the orthocenter 
S1, (8) must hold. Hence we have 


THEOREM 2. Let T, Ti, T2, T3 be the triangles of an orthocentric system, and let 
E be any point on the circumcircle of T. Then the circles H(P, T;), 1=1, 2, 3, 
where P is not the orthocenter of T, pass through E af and only if P 1s on the line of 
images of E with respect to T. 


3. Hagge circles in the Brocard configuration. Let the circles tangent at 
t; to ¢¢; and ét, respectively meet again at b;. Then 0;,71=1, 2, 3, are the vertices 
of the second Brocard triangle of T [1, p. 279]. We easily obtain 


Se — Sibi 
Si — 3b; 


(9) b; = 


The circle determined by the 0; is the Brocard Circle of T, and its equation may 
be obtained from (9) in exactly the same manner in which (4) was obtained from 


(1), (2) and (3): 


3S, — S4 35453 — So 
wy we (SATS, (SHAM Ag 
9S5 — SiS. 055 — SiS. 


The transformation 
(11) x = Sy — 22’ 
sends triangle T into its medial triangle J’, and sends (4) into 
(12) ni -—~--2—-—+#=0, 

2 2 

a circle through the circumcenter of T, i.e., through the orthocenter of 7’; g here 
is defined as in (6). If, in particular, we take p as the median point of 7’, and 
hence, as the median point of 7’, we have p=5;/3, and (12) reduces immediately 
to (10). Hence, in any triangle, the Hagge circle of the median point with respect 
to the medial triangle is the Brocard circle of the given triangle [1, p. 300]. 

We consider the points cj which determine the Brocard circle of T as 


H(S,/3, T’). Putting p= S;/3 in (2), we have 
So — Si + Sibi 
(13) C= ——_—____——_ 
3t; — Sy 


Applying (11), and noticing that this leaves S,/3 invariant, we find that the 
desired points are 


Se — Sibi 


14 fhe 
( Si — 3; 
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Comparing (9) and (14), we have 


THEOREM 3. The points which determine the Brocard circle of any triangle as a 
Hagge circle of its medial triangle are the vertices of the second Brocard triangle of the 
given triangle. 
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CONVEX SETS* 
TRUMAN BOTTS, University of Virginia 


The systematic study of convex sets was begun by Brunn in 1887 and carried 
on by Minkowski and others whose works are listed in the bibliography of 
Bonnesen and Fenchel.f The elementary plane of support properties of convex 
sets are very well known. However, about the only readily accessible discussion 
of these properties is that of L. L. Dines which appeared in this MonrTHLY in 
April, 1938. The proof there givent for the fundamental theorem, that through 
any given boundary point of a convex set there passes a plane supporting the 
set, depends on exhibiting a sequence of bounding planes whose limit, in the 
sense there defined, turns out to be the desired plane of support. In the present 
note we present two distinct, and, we believe, new proofs of this theorem neither 
of which involves any such limiting process. One of these proofs is due to Profes- 
sor McShane, § and we wish to thank him for permission to include it here. 

The last section contains some simple related theorems on the existence and 
continuous turning of planes tangent to convex surfaces. Though these theorems 
seem interesting and non-trivial, so far as we know no one has hitherto bothered 
to record them. || 


* Presented at the Virginia-District of Columbia-Maryland section meeting of the Mathe- 
matical Association of America, May, 1940. 

{ Bonnesen and Fenchel, Theorie der Konvexen Kérper, Berlin, 1934. 

t Due, as the author remarks, to Carathéodory. 

§ This proof will also appear shortly in a paper by Professor McShane in the Revista de 
Ciencias. 

|| We have been informed that the two dimensional case is discussed by J. Hjelmslev in Con- 
tribution 4 la géometrié infinitésimale de la courbe réelle, Overs. Danske Vidensk. Selsk. Forh., 
1911, p. 433-494. 
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1. Notation. The space with which we shall deal is an dimensional euclidean 
space E,,. In cartesian coérdinates the points of E, are the vectors x = (x!, - +--+, x”) 
with real components. By the dimension of any point set A in E, we mean the 
dimension of the subspace of E, of lowest dimension containing A. Repetition 
of the superscript 2 in any term will require summation over the values 1, -- -, 2. 
Thus for the distance of the point x from the origin we write 


jx = [afact]/2 = [Cat)® boos Con)? ]2, 


The linear equation x‘u‘—u°=0, u°® being a constant and u=(u!,---, u") a 
fixed non-null vector, defines a hyperplane or as we shall say simply a plane in Ey. 
The vector u defines the normal direction of the plane. If Xo, ---, xX, are p+1 


points lying in no p—1 dimensional subspace of E,, the set of points of the form 
X= NoX +: + NpXp; No tee: +> = 1, 

A; 2 O (7 =0,---, >) 

is called the p-simplex S(x, +--+, x»). Clearly the dimension of a p-simplex is p. 

If there exists a neighborhood of a point x which is contained in a set A, 

the point x is said to be tntertor to A. If every neighborhood of a point x con- 


tains both points in A and points not in A, then x is called a boundary point of A. 
It can easily be shown that 


(1.1) asimplex Sin E, has an interior point if and only if Sis an n-simplex. 
We now proceed to the definition and immediate properties of convex sets. 


2. Convexity. A set K in E, is said to be convex provided for every pair of 
points x=(x!,---,«"), y=(y,---,y") in K all points of the line segment 


(1 — d)x ++ Ay (05281) 
. joining x and y are in K. A closed* convex set is called a convex body. 
The following properties of convex sets are easily established. 


(2.1) If a convex set K contains the vertices of a simplex S, then K contains all 
the points of S. 


(2.2) The closuret K of a convex set K is a convex body. 
(2.3) The intersectiont of any collection of convex sets is a convex set. 


If a convex set K is m dimensional, it contains the vertices of an u-simplex S, 
and hence by (2.1) K contains all of S. By (1.1) S has an interior point. Therefore 


* A set which contains all its limit points is called closed. 

+ The closure A of a set A is the set consisting of all the points of A and all the limit points 
of A. 

t The intersection of a collection of sets is the set of all points x such that x is in every set 
of the collection. 


1942] CONVEX SETS 529 


(2.4) a convex set K in E, has an interior point uf (and only if) K is n dimensional. 
(2.5) If the point x is interior to the convex set K and y ts any point of K, then all 
pownts of the form (1 —d)x + ry (0<rx<1) 
are intertor to K. 


(2.6) If y 1s a point external to the convex body K, there is a unique point Xo of K 
closest to y. 


A plane m.: x‘u'—u°=0 bounds a set A provided all points of A lie together in 
just one of the open half-spaces x‘u‘—u°<0 and x‘u‘—u°>0 defined by 7. A 
plane z is said to be a plane of support of the set A provided the intersection 
a-A is non-empty and 7 bounds the set A—7-A of points of A which are not 
in 7. A plane m separates two sets A and B provided A and B lie one in each of 
the two open half-spaces of rr. 


THEOREM 2.1. If y ts a point external to a convex body K and Xp is the point 
of K closest to y, then the plane w passing through Xo with normal defined by the 
vector y—Xo is a plane of support of K separating y from the set K—1-K. 


This is seen intuitively as follows. Suppose there is a point x; of K on the 
same side of m as y. Then there are points on the line segment Xx; closer to y 


Fic. 1 


than X, and these points are in K by convexity. This contradicts the choice of Xp 
as the point of K closest to y. 

For notational convenience in proving the theorem we take y to be the origin. 
Then the plane 7 has the equation 


id ii 
xX) — XX = O. 
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Let z=(g!,---,8") by any point of K. Define 
o(r) = | Xo + AZ — Xo) " 


Since the line segment ZX) is contained in K and X is the point of K closest to y, 
on the interval 0S) <1 the function ¢(A) has its least value when \=0. Hence 


| ¢’(0) 2 0. 
Therefore if we set \=0 in the equation 


t 4 2 
o’(d) = 2 x9(Z — Xo) + 2) | Z— Xo ) 
it follows that 
2 xo _— LX = 0. 
And now since 
y 20 — ano =— aoX0 < OQ, 
the proof is complete. 


COROLLARY 2.1. Under the hypotheses of Theorem 2.1 there are planes separat- 
ing y from K and there ts a plane passing through y bounding K. 


THEOREM 2.2. Let A be a closed set having an interior point x. If through each 
boundary point of A there passes a plane of support of A, then A is convex. 


In case A is the entire space the conclusion is obvious. Otherwise, on the 
line segment joinging x and any point y not in A there is a boundary point z of A. 
By hypothesis there is a plane of support 7 of A passing through z. The plane + 
cannot contain y else it would also contain x, since x, y, and z are collinear and 
distinct. Hence the closed half-space of 7 containing x contains A but not y. 
Therefore the intersection II of all such closed half-spaces contains A but no 
point external to A. That is, I=A. And by (2.3) II is convex. 


3. The fundamental theorem. In order to establish a modified converse of 
Theorem 2.2 we first consider a particular kind of convex set, the convex cone. 
A convex body C is called a convex cone with the point X» as vertex provided C 
contains a point x different from xX, and for each such point x the set C contains 


the entire ra 
J (1 — A)Xo + Ax (A = 0). 


THEOREM 3.1. Every convex cone C which is not the whole space has at least one 
plane of support, and every plane of support of C passes through the vertex Xo of C. 


That C has a plane of support 7: x‘u‘— u°=0 follows from Theorem 2.2. To 
show that 7 must necessarily pass through x» consider any point x, in the set 
m7+C. We may as well suppose that C lies in the positive closed half-space of 7. 


Then 
[(1 — d)xo + Axi ]ivé — uo = 0 
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for all X20. And now since xju‘—u°=0, we have 
(1 —r)(xou' — u°) = 0 (X= 0). 


Since the first factor in this expression can change sign while the second cannot, 
we must have xjui—u°=0. 

If X) is a boundary point of a convex body K, let T be the set of all points 
lying on rays from X, through the points of K. 


LEMMA 3.1. The closure T of the set T is a convex cone. 


By (2.2), to show that the set T is a convex body we need only show that the 
set J’ is convex. Taking Xp to be the origin, let x; and x2 be any two points of T. 
We must show that any point* 


X = AX, + 2X, M1 > 0, do > 0, NM + Ag = 1, 


of the line segment X1x, is also in T. By definition of T there exist positive num= 
bers m, and my, such that the points y1=7X1 and y2=m»2X2 are in K. Writing 


MA de 1 
m= | = » 
My Mog 


- Y= mx 
= m(riX1 + N2Xo) 
M1 de 
m —Yi+t— Ye 


My Mog 


we see that the point 


is on the line segment yi ye and hence is in K. Therefore the point x=m7'y is in T 
by definition of 7. 
It remains only to show that if z is any point of the set T—T, then any point 


NZ, (A > 0) 


of the ray from x) through z is in T. Choose any positive number e. There is a 
point x of T such that 


lz—x| <—- 
v 


Hence 
| AZ — dx | < €, 


and now since the point Ax is in J, Az isin T. 


* This notation is seen to be equivalent to that previously used if we write 
AN =A1, 1 —)X = de. 
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THEOREM 3.2. If Xo is a boundary point of a convex body K in E,, then there 
is a plane of support of K passing through Xo. 


This will be an immediate consequence of Lemma 3.1 and Theorem 3.1 pro- 
vided it can be shown that the set T of Lemma 3.1 is not the entire space. This 
is surely true if K is not n-dimensional. If K is n-dimensional, K has an interior 
point x by (2.5). Take x, as the origin. Suppose T is the whole space. Then in 
particular the point —x is in T. Hence there is a point — y of T so close to —x 
that y, being equally close to x, is interior to K. By definition of T, on the ray 
from X) through —y there is a point z of K different from x». But now by (2.5) Xo, 
being on the segment yz, is interior to K, which is a contradiction. 

Professor McShane’s proof of Theorem 3.2, which we mentioned in the in- 
troduction, is as follows. Let the given boundary point X» of the convex body K 


Fic, 2 


be the origin, and let S be the sphere |x| = 1 about x». The distance from K to 
any point x of S, being a continuous function of x on S, attains its maximum at 
some point X; exterior to K. We shall now show that xX is the point of K closest 
to Xj. 

Choose any positive number e<i and any point y exterior to K for which 
ly| <e. By Corollary 2.1 there is a plane 7: «‘u!—u°=0 passing through y and 
bounding K. If we suppose, as we may, that the magnitude of the vector 


u=(u!,---,u) is 1, the distance from the plane 7 to the point X is |u|. And 
since y is in this plane and | y! <e, it follows that 
| w| <e. 


Hence for the distance 1— 1° from the plane to the point u of S the inequality 


1—w>1-e 
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holds. And now since the point u and the set K are on opposite sides of the 
plane 7, the distance from u to K is greater than 1—e. We have thus shown that 
for every positive number e<1 there exists a point u of S whose distance 
from K is greater than 1 —e. Hence the distance of the point x; from K cannot 
be less than 1, which is the distance of x; from Xp. It now follows from Theorem 
2.1 that there is a plane of support of K passing through the point Xp. 


4. Planes tangent to convex surfaces. The proof usually given for Theorem 
3.2* is essentially contained in the following lemma which we shall find useful 
in another connection and which we shall state without proof. We say that the 


sequence of planes x‘ui}—u°=0, | (uj, +--+, ut)| =1, 7=1, 2,---, converges to 
the plane x‘wi— u°=0 provided the sequence of points (u?, u;,+ ++, 4) inn-+1 
space converges to the point (u°, w!, +--+, u"). 


LEMMA 4.1. Le {7} denote a sequence of planes, each either bounding or sup- 
porting the closed set A, such that for some boundary point Xo of A the distance from 
the plane 1; to Xo tends to zero as j tends to infinity. Then there exists a subsequence 
of {ar} converging to a plane 7, and for each such convergent subsequence the lamit- 
ing plane r passes through the point X) and supports the set A. 


We call a set S in E, a surface provided for every point x in S there is an 
arbitrarily small neighborhood N of x such that the intersection N -S is homeo- 
morphicf with the interior of an (n—1) dimensional sphere whose center corre- 
sponds to the point x. It is not difficult to show that the set of boundary points 
of a convex body with interior points is a surface in this sense. Let p(x, 7) denote 
the distance from the point x to the plane z. A plane 7 1s said to be tangent toa 
surface S at a point X of S provided for any sequence Xi, X.: ++ of points of S 
which converges to X» the sequence of numbers 


p(X, T) p(X, T) 
oN, LES, 
1X1 — Xo| |X. — Xo| 
converges to zero. Clearly when a tangent plane exists it is unique. 


THEOREM 4.1. The boundary surface S of a convex body K with interior points 
has a tangent plane at a point Xo of S if and only tf the plane of support of K passing 
through Xot ts unique. In this case the plane of support 1s the tangent plane. 


Assuming first that S has the tangent plane 7 at Xo, suppose there is a plane 7 
distinct from 7, which supports K at Xo. For convenience take Xp as the origin 
and 7 as the plane x!=0. Choose any point y= (y', - - - , y”) which is interior to K 
and not in r. Say for definiteness that y!>0. Choose any point z=(z!,- +--+, 8”) 


* See the introduction and the references there given. 

+ Two sets are said to be homeomorphic with each other provided there is a one to one cor- 
respondence between their points which, considered as a transformation from either set to the other, 
is continuous. 

t Which exists by Theorem 3.2. 
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of « for which z!>0. Such points clearly exist, since the planes m7 and 7 are dis- 
tinct. For j=1, 2,---, the points 2—’y are interior to K (by (2.5)) while the 
points 2~’z are not. Hence for each value of j there is a point in S of the form 


x; = (1 — A,)2-’y + d,27-%2, 0<A;81. 


The distance of the point x; from the plane r is x;. Since for all j 


2 (1 d,)y +X! S min [y’, 2] 


= > 0, 
Ix;| |4—dA)y +z] ~~ ly| +] z! 
we have 
1 
lim > 0, 
joo |X; 


which contradicts the tangency of the plane 7 to the surface S. This establishes 
half of the theorem. 

Assume now that K has the unique plane of support 7 at Xo. Let Xo be the 
origin, let x!=0 be the equation of the plane 7, and let K lie in the half space 
x1>0. If « is not tangent to S at x, we can choose a positive number e and a se- 
quence of points {x;} of S converging to X such that for all j 


By the Bolzano-Weierstrass theorem we may suppose the sequence {x;} so 
chosen that the sequence of unit vectors 


TaD 
x; | 
converges. By Theorem 3.2, through each point x; there passes a plane 
a ;:x'ui—u? =0 supporting K. For each j we may suppose that the magnitude 
of the vector (u;, +--+ , u;) is 1 and that for all: points x of K 

aU; — u; = 0. 


Further, by Lemma 4.1 we may suppose that the planes 7; converge to a plane 
woixius —u2=0 supporting K at the point X.. The number wu is zero since Xo is 
the origin. Now if u is the vector (1, 0,--- , 0), 
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Therefore 
ep 
(4.1) lim —— u? 


IV 


e > 0. 


Since the point x; is in the plane 7, 
and since the origin is in K, 


Hence we have 


i 
Mj 


u; S 0. 

|x;| 
Letting 7 tend to infinity in this expression, we get 

; a i 
(4.2) lim —- ui < 0. 

jroo | x;| 

Comparing (4.1) and (4.2) we see that the unit vectors u and uy must be differ- 
ent. Since K is z dimensional and all points of K satisfy both the relations 


xu’ = 0, xu) = 0, 


it follows that wu is also different from —w%). Hence the planes m:x*u‘'=0 and 
1 :x'uy =0 are distinct, contradicting the hypothesis that 7 is the only plane of 
support of K passing through the point Xo. The proof of Theorem 4.1 is now 
complete. 

We say thata plane x‘u*(y) —u°(y) =0, |ul(y),---, u(y) | = 1, varies continu- 
ously in y on some set in m-space provided the vector 


u(y) —= (u(y), u(y), rn) u"(y)) 
is a continuous function of y on that set. 


THEOREM 4.2. If the boundary surface S of a convex body K with interior points 
has a tangent plane w(x) at each point x of S which is in a given netghborhood N 
an S, then this plane varies continuously 1n x on N. 


By Theorem 4.1 at each point x of N the set K has the unique plane of sup- 
port (x). If r(x) is discontinuous at some point Xo of N, there is a sequence of 
points {x;} of N converging to Xy such that the sequence of planes 7(x;) does not 
converge to the plane 7(X0). From these we may select a subsequence convergent 
to a plane z* distinct from (xo). By Lemma 4.1 the plane 7* passes through the 
point X) and supports the set K. This contradicts the uniqueness of the plane of 
support 7 (Xo). 
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EDITED BY R. J. WALKER, Cornell University, Ithaca, N. Y. 


The Department of Discussions and Notes in the MONTHLY 1s open to all forms of ac- 
tauity in collegiate mathematics, except for specific problems, especially new problems, which 
are reserved for the department of Problems and Solutions. 


A THEOREM ON IMPROPER INTEGRALS 
ARTHUR SARD, Queens College 


Suppose that the function f(«) is bounded and integrable in the sense of Rie- 
mann in each interval [a, ¢], where a is fixed and aSi< ©. Consider the integral 


I -f- f(a)dx = lim “sada 
and the series 
S = Da fli) (ies — x), 


where 
o = {a xf, xo, af, x3, 2f,--- 


is a non-decreasing unbounded sequence with x, =a such that A, the least upper 
bound of the differences x;41—x;(4=1, 2, -- - ), is at most 1. Consider also 
L=lmS. 


A-0 
In general any one of the limits J, S or LZ need not exist. 


THEOREM. The limits I, S and L exist and are fintie, and L=I providing that 
21M; < ©, where M; is the least upper bound of | f (2) | for x 1n the closed interval 


la+j—1, a+j], (j=1, 2,°°° ). 
The proof of the theorem is given below. 


Coro.uaRry. If f(x) 1s non-negative and non-increasing inaSx<, the mere 
convergence of I amplies that S and L exist and that L=T. 


Proof: In this case the convergence of J implies the hypothesis of the theo- 
rem, by the integral test for the convergence of a series.* 


* D. R. Dickinson has stated the following theorem, which can be considered a corollary of 
our theorem. If there exists a non-increasing function g(x) such that |f(x)|Sg(x) for all 
x2a and such that [u°g(x)dx<, then S, L, and I exist and L=I. (Quarterly Journal of Mathe- 
matics, Oxford Series, vol. 12, 1941, pp. 176-183). The present-author, at the time he submitted 
the manuscript to the editor, was unaware of Dickinson’s work. 
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In general the convergence of J does not even imply that S exists. To see 
this consider a function f(x) of the following type: f(x) is non-negative and con- 
tinuous; the graph of f(x) between x =j7—1 and x= 7 consists of 2’~' congruent 
peaks each of area 1/224-! and of maximum height 1/7 @=1, 2,--.- ). Then 
I=1. Nevertheless S can diverge to © with A arbitrarily small. Thus, let the 
unprimed elements of the sequence o include all but a finite number of the posi- 
tive integers and let all but a finite number of the primed elements of o be such 
as to afford relative maxima to f(x). Then comparison with the harmonic series 
shows that S=o. 

Proof of the theorem: Consider the series 


00 a+] 
[’ = =f f(a)dx 
and 
Ss = » uj, 


where u;=>_f(x/)(x:41—%:) for all ¢ such that a+j—1S4%,;<a-+y. 

Comparison of S’ with >)°.,2(M,+Mj4:) shows that S’ converges uniformly 
over all sequences o, since | 2, | <2 max (M;,, My) S2(Mj;+ M541). 

Further, each term of S’ approaches the corresponding term of I’ as A-0, 
by the hypothesis of Riemann integrability. 

It follows that the series J’ converges and that I’ =lim S’, by a known theo- 
rem on uniformly convergent series.* 

But the convergence of the series J’ is equivalent to the convergence of the 
integral J, and I=I’. For, the difference between /@f(x)dx and the partial sum 
of I’ from j=1 to J, the largest integer such that a+/—1<¢#, is numerically not 
greater than M; and M,--0 as i>». 

A similar argument shows that the convergence of S’ is equivalent to the 
convergence of S and that S’=S. 

Hence f=lim S and the theorem is proved. 


A NOTE ON JOINT VARIATION 
R. A. RosENBAUM, Reed College 


There isasmall point in connection with the topic of variation and proportion- 
ality which frequently disturbs the beginner, for many texts do not treat it 
adequately. Some students are still bothered by it when they take a course in 
thermodynamics and have to deal with relations of p, v, and T. 

The trouble seems to arise from text-book statements similar to the follow- 
ing: “g is said to vary jointly as x and y if s=kxy. It is evident that, if y is held 


* See, for example: W.F. Osgood, Funktionentheorie, Berlin, vol. 1, 5th ed., 1928, pp. 620-621. 
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constant, g varies as x, and that, if x is held constant, gz varies as y.” So far every- 
thing is clear, but, when the student comes to work problems, he is expected to 
assume the converse of the above, that is, to use the theorem: “If g varies as x, 
and g varies as y, then z=kxy.” That this theorem is indeed true may be made 
to seem reasonable to the beginner by replacing the elliptical statement “z varies 
as x and g varies as y” by the complete statement “z depends on both x and y. 
When y is held constant, g varies as x, and, when x is held constant, g varies as 
y.” A proof of the theorem which may be given to college students is the follow- 
ing: 

If g varies as x when y is held constant, then z= Rx. For a fixed y, R is a con- 
stant, but for a different y, R may have a different value. In other words, Risa 
function of y; R=fi(y), say. Then 


(1) 8 = fily) 
Similarly, if varies as y when x is held constant, 

(2) z= fo(x)-y. 
Dividing (1) by (2), we obtain: 

fly): % _{ 

fo(a)-y 
or 
(3) fly) fale) | 


y Xx 


Since the left-hand side of (3) is a function of y and the right-hand side is a func- 
tion of x, and since the equality holds for all x and y, each side must be equal to 
some constant, k. 


1.€. 
fily) _ pe fo(x) 
Vy x 
or 
(4) fily) = ky 
and 
(5) fo(x) = kx. 


Substituting from (4) in (1) or from (5) in (2), we have 
Z2= kxy. 


A similar type of proof may be used when more than three variables are in- 
volved, or when not all the variation is direct. 


RECENT PUBLICATIONS 


EDITED BY VIRGIL SNYDER, Cornell University 


All books for review should be sent directly to the editor of this department, at the Mathe- 
matical A ssoctation of America, 531 West 116th Street, New York, N. Y., and not to any of the 
other editors or officers of the Association. 


Science and Sanity. Second Edition. By Alfred Korzybski. Lancaster, Pa., The 
Science Press Printing Company, Distributors, 1941. $6.00. 


This second edition of Korzybski’s book is a reprint of the first edition, re- 
viewed in this MonTuHLy, Nov. 1934, with a 35-page pamphlet of comments on, 
and extracts from reviews of, the first edition, a new introduction of 52 pages, 
and a bibliography of 100 books and 32 monographs. Titles as varied as S. 
Zuckerman’s The Social Life of Monkeys and Apes and Hermann Weyl’s The 
Mathematical Way of Thinking, may suggest some indication of the wide scope 
of general semantics as presented in Science and Sanity. 

There is nothing to add to the notice of the first edition, except one general 
observation: any book that was ever worth reading has been cordially damned 
by at least two persons. With this in mind, the author may see fit to exhibit in 
his third edition a select anthology of the fatuous things that have been said 
about general semantics, and his contribution to it, in the eight years between 
the two editions. Such an exhibition would be more illuminating to serious 
students than a hundred pages of laudatory remarks. 

E. T. BELL 


Mathematical Monographs. Edited by D. R. Curtiss. Northwestern University 
Studies in Mathematics and the Physical Sciences, No. 1. Evanston, North- 
western University, 1941. 7+172 pages. $2.25. 


Maxima and Minima of Functions of Two or More Variables. By D. R. Curtiss. 


The problem is the determination of proper extremes of a function 
f(x1, - + + ,Xn) which is real, single valued, and of class C™ in a neighborhood of 
the origin. Taylor’s expansion for the function uses the polynomials 


1 6) 0 \™ . 

Gm = — (mt my s-) f(0,--- O= Sip tt MKQ , 
m! OX OXn 

where 7+7+ +--+ =m. 

The first criteria are analogous to the well-known rules in case of f(x). A 
careful analysis includes the usually slighted case in which the first non-identi- 
cally vanishing G is semi-definite. The methods of Scheefer, Stolz, and Von 
Dantscher are reviewed with application to the semi-definite case. 

The next method considers the problem of an extreme of f(x, y) at the 
origin as a problem in conditioned extremes, namely that of an extreme of 
f(x,y) on the curve 0f/0y=0. The result is expressed in terms of a set of poly- 
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nomials in the coefficients of the Gn. The process is a simplification of that of 
Stolz. 

A new and most unusual process starts with the preparation theorem of Wei- 
erstrass which replaces f(x, y) by F(x, y), a “pseudo polynomial” in y. Then 
f(x, y) has a proper extreme at the origin if no real branches of F=0 go through 
the origin. To test for this possibility the theorems of separation for roots of an 
algebraic equation are applied to F(x, y) with « sufficiently small. Finally, 
Sturm’s functions are derived directly from f(x, y) by a new algorithm of great- 
est common divisor. 

A well organized group of problems is included to show the advantages of the 
various methods. 


The Statistics of Time Series. By H. T. Davis. 


Some of the mathematical problems are presented which have arisen in the 
recent development of statistics in the direction of dynamics. 

The important connections between the theory of integral equations and 
approximations by least squares is followed by an analysis of the theory of 
multiple regressions from the point of view of integral equations. These relations 
are used to establish a general significance test for the coefficients of an empir1- 
cally determined regression. This followed the introduction of Schuster’s peri- 
odogram R(T) and spectrum of y(é) in the harmonic analysis of time series, and 
the investigation of the distribution of the values of R?(7) in the test of the 
significance of maxima in R(T). 

The auto-correlation function, a special case of serial correlation, is related 
to Schuster’s periodogram. The spectrum of a statistical time series can be ob- 
tained from the spectrum of a mathematical function that generates the same 
serial correlation function. A number of mathematical formulations of hysteresis 
preceded the new one in which serial correlation analysis is used. An example 
illustrates the process. 

In the theory of random series an investigation is carried out of the effects 
of linear operators upon a series of random numbers; and an analogue of the 
random series is given in continuous variables 

The problem of the dynamics of economic time series was simplified by con- 
sidering only the price series. To remedy some defects of previous assumptions a 
new formulation of the dynamic problem requires the maximum of an integral 
whose integrand depends on the utility function, a function that reflects shocks 
of war, droughts, etc., and a function that depends on surpluses. Statistical 
verification of this theory is satisfactory. 


Topics in Continued Fractions and Summability. By H. L. Garabedian and H. S. 
Wall. 


Connections have been known for some time between the Stieltjes moment 
problem and continued fractions and between the moment problem for the 
interval (0, 1) and the theory of summability by matrices of finite reference. 
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Now the Stieltjes continued fraction has been related to the theory of sum- 
mability. Some of the results are studied and presented in inspiring form. 

It is assumed that the methods of summation will have finite and regular 
matrices of reference. The Hausdorff matrix depends on the sequence {c,}, de- 
fined by Stieltjes integrals c, = [yu"dd(u), »=0, 1, 2, - - +, where the mass func- 
tion ¢(u) determines the regularity of the matrix. The Hausdorff theory includes 
that of Cesaro, Hélder, and Euler-Knopp as special cases and extends their 
range of definition. 

Various methods are shown by which inclusion problems in the domain of 
Hausdorff matrices may be studied. Sequences from row, column, or diagonal of 
the difference matrix A are essentially regular depending on the continuity at 0 
and at 1 of the mass function of the base sequence. Inclusion problems are diff- 
cult when connected with the matrix A where the Hélder method of summation 
is associated with the base sequence. One special proof uses an integral equation 
technique to show that a moment sequence is regular and exhibits the mass func- 
tion for it. 

The Stieltjes moment sequence {Cn} depends on integrals ¢,= [fg u"dd(u) 
where ¢(u) is a bounded increasing function with an infinite number of points 
of increase. Stieltjes showed how a continued fraction determines a Stieltjes 
moment sequence, and conversely. When the range on the integral is (0, 1), 
totally monotone sequences {Cn} are those for which the integrals hold for some 
monotone increasing function ¢(z). The exact form of the continued fraction is 
found for this case and then a complete correlation exists between totally mono- 
tone sequences and continued fractions. This problem brought to light an im- 
portant relation for continued fractions. A number of applications are con- 
sidered. 

A formulation is given of new conditions for regularity of totally monotone 
sequences in terms of the corresponding continued fraction. The older theorem 
has been provided with a new proof. A splendid group of problems includes 
periodic continued fractions and examples of moment sequences generated by 
continued fractions. 

In conclusion, a class of Hausdorff methods of summation is studied with 
respect to its effectiveness in the analytic continuation of a power series >_a,8" 
outside its circle of convergence. 


Spectra of Quadratic Forms in Infinitely Many Variables. By E. D. Hellinger. 


For a class of quadratic forms in infinitely many variables, Hilbert dis- 
covered properties partly analogous to known theories but also he encountered 
a new phenomenon. The object here is to outline the development of this theory 
by means of examples. | 

A short resumé of some theorems of linear algebra and analytic geometry of 
n-dimensions includes analytical methods for deducing the theorems and ap- 
plications of the theory. Then the investigation is extended to real quadratic 
forms in infinitely many variables of Hilbert space. For completely continuous 
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forms the statements about algebraic forms are virtually repeated except there 
is a countable infinite of characteristic values which converge to zero. This set 
is called the spectrum. 

The Jacobi form has a continuous spectrum, —1S5\1. Other results are 
analogous with such changes as sums replaced by integrals. Quadratic forms are 
constructed that have a segment (—1, 1) as a multiple spectrum or that have 
both continuous and discontinuous spectra. Finally, a connection is made with 
continued fractions. 

Bounded quadratic forms in infinitely many variables possess analogous 
properties. The preceding forms are bounded but are not sufficient to build all 
bounded forms. A suitable generalization, using Hellinger integrals, gives a new 
form for which all statements can be generalized. This form has a continuous 
spectrum, consisting of that perfect set on which the basis function increases. 
One example has a spectrum which is a perfect set, nowhere dense in the interval 
(0, 1). A bounded form is found whose spectrum is continuous in the interval 
(—1, 1) but which can not be transformed orthogonally into the Jacobi form. 
Conditions are discussed under which forms are combined into equivalent 
forms. One method is given for constructing spectrum and basis function of a 
given bounded quadratic form. 

In case of non-bounded quadratic forms only some properties are similar to 
the preceding cases. A form is given whose spectrum covers the whole real axis 
and another where the spectrum is not uniquely determined. This indicates 
only a few of the differences. 

MARIE M. JOHNSON 


Supplement to Pandiagonal Magic Squares of Prime Order. By A. L. Candy, 
Author and Publisher. 1003 H Street, Lincoln, Nebraska, 1942. 3+30 pages. 


In the first twenty-two pages of this pamphlet the author has shown how to 
extend considerably the number of pandiagonal magic squares of prime order 
of the type which fall under his Class II. Squares of this sort were treated at 
length in his book, Pandtagonal Magic Squares of Prime Order, reviewed in this 
MoNnrTHLY, vol. 47, 1940, p. 563. 

The remaining pages of the pamphlet are supplementary to the last section 
of the author’s book, Pandiagonal Magic Squares of Composite Order, reviewed 
in this MONTHLY, vol. 48, 1941, p. 628. 


G. E. RAYNOR 
NEW BOOKS RECEIVED 


Aircraft Mathematics. By S. A. Walling and J. C. Hill. Cambridge, Univer- 
sity Press; New York, Macmillan Co., 1942. 189 pages. $1.25. 

Analytic Geometry. By C. H. Lehmann. New York, John Wiley and Sons; 
London, Chapman and Hall, Ltd., 1942. 14+ 425 pages. 

The Gist of Mathematics. By J. H. Moore and J. O. Mira. New York, Pren- 
tice-Hall, Inc., 1942. 12+726 pages. $5.35. 

Differenittal Equations. Revised edition. By M. Morris and O. E. Brown. 
New York, Prentice-Hall, Inc., 1942. 11+355 pages. $3.00. 


CLUBS AND ALLIED ACTIVITIES 


EDITED BY J. S. FRAME 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to J. S. Frame, Allegheny College, Meadville, 
Pa. 

THE LINEAR GRAPH 


M. C. SHOLANDER, Brown University 


A much overlooked source of topics for mathematics clubs is the linear graph. 
An important branch of combinatorial topology, this theory seems to be best 
known as a tool for solving problems of the recreational type.* It has found, 
however, fundamental applications in the study of electrical systems, chemistry, 
logic, curve theory, and the theory of invariants. 

A linear graph is a set of elements, called arcs and points, which must satisfy 
only the condition that each arc is associated with two points, called its end 
points. In most cases it may be conveniently pictured in the plane by means of 
diagrams such as those found in this paper. Linear graphs which have only 
a finite number of elements are called finite. The degree of a point is defined as the 
number of arcs for which that point serves as end point. An end point of first 
degree will be called a free end point and the arc associated with a free end point 
will be called a free arc. A representative theorem at this stage is, “The number 
of points of odd degree in a graph is even.” 

Euler is credited with initiating the theory with his study of the problem of 
the bridges of Kénigsberg and allied problems. This problem—to traverse the 
bridges in the neighborhood of the city, each once and only once, in such a way 
as to return to one’s starting point—may be pictured graphically by taking the 
land areas (islands and river banks) as points and the bridges as arcs. The result- 
ing graph (Fig. 1) may easily be checked to show that the problem has no solu- 
tion. This led Euler to the formulation of a general problem—to find for what 
linear graphs there exists a path (called the Euler line) which traverses each 
arc once and only once and returns to its starting point. The solution was soon 
found. A graph has an Euler line if and only if it is finite, connected, and such 
that all its points are of even degree. This result has immediate application to 
many recreation problems. A simple illustration is afforded by the domino prob- 
lem: to place all the dominos of a set in a closed circular array such as (01) (12) 

- + + (40). The trick is to represent each domino by an arc whose end points are 


* Recreational problems referred to in this paper may be found in W. W. R. Ball, Mathematical 
Recreations and Essays, eleventh edition, 1939; namely, The Bridges of Kénigsberg, p. 242; The 
Domino Problem, p. 250; The Knight’s Tour, p. 174; The Four-color Problem, p. 222; The Laby- 
rinth Problem, p. 254. 

For the consideration of these and other problems as applications of linear graph theory see 
Dénes KGnig, Theorie der Endlichen und Unendlichen Graphen, Leipzig, 1936. This paper borrows 
material freely from the latter book. 
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numbered according to the values of the domino’s halves. We see that the prob- 
lem may be solved for a “double-n” set of dominos if and only if 7 is even. 


Fic, 1. Fic. 2. 


A problem seemingly of equivalent difficulty, and yet one which is as yet 
unsolved, is to find the necessary and sufficient conditions that a graph has a 
Hamiltonian line. This is a line which passes through each point of the graph 
once and only once and returns to its starting point. The graph of Figure 1 has 
such a line. The problem of the Knight’s Tour may be shown to be one which 
requires for its solution the Hamiltonian line of a certain linear graph composed 
of 64 points and 168 properly placed arcs. An interesting application of this line 
can be made for the currently popular “four-color problem.” A sufficient condi- 
tion that a “map” 1s “colorable” is that the linear graph which it determines has 
a Hamiltonian line. Figure 2 will illustrate the difficulty of the problem. We have 
two graphs, each with 10 points and 15 arcs, only one of which admits a Hamil- 
tonian line. 

The “Labyrinth Problem” is one which has been more successfully attacked. 
We have space here only to remark that it may be best formulated as a problem 
in linear graph theory and that it, in itself, is an excellent topic for a complete 
mathematics club talk. 

The fact that in organic chemistry we commonly picture molecules as linear 
graphs with atoms as points and bonds between atoms as arcs leads to other ap- 
plications of linear graph theory. As background for a typical problem we make 
the following definitions. A “cycle” is defined as a closed circuit of arcs which 
passes through no point more than once—e.g., (A142)(42A3)(A3A1) where Au, 
A», and A; are distinct. A “tree” is a finite connected graph which contains no 
cycles. We shall say that the connectivity of a graph is 2 if it is necessary to re- 
move F& arcs from the graph in order to make a tree of it. Thus a tree has con- 
nectivity 0 and a cycle has connectivity 1. We can prove that a graph G with ap 
points and a: arcs has the connectivity a1—a9-+1. 

Now suppose we wish to determine all possible ways of picturing a molecule 
C,fon42 in the paraffin series. Each hydrogen atom is assumed to have a single 
bond, so we must associate it with a free end point. The carbon atoms (having 
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valence four) correspond to points of degree four. We compute dy) =n-+ (2n-+2) 
=3n+2, a1=$(4n+2n+2) =3n+1, and deduce that the connectivity of the 
molecule is 0. Hence the molecule is a tree and there is no possibility of cycles 
formed by the bonds. For example, no two carbon atoms may be linked by 
multiple bonds. Each type of tree formed from 7 points yields a possible carbon 
configuration on which the hydrogen atoms may be “hung.” No other configura- 
tions are possible. 

Finally, there exist problems which because of the complexity of their con- 
ditions do not lend themselves to solution by known theorems of linear graphs, 
and yet whose solution may be facilitated by simply presenting the problem in 
graphical form. We illustrate this with the “Problem of the Missionaries and 
Cannibals.” It is required to take three missionaries and three cannibals across 
a river by means of a boat which holds at most two persons. The missionaries 
and one of the cannibals can row. The situation is complicated by the require- 
ment that on neither bank is it ever permitted for the cannibals to outnumber 
the missionaries. 

To picture the problem we denote any missionary by M, the rowing cannibal 
by K, and either of the other two cannibals by C. A point of the graph will be 
assigned to any permissible grouping of the party on the first bank of the river. 
Specifically, we have the sixteen points: 


1. MMMCCK 9. CCK 
2. MMMCC 10. MC 
3. MMMCK| 11. MK 
4. MMMC |! 12. CC 
5. MMMK 13. CK 
6. MMCC 14. C 
7. MMCK 15. K 

8. MMM 16. 0, 


where 0 indicates the absence of everyone. We now place arcs on the graph be- 
tween a point and any other which may result from the 
first by either the arrival or departure of the boat—e.g. 
between 1 and 4. This yields 25 arcs (Fig. 3) and our 
problem is reduced to that of going from point 1 to 
point 16 by means of a proper path. We have so num- 
bered our points that—due to the boat’s alternate de- 
parture and arrival—the proper path is one which 
zig-zags from lower tohigher numbers, then from higher 
to lower. Itis now a simple matter to inspect the graph 
and produce one of the few possible solutions. Such a 
solution is 1, 4, 3, 8, 5, 11, 7, 10, 6, 12, 9, 14, 13, 16. 


PROBLEMS AND SOLUTIONS 


EDITED BY OTTO DUNKEL, ORRIN FRINK, JR., AND H. S. M. CoxETER 


ELEMENTARY PROBLEMS 


Send all communications concerning Elementary Problems and Solutions to H. S. M. 
Coxeter, 24 Strathearn Boulevard, Toronto, Canada. 

The department of Elementary Problems welcomes problems believed to be new, 
and demanding no tools beyond those ordinarily furnished in the first two years of college 
mathematics. To facilitate their consideration, solutions should be submitted on separate, 
signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 


E 536. Proposed by Norman Miller, Queen’s University. 


In a smooth hemispherical bowl of radius a, a needle of length 21(1 <a) is 
placed with one end projecting over the rim and is then released. Show that the 
needle will come to rest in a horizontal position or an inclined position according 
as 1 is less than or greater than _ 


E 537. Proposed by V. Thébault, San Sebastidn, Spain. 


Let L, M, N and L’, M’, N’ be the orthogonal projections of a point P on 
the sides and corresponding altitudes of a given triangle. Show that the lines 
LL", MM’, NN’ are in general concurrent, and find the locus of P when they are 


parallel. 


E 538. Proposed by R. V. Heath, Wall St., New York City. 


Find a perfect square whose digits form one of the permutations of eight con- 
secutive digits. (Cf. E 532.) 


E 539. Proposed by Howard Eves, Chattanooga, Tennessee. 


Give a ruler construction for finding the centers of three given linearly in- 
dependent circles, no two of which are intersecting, tangent, or concentric. 


E 540. Proposed by L. M. Kelly, U. S. Coast Guard Academy. 
Can the radius of the sixteen-point sphere ever be one-half the circumradius 
of the tetrahedron ? (The sixteen-point sphere passes through the circumcenters 


of the faces.) 
SOLUTIONS 


The Round Table 


E 500 [1941, 699|. Proposed by S. H. Gould, University of Toronto 


In how many ways can p gentlemen and g ladies sit at a circular table if each 
lady has the choice, as long as gentlemen are still available, of sitting on a chair 
or on a gentleman’s knees? 
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Solution by W. R. Van Voorhts, Fenn College, Cleveland, Ohio 

Let m be the number of ladies who elect to sit on gentlemen’s knees. Then 
the p gentlemen and g—™m disdainful ladies can take.chairs in (b+q—m-—1)! 
ways. The complaisant ladies may be chosen in (%,) ways. There are p gentle- 
men’s knees available for the first of these ladies, p—1 for the second, and so on. 
Hence they can all be seated in 


w+ g—m—ai( Top 1). po m+ D 
Mm 


ways. Summing for the possible values of m, we find the total number of ways 


to be 
min(p,q) 
> CP YC mito +q—m-— 1)!. 
m=0 m m 


Also solved by the proposer. 


Editorial Note. For the corresponding problem when the gentlemen are kept 
fixed, we must divide the answer by (p—1)!. It can then be expressed as 


min(p,q) p p + g—m— ‘) 
| 
. 2 ( \ p—1 


which is g! times the coefficient of x? in the expansion of 


The case where p=q=3 is relevant to the theory of sense in the projective 
line. See p. 32 of Coxeter, Non-Euchdean Geometry, Toronto, 1942. 


The Generalized Simson Line 
E 501 [1942, 61]. Proposed by Daniel Arany, Budapest, Hungary. 


If A, B, C, I, J, X are six points on a conic, while L, M, N are points on the 
respective sides BC, CA, AB of the triangle ABC, and if further the three pen- 
cils L(BXIS), M(CXIJ), N(AXIJ) are projectively related, prove that the 
points L, M, N are collinear. 

I. Solution by L. M. Kelly, U. S. Coast Guard Academy. 

The notation suggests projecting J and J into the circular points at infinity. 
Then the conic goes into a circle, and the projected theorem is as follows: 

If from any point X on the circumcircle of the triangle ABC lines be drawn 
making equal angles with the respective sides, the three “feet” of such lines will 
be collinear. 

This is a well known generalization of the Simson line property, and can 
easily be proved by considering cyclic quadrangles. 
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Also solved thus by Howard Eves. 

II. Solution by R. L. Wright, University of Toronto. 

The nine points A, B, C, I, J, X, L, M, N lie on two distinct cubics: one con- 
sisting of the conic LMCXIJ and line ABN, another consisting of the conic 
NLBXIJ and line CAM. These are therefore nine associated points (such that 
any cubic through eight of them goes also through the ninth). The conic 
ABCIJX and line LM form a cubic through the first eight points, and so also 
through N. But ABCIJX does not contain N; therefore LM does. 


A Number and its Fourth Power 
E 502 [1942, 61]. Proposed by V. Thébault, San Sebastian, Spain. 


Find a number and its fourth power which together have nine digits, all 
different. 

Solution by W. E. Buker, Pittsburgh Public Schools. 

If x and n‘ together consist of nine digits, we must have 31<”<5/7. Further- 
more, 2 cannot end in 0, 1, 5, or 6, as then the ending of m4 would repeat. Noting 
these restrictions, and leaving out 33, 44, 55, we try the following thirteen pos- 
sibilities by the aid of a table of squares: 


32, 34, 37, 38, 39, 42, 43, 47, 48, 49, 52, 53, 54. 


We find that 2 and uz‘ duplicate digits unless 7 =32, in which case n*= 1048576. 
We note that “casting out nines,” usually of service in such problems, fails 
us here, as we do not know which digit is omitted. 
Also solved by R. K. Allen, Paul Brock, M. L. Constable, S. T. Eriksson, 
Howard Eves, R. E. Greenwood, E. P. Starke, and the proposer. 


The Centroid of a Tetrahedron 
E 503 [1942, 61]. Proposed by N. A. Court, University of Oklahoma. 


Through a point M lines are drawn meeting the pairs of opposite edges of a 
given tetrahedron in the pairs of points U, X; V, Y; W, Z. Prove that if M bi- 
sects each of the three segments UX, VY, WZ, it coincides with the centroid of 
the tetrahedron. . 

Solution by Howard Eves, Syracuse University. 

Let ABCD be the tetrahedron, with X on BC, Yon CA, Zon AB, Uon DA, 
V on DB, W on DC. Since M bisects UX, VY, WZ, it follows that VW and YZ 
WU and ZX, UV and XY, are parallel. Therefore YZ and BC, ZX and CA, 
XYand AB, are parallel. But this is possible if and only if X, Y, Z are the mid- 
points of the edges BC, CA, AB. Similarly U, V, W are the midpoints of the 
edges on which they lie. Thus MM is the centroid of the tetrahedron. 

Also solved by Albert Furman, L. M. Kelly, W. T. Short, and the proposer. 
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ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, 
Washington University, St. Louis, Mo. All manuscripts should be typewritten, with double 
spacing and with margins at least one inch wide. 

Problems containing results believed to be new or extensions of old results are espe- 
cially sought. The editorial work would be greatly facilitated, if, on sending in problems, 
proposers would also enclose any solutions or information that will assist the editors in 
checking the statements. In general, problems in well known text-books or results found 
in readily accessible sources will not be proposed as problems for solution in this depart- 
ment. In so far as possible, however, the editors will be glad to assist members of the Asso- 
ciation in the solution of such problems. 


PROBLEMS FOR SOLUTION 
4050. Proposed by Arnold Dresden, Swarthmore College. 


If ai, do, - °° » @y are n distinct complex numbers, ” >1, such that no two dif- 
fer by a multiple of 7, prove that 


>> [] cot (a, — a) = sin —- 
k=1 i=1,i%k 2 


4051. Proposed by Arnold Dresden, Swarthmore College. 
If a1, a2, --*, @, are ” distinct complex numbers, ~>1, such that none of 
them and none of the differences is a multiple of 7, show that 


n-+1)r 
II cot (a; — a;) cot a; + (— D*TT cot a: = sin 
j=1 t=1,i14% 7 2 
4052. Proposed by H. S. Wall, Northwestern University. 
If 4<rSi1 and | 2 <(2r—1)/4r?, prove that 
Ay? 2r(2r — 1) 


4r — 1 4ry — I 


e7 — < 

4053. Proposed by E. P. Starke, Rutgers University. 

Show that all triangles inscribed in an ellipse and having their centroids at 
the center of the ellipse have the same area, which 1s the greatest possible area for 
an inscribed triangle. 

Show that all triangles circumscribed about an ellipse and having their cen- 
troids at the center of the ellipse have the same area, which is the least possible 
area for a circumscribed triangle. 


4054. Proposed by V. Thébault, San Sebastian, Spain 
Find the base less than 100 for which the number 2101 is a perfect square. 


4055. Proposed by V. Thébault, San Sebastian, Spain. 
Find two numbers of ten digits of the form aabbccddee such that one is a per- 
fect square and the other is a perfect square increased by 7. 
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SOLUTIONS 
Quadrilateral and Orthopoles 


3991 [1941, 214]. Proposed by V. Thébault, San Sebastién, Spain 


Four straight lines A; in a plane determine a complete quadrilateral (Q) form- 
ing four triangles 7, = (Ae, A3, Ay), T2= (Ai, As, Az), etc., with the orthocenters H;. 
Show that the orthopoles of the straight line A=(M, Ho, Hs, Hs), with respect 
to the four triangles, of the parallels to A; through H; are the orthogonal projec- 
tions of the Miquel point on the sides of (Q). 

Solution by J. W. Clawson, Ursinus College 

It is well known that the circumcenters, C;, of the triangles, 7;, are concyclic 
and that the Miquel (or focal) point of (Q) lies on this circle. We take this cir- 
cumcentric circle as the unit circle in the complex plane and take the Miquel 
(focal) point, F, to be the unit point on the axis of reals. Taking the centers, 
C’;, to be turns, ¢;, on the unit circle, it is not difficult to show that the side A; 
has the equation 2—2-t titi =ty tt, +i —tij;—tit,—tit:. In this equation z is the 
complex number of a point on the side and 2 the conjugate complex number. 
The equation was derived by finding the point of intersection, other than F, of 
the circles with centers Cj, C;, passing through F. This gives a vertex of (T), 
Ait, to be batt, —t tr. The line A; is determined by Aj] and A in (or A;;). 

The foot of the perpendicular from F to A; is 


$1 + ty + ote + ote — byte — titi — tats 4+ tyteti). 


Incidentally, these four feet lie on the pedal line, +2-s,=4(1+5,—se+ss), 
where s,, 1s the sum of the products m at a time of #1, te, tg and tg. 
Again, A; is s;—#;(¢;+¢,+t,). Hence A/, the parallel through H; to Aj, is 


2 Lbyti: 2 = $1 — Sq -+- (¢ jth, +- L ty +- tity) /ti. 


Solving two of these equations simultaneously, we find that A}, one of the 
vertices of triangle T/ determined by Aj, Af, Aj, is t;+t,+2t,—se. 

Again, the four points H; lie on A, which is z+54-2=s,—so+53, the ortho- 
centric line of (Q). 

To find the orthopole of A with respect to T/, we find the feet of perpendicu- 
lars from Aj, and Aj, (or Aj,) on A, and then the equations of lines through 
these points perpendicular to the opposite sides of triangle T/. These perpen- 
diculars intersect in the orthopole. The algebra is somewhat laborious but leads 
to the same point found above as the foot of the perpendicular from F to Aj. 


Editorial Note. A solution is easily obtained by using some of the results in 
the solution of 3839 [1939, 604], and additional simple computations. In the 
above notation we have the following: 
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Aj: my — *% am; = 0; Ais: amm;, aim, + m)); 

H;: — 4, alo, + a): F: a,0; A: x+ta=Q0; 
Ay: miy — % — ad + op + 04 — on) = 0); 

Ajj: — a(1 + o4 + mim;), atm: + mi); 


where o; is the elementary symmetric function of the four m’s and oj of three 
m’s after omitting m;. The projection of A;, on A is the point —a, a(m,+m); 
and the equation of the straight line through this point perpendicular to A/ is 
y +-m,.x —am,=0. Hence the orthopole of A with respect to T7 is 0, am, and this 
point is the projection of F on Aj. 

The quadrilaterals (Q) and (Q’) are symmetric with respect to the point 
—a(1+o,)/2, ao,/2, and this center of symmetry lies on y=ao,/2, the common 


Newton line for (Q) and (Q’). 
LEGENDRE TRANSFORMATION 


4000 [1941, 409]. Proposed by Cezar Cosnitd, Focsani, Roumania. 
Given the functions y=f(x), Y= F(X), deduce from the transformation for- 
mulas 
y" 7 —1 ym ey! 
aX+bY+d bX +cY+te dX +eY +f 
the following: 
y’ — I Y — xY’ 
ax-+tby+d batcyte dxeteytf- 


where a, 0, c, d, e, f are arbitrary constants. Give a geometric interpretation ; 
and deduce from it the Legendre transformation. 

Solution by Peter Chiarullt, Student, Brooklyn College. 

From the given equality of three fractions we deduce from the equality of’ 
the first and third fractions that each is equal to 


(1) y/[X(ax + d) + V(ba + e) + (dx + AI; 
and from the equality of this with the second given fraction we find that 
(2) X(ax + by + d) + V(bx + cy + e) + (dx + ey + f) = 0. 


Differentiation of (2) with respect to X gives 
d 
(ax + byt d) +" (bx + cy + + [aX + bY +d) +y"(6X +c¥ +)] =0. 


Since the factor of dx/dX is zero by the given equality of the first and second 
fraction, we have 


y’ | 4 
ax+boy+d batcyte Xaxtbyt+aO)t+(deteytf- 
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where the third fraction results from (2). This gives the desired result by a 
combination of the first and third fraction in these derived equalities. 
Ifa=—1, e=1, b=c=d=f=0, we have the Legendre transformations 


y= X, xy’ —y=YV; and VY’ =x, XY’-Y=y. 


The line (2) is the polar of the point (x, y) with respect to the conic 
(A) ax? + 2bxy + cy? + 2dx + 2ey + f = 0; 


and we now consider the polars of points on the curve y=f(x) with respect to 
the conic (A), and the envelope Y= F(X) of these polars. Regarding x as the 
variable parameter we find by differentiation of (2). 


W(x +cY +e) + (aX +0Y +d) =0. 


Using the above process of combination of fractions on this last result and (2) 
we obtain the given set of equalities. Therefore the geometric interpretation is 
that, if we have two curves y=f(x) and Y= F(X) connected by the given trans- 
formation formulas of the problem, then each curve is the envelope of the polars 
of points on the other curve with respect to the conic (A). 


POSTPONEMENT OF THE PUTNAM COMPETITION 


The William Lowell Putnam Mathematical Competition has been postponed 
for the present by agreement of the Putnam Trustees and the Board of Gover- 
nors of the Mathematical Association. This is occasioned mainly by the preoc- 
cupation of both teachers and students with war courses in mathematics. 
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There are more than 4000 carefully chosen exercises. 
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NEWTON AFTER THREE CENTURIES 
E. T. BELL, California Institute of Technology 


Christmas Day, 1942 is the three-hundredth anniversary of the birth of 
Isaac Newton. The two-hundredth anniversary of Newton’s death was suitably 
commemorated in 1927 in nearly every civilized country of the world. To esti- 
mate adequately the influence of this unique mind on our present civilization 
would require the labors of several men, and incidentally traverse much of the 
histories of the astronomical and physical sciences, of industry and engineering, 
and of philosophic thought during the last two centuries. Until such an esti- 
mate, worthy of the man, is undertaken, a short survey of some major items of 
Newton’s work that are still vital in science and mathematics, with a glance at 
what has been abandoned, and a brief indication of present problems originating 
in his work, may be of passing interest. Few of even the greatest men of science 
have left the world much that retained its full life for more than two centuries 
after they had died. Newton’s work, though modified in detail, continues to 
inspire men gifted with some of his genius to carry it on, and to extend its scope 
beyond anything he knew or could have imagined. This is his immortality. 

Newton was a man of three masterpieces: the calculus, the Opticks, the 
Principia. The few items of his work noted here may be conveniently classified 
under pure mathematics, optics, gravitation, metaphysics, all with the limita- 
tion stated above.* 

Pure Mathematics 


Little more than a bare list will recall certain of Newton’s indispensable 
contributions to pure mathematics and suggest their perennial vitality. 

The calculus, of course, dwarfs the rest. Without it, modern physical science 
and technology would have been impossible. To any scientifically literate his- 
torian this needs no argument. Though the origins of the calculus have been 
traced back to remote antiquity, it has not yet been denied that Newton was 
the first to develop and apply both the spirit and the techniques of the calculus 
in all their power to kinematics, dynamics, and astronomy. The example of his 
work started the continuing avalanche of discovery in the astronomical and 
physical sciences. It is now known from Newton’s own testimony that he used 
the calculus as an implement of discovery and proof in composing the Principia 
[1]; the final form of the demonstrations was a geometrical transposition of the 
initial analysis. 

Once of glowing interest to jealous nationals and others, the controversy be- 
tween the respective partisans of Newton and Leibniz over priority in the in- 


* The following men have generously helped with the sections on optics and gravitation: I. S. 
Bowen, of the California Institute of Technology, who also loaned the original editions of many of 
the works cited; F. Zwicky, of the same Institute and the Mount Palomar Observatory; S. B. 
Nicholson, of the Mount Wilson Observatory. The numbered references and notes are at the end 
of the paper. 
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vention of the calculus is no longer as hot as it was. For all impartial judges it 
has been decided: each invented the calculus independently; Newton was first; 
each descended to personal attacks unworthy of him, though not entirely 
foreign to the temper of the time; the dispute is of no scientific interest what- 
ever, and might well be buried in the archives of the forgettable. 

The subtle difficulties at the bases of the calculus which perturbed Newton 
were settled in the late nineteenth century by the foremost mathematical 
analysts of the period, only to be more profoundly unsettled by the foremost 
mathematical logicians of the early twentieth century. Though the calculus stil] 
lacks a consistent foundation, the defect is perhaps of a less immediately prac- 
tical character, even mathematically, than that which troubled Newton. These 
unresolved difficulties continue to generate a vast amount of research in mathe- 
matical logic, which in turn has reacted significantly on epistemology. 

With the increasing attention paid in the twentieth century to the discrete 
as opposed to the continuous in the sciences, the calculus of finite differences 
(sum and difference calculus) has grown rapidly in scientific importance, taking 
its place beside the differential and integral calculus as an indispensable aid in 
the study of nature, from intelligence testing to statistical mechanics. Here 
Newton’s solution of a fundamental problem in interpolation is as useful as it 
was when (1676) he called it [2| “one of the prettiest problems that I can ever 
hope to solve.” The problem as stated by Newton is “to describe a geometrical 
curve which shall pass through any given points....” A solution is given in 
the Principia [3 |. Newton’s interpolation formula has remained a basic result in 
the calculus of finite differences, especially in its scientific and technological 
applications. 

A more recondite calculus, of even greater scientific utility and deeper 
mathematical interest, is at least implicit in Newton’s problem [4 | of the solid of 
revolution offering the least resistance in moving through a medium in the di- 
rection of its axis. This would be attacked today by the calculus of variations. 
Newton merely stated his solution without indicating how he obtained it. Dis- 
cussed many times, the problem has continued to suggest successive refinements 
in analysis since Legendre (1786) used it as an example on which to test his 
criterion for discriminating between maxima and minima in the calculus of 
variations. 

Newton is said to have been attracted to this problem by his early interest 
in exterior ballistics; he mentioned its possible application to naval architecture. 
His disposal of it in the Principia is typical of his attitude toward pure mathe- 
matics: get the result by any method that will work, and let the method take 
care of itself. A pure mathematician might have thought it worth recording that 
the problem is not amenable to the differential calculus; it is of another genus 
than the problems of maxima and minima solvable by comparatively elementary 
means. Newton was content (1687) to state his solution. Later (c. 1694), to 
oblige a correspondent, he wrote out a draft of a proof by a mixture of geome- 
try, variations, and fluxions. Recast in modernized form, Newton’s proof 
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amounts to finding a first integral of the appropriate Eulerian differential equa- 
tion. That he was able by his methods to complete the solution and obtain the 
minimizing arc explicitly, looks like a happy mathematical accident. But he 
solved his problem. 

Newton’s attitude toward mathematics was that of the scientific engineer 
or theoretical physicist today: mathematics for him was an efficient tool with- 
out intrinsic interest. But lest anyone be tempted to enlist Newton as an ally 
in an attack on the value of mathematics for other than immediately practical 
ends, it may be recalled that not even the unsurpassable splendors of the 
Principia elicited his own highest esteem. That was reserved for his works in 
theology and sacred chronology, both long since hopelessly antiquated. 

Yet such was the universality of Newton’s mathematical talent that he 
could do pure mathematics with the best of his contemporaries, and do it as 
well or better than most of them. The binomial theorem alone would have made 
a lesser reputation. In geometry, Newton was the first to make a comprehensive 
study [5] of any class of plane curves beyond the long-familiar conics and a 
handful of transcendental curves; and it was he who first demonstrated the full 
power of analytical methods in geometry. Again, though it is only a minor detail, 
‘Newton’s polygons’ are more useful today than when he invented them, appear- 
ing in regions far beyond the mathematics of his day, for example, in one recent 
theory of algebraic numbers. 

The penetration of his mathematical intuition is perhaps as well illustrated 
by “Newton’s rule’ in the theory of algebraic equations as by any other of his 
purely mathematical discoveries. In the words of the great algebraist [6 | who first 
(1864) gave a proof of the rule: “In the Artthmetica Universalis, in the chapter 
De Resolutione Equationum, Newton has laid down a rule, admirable for its 
simplicity and generality, for the discovery of imaginary roots in algebraical 
equations, and for assigning an inferior limit to their number. He has given no 
clue towards the ascertainment of the grounds upon which this rule is based, 
and has stated it in such terms as to leave it quite an open question whether or 
not he had obtained a demonstration of it.” It would be difficult to find a juster 
evaluation of Newton’s attitude toward pure mathematics and the intuitive 
quality of his genius as a pure mathematician. 


Optics 


In a paragraph [9| that might profitably be framed and hung in the study of 
the mystical astrophysicist [10] who today occupies the chair of astronomy and 
experimental philosophy in Newton’s alma mater, Newton stated (1717) his 
scientific philosophy with matchless clarity and forthright common sense. As a 
radically different conception of the scientific method must be noticed later [51], 
the passage may be transcribed here. It is a perfect synopsis of the Newtonian 
method. 

“As in Mathematics, so in Natural Philosophy, the Investigation of difficult 
Things by the Method of Analysis, ought ever to precede the Method of Com- 
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position. This Analysis consists in making Experiments and Observations, and 
in drawing general Conclusions from them by Induction, and admitting of no 
Objections against the Conclusions, but such as are taken from Experiments, 
or other certain Truths. For Hypotheses are not to be regarded in experimental 
Philosophy. And although the arguing from Experiments and Observations by 
Induction be no Demonstration of general Conclusions; yet it is the best way 
of arguing which the Nature of Things admits of, and may be looked upon as so 
much the stronger, by how much the Induction is more general. And if no 
exception occur from Phaenomena, the Conclusion may be pronounced gener- 
ally. But if at any time afterwards any Exception shall occur from Experi- 
ments, it may then begin to be pronounced with such Exceptions as occur. 
By this way of Analysis we may proceed from Compounds to Ingredients, and 
from Motions to the Forces producing them; and in general, from Effects to 
their Causes, and from particular Causes to more general ones, till the Argu- 
ment end in the most general. This is the Method of Analysis: And the Syn- 
thesis consists in assuming the Causes discovered, and established as Principles, 
and by them explaining the Phaenomena proceeding from them, and proving 
the Explanations.” 

Newton’s positive, experimental contributions to optics were the analysis 
of white light (sunlight) into lights of different colors, separated in the visible 
spectrum according to their different refrangibilities, and the reverse synthesis 
of these colors into white light; the quantitative study of colors of thin films; 
the invention of the reflecting telescope. In theoretical optics he explained the 
colors of the rainbow, and imagined that all colors can be produced by properly 
combining primary colors, of which he named seven. This hypothesis was backed 
by experiments. His investigation of the chromatic aberration of lenses having 
decided him against refracting telescopes [11] in favor of reflectors, he con- 
structed with his own hands (1668, 1671) the first reflecting telescopes in history. 
The second was exhibited before the Royal Society in January, 1672. Though a 
puny mite, Newton’s diminutive reflector is the ancestor of the 102-inch and 
200-inch giants of the twentieth century. 


Before Newton, it was supposed that color resides in matter; he showed it to 
be a quality of light, and he instituted its quantitative analysis. There is no 
need to review here the fluctuating popularities of the wave theory of light 
invented by Huygens and the corpuscular theory proposed by Newton. How- 
ever, the relative standings of the two theories in 1942 is perhaps the most ap- 
propriate item as a commemorative tribute to Newton’s physical insight on the 
three-hundredth anniversary of his birth. Though there are no grounds for be- 
lieving that either theory will satisfy all physicists three centuries hence, it is a 
matter of fact that Newton’s theory is in closer accord with the quantum 
mechanics of 1942 than is its recent rival. Whatever is to be the fate of either 
theory, there is no question that Newton’s experimental observations will re- 
main substantially unchallenged—unless a greater and more muddled Goethe 
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shall take it upon himself to teach the intelligentsia the rudiments of optics. 
The artless simplicity of Newton’s analysis and synthesis of white light marks 
his work as one of the timeless classics of experimental science; and the sharp 
precision of his measurements of the colors of thin films contributed decisively 
to the undulatory theory of the nineteenth century, one of the most suggestive 
hypotheses that ever accompanied and guided an experimental science. 

Though he disdained speculation, and strove in his finished work to reduce 
it toa minimum, Newton could, on occasion, let his scientific imagination roam 
as unrestrainedly as did any theoretical physicist of the nineteenth century, or 
as any mathematical astrophysicist of the twentieth. Probably the boldest of 
Newton’s conjectures, apart from some of his fanciful chronology, are among 
the more enlivening queries with which he rounded out the experimental science 
of his Opticks. One of these [12] is particularly relevant for twentieth-century 
theories regarding the nature of light. For its prophetic suggestiveness it may be 
transcribed in full [13 |. 

“Qu. 17. If a Stone be thrown into stagnating Water, the Waves excited 
thereby continue some time to arise in the place where the Stone fell into the 
Water, and are propagated from thence in concentrick Circles upon the Surface 
of the Water to great distances. And the Vibrations or Tremors excited in the 
Air by percussion, continue a little time to move from the place of percussion 
in concentrick Spheres to great distances. And in like manner, when a Ray of 
Light falls upon the Surface of any pellucid Body, and is there refracted or re- 
flected: may not Waves of Vibrations or tremors be thereby excited in the re- 
fracting or reflecting Medium at the point of Incidence, and continue to arise 
there, and to be propagated from thence as long as they continue to do so, 
when they are excited in the bottom of the Eye by the Pressure or Motion of the 
Finger, or by the Light which comes from the Coal of Fire in the Experiments 
above mention’d? And are not these Vibrations propagated from the point of 
Incidence to great distances? And do they not overtake the Rays of Light, and 
by overtaking them successively, do they not put them into the Fits of easy 
Reflexion and easy Transmission described above [13|? For if the Rays endeav- 
our to recede from the densest part of the Vibration, they may be alternately ac- 
celerated and retarded by the Vibrations overtaking them.” 

To appreciate the peculiar significance of this query, it is necessary to re- 
member a detail of Huygens’ wave theory of light. Huygens had merely the 
conception of a wave front, and had no idea of a train of waves. According to 
Huygens’ theory, the velocity of light in water should be less than it is in air; 
Newton’s corpuscular theory predicted the opposite. Experiments by J. L. B. 
Foucault [14] (1853) and others confirmed Huygens. Though this seemed to dis- 
pose of the corpuscular theory, the passage quoted shows that Newton’s general 
idea of light was closer to the twentieth-century conception than was Huygens’. 
Light for Huygens was merely an impulse; he had no idea of a wave length. 
Newton, on the other hand, in his explanation of ‘Newton’s rings,’ [14a | imag- 
ined that the impinging corpuscle, having passed the first surface of a thin film or 
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plate, started a splash or a vibration there, which sent out a train of waves. 
The train then caught up with the particle; and at the second surface the train 
was reflected or transmitted according as there was a crest or a trough. 

The resemblance to the explanation by quantum mechanics is striking 
enough: a particle (corpuscle) is accompanied by a wave, and the behavior of 
the particle is isomorphic to that of the wave. Photons doubtless would have 
been acceptable to Newton but not to Huygens. 

Though Newton rejected the wave theory, it was partly his accurate meas- 
urements of the colors of thin plates or films reflecting the different colors that 
were responsible for Young’s undulatory theory in the early nineteenth cen- 
tury. Newton gave all the data [15]| for determining wave lengths; Young only 
interpreted it [16]. His was the first (1802) table of wave lengths [17], and he 
was the first to consider the wave train as the principal thing in light. It would be 
interesting to know whether ‘Qu. 17’ started Young thinking about wave trains. 
In any case, the best data available for his deductions of 1802 were those in 
Newton’s Opticks of 1704. 

As there is sometimes a temptation to read the present into the past, it may 
be recalled that the now famous ‘Qu. 17’ was in no way responsible for the 
quantum-mechanical wave theory. Newton’s query acquired its air of ration- 
ality only after this theory of the twentieth century, suggested by quite dif- 
ferent considerations, had been fully elaborated, when the coincidental agree- 
ment with Newton’s undeveloped conjecture was noted. 


If one science more than another has extended positive knowledge of the 
stellar and extra-galactic universes beyond the utmost imaginable in Newton's 
time, it is spectroscopy. Only a century ago, the parochial mind found comfort 
in the illusory assurance that though science might overtake the farthest stars 
in their courses, and unravel the tangle of their wanderings, it could never guess 
the chemical composition of even the nearest and brightest star of all; and this 
ignoramibus was flaunted as final and irrefutable evidence of the superiority of 
revelation over science as a guide to understanding “the wonder of the heavens.” 
Like Newton on the shore of “the great ocean of truth,” [18] scientists are 
acutely aware that they have found but little in comparison with what may yet 
be found; but at the limits of the spectroscopically visible universe they have di- 
verted themselves “in now and then finding a smoother pebble or a prettier shell 
than ordinary” [18]. Among the pebbles and shells they have picked up are mil- 
lions of galaxies akin to our own, and clusters of galaxies, undreamed of when 
Newton reduced the motions of the planets in the solar system to order with his 
law of universal gravitation. All this almost inconceivably vast access of verifi- 
able knowledge had its inception in Newton’s analysis of light. Unaccountably— 
for him—he failed to take the last, short steps which would have brought the 
chemistry of the stars, the sun among them, within his reach. 


To see how close Newton came to the crucial discoveries, it will be necessary 
to recall briefly the principal stages in the development of spectroscopy. An early 
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recorded hint of the chemical possibilities was Jabir’s [18a] observation (eighth 
century A.D.) that copper heated in a flame colors the flame blue-green. Agric- 
ola [19| next suggested (1556) that the different colors produced in a similar 
manner be used for chemical analysis. These facts were readily fitted into the 
theory of emission spectra when finally it arrived in the nineteenth century. 

Newton’s theory of light and colors [20]| was laid before the Royal Society in 
1672. It had been supposed that the object did something to light in reflecting 
it; Newton’s experiments with prisms showed for the first time that white light 
is a composite of lights of different refrangibilities, and that the only thing the 
prism does is to spread out these lights. In reflection from a colored object, only 
some of these lights are reflected, the others are absorbed. As far as Newton’s 
experiments went, they were closely similar to those of Wollaston [21] (1802), 
who also, however, saw the absorption lines in the solar spectrum which Newton 
with moderate attention might have seen, but which, surprisingly, he did not 
see. All the setting for observing the absorption lines was in order when Newton 
passed sunlight through a slit and lens and focussed the spectrum [22 ]. 

Again, in the matter of emission spectra, Newton amplified the observations 
of Agricola and others on the colors of flames [23], but did not look at a flame 
through a prism. Had he done so, he would have seen an emission spectrum. 
The first to observe an emission spectrum was Newton’s fellow Briton, the 
gifted young clergyman Thomas Melvill [24], whose paper (read, February, 
1752) was published posthumously in 1756, Melvill having died (December, 
1753) at the age of twenty-seven. 

The first statement that emission lines could be used for chemical analysis 
was in 1830 by J. F. W. Herschel [25]. The historic first reversal (Feb. 7, 1849) 
of a line in the laboratory was by J. B. L. Foucault. Meanwhile the ‘Fraunhofer 
lines’ that Wollaston had noted were rediscovered and located (1814-15) with 
high precision in the solar spectrum by Fraunhofer [26]. The motivation of this 
decisive work was the practical improvement of refracting telescopes; the dis- 
covery itself, of greater significance for astrophysics than the objective sought, 
was an unsought and under-appreciated by-product. By 1850 at the latest, all 
the basic experimental facts of spectroscopy needed for ‘the chemistry of the 
stars’ were available. It may not be too much to claim that none of this would 
have come about had not Newton, or some equally acute experimentalist and 
equally gifted theoretician, observed that light has certain properties which are 
not put into it by reflection or refraction or passage through colored matter. 


Finally it may be noted that a remark by Huygens (1690) on double re- 
fraction in Iceland crystal provided Newton with a fact which he found in- 
explicable on the hypothesis that “Light be nothing else than Pression or Motion 
propagated through Aether” in analogy with the propagation of sound waves in 
air [27]. For he inferred from the experimental facts that a ray in double refrac- 
tion must have “two opposite Sides,” while an ordinary ray exhibits no such 
polarization. He could not reconcile the facts with the wave theory. 
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Light as a transverse vibration of an elastic solid (the ether) was an inven- 
tion of the nineteenth century. This took account of double refraction till, to the 
distress of some who persisted in regarding their scientific theories as creeds in- 
stead of working hypotheses, the elastic solid collapsed under the weight of its 
own hypothetical attributes. James Clerk Maxwell’s electromagnetic theory of 
light [28] next (1861, 1864) reigned almost unchallenged till the twentieth cen- 
tury, when it was amplified by the electron theory and the quantum theory to 
take account of the interaction between light and matter. With these successive 
modifications of theories which had done the work for which they were created, 
and had become obsolete in the process, an ancient philosophy of science [51 | re- 
turned from the remote past to dispute the scientific method advocated by 
Newton. But whatever philosophies and theories of the physical universe are 
to prevail in the next three centuries, it seems probable that Newton will re- 
main an unchallenged witness to the historical truth that theories pass but ex- 
periments abide. 

Gravitation 


“You some times speak of gravity as essential and inherent to matter. Pray, 
do not ascribe that notion to me; for the cause of gravity is what I do not pre- 
tend to know, and therefore would take more time to consider of it” [29]. 

So Newton wrote (1692) in self-defense to a friend who had endeavored to in- 
terpret Newton’s conception of gravity. Earlier (1679), in a letter [29] to Boyle, 
Newton had permitted himself to speculate on “the cause” of gravity, seeking 
an explanation of the mutual attraction of bodies in the mechanics of an 
“sether.” Many subsequent attempts by others to explain gravitation mechant- 
cally—Le Sage’s corpuscular bombardments (1782) seemed promising at a 
first unmathematical glance—proved equally abortive until, in the twentieth 
century, Newton’s gravity having been explained away in the geometry of space- 
time, nothing about it was left to be explained. Nevertheless it remained in- 
dispensable in both theory and practice. The 223 years from Newton’s “I do not 
pretend to know” of 1692 to Einstein’s equivalence principle of 1915 are crowded 
with scientific discoveries and mathematical theories, no inconsiderable number 
of which originated, either directly or not too remotely, in Newton’s law (or 
hypothesis) of universal gravitation. 


The postulated universality of Newtonian gravitation is perhaps the item 
of most vital interest for current science. To provide a background for a few 
major problems of Newtonian gravitation today, it is necessary to summarize 
very briefly what Newton himself derived from his grand hypothesis. As he 
formulated it in the Principia [30], Book III, Proposition VII, Theorem VII: 
“That there is a power of gravity tending to all bodies, proportional to the 
several quantities of matter which they contain... . Cor. 2. The force of gravity 
towards the several equal particles of any body, is reciprocally as the square of 
the distance of places from the particles [31].” 

This general law, or hypothesis, or principle was not imagined as a mathe- 
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matical diversion. It was proposed as a logical equivalent, adapted to analysis 
by mathematical reasoning, of the gist of Kepler’s three laws, empirically dis- 
covered, of planetary orbits. The cardinal point here is that Newton based The 
System of the World in Book III of his Principia on established scientific fact. 
He did not, as some had done before him and others have done since, spin his 
own world out of cerebration, and then proceed to write reams of high meta- 
physics or regiments of impressive formulas about a preposterous universe that 
existed only in his own head. He listened to what nature had to say, and then 
made it tell more than it may have meant to disclose. It is no miracle then, 
when the power of Newton’s mathematical genius is taken into account, that 
the Principia is the unsurpassed masterpiece of both scientific coordination and 
the art of scientific prediction that it ts. 

From Kepler’s first and second laws, and his own three laws of motion 
Newton deduced [32] that each planet is attracted by a central force directed to- 
ward the sun, the intensity of the force varying inversely as the square of the 
distance between the two bodies; from the third law he deduced that all the 
planets are similarly attracted, the intensities depending on the sun’s mass. 

Almost as corollaries of these general conclusions, Newton showed how the 
sun’s mass can be calculated in terms of the earth’s mass: the length of any 
planet’s year and its distance from the sun are the sufficient data. The mass of 
any planet having a satellite can be similarly computed. The same force of 
gravity that accounts for the fall of an apple was then shown to be sufficient 
for holding the moon to its orbit. Explicit definitions of ‘mass,’ ‘gravity,’ 
‘force,’ ‘attraction’ are unnecessary if the objective of these deductions is cor- 
relation of known facts and prediction from them; the mathematical equivalents 
of the verbal statements suffice. Thus metaphysical disputes are short-circuited 
to their proper function. 

The roll of the memorable conclusions Newton deduced from his law is only 
begun. The Newtonian theory of gravitation accounted for the tides. From the 
sun’s mass, deduced from the theory, the height of the solar tide was calcu- 
lated; as a sort of converse, from the observed heights of the spring and neap 
tides, the lunar tide was calculated, whence an estimate of the moon’s mass was 
obtained. From Newton’s dynamics of a gravitating rotating body, it followed 
that the earth is not a sphere as had been supposed since ancient times, but an 
oblate spheroid, and the measure of flattening at its poles was calculated. Con- 
versely, from the observed oblateness of any planet the length of its day was 
shown to be calculable. Another easily verifiable prediction deduced from the 
polar flattening of the earth and centrifugal force was the variation of the weight 
of a body with the latitude. The attraction of the sun and moon on the earth’s 
equatorial bulge, with similar attractions by the other planets, was proved to 
perturb the earth’s axis of rotation by calculable amounts; and thus it was pos- 
sible to follow “the wandering of the pole” and precession of the equinoxes. In 
these and other problems, Newton inaugurated the theory and calculation of 
planetary perturbations. 
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The comets which for ages had evoked the superstitious fear of savage and 
civilized man alike, were proved to be law-abiding members of the solar sys- 
tem, differing from the friendly planets chiefly in the smallness of their masses 
and the relatively high eccentricity of their orbits. (Their tails were explained 
only much later; their probable composition also was not determined until long 
after Newton was dead.) Further, it was possible to predict with high accuracy 
the dates at which some would return. Here was a deliverance from superstition 
that any lettered person could appreciate; and of all the deductions from New- 
ton’s hypothesis of universal gravitation, the accurately predicted return of a 
comet [33] has been the most popular. Scientifically, however, it is not compa- 
rable with what followed from Newton’s hard thinking on the problem of the 
moon’s motion. Among its numerous claims to perpetual remembrance, this 
problem has the unique distinction of being the only one of which Newton con- 
fessed that it gave him a headache. 

The motion of the moon presents a special case of the problem of three 
bodies. The moon’s orbit is perturbed by the attractions of the earth and the 
sun, and also, to a lesser degree, by the attractions of the other planets. The 
perturbations cause irregularities in the moon’s orbit, some of which had been 
observed by the Babylonians (?) and the Greeks. None had been accounted for 
when Newton [34] deduced them as consequences of universal gravitation, and 
in addition uncovered two more. In historical order from Hipparchus (2nd cen- 
tury B.C.) to Newton’s contemporary Flamsteed, these were the equation of 
the center, the evection, the variation, and the annual equation; retrogression 
of the nodes, variation of the inclination; progression of the apses (only half 
the observed amount was given by Newton’s calculation); and the inequalities 
of apogee and of nodes, Newton’s discoveries. It is at this point that New- 
tonian gravitation makes one of its most direct contacts with the science of the 
twentieth century. The problem of three bodies [35| remains an astonishingly 
prolific source of new mathematical methods and refined astronomical-physical 
observations. 

A concise history of this problem would fill a large book. Here, only a detail 
or two can be noted. To state the problem: Three particles, free to move in 
space, attract one another according to the Newtonian law of gravitation: from 
arbitrarily assigned initial motions of the particles, to determine their subse- 
quent motions. From Newton in the seventeenth century, through Clairaut, 
D’Alembert, Euler, Lagrange, Laplace, and Poisson in the eighteenth and early 
nineteenth centuries, through Weierstrass, G. W. Hill, E. W. Brown, Bruns, 
Poincaré, Levi-Civita, and Sundman from thence to the present, this problem 
has exercised the highest talents of some of the most powerful mathematicians 
of the last two centuries. Only a few of the great names associated with the 
three-body problem have been recalled, none from the living. 

Three items will suffice to indicate the inexhaustible fertility of this vener- 
able problem, and generally of the theory of planetary perturbations initiated 
by Newton. First is the prediction from the theory of the existence of a planet 
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which, until the perturbations of the orbit of Uranus were analyzed mathe- 
matically almost simultaneously (1845-46) and independently by Adams and 
Leverrier, was no more than a vague conjecture. The subsequent discovery 
(1846) of the hypothetical planet (Neptune), almost in the calculated place, 
is one of the half dozen or so masterpieces of scientific prediction. Uncritically 
viewed, it was acclaimed as a conclusive demonstration of the universality of 
Newton’s law of gravitation, until critical mathematicians hinted that for- 
tunate accident had also contributed to the discovery. Benjamin Peirce even 
proceeded fearlessly to the limit, declaring that if the calculations had been 
more accurately performed, Neptune would not have been observed. There 
was no question of minimizing the magnitude of the discovery; criticism was 
motivated solely by a desire to uncover the scientific facts regardless of the 
great personalities involved. Nature plays no favorites: was the discovery of 
Neptune a final confirmation of the Newtonian law, or was it not? Criticizing 
the mathematical critics, astronomical critics set aside the strictures of Peirce 
and others by an argument of a type which a mathematical logician might dis- 
miss as specious and ad hoc, in spite of its frequent reproduction in standard 
textbooks. However, the prediction is now generally accepted as genuine. 

A more exacting and less debatable test lay nearer to hand in the moon’s 
motion. Laplace had imagined that gravitation alone would explain the slow 
approach of the moon to the earth; refining the calculations, Adams showed that 
gravitation accounted for only half the observable amount. Though at first 
sight a serious setback for Newton’s conception of “the System of the World,” 
this discrepancy between theory and observation helped to precipitate the far- 
reaching theory of tidal friction in the solar system and in stellar evolution, to- 
day of livelier scientific interest for the dynamics of the nebulae than most of the 
particle dynamics of classical celestial mechanics. Thus, in the end, impartial 
scrutiny of nature by the observational-mathematical method followed to the 
exclusion of all others by Newton himself, sustained the spirit of his law of 
gravitation, and broadened its scope more widely than strict adherence to its 
exact letter could ever have done. The question of the universality of Newton’s 
law was still open. The more recent discovery [36] (1930) of Pluto, the ninth 
planet of the solar system, raised similar doubts. How much of the credit should 
be assigned to calculation from theory and how much to chance? The question ts 
still debated. If, as has been conjectured from possible perturbations of Halley's 
comet, a trans-Plutonian planet exists, expert opinion is that it will be found 
by photographic methods rather than by calculation. 

The second item of current interest that can be traced quite directly to at- 
tempts to solve the three-body problem is the development of modern topology. 
One of the most active departments of twentieth-century pure mathematics, 
topology has a main source in the new methods introduced into celestial me- 
chanics in the 1890’s by Poincaré [37]. 

The third item disposed of a possible doubt that had haunted some expert 
analysts from Lagrange to Weierstrass. To the mathematical tyro it may seem 
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self-evident that the highly idealized mathematical representation of a concrete 
physical situation must lead to a system of equations that are solvable. There 
is not space to present the matter here; but it may be noted that competent 
differences of opinion have arisen from examination of the relation of mathe- 
matical prediction to observationally verifiable fact. In the three-body problem, 
it had been suspected that a solution by convergent power series might be 
impossible. It was therefore a mathematical event of more than ordinary interest 
when, in 1912, the work (1906, 1909) of Sundman [38] became known outside his 
native Finland. His capital result is as follows (translation): “If the constants 
of areas in the motion of three bodies with reference to their common center of 
gravity are not all zero, a variable t may be found such that the codrdinates of 
the bodies, their mutual distances, and the time are developable in convergent 
power series in tT which represent the motion for all real values of the time, and 
do so whatever collisions may occur between the bodies.” A note by Sundman 
recalls that Weierstrass in a letter of 1889 to Mittag-Leffler had shown that in 
triple collision the constants of areas vanish simultaneously. Sundman’s solution 
is not (yet?) adapted to numerical computation. But that was not its motiva- 
tion, nor is computability its present interest. 

On the side of greater significance for practical astronomy, that of mutually 
checking observations and computations, the special three-body problem of the 
lunar theory also has made remarkable progress in the twentieth century. 
Before stating what may seem a rather disconcerting conclusion for the New- 
tonian theory of universal gravitation, it may be emphasized that authorities 
on the subject—men who live with telescopes and who supervise the calcula- 
tions based on their own observations—anticipate no fatal discrepancy between 
theory and observation. The labor of adding another decimal place, or of taking 
account of further planetary or tidal perturbations, is very great; and until more 
effective means of calculation are devised, it would be premature to assert that 
the Newtonian theory has encountered an irremovable obstacle of fact. On the 
other hand, nothing is to be gained and a universe may be lost by ignoring or 
minimizing indisputable discrepancies between irreproachable calculation and 
precise observation. The advance of the perihelion of Mercury (to be noted in 
another connection) offers a famous historical instance of the advantages of total 
scientific honesty. 

A serious disagreement between fact and prediction appears in the irregular 
differences between the moon’s observed place and its place as calculated on the 
lunar theory. In the opinion of experts [39 |, no significant term can possibly have 
been neglected. On the numerical side, the accuracy of the calculations has been 
checked mechanically. The conclusion is that the observed discrepancies are 
much too large to be attributed to observational errors. There is also an unex- 
plained secular acceleration. Among possible hypotheses within the Newtonian 
theory to account for these irregularities of the moon’s motion are tidal friction, 
undescribed inhomogeneities in the density of the earth, irregularities in its 
shape, and variations in its rate of rotation. It is now supposed that if tidal 
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friction is significant, oceanic tides are of comparative unimportance, the major 
effects being caused by tides in shallow inland seas and tidal basins. An in- 
teresting by-product of these irregularities in the moon’s motion is the revision 
they necessitate of dates of ancient eclipses. As some of these dates have been 
used as points of reference for human history, the lunar theory may yet further 
confound the confused annals of our race. In any event, this special case of the 
three-body problem suggests more unsolved problems in 1942 than Newton 
could possibly have imagined in 1687, when he published the epoch-making re- 
sults of his most intense thinking in the Principia. 

The three-body problem is a special case of the problem of x bodies attracting 
one another according to the Newtonian law of gravitation. On the mathemati- 
cal side, “there remain still a great number of unsolved problems... , for ex- 
ample, the problems of stability and transitivity [associated with the names of 
Poincaré and G. D. Birkhoff in one method of attack], and it seems that the 
solution of the main problems will require new methods of analysis” [40]. This 
pronouncement by a mathematical expert need not necessarily discourage re- 
search on the observational side. Paradoxically, mathematical solutions of the 
three-body problem may still be waiting objective verification ten thousand 
years after the problem of hundreds of millions of bodies has been solved mathe- 
matically and checked observationally. New methods (to be noted presently) are 
already being applied to the larger problem with what, in 1942, looks like prom- 
ising success. 

It is merely one of the minor misfortunes of the human race that it was 
assigned to a planet from which no decent embodiment of the general three- 
body problem is visible, even spectroscopically [41]. Anything that can be seen 
as an individual three-body configuration is too far away, or too complicated, or 
too meanly specialized for an observational check of any mathematical theory 
in any span of years our race is likely to survive. Neither Jupiter, Saturn, nor the 
Sun has zero mass; yet the three have furnished mathematicians with an in- 
stance of the special case of the three-body problem in which one mass is ‘zero.’ 
Again, each of the six Trojan planets (asteroids with the same period as Jupiter) 
with Jupiter and the Sun is ideal, with some slight forcing, for the Lagrangian 
special case in which the bodies are initially at the vertices of an equilateral tri- 
angle. Yet even this problem is at present too difficult when rigid idealization is 
only slightly relaxed to approximate roughly the reality of actual planets sub- 
ject to librations [39]. The planets in the sky are more than mathematical points 
endowed with mass on paper. As for Jupiter himself, his ephemeris is signifi- 
cantly in error; and his nine [42] satellites pose a problem that not only is beyond 
mathematical solution at present, but also is of great difficulty observationally 
on account of the faintness of the satellites contrasted against their planet’s 
brightness. The only known way of keeping track of this too-numerous family 
is by mechanical integration; an analytical solution would demand an explicit 
form of the perturbations. As a final scandal in our erratic solar system, the 
latest transit of Mercury produced an unanticipated error that amused as- 
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tronomers for weeks. Here, however, the discrepancy between prediction and 
observation may be reduced farther than it already has, when all the correc- 
tions of the ephemeris are included and the diameters of the bodies concerned 
are satisfactorily defined. In precise measurement, what exactly is the diameter 
of a bright luminous disc? From all this and more of the same general character, 
it seems unlikely that the universality of Newton’s law of gravitation will re- 
ceive conclusive observational confirmation in the immediate future from the 
three-body problem for any configuration in our solar system. Fortunately for 
possible progress, advances in astronomical instruments and in mathematical 
technique have made possible the verification of Newton’s law in regions tens, 
or hundreds, or thousands, or even millions, of light years beyond “the World,” 
whose “System” he explored and reduced to order in the most inclusive synthe- 
sis of natural phenomena in the history of science. 

To return for a moment to pure mathematics, some of Newton’s greatest 
triumphs in the Principia would have been impossible without the theorem, 
which he discovered and proved, that the attraction of a homogeneous gravitat- 
ing sphere on an external mass-particle can be calculated as if the mass of the 
sphere were all concentrated at its center. It has been argued [43 | that the lack 
of this master theorem delayed the publication of the law of gravitation for 
twenty years. Today it is a students’ exercise in the calculus. Sic ztur ad astra. 

Last, it should be noted that the identity of inertial and gravitational mass, 
long a puzzle in Newtonian mechanics, was satisfactorily accounted for only 
when that mechanics was supplemented by relativity. 


To resume the main question, how ‘universal’ is Newton’s law of universal 
gravitation? As sometimes stated in textbooks, the law asserts that “Every 
particle of matter in the universe attracts every other particle with a force 
which, for any two particles, is directly proportional to their masses and in- 
versely proportional to the square of the distance between them, mass, dis- 
tance, and force being measured in the appropriate units.” Taken literally, this 
statement is as wild an extrapolation as any pseudo-scientific generalization 
that ever confused theology with science. Neither in space nor in time, nor yet 
in space-time, is anything whatever known of “every particle of matter in the 
universe”; nor is it likely that human beings will ever be able to make any 
scientifically verifiable statement about “the universe.” Such statements of course 
are frequent enough; but the more cautious, chastened by experience, leave 
these tremendous nothings to mystics and belated stragglers from the nine- 
teenth century. In that heyday of theology masquerading as physics, the con- 
servation of energy was as everlasting and as pervasive as the will of the deity, 
and the laws of thermodynamics were eternal truths throughout all space. 

Actually, so far as gravitation was concerned until quite recently, it was 
satisfactorily verified only for a negligibly small time span in that speck within 
our own system of stars which we call the solar system, and beyond that only 
out to binary stars well within our own stellar neighborhood. Analysis of the 
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orbits of numerous binaries, both visual and spectroscopic, since Savary [43a | 
(1828) suggested that certain double stars observed by W. Herschel (1780) 
offered a test of the Newtonian theory, have confirmed the Newtonian law of 
gravitation well within the probable cbservational errors. But even here, so 
elementary a question as the following cannot be decided observationally and 
no other way is known: How accurately can the motions of a swarm of stars, 
considered as a dynamical system, be described by linear differential equations 
—a capital assumption of Newtonian celestial mechanics? There has not been 
time enough to obtain the necessary data. Once more necessity drives observa- 
tion out of our solar system, out far beyond our own galaxy, to seek the facts on 
which the celestial mechanics of the future may be based, in the extra-galactic 
nebulae. As Newton reared his System of the World on scientific facts obtained 
by laboriously painstaking observation, so some spiritual successor of his may 
find in the rapidly accumulating observations of the nebulae the building stones 
of a vaster system. But he will not, if he is a worthy disciple of Newton, misname 
it a system of the universe. 

An early hint that methods beyond those of classical celestial mechanics 
were about to emerge was Poincaré’s suggestion, near the turn of the century, 
that star-streaming in our galaxy be investigated by the methods of the kinetic 
theory of gases. In this daring program, the individual stars were the ‘atoms’ 
of the ‘gas’ which was the Milky Way. As the proposal was put forward about 
a quarter of a century before Hubble inaugurated the modern era in the study 
of the extra-galactic nebulae [44], it has not had much influence, if any, on sub- 
sequent progress. The discovery of clusters of nebulae, and the revolutionary 
advance in certain departments of observational astronomy consequent on the 
recent use of Schmidt telescopes for rapid surveys of the whole sky, have trans- 
formed the problem completely. As mathematicians occasionally overlook a 
humble but important source of some of their sublimest imaginings, it may be 
recalled that progress in technology and in the mere machining of precision in- 
struments often precedes the decisive turning points in science from which new 
mathematical theories start. Without modern spectroscopes, rapid photographic 
films, and Schmidt telescopes, current advances in the application of Newtonian 
gravitation to the extra-galactic nebulae would be a dream for the distant fu- 
ture. 

Since it is impossible to observe millions of stars or thousands of nebulae in- 
dividually, statistical mechanics is indicated as the appropriate mathematics 
for the newer problems of astronomy [45 |. Theoretical progress is possible partly 
because Emden elaborated (1907) the mathematical theory of gravitational gas 
spheres [46]. The gravitation in this theory is Newtonian. From statistical me- 
chanics it is deduced [45] that a non-rotating cluster of stars or of nebulae must 
be spherically symmetrical to within calculable fluctuations in the distribution of 
the objects composing the cluster. There are available for observational tests 
of the predictions (at least) three large clusters of nebulae, located respectively 
in the constellations Hydra, Perseus, and Coma Berenices. In millions of light 
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years the respective distances of these are twenty-four, thirty-six, and forty- 
five. Compared to the least of the three, the distance of the farthest binary star 
ever observed is practically zero. Thus if theory and observation check, New- 
ton’s law will have been extended enormously. The extension is, as it were, a 
second-order mathematical effect; it is achieved indirectly, through the assump- 
tion of Newton’s law in the derivation of the statistical formulas. The check [45 | 
is sufficiently good to be most encouraging to anyone who is discourteous enough 
to abandon his companions on the beaten path and let obsolescence overtake 
the hindmost. 

The Coma cluster consists of some 2,000 nebulae, probably more, of which 
about 650, each with a luminosity exceeding a hundred million times that of the 
Sun, have been identified. These are distributed throughout a sphere whose 
diameter is of the order of five million light years. If the cluster is actually sta- 
tionary, statistical mechanics predicts that the distribution of nebulae through- 
out this sphere is not random; and application of the Emden theory [45, 46] 
gives the rate of decrease in the density of nebulae as the radial distance from the 
center of the sphere increases. The agreement found by Zwicky [45 ]| between his 
calculated and observed radial distribution of nebulae in the Coma cluster is 
most remarkable, and likewise for the Perseus and Hydra clusters. These agree- 
ments between theory and observation can be interpreted as an extension of 
Newtonian gravitation to the realm of the nebulae. 

It is important to notice that the Newtonian law of the inverse square is a 
sufficient, but not necessary, hypothesis to account for the observations. It is 
possible that from further counts of nebulae some power other than the second, 
say the 2.01th, may be demanded; but at present this seems improbable. The 
situation is analogous to that confronting Kepler when he stated his three laws 
which were later to be interpreted by Newton on the basis of the law of the 
inverse square. It has been said, and it appears to be no more than the truth, 
that with more exact observational data at his disposal, no man of Kepler’s 
undeviating intellectual integrity would ever have found his laws. Mathematic- 
ally, Kepler’s laws are both necessary and sufficient for the deduction of New- 
ton’s inverse square law of gravitation. It is indeed fortunate for science, espe- 
cially for the Principia, that the data which Kepler ground through the mill of 
his interminable arithmetic were no better than they were; and it is to be hoped 
that no catastrophic refinement in observational technique will obliterate a 
most promising mechanics of the nebulae before it is fully born. The outstanding 
mathematical problem here is to give a rigorous discussion of Emden’s equation 
and to investigate the domains of existence of any new solutions (n#2) that 
may be found. 

Another recent confirmation [47] of the Newtonian law from the extra-galac- 
tic nebulae is the observational and theoretical work of Mayall, Aller, and Wyse 
on the spirals Messier 31 (the Andromeda nebula) and Messier 33. Slipher in 1914 
proved that the former is rotating—the first such proof for any nebula. The 
spectroscopically observed distribution of velocities for each of these spirals at 
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different distances from its centre is almost weirdly irregular. Yet, analyzed 
mathematically, the distribution fits the Newtonian law when a reasonable dis- 
tribution of the spiral’s mass is postulated. 

Surely there could be no more fitting gift for Newton on the three-hundredth 
anniversary of his birth than all these extra-galactic confirmations of his law of 
gravitation, unless it be one or other of the many new problems which they sug- 
gest. Among these are the distribution of the nebulae in space, the distribution 
of their velocities, and the shift toward the red of the spectral lines in the light 
from distant nebulae. Attempts to explain the latter are still in progress. The 
theory of the expanding universe, once attractive to theoretical astrophysicists 
as an explanation of the red shift, is not yet refuted or sustained by the experi- 
mental evidence. It appears that the decision must wait for more observational 
data, to be obtained by other instruments than those immediately available. 
Star counts of nebulae and counts of nebulae in clusters will doubtless figure in 
the decision, and these are not yet problems for pencil and paper [48]. It is the 
belief of some whose work entitles them to an opinion on the matter, that in any 
serious attack on these problems and others of the new astronomy, the question 
of the scope of Newtonian gravitation will recur again and again. 


Metaphysics 


At the six-hundredth commemoration of Newton’s birth, if anything worth 
remembering is remembered then, some curious historian may inquire what 
change in Newton’s standing as of 1942 against 1687 most deeply affected the 
so-called common man. A backward glance at the enlarging conception of the 
physical universe in 1942 will suffice to reject it from further consideration. The 
common man of 1942 has all he can do to make a living, or even to keep alive, 
in the world he can see, touch, hear, and smell with his naked senses. The his- 
torian almost certainly will be aware of the common man’s profoundly disturbed 
state of mind in the 1930’s; and doubtless some of the scathing rebukes squand- 
ered on him for his cynicism, his poverty of ideals, his callous disregard of this, 
that, or the other sanctity of the past, will have survived in the world museum 
of mental pathology. A note in the catalogue may even state that these musty 
relics have been preserved because they are the first hint, all but imperceptible, 
that the mass of mankind in the early twentieth century was beginning to de- 
velop a mind of its own, and might some day be able to think for itself. 

Trying to recall what first roused this mind to a subconscious distrust of all 
self-constituted authority, the historian may dimly remember something about 
the perihelion of Mercury, the deflection of a ray of starlight grazing the sun, and 
the shift toward the red of the spectral lines of sunlight. It will all come back to 
him then, if he is an orthodox historian of his age. The total collapse in 1915-16 
of Newton’s absolute space, absolute time, absolute motion, that had been be- 
lieved in for two centuries by the majority of thinking mankind, common and 
uncommon, carried down with it more than one absolute that had stood un- 
shakenfora thousand years in the popular mind—absolute right, absolute wrong, 
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absolute justice, absolute truth, and all the other hoary old absolutes that 
summed up to absolute authority over what human beings may think and 
what they shall not think. 

The abolition of Newtonian metaphysics is the change of deepest significance 
for the common man that. has occurred since the Principia in 1687 fixed the 
absolutes of space and time in the popular mind no less firmly than in the 
scientific. Though the man who knows little or nothing of science, and who has 
heard of relativity only as a month’s sensation in the press, may be unaware of 
what changed his mind on so many things in less than a generation, it was the 
collapse of Newtonian absolutism that started the radical transformation of his 
attitude toward all absolutes, all authority, and all tradition. The change is 
still stubbornly resisted, especially by the humanistically educated; but not 
even unteachable reactionaries and vestigial mediaevalists believe in their 
hearts that a return to the Newtonian metaphysics of science is possible. What- 
ever the future of relativity is to be, it is unthinkable, to a generation reared in 
its conception of space-time, that theoretical physics can ever again follow the 
strict Newtonian way. 

The first prediction of general relativity, which accounted for the large dis- 
crepancy between observation and calculation by the Newtonian theory in the 
advance of Mercury’s perihelion, was almost decisive. Observational verifica- 
tions of the other predictions of relativity settled the matter, except for those 
who argued that, as the quantitative differences between Newtonian and relativ- 
istic physics are small, therefore one is no better a description of natural 
phenomena than the other. It is not a question of quantity but of quality, a 
fact that no amount of fatuous casuistry can quibble away. As the author of 
relativity has repeatedly declared, a single new observed fact may destroy the 
theory of relativity any day. So far the destructive fact has not appeared. But 
if it should, it would not necessarily be followed by an immediate return to 
Newtonian metaphysics. That, apparently, has gone forever. 

Newton attempted in the first scholium of the Principia to clarify the then 
acceptable notions of absolute time, absolute space, place, and absolute motion. 
The scholia of the Principia, it may be recalled, were designed as a gloss on the 
definitions and propositions to assist the reader’s understanding. A student 
having some acquaintance with the modern postulational method in mathe- 
matics might find this first scholium obscure and hopelessly confused, and 
wonder why readers of the Principia for so long treated the Newtonian ab- 
solutes with respect. Newton appears to have been at his worst as a meta- 
physician, and that worst, supreme intellect as Newton was, seems to modern 
students to be no better than that of his contemporaries. Servile respect for 
authority, the bane of science, may have stifled objective criticism, perpetuating 
ideas that had better have been forgotten before they were printed. However, an 
independent mind of first-rate intelligence here or there in the century following 
Newton did venture to reject the patent circularities and obvious inconsistencies 
in the famous scholium of the absolutes. Thomas Young [49], for example. in 
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1807, having stated as a definition that “motion,..., is the change of rectilinear 
distance between two points,” continued after some argument as follows: 
“,.. therefore if a single atom existed alone in the universe, it could neither 
be said to be in motion nor at rest. This may seem in some measure paradoxical, 
but it is a necessary consequence of our definition.” Newton himself was dissat- 
isfied with the evident incompatibility between the spatial relativity of his 
dynamics (with reference to unaccelerated motion) and his metaphysics of 
absolutes. Young showed that absolute rest and absolute motion are illusory. 
But more than good logic against bad was required to dispose once for all of an 
impossible metaphysics; and it was only when experiment verified the predic- 
tions of general relativity that the Newtonian absolutes were abolished. 

If relativity destroyed one metaphysics, it and the quantum theory between 
them generated another. This is of particular interest for Newton’s three-hun- 
dredth anniversary, as it is the complete antithesis of his teachings [50 | regarding 
the office of experiment in the physical sciences. The most vigorous proponent 
of this anti-Newtonian philosophy of science is Sir Arthur Eddington, professor 
of astronomy and experimental science in the same University of Cambridge 
where Newton lectured on optics and philosophized about the part of experi- 
ment in the search for positive knowledge. An adequate presentation of Edding- 
ton’s scientific philosophy is out of the question here, and any short notice of it 
may do it injustice. However, as he himself has presented it with his usual 
clarity and charm in places readily accessible [51], any injustice is not as serious 
as it might be. 

Though not a full return to Pythagorean numerology and Platonic realism, 
the anti-experimental philosophy is hauntingly reminiscent of both. Two much- 
quoted professions of faith will suffice to indicate the chasm that separates the 
new from the old. “An intelligence unacquainted with our universe, but ac- 
quainted with the system of thought by which the human mind interprets to 
itself the content of its sensory experience, should be able to attain all the 
knowledge of physics that we have attained by experiment. He would not de- 
duce the particular events and objects of our experience, but he would deduce 
the generalizations we have based on them. For example, he would infer the 
existence and properties of sodium, but not the dimensions of the earth.” Again, 
“T believe... [that] all the laws of nature that are usually classed as funda- 
mental can be foreseen wholly from epistemological considerations.” Sublime, 
if true. Also one of the perfect ironies of history. 

In support of his belief, Eddington claims to deduce the value 137 for 
the fine-structure constant of spectroscopy. While not pretending to follow the 
proof, experimental physicists admit that ‘137’ (it was 136 at first) [52| was the 
direct occasion for certain refined experiments in electronics. The men who per- 
formed these experiments state that 137 is factually correct to well within the 
probable errors of measurement. Until Eddington claimed to have proved that 
this constant must be an integer, and stated 137 as the integer, no experimental 
physicist had suspected as much. “Now,” as one competent authority said, “you 
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have got to accept 137 whether you like it or not.” To this extent, at least—two 
other consequences of the theory are substantiated by previous laboratory tests 
—the theory has discharged its scientific function: it has predicted an expert- 
mentally verified fact. Should it continue to be as successful, the new natural 
philosophy will be of quite another order than Newton's, and all that followed 
from his will be a trivial detail in the most astounding scientific generalization 
since Pythagoras succeeded in astonishing himself with the pseudo-discovery 
that everything is number. Possibly a decision between the Newtonian and 
the Eddingtonian philosophies of science will have been reached by the year 
2242. Until then, bystanders can only watch and hope. 


If nothing has been said about Newton’s life and character, it is because both 
were exhaustively discussed in connection with the two-hundredth anniversary 
of his death and for a decade thereafter. From all that discussion Newton 
emerged as a human being. The insipid saint of the nineteenth century was a 
pious myth; Newton could be as angry, as petty, and as generous as any normal 
man. It is no longer reputable for a retrospective generation to endow its heroes 
with all the virtues with which it might like to be credited, but which it lacks. 
In regaining the common humanity of which apologetic sentimentalists had 
robbed him, Newton lost nothing of the one thing that distinguished him from 
his fellow men. The supremacy of his intellect has not been challenged. 

By 1942, western civilization had experienced three centuries, more or less, 
of the modern science which developed from the experimental-mathematical 
method of Galileo and Newton. Among other things this science has taught open 
minds is a decent humility in the presence of nature. The old assurances and 
arrogances are gone; the universe is not a book to be read in a cloister, nor is 
the solar system the simple parish it was in the middle ages. If little is known 
now, less was known then. Yet the majority, if the choice were theirs, would 
probably return to the centuries before Galileo and Newton were born. Not all 
are envious reactionaries: many sincerely and ignorantly believe that science 
has showered the world with a wealth of material comforts while robbing it of 
what they call spiritual values. 

If they ever think at all about their place and function in society, scientists 
may be inclined to overestimate their importance as shapers of public opinion 
and educators of the mass of mankind. The mass of mankind knows next to 
nothing of them or their work, and if it knew more, might think even less. What 
little it does know fosters a sullen distrust. Men who hold their hypotheses 
lightly or who, like Newton [53], glory that they frame none, are not popular. 
They never were. And while science goes its indifferent way, the world it would 
serve yearns for the futilities of a nostalgic humanism that knew better days 
three hundred years ago, and surrenders its intelligence to the unreason of 
credulous mysticisms. 

If the world is to abandon science and return to the past, somewhere on its 
way in the next three centuries Newton’s estimate of his scientific work will be 
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confirmed; and his Observations upon the Prophecies of Daniel and the Apocalypse 
of John, with The Chronology of Ancient Kingdoms amended, on which he 
lavished his intellectual powers in the latter half of his life, will outlive the 
Opticks and the Principia. 
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36. Percival Lowell claimed to have predicted the planet. 

37. H. Poincaré, Les Méthodes nouvelles de la Mécanique Céleste, 3 vols., Paris, 1892, 1893, 
1899. 

38. Karl F. Sundman, Recherches sur le probléme des trois corps; Acta Societatis Scientiarum 
Fennicae, vols. 34—5; reproduced, revised, in Acta Mathematica, vol. 36, 1912-1913, pp. 105-179; 
result stated, p. 107. 

39. Of whom E. W. Brown was the leader on the computational side till his death in 1938. 
His works include Tables of the Moon’s Motion, 1920; An Introductory Treatise on the Lunar Theory, 
1896; The Evidence for Changes in the Rate of Rotation of the Earth, etc., 1926; Planetary Theory, 
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42. The ninth was discovered only in 1914, by S. B. Nicholson. Like the eighth, it has retro- 
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43. Florian Cajori, Newton’s twenty years’ delay in announcing the law of gravitation, in Str 
Isaac Newton, 1727-1927, The History of Science Society, pub. Baltimore, 1928, pp. 127-188. 
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44, An early and decisive item of Hubble’s work was the first resolution of any nebula (Messier 
31, the great spiral in Andromeda) into stars. Thus Herschel’s conjecture that the spiral nebulae 
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Edwin Hubble, The Realm of the Nebulae, New Haven, MDCCCCXXXVI. 

45. F. Zwicky, Hydrodynamics and the structure of stellar systems, Applied Mechanics, Th. von 
Karman Anniversary Vol., 1941, pp. 137-153; Reynold’s number for extragalactic nebulae, Astro- 
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Hydra cluster of nebulae, ibid., vol. 28, 1942, pp. 151-155; On the clustering of nebulae, I, Astrophysi- 
cal Journal, vol. 95, 1942, pp. 555-564; Newton's law of gravitation, Astronomical Society of the 
Pacific, Leaflet No. 163, September, 1942; further work in press. 

46. R. Emden, Gaskugeln, Leipzig, 1907. 
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recently in the line of military duty. 

48. But see reference 51. 

49. A course of Lectures on Natural Philosophy and the Mechanical Arts. By Thomas Young, 
M.D., F.R.S., etc., vol. I, London, 1807; Lecture II, On Motion, p. 19. 

50. Reference 9. 

51. A. S. Eddington, Relativity Theory of Protons and Electrons, Cambridge 1936, especially 
p. 327. [This theory did not predict the mesotron, which was in process of experimental discovery 
while the book was in press. ] The Philosophy of Physical Science, Cambridge, 1939, especially p. 56. 
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52. The fact that every group has an identity element was overlooked, as it well might be by 
physicists interested only in getting something new. This was the root of the discrepancy. 

53. “But hitherto I have not been able to discover the cause of gravity from phaenomena, and I 
frame no hypotheses.”—Newton, reference 1(a), p. 392. The sense in which Newton intended his 
“hypotheses non fingo” is plain from his writings. 


THE TWENTY-FIFTH SUMMER MEETING OF THE 
MATHEMATICAL ASSOCIATION 


The twenty-fifth summer meeting of the Mathematical Association of Amer- 
ica was held at Vassar College, Poughkeepsie, New York, on Monday to Wed- 
nesday, September 7—9, 1942, in conjunction with the summer meeting and 
colloquium of the American Mathematical Society and the meeting of the 
Institute of Mathematical Statistics. Two hundred eighty-three were in attend- 
ance at the meetings, including the following one hundred thirty-nine members 


of the Association: 


C. R. Apams, Brown University 

R. P. AGNEW, Cornell University 

R. C. ARCHIBALD, Brown University 
L. A. ArRoIAN, Hunter College 

W. L. Ayres, Purdue University 


FRANCES E. BAKER, Vassar College 
AARON Bakst, Columbia University 
GrRacE M. Barets, Ohio State University 
WALTER BartTky, University of Chicago 
E. G. BEGLE, Yale University 

Brother BERNARD ALFRED, Manhattan College 
FELIX BERNSTEIN, New York University 
HENRY BLUMBERG, Ohio State University 
Jutia W. Bower, Connecticut College 

R. W. Brink, University of Minnesota 
A. B. Brown, Queens College 

J. A. BuLLarp, University of Vermont 

F, J. H. Burxett, Union College 
Hopart BusHey, Hunter College 

JEWELL HuGHEs BusHEY, Hunter College 


S. S. CAIRNS, Queens College 

W. D. Cairns, Oberlin College 

B. H. Camp, Wesleyan University 

W. B. CaRvER, Cornell University 

F, L. CeLAuro, Loyola College 

W. F. CHENEY, Jr., University of Connecticut 
L. W. CouEN, University of Kentucky 
NaANcy COLE, Sweet Briar College 

E, P. CoLEMAN, U.S. Military Academy 
J. A. CooLey, University of Tennessee 

T. F. Cope, Queens College 

A. H. CopELAND, University of Michigan 
RICHARD COURANT, New York University 
C. C. Craic, University of Michigan 

J. H. Curtiss, Cornell University 


D. R. Davis, State Teachers College, Mont- 
clair, N. J. 

F, F, DECKER, Syracuse University 

R. P. Ditwortu, Yale University 


C. D. FirEsToONE, Cornell University 

M. M. FLoop, Princeton University 

L. R. Forp, Illinois Institute of Technology 

R. M. Foster, Bell Telephone Laboratories 

B. P. GIu, College of the City of New York 

R. E. GitmMan, Brown University 

A. M. GInsBurG, Bronx Vocational High School 

MiIcHAEL GOLDBERG, Bureau of Ordnance, 
Navy Department 

CORNELIUS GOUWENS, Iowa State College 

H. S. Grant, Rutgers University 

R. E. GREENWOOD, Jr., University of Texas 

T. N. E. GrReEvILLE, Bureau of the Census 

C. C. GRovE, College of the City of New York 

V. G. GRovE, Michigan State College 

O 


LIVE C. HAZLeEtTT, University of Illinois 

G. A. HEDLUND, University of Virginia 

E. R. HEDRICK, University of California at Los 
Angeles 

L. S. Hitt, Hunter College 

EINAR HILLE, Yale University 

T. R. Hoticrort, Wells College 

GRAcE M. Hopper, Vassar College 

W. A. Hurwitz, Cornell University 


D. W. Hau, Brown University 


DUNHAM JACKSON, University of Minnesota 
F Ritz JOHN, University of Kentucky 

R. A. JOHNSON, Brooklyn College 

B. W. Jones, Cornell University 

Harris JONES, U.S. Military Academy 
MARGARET E. Jones, Ohio State University 


AIbA KALisH, Columbia University 

WILFRED KAPLAN, University of Michigan 

EDWARD KASNER, Columbia University 

L. M. KEtty, U. S. Coast Guard Academy 

J. R. KLine, University of Pennsylvania 

MAURICE KRAITCHIK, New School for Social 
Research 
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A. E. LAanpry, Catholic University of America 

R. E. LANGER, University of Wisconsin 

GILLIE A. LAREW, Randolph-Macon Woman’s 
College 

SOLOMON LEFSCHETZ, Princeton University 

C. I. Lupin, University of Cincinnati 


C. C. MacDurFeeE, Hunter College 

SAUNDERS Mac LANE, Harvard University 

H. F. Mac NEtsu, Brooklyn College 

N. H. McCoy, Smith College 

Morris MARDEN, University of Wisconsin at 
Milwaukee 

D. May Hickey Maria, Brooklyn College 

MARGARET P, MarrTIN, Columbia University 

A. E. Meper, Jr., New Jersey College for 
Women 

F. H. MILuer, Cooper Union 

E. B. Mope, Boston University 

E. C. Morina, Bell Telephone Laboratories 

DEANE MONTGOMERY, Smith College 

C. N. Moore, University of Cincinnati 

EucEeNiE M. Morenus, Sweet Briar College 

RICHARD Morris, Rutgers University 

D. S. Morse, Union College 

Marston Morse, Institute for Advanced 
Study 

F. C. MostrELusr, Princeton University 


Appa V. NEwTon, Hartwick College 


E. G. Oxps, Carnegie Institute of Technology 
OyYSTEIN ORE, Yale University 


GorRDON Pau, McGill University 
C. R. Pueurs, U. S. Naval Academy 
A. E. Pircuer, Lehigh University 
G. B. Price, University of Kansas 


S. E. Rasor, Ohio State University 
L. L. Raucu, Princeton University 
Mina S. REEs, Hunter College 
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F. REHBERG, New York University 

T. ReIp, University of Chicago 

G. D. Ricuarpson, Brown University 

F, Rirt, Columbia University 

A. Ropinson, U.S. Military Academy 

SELBY ROBINSON, College of the City of New 
York 

R. E. Root, U. S. Naval Academy 


or 
W. 
R. 
J. 
H. 


ARTHUR SARD, Queens College 

HENRY SCHEFFE, Princeton University 

ABRAHAM SCHWARTZ, Pennsylvania State Col- 
lege 

A. J. Smitu, Philadelphia, Pa. 

VIRGIL SNYDER, Cornell University 

VIVIAN E. Spencer, U.S. Department of Com- 
merce 

ABRAHAM SPITZBART, University of Minnesota 

Otto SzAsz, University of Cincinnati 

GABOR SzEGO, Stanford University 


J. D. TamMarkIN, Brown University 

C. J. TuHorne, University of Michigan 

L. V. ToRALBALLA, Michigan State College 
A. W. Tucker, Princeton University 

J. W. TuKeEy, Princeton University 


R. M. WALTER, New Jersey College for Women 

Louis WEIsNER, Hunter College 

Mary Evetyn WELLS, Vassar College 

E, T. WELMERS, Michigan State College 

G. T. WHYBURN, University of Virginia 

R. L. WILDER, University of Michigan 

S. S. WILKS, Princeton University 

CLEMENT WINSTON, Office of Price Adminis- 
tration 

Jack Wo Fe, Brooklyn College 

EupHEMIA R. WoRTHINGTON, University of 
California at Los Angeles 


R. C. Yates, U.S. Military Academy 
C. H. YEATON, Oberlin College 


The mathematicians found it very convenient to have dormitory rooms, 
social rooms, and the dining room in Main Building of Vassar College, with 
only a short distance to the lecture rooms in Rockefeller Hall. The social par- 
lors were continually in use throughout the week. On the opening afternoon a 
tea was given by the Department of Mathematics in the Aula; a notably large 
number were present at the very outset of the meetings. At eight-thirty on Wed- 
nesday evening a delightful concert was given in Skinner Recital Hall by 
members of the faculty of the Department of Music. 


578 SUMMER MEETING OF THE MATHEMATICAL ASSOCIATION [November, 


One hundred sixty-two shared in the joint dinner on Wednesday evening. 
The toastmaster, Professor H. S. White, introduced President McCracken who 
welcomed the mathematicians as he had done nineteen years before on the occa- 
sion of the previous Vassar meeting, and he gave an interesting characterization 
of the student body of Vassar College. As the chief speaker of the evening, Pro- 
fessor Langer described the distinct change of mind that has occurred in the 
past year in regard to mathematics. Instead of strong objections from high 
school educators to college requirements in preparatory mathematics, we see a 
strong support of mathematical training and a recognition of its great advan- 
tages, a greater responsiveness and greater appreciation on the part of the stu- 
dents. There is now presented to all of us a great challenge, whether we are 
adapting mathematics to war efforts or are continuing to teach the mathemat- 
ical material which is needful in the present emergency. And we face an even 
greater challenge in carrying on our courses in advanced mathematics for the 
sake of the more distant future. On motion of Professor Reid a resolution was 
adopted by a rising vote thanking the administration of Vassar College and the 
mathematics staff for their hearty welcome, their many provisions of the facili- 
ties and conveniences which go so far toward making a success of our meetings. 

The American Mathematical Society held sessions beginning Tuesday fore- 
noon and continuing through Thursday forenoon. Professor R. L. Wilder gave 
four lectures on “Topology of manifolds” as the twenty-fourth Colloquium. On 
Wednesday afternoon Professor W. L. Ayres gave an invited lecture on “Trans- 
formations with periodic properties.” 

The Institute of Mathematical Statistics held sessions for the reading of 
papers on Tuesday afternoon and Wednesday forenoon. On Wednesday after- 
noon a joint session with the Society was held on the general topic “The ap- 
plicability of mathematical statistics to war efforts.” 

The Mathematical Association held sessions on Monday morning and after- 
noon. The thanks of the Association are due the program committee, which 
consisted of Professors Jewell Hughes Bushey, Philip Franklin, and R. E. 
Langer, chairman. The program follows, together with abstracts of some of the 
papers numbered in accordance with their place on the program. 


First SESSION OF THE ASSOCIATION 


1. “The nature of the applications of mathematics in meteorology” by Pro- 
fessor BERNARD Haurwitz, Massachusetts Institute of Technology. 

2. “A method in cryptography” by Professor L. S. Hitt, Hunter College. 

3. “The Postgraduate School of Mathematics and Mechanics at Annapolis” 
by Professor R. E. Root, U.S. Naval Academy. 


1. Professor Haurwitz’s paper will appear in an early issue of the MONTHLY. 
3. Certain significant events in the history of the Naval Postgraduate 
School at Annapolis were briefly discussed by Professor Root in explaining the 
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development of mathematics and mechanics in the curricula of the school. From 
the beginning in 1909 and the layout of a single one-year curriculum for mechani- 
cal and electrical engineers by the first three professors in 1913-14, main fea- 
tures were: (a) investigation and recommendations by a committee of prominent 
engineering educators, appointed by the President of the Society for Promotion 
of Engineering Education, in 1916, at the request of the late Rear Admiral 
John Halligan, then Head of the School; (b) reorganization of the school after 
the war, in 1919, under Captain E. J. King, with one year curricula in mechani- 
cal, electrical, radio and aeronautical engineering and in ordnance, naval con- 
struction and civil engineering; (c) a transition, completed about 1933, to 
curricula covering two years at Annapolis, the first year given largely to 
non-technical “general line” subjects, but including five hours per week of 
mathematics and mechanics for pre-technical groups. 

‘Emphasis was placed on the cooperation of civilian institutions and on the 
arrangements with certain schools to which special groups may be sent for spe- 
cialized courses in the second or third year. 

Just before the present national emergency there were five major curricula 
each running through two years at Annapolis and one year at another institu- 
tion. Each had a general objective, and each course had its specific objective, 
the extent, content, and treatment of the work in each subject being a matter 
of special planning in relation to these objectives. With the increased diversity 
of subject matter in the several curricula, naval engineering, radio engineering, 
ordnance engineering, aeronautical engineering, and aerological engineering, the 
professors in mathematics and mechanics developed special fields of interest, 
each major sequence of courses in a curriculum being the particular responsibil- 
ity of some one professor. 

Under present war conditions the time schedules are revised, non-technical 
courses are dropped, and the time of each curriculum reduced as much as pos- 
sible without sacrificing the general objective. New curricula are also established 
for the training of new reserve officers, graduates in engineering, for certain 
naval specialties. 


SECOND SESSION OF THE ASSOCIATION 


1. “The mathematical consultant, past, present and future” by Professor 
WALTER BARTKY, University of Chicago. 

2. “Applied mathematics” by Professor H. B. PuHiLiips, Massachusetts 
Institute of Technology. 


MEETING OF THE BOARD OF GOVERNORS 


Nine members of the Board were present at the meeting Monday evening, 
including four regional governors. 

The following twenty-eight persons were elected to membership on applica- 
tions duly certified: 


580 


H. W. Becker. Electrician, Mare Island 
Navy Yard, Vallejo, Calif. 

F, C. BIEsELE, Ph.D.(Texas) Instr., Univ. of 
Utah, Salt Lake City, Utah 

B. K. Brown, A.M.(Colorado) Instr., Colo- 
rado School of Mines, Golden, Colo. 

RAPHAEL CERINO, A.B.(Brooklyn) Appren- 
tice Shipfitter, Navy Yard, New York, 
N. Y. 

E. P. CoLteMaAn, M.S.(Iowa) Capt., Instr., 
U.S. Military Acad., West Point, N. Y. 

H. D. Cotson, A.B.(Minnesota) Teaching 
asst., Univ. of Minnesota, Minneapolis, 
Minn. 

W. H. Covutter, Licentiate of instruction 
(Nashville Nor. Coll.) Retired, Railway 
mail clerk-in-charge, Decatur, III. 

F, T. FRANK, A.B.(Stanford) Engineer, Board 
of Fire Underwriters of the Pacific, San 
Francisco, Calif. 

W. J. Fry, M.S.(Pennsylvania State) Sound 
Division, Naval Research Lab., Washing- 
ton, D.C. 

Marjorie J. Groves, A.M.(Chicago) Li- 
brarian, Eckhart Library, Univ. of Chi- 
cago, Chicago, IIl. 

H. T. Guarp, M.S.(Colorado) Instr., Colo- 
rado State Coll. of A. and M.A., Fort Col- 

— lins, Colo. 

M. H. Heins, Ph.D.(Harvard) Asst. Prof., 
Illinois Inst. of Tech., Chicago, II. 

ApvA F. Jounson, Ph.D.(Minnesota) Prof., 
Math. and Physics, Rockford Coll., Rock- 
ford, Ill. 
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ERNEST JOHNSTON, M.S.(Illinois) Instr., Aus- 
tin Junior Coll., Austin, Minn. 

AIpA Ka.isyu, A.B. (Brooklyn) Grad. student, 
Columbia Univ., New York, N. Y. 

L. N. Kauuireuz, B.S. in Educ.(Syracuse) 
Teacher, The Peddie School, Hightstown, 
N. J. 

L. C. Knicut, Jr., A.M.(Kent) Instr., North- 
eastern Oklahoma Junior Coll., Miami, 
Okla. 

H. E. Newtson, Ph.M.(Wisconsin)  Instr., 
Gustavus Adolphus Coll., St. Peter, Minn. 

H. C. PArRisH, M.S.(N. Texas St. T. C.) Asst., 
Ohio State Univ., Columbus, Ohio 

A. M. Preiser, A.M.(Cornell) Instr., Cornell 
Univ., Ithaca, N. Y. 

L, L. Raucu, A.B.(Southern California) Grad. 
student, Princeton Univ., Princeton, N. J. 

C.F. Renperc, A.M.(Columbia), M.E.E.(New 
York Univ.) Instr., Elec. Eng., New York 
Univ., New York, N. Y. 

Sister M. RosaLIN SCHAEFFER, A.M.(Catholic 
Univ.) Instr., Ursuline Coll., Louisville, Ky. 

A. J. Smitu, Ph.D.(Pennsylvania) Philadel- 
phia, Pa. 

R. S. Spencer, M.S.(Michigan) Physicist, 
Dow Chemical Co., Midland, Mich. 

C. J. Tuorne, Ph.D.(Iowa State) Instr., 
Univ. of Michigan, Ann Arbor, Mich. 

H. W. Wixiiams, A.M.(Missouri) Asst. Prof., 
Colorado State Coll. of A. and M.A.,, 
Fort Collins, Colo. 

Sister GERTRUDE MARIE ZieRoFF, M.S.(St. 
Louis Univ.) Instr., Marian Coll., Indi- 
anapolis, Ind. 


President Marston Morse of the Society addressed the Board with reference 


to requesting deferment for those students of mathematics who (1) give promise 
of becoming research scientists, (2) plan to become college teachers and are 
competent persons, or (3) plan to be trained for high school teaching. The mem- 
bers of the Board agreed in the judgment that we might well ask deferment for 
the first two groups but not for the third even in states where there is a shortage 
of high school teachers. 

On recommendation of the Executive Committee it was voted, among other 
measures, (1) to postpone the Putnam Competition for the present, as already 
announced; (2) to extend the terms of office of regional governors so as to ter- 
minate on July 1 instead of at the time of the annual meeting, the regional gov- 
ernors thereby having a better opportunity to acquaint themselves with the 
duties of the office before the annual meeting; (3) to appropriate $400 from the 
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1940 and 1941 income from the Chace Fund for aid in the publication by the 
American Oriental Society of a volume on Babylonian mathematical tablets by 
Professor Otto Neugebauer and Doctor A. J. Sachs; (4) to participate formally 
in symposia Wednesday, December 30, as planned by the Secretaries of Sections 
A and L, in observance of the 300th anniversary of the death of Galileo and the 
birth of Newton; (5) to make an appropriation of $400 in 1943 toward the ex- 
pense of printing and distributing the National Mathematics Magazine for 
1942-43, either as a provision in the 1943 budget or from one of the special 
funds. 

On recommendation of the Finance Committee it was voted (1) to continue 
to employ the Cleveland Trust Company as our financial adviser for 1943; (2) 
to utilize the appropriation of $200 in the 1942 budget, together with any neces- 
sary addition, for the expenses of the regional governors to the 1942 annual 
meeting, to the extent of one-third of the first-class railroad fare to and from the 
meeting. 

The Board adopted formal resolutions empowering the Cleveland Trust 
Company to sell certain registered bonds for the sake of a desirable reinvestment 
and empowering the Cleveland Trust Company to collect interest coupons. 

Because of the war conditions it was voted to recall our acceptance of the 
invitation to meet at Boulder in the summer of 1943, and to express our hope 
that we may meet there when normal times return. 

Miss Marjorie J. Groves was appointed an associate editor for 1942. 


W. D. Cairns, Secretary-Treasurer 


NINETEENTH ANNUAL MEETING OF THE INDIANA SECTION 


The nineteenth annual meeting of the Indiana Section of the Mathematical 
Association of America was held Friday and Saturday, April 24 and 25, 1942, at 
Wabash College, Crawfordsville, Indiana. 

Sixty registered at the meetings, including the following thirty-three mem- 
bers of the Association: W. C. Arnold, Emil Artin, W. L. Ayres, Juna L. Beal, 
L. G. Black, I. W. Burr, G. E. Carscallen, K. W. Crain, W. E. Edington, P. D. 
Edwards, B. C. Getchell, E. L. Godfrey, G. H. Graves, H. E. H. Greenleaf, C. T. 
Hazard, Cora B. Hennel, F. H. Hodge, H. K. Hughes, M.W. Keller, W.C. Krath- 
wohl, Cornelius Lanczos, Karl Menger, G. T. Miller, Paul Muehlman, P. M. 
Pepper, J. C. Polley, C. K. Robbins, L. S. Shively, D. R. Shreve, M.S. Webster, 
F. J. Weyl, K. P. Williams, H. E. Wolfe. 

At the business meeting on Saturday the following officers were elected for 
next year: Chairman, J. C. Polley, Wabash College; Vice-Chairman, P. M. 
Pepper, Notre Dame University; Secretary, M. W. Keller, Purdue University. 
The twentieth annual meeting will be held April 9 and 10, 1943, at Notre Dame 
University. 
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At the annual dinner on Friday evening the chairman, Professor P. D. Ed- 
wards of Ball State Teachers College, acted as toastmaster and introduced Dr. 
F. Sparks, President of Wabash College, who welcomed the visitors. 

Following the dinner the first session of the Section was held with Professor 
H. T. Davis of Northwestern University as guest speaker. His subject was 
“Dinner with Archimedes.” Professor Davis invited the audience to have dinnet 
with him at the request of King Ptolemy Philadelphus, the second ruler of 
Alexandria. The dinner was in honor of Archimedes, a distinguished visitor 
from Syracuse. At the dinner the audience met the various guests King Ptolemy 
had invited. The amazingly modern work of the Alexandrian Museum of this 
golden period was revealed in the conversations between these people, and the 
court of Ptolemy Philadelphus was shown to equal both in luxury and learning 
that of any in more modern history. 

Saturday morning Professor Davis gave a second lecture. His subject was 
“A mathematical theory of income and its consequences.’’ He considered the 
problem of representing mathematically the frequency function which describes 
the distribution of the national income among income recipients. The distribu- 
tion is characterized by an abnormally large standard deviation, and by the fact 
that the modal income is very close to the wolf-point, that is to say, the income 
of subsistence level. For large incomes the distribution must give asymptotically 
the Pareto law, which asserts that in normal economies the distribution of in- 
come is represented by the formula, y=ax-’, where y is the number of people 
having the income x or greater, and v is approximately 1.5. The function which 
most satisfactorily describes the distribution is given by 


a 1 
6(x) = — 


gn eblz— | 


where s=x—c, n—v=2, c is the wolf point, and ¢(x) is the number of people 
with incomes between x and x-+dx. 

National industrial production, P, represented by the Douglass-Cobb 
formula, P=AL’C’, p+q=1, where L measures labor and C measures capital, 
is found to be a function of the concentration of wealth, represented by the ratio, 
p=1/(2v—1). The relationship between industrial production and the distribu- 
tion of income is thus exhibited, and certain consequences derived. 


At the two sessions on Saturday the following seven papers were presented: 


1. “The work of the Indiana Section” by Professor P. D. Edwards, Ball 
State Teachers College, retiring chairman of the Indiana Section. 

2.. “On the curvature of surfaces” by Professor Karl Menger, Notre Dame 
University. 

3. “On the value distribution of meromorphic functions” by Dr. F. J. Weyl, 
Indiana University. 

4. “Results of a diagnostic testing and remedial teaching program” by Dr. 
D.R. Shreve and Dr. M. W. Keller, Purdue University. 
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5. “Linear and almost linear sets” by Professor P. M. Pepper, Notre Dame 
University. 

6. “Remarks on a problem of Kakeya” by Dr. J. W. T. Youngs, Purdue 
University, introduced by Professor Ayres. 

7. “On curves in 3-space” by Dr. Peter Scherk, Indiana University, intro- 
duced by Professor Williams. 


Abstracts of papers follow. 


1. Professor Edwards gave a summary of the mathematical work presented 
at the meetings of the Indiana Section of the Association since its organization 
in 1924. A statistical summary of papers presented, attendance, etc., was in- 
cluded. The influence of the Indiana Section as an organization was noted and 
attention was called to needs of the immediate future that must be met by the 
members. 

2. Professor Menger showed how the curvature of a curve C at a point P 
may be defined by a direct limit process, vzz., as the reciprocal of the limit of the 
radii of circumcircles formed for triples of points of C converging towards P. 
This definition is exclusively based on the distance between the points of C and, 
hence, is applicable to any curve contained in a general metric space in the 
sense of Frechét. In an analogous way, the Gauss curvature of a surface S ata 
point P may be defined by considering quadruples of points of S converging 
towards P. However, instead of the circumsphere of a quadruple of points, one 
has to study the radius of a sphere containing four points whose six distances 
are respectively equal to those between the points of the quadruple. By a sphere 
of positive, infinite or negative radius we mean an ordinary sphere in which the 
distance of two points is the length of the minor arc of the great circle joining 
the two points, or the euclidean plane, or the hyperbolic plane, respectively. 

3. Dr. Weyl’s report dealt with R. Nevanlinna’s defect relation for mero- 
morphic functions. As the sharpest and most natural generalization of E. Pi- 
card’s classical theorem that a meromorphic function cannot leave out more than 
two values, this relation is sufficiently attractive to warrant the search for a 
proof of greatest possible simplicity. The one presented by Dr. Weyl was based 
upon ideas of L. V. Ahlfors and might well be considered simple enough to 
make Nevanlinna’s result a possible candidate for inclusion in any graduate 
course on Complex Variables. 

4. Dr. Shreve gave a report on a three-year experiment in the teaching of 
trigonometry and elementary algebra to freshmen students of engineering in 
Purdue University. The control group was taught in the usual manner. The 
experimental group was given seven lessons in review of elementary algebra 
preceding the study of trigonometry. In teaching the experimental group the 
concepts and skills to be given particular emphasis were determined from an 
error analysis of the difficulties which the students in the control group had en- 
countered. He reported that by this procedure it had been possible to reduce the 
number of failures by more than thirty-five per cent and increase the number 
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of A’s by fifty per cent although the control group was initially slightly superior 
in ability as measured by preliminary tests. 

5. Professor Pepper stated that Menger had shown each semimetric space 
of five or more points all of whose triples are linear is linear and the existence 
of four point non-linear sets whose triples are all linear. Professor Pepper made 
a survey for each k of all (5+)-point semimetric spaces with exactly k+1 
non-linear triples and showed that each semimetric space of 5+ points with 
at most k& non-linear triples is actually linear. He also showed that in any non- 
linear semimetric space of more than four points at most two points can escape 
lying in at least one non-linear triple. He gave the following corollary to this: 
Each non-linear semimetric space which has non-denumerably many points 
must have non-denumerably many non-linear triples. Congruent imbeddings 
into function space were given for some of those non-linear spaces which are 
metric. 

6. Dr. Youngs presented an outline of the history of a celebrated problem 
of Kakeya with a sketch of the elegant solution by Perron. 

7. Dr. Scherk showed how some concepts of algebraic geometry can be 
translated to real non-analytical curves which are assumed to have tangents 
and osculating planes everywhere. Thus, the local behavior of such a curve 
can be described by means of a set of three numbers that is the precise generali- 
zation of the characteristic (mod 2) of algebraic curves. Since the points of a 
non-analytic curve are bound together by no tie, one has introduced beside the 
order, rank, class in the large of such a curve (equal number respectively, of 
points of the curve in a plane, tangents through a straight line, osculating 
planes through a point) corresponding local concepts. Assuming reasonable 
smoothness, he proved that the local order, class, and rank can be expressed 
through the characteristic in a simple way, and that, especially, the first two 
are equal. This last result followed at once from the deeper theorem that the 
first and last of the characteristic numbers are dual to one another, while the 
second is self-dual. 

M. W. KELLER, Secretary 


THE TWENTY-THIRD ANNUAL MEETING OF THE 
ILLINOIS SECTION 


The twenty-third annual meeting of the Illinois Section of the Mathemati- 
cal Association.of America was held at James Millikin University, Decatur, 
Illinois, on Friday and Saturday, May 8 and 9, 1942. Professor R. N. Johan- 
son, chairman of the Section, presided at all sessions. 

The attendance at the sessions was approximately forty-five, including the 
following twenty-eight members of the Association: Beulah Armstrong, Edith I. 
Atkin, S. F. Bibb, O. K. Bower, Laura E. Christman, W. H. Coulter, D. R. 
Curtiss, J. E. Davis, W. W. Denton, Elinor B. Flagg, A. E. Gault, B. H. 
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Gere, G. D. Gore, M. R. Hestenes, Mildred Hunt, R. N. Johanson, E. C. Kiefer, 
J. M. Kinney, W. C. Krathwohl, H. J. Miles, C. N. Mills, G. E. Moore, E. J. 
Moulton, Margaret Olmsted, F. C. W. Olson, E. W. Ploenges, Ruth B. Ras- 
musen, E. H. Taylor. 

At the annual business meeting the following officers of the Section were 
elected: Chairman, E. W. Ploenges, James Millikin University; Vice-Chairman, 
C. N. Mills, Illinois State Normal University; Secretary, E. C. Kiefer, James 
Millikin University. The members of the Section voted to join with the Indiana 
and the Michigan Sections in a joint meeting in 1943 to be held at Notre Dame 
University, the details of this meeting to be announced early next spring. 
The next regular meeting of the Illinois Section will be held in 1944 at Illinois 
State Normal University, Normal, Ilinois. 

The following twelve papers were presented: 

1. “Mathematics for the consumer” by Laura E. Christman, Senn High 
School, Chicago. 

2. “The construction and use of a mathematics placement test” by Dr. 
B. H. Gere, Herzl Junior College, Chicago. 

3. “Determinant theory without the use of inversions” by Dr. I. E. Perlin, 
Illinois Institute of Technology. 

4. “Trigonometry for the Navy V-7 program” by Professor G. E. Moore, 
University of Illinois. 

5. “Teaching college geometry from the teacher-training point of view” 
by Professor C. N. Mills, Illinois State Normal University. 

6. “Determinants and Taylor’s Theorem” by Dr. Bernard Friedman, 
Woodrow Wilson Junior College, introduced by the Secretary. 

7. “Report of meetings of Board of Governors” by Professor W. C. Krath- 
wohl, Illinois Institute of Technology. 

8. “Mathematics and war” by Professor E. J. Moulton, Northwestern 
University. 

9. “A page of vector calculus for sophomores” by Professor G. D. Gore, ° 
Central Y.M.C.A. College, Chicago. 

10. “Critical points of functions” by Professor M. R. Hestenes, University 
of Chicago. 

11. “Mathematics in the canning industry” by F. C. W. Olson, American 
Can Company, Maywood, Illinois. 

12. “An analogue of Pascal’s arithmetical triangle” by Professor S. F. 
Bibb, Illinois Institute of Technology. 

Abstracts of some of the papers follow: 

1. High school mathematics may benefit three groups of future citizens: 
members of professions, members of skilled trades, and consumers. The clas- 
sical development of high school mathematics aims to help the future member 
of a profession, essential mathematics and shop mathematics do the same 
thing for the skilled worker (as far as we can start to grade such needs at this 
early date) but the consumer is seldom considered in our mathematics program. 
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Senn High School, Miss Christman stated, is offering a course called “Mathe- 
matics for the Consumer” based on the text of the same name by Anna Louise 
Cowan, published by Stackpole Sons. Decimals and percentage are the mathe- 
matical background of the course. Some pupils continue into solid geometry 
from this course. 

2. Dr. Gere outlined a procedure for constructing a placement test. The 
labor involved in the construction is small but the results are satisfactory for 
many placement problems. A number of results obtained from the use of a test 
actually constructed according to this procedure were presented. 

4. A three semester hour course designed for men near graduation, with no 
college mathematics, except perhaps algebra, was described by Professor 
Moore to show how the University of Illinois meets the needs of the Navy V-7 
program. Special emphasis is placed upon computation; half of the course 
deals with the trigonometry of the earth and the celestrial sphere. With the 
cooperation of Professor R. H. Baker of the Department of Astronomy students 
are given lectures, outside class time, on celestial coérdinates, time (siderial, 
solar, mean sun, civil), the sextant and its use, star charts, etc. 

5. Professor Mills stated that the golden thread which binds many of the 
different topics in college geometry is “Harmonic Ratio,” saying that by means 
of analytical relations between the various topics usually considered, the stu- 
dent is given a broader point of view of college geometry and projective geom- 
etry. Paper folding exercises and properly designed construction plates afford 
an interesting approach to the general theorems. 

6. Dr. Friedman presented a new method for obtaining old and well-known 
results. If a determinant is considered as a function of any set of its elements 
and then Taylor’s Theorem is applied to this function, the determinant can be 
expanded into a sum of terms depending upon the particular elements chosen. 
In this way, the expansion by minors, the characteristic equation of a deter- 
minant, Laplace’s expansion, Cauchy’s expansion and Cayley’s expansion (see 
Muir and Metzler’s Theory of Determinants) can be quickly and conveniently 
found. 

9, Professor Gore adapts to several kinds of motion in the plane the deriva- 
tive of a vector with respect to a scalar. The object is to give to students of the 
sophomore levels of calculus, mechanics, and engineering kinematics a com- 
mon language in which to study motion; and to give them greater facility with 
such entities as displacement, velocity, and acceleration than has been attained 
by methods that employ only the usual Cartesian and polar codrdinates. The 
simplification of these subjects, which is achieved by a modicum of vector 
calculus, seems to warrant the introduction of the concept of the vector deriva- 
tive at an earlier stage than is now customary in mathematical education. 

10. Professor Hestenes considered the historical development of the theory 
of critical points. He made a survey of various definitions of critical points and 
their indices, and discussed their relation to restricted maxima and minima, 
considering these topics from an analytic and a topological point of view. He 
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pointed out how these results can be extended to obtain similar results in the 
calculus of variations. 

11. Mr. Olson discussed some of the mathematical problems involved in 
determining the proper processing time and temperature to sterilize canned 
foods. Bacterial death rates as a function of the temperature are combined with 
the heating equation to form a criterion of sterility whose solution, although of 
formidable complexity, has been successfully accomplished by tabulation of 
auxiliary functions, and more recently by nomograms. Fundamental studies 
of the properties of the heating equation and its solutions have materially in- 
creased the usefulness and scope of mathematics as applied to canning problems. 

12. Professor Bibb showed how y,=f(x), obtained by eliminating the 
parameter ¢ from the pair of equations x=i+f", y,=i"+r, [t40, n=1, 


2, 3,--+,], might be written as D%_,(—1)*(,D;)x"-*, where the ,D, are deter- 
minants with elements of the form ,C,. He then pointed out the coefficients, 
rs, of the polynomials for n=1, 2, 3,---, could be arranged as a triangle 


analogous to that of Pascal. 
C. N. Mitts, Secretary 


THE SPRING MEETING OF THE MARYLAND-DISTRICT OF 
COLUMBIA-VIRGINIA SECTION 


The Spring meeting of the Maryland-District of Columbia-Virginia Section 
of the Mathematical Association of America was held at Randolph-Macon 
College at Ashland, Virginia, on Saturday, May 2, 1942, with a morning session, 
luncheon, and afternoon session. Professor E. J. McShane, chairman of the 
Section, presided at the sessions. 

The attendance was twenty-eight including the following sixteen members 
of the Association: M. W. Aylor, C. C. Bramble, R. E. Gaines, Isabel Harris, 
G. A. Hedlund, Evelyn M. Kennedy, A. E. Landry, E. J. McShane, P. W. A. 
Raine, O. J. Ramler, C. H. Rawlins, Jr., J. N. Rice, R. E. Root, T. McN. 
Simpson, Jr., C. H. Wheeler 111, G. T. Whyburn. 

At the invitation of the Section, Dr. G. A. Hedlund of the University of 
Virginia gave an address on “Symbolic dynamics and topological transforma- 
tions.” A motion was passed expressing the appreciation of the Section to the 
authorities of Randolph-Macon College for their generous hospitality. The fol- 
lowing officers for the ensuing year were elected: Chairman, J. H. Taylor, 
George Washington University; Secretary, W. K. Morrill, Johns Hopkins Uni- 
versity; Members of the Executive Committee, G. A. Hedlund, University of 
Virginia, O. J. Ramler, Catholic University. The following invitations were 
accepted for future meetings: Loyola College, Baltimore, Fall meeting, 1942; 
Johns Hopkins University, Baltimore, Spring meeting, 1943; Trinity College, 
Washington, Fall meeting, 1943. 
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After an address of welcome by Dr. J. E. Moreland, President of Randolph- 
Macon College, the following papers were read: 

1. “Quadratic and cubic equations with complex coefficients whose roots 
have unit modulus” by Professor O. J. Ramler, Catholic University of America. 

2. “An application of the calculus of variations to a problem in mechanics” 
by W. A. Blankinship, University of Virginia, introduced by Professor Why- 
burn. 

3. “Linear velocity fields in a baratropic atmosphere” by Professor R. E. 
Root, United States Naval Academy. 

After these papers there was open discussion on the teaching of college 
mathematics. 

4. “Symbolic dynamics and topological transformations” by Professor 
G. A. Hedlund, University of Virginia. 

Abstracts of the papers follow: 

1. Professor Ramler showed that the necessary and sufficient conditions for 
the roots of the quadratic 2?-+-pz-+q=0 to have unit modulus are p/5=gq and 
|p| <z. When p/f=q and |p| >2 the roots are inverse points with respect to 
the unit circle in the Argand diagram. He also showed that the necessary condi- 
tions for the roots of the cubic + p2?-++-gz+r=0 to lie on the unit circle are 
|p| = | @| and pq/pg=r*. It was also pointed out that when these conditions 
are satisfied the roots of the Hessian of the cubic are either on the unit circle 
or inverse points with respect to it. 

2. Mr. Blankinship discussed the problem: “To determine the shape that 
a rod of uniform cross-section and elasticity will asssume if forced to pass 
freely through the three points, (a, 0), (—a, 0), and (0, d),” He set it up asa 
Lagrange problem and obtained an explicit solution in terms of elliptic integrals. 

3. Dr. Root stated the general equations of motion relative to a system of 
axes fixed to the moving earth and discussed some of their general implications. 
Horizontal motion in which the velocity components are linear functions of 
displacement coordinates were considered in relation to the requirements of the 
equations of motion. 

4. Dr. Hedlund stated that the methods and examples of symbolic dynamics 
can be applied to the construction of topological transformations on compact 
metric spaces. He showed that it was relatively simple to obtain an example 
which displays most of the properties of the geodesic flow on a closed surface 
of negative curvature in that there exist transitive orbits, the periodic orbits 
form an everywhere dense set, and there is a continuum of orbits asymptotic 
to any given orbit. With the aid of known examples of non-periodic recurrent 
symbolic trajectories, some of the possibilities in the behavior of non-regular 
minimal sets can be explored. 

C. H. WHEELER III, Secretary 


NOTE ON AUTOPOLAR SURFACES* 
MALCOLM FOSTER, Wesleyan University 


1. Introduction. The purpose of this paper is to discuss those surfaces which 
are autopolar with respect to the paraboloid 2¢=&-+7?. The method for the 
determination of these surfaces is essentially the same as that used by the 
author in a recent paper in which a study was made of curves autopolar with 
respect to the parabola 27=&.+ These autopolar surfaces are considered as 
special solutions of those partial differential equations which are invariant 
under the dual transformation for which the above paraboloid is the quadric 
of reference. It will be obvious that this method may be readily modified for the 
study of surfaces autopolar with respect to any given quadric. 


2. The dual transformation for 2¢=-+7?. When this paraboloid is taken 
as the quadric of reference, the equations for the dual transformation aret 


x= P, y = Q, 2= PX +QY —-Z, p= xX, g=Y, 


) = T/RT — S°, s = — S/RT — S?, t = R/RT — S*, etc. 
Under this transformation a differential equation 

(2) f(%) Wy % Pr 91,5, 4°°°) = 0, 

becomes 

(3) f(P,Q, PX + QY —Z, X, Y,-+-) =0; 


if a solution of (3) be denoted by 
(4) F(X, Y, Z) — 0, 


the corresponding solution of (2) is found by eliminating X, Y, Z, from (4) and 
the following three equations, § 


OF oF OF oF 
x—-+—=0, y—-+—=0, 
5) Zax dZ  aY 
oF 7 ey Fy 
—_- 3-—_ = —— —_——— ——— 
aZ aZ ax av 


If this solution of (2) be denoted by 
(6) o(x, y, z) = 0, 
the surfaces (4) and (6) are polar reciprocals. 


* Presented to the American Mathematical Society, February 22, 1941. 

+ Malcolm Foster, Note on autopolar curves, Bulletin of the American Mathematical Society, 
vol. 47, No. 4, April, 1941, pp. 247-253. 

t A. R. Forsyth, A Treatise on Differential Equations, third edition, pp. 371-375. See also 
H. T. H. Piaggio, An Elementary Treatise on Differential Equations, 1926, p. 189. 

§ Forsyth, op. cit. 
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When (2) is invariant under (1), the general solution, say, 
(7) z= o(u, »),* 


must include pairs of polar reciprocal surfaces; that is, for any choice of @, 
say = (u, v), the polar reciprocal surface will be given by some other choice 
of d, say 2=¢2 (u, v). The problem here is to determine those functions ¢ (uw, 2) 
which will define autopolar surfaces, that is, surfaces which are their own polar 
reciprocals. 


3. Condition that z=f(x, y) be autopolar. The equation of the plane which 
is the polar of any point (x, y, z) on this surface is 


(8) Ex + ny — 6 — f(x, y) = 0; 


this is a two-parameter family, and the equation of the polar reciprocal surface, 
which is the envelope of the planes (8), will be found by eliminating x and y 
from (8) and the following equations, 


(9) ~-p=0, yn-q=0. 


The necessary and sufficient condition that s=f(x, y) be autopolar is that this 
elimination shall give us the equation ¢=f(E, 7). Hence from (8) and (9) we 
get 


(10) f(x, y) + f(o, q) = px + qy. 


We have, therefore, the following theorem: 


THEOREM 1. A necessary and sufficient condition that z=f(x, y) be autopolar 
with respect to the paraboloid 2¢ =&-+-n? is that (10) be satisfied. 


It is of interest to note that (10) is of the Clairaut type. 
Without repeating the argument as given above, we merely quote the 
following theorem: | 


THEOREM 2. A necessary and sufficient condition that a surface f(x, y, 2) =0 
be autopolar with respect to the paraboloid 26 =&-+-7? is that 


(11) (p,q, px + qy — 2) = 0. 


4. Conjugate pairs. Let Pi(x1, 41, 2) and P2(x2, ye, 22) be a pair of points on 
any autopolar surface 2 such that the polar of P,; is tangent to D at P.; then 
the polar of P2is tangent to 2 at P;. We shall call such a pair of points, a con- 
jugate pair, and say that each is the conjugate of the other. Since the equation 
of the polar of Pi, &1-+nyi1—¢§—2,=0, must be satisfied by the coordinates of 
P.2, we have 


(12) X1X2 + Vive = 21 + Be. 


* Here u and v are certain functions of x and y. 
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It is obvious from (1) that for a conjugate pair, 


%1 = pa, x2 = pr, V1 = 2, yo = q1; 
(13) : 
31 = poxe + J2V2 — 22, Zo = piri + Givi — 41; élc., 


where, for example, pe denotes the value of p at Pe. 


5. Self-conjugate points P. Let Py(x1, V1, 21) and P2(x2, Va, Zo) be any con- 
jugate pair on an autopolar surface 2, s=f(x, y); we shall also assume that P,, 
P, lie within a simply connected region of 2 wherein f(x, y) and its first and 
second partial derivatives are defined. Let C be an arbitrarily selected path on 
> which joins P;, P2, and let P(x, y, 3) denote a general point on C between 
P, and P:. The conjugate of P(x, y, z) we shall denote by P’ (x, y, 2g). 
Since P;, P2 constitute a conjugate pair, it is obvious that as P(x, y, 2) moves 
along C from P; to Pe, its conjugate P’ must describe a corresponding path 
C’ from P, to P;.* Hence, as x varies from x; to x2, «™ varies from x2 to %1. 
There is, therefore, a self corresponding value x =x™ between x; and x2. Conse- 
quently, there exists a point P(x, y, 3), the conjugate of P’(x, y™, s), for which 
(10) may be written 


f(%, y) + f(a, yP) = 2? + yy™, 


wherein Of(x, y)/dx =x and Of(x, v)/dy=y™. If this equation be differentiated 
partially with respect to x, we obtain Of(x, y)/dx =x, since Of(x, y)/Ox =x at 
P. Hence, corresponding to an arbitrary surface curve C through Pi, Pe the 
points P(x, y, 2), P’(x, y, s™) lie on the curve defined by 2 and Of(x, y)/dx =x. 
Let us call this curve C’’. Hence, as C is varied so that P(x, y, z) tends toward 
P'(x, y, s®), P varies along C’’, and the point P’(x, y™, 2) approaches 
P(x, y, ) along the same curve. There is, therefore, a self-conjugate point 
P on the surface > somewhere along C’’. Consequently we have the following 
theorem :f 


THEOREM 3. On any autopolar surface there exists at least one self-conjugate 
point. 


If P(x, y, 3) be self-conjugate we see from (12) that 22=x?-+-y’, and hence 
P must also be on the quadric of reference. Consequently the polar of P must 
be tangent to = and to the paraboloid at the same point P. If there are an 
infinite number of self-conjugate points on 2, the quadric of reference and 2 
are tangent all along the curve made up of these points.{ We have, therefore, 
the following theorem: 


* It is assumed that the paths C and C’ lie within the simply connected region on &. 

+ Hereafter we shall make no reference to a particular quadric of reference unless the property 
of 2 is not invariant under a collineation. 

t A specific example of such a surface will be given later. 
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THEOREM 4. Every autopolar surface 1s tangent to the quadric of reference at 
at least one point. 


6. Properties of a conjugate pair. 

1. The necessary and sufficient condition that the tangent planes at a con- 
jugate pair be perpendicular is that pipe+qigde+1=0; and from (12) and (13) 
this reduces to 


(14) 3, + 2% = — 1. 


2. For any conjugate pair we have from (1), 


(15) 1, = te/fote, — 53, $1 = — Se/feot, — 53, ty = 12/fote — 53, 
ro = t1/rity — si, ete. 

Hence s1/s2= —1/fete—s3= — (niti—s{), or 

(16) (rity — 5?) (rete — 53) = 1; 


that is, at a conjugate pair the values of the function ri—s? are reciprocals. 
3. The equations of the normals to 2 at a conjugate pair are 


E+ Xf — X1 — 221 = O, E+ x1f — Xe — X12 = 0, 


(17) 
1+ yo — Yi — Yeti = O, n+ yif — Yo — Y182 = 0. 


The necessary and sufficient condition that these normals be coplanar is that 
the determinant of the system in (17) shall vanish. After some reduction this 
condition becomes 


(18) (412 — x21) (21 — Zo) = Q. 


4. The equation of the tangent plane to the quadric of reference at the 
point where x=x1, y=y1 is evidently 


(19) wx + ny — 3 — 1/2(at + yi) = 0; 


and the coordinates of the mid-point of the line which joins a conjugate pair 
are, on using (12), 


(* +42 Yr yo X14. + mt) 
——~ 2 oD ae . 
2 2 2 
Since these coordinates satisfy (19), we see that the tangent plane to the quadric 
of reference at the point where x =x, y=y1, (or x =X2, y=‘7e2), passes through 
the mid-point of the segment which joins a conjugate pair. 
5. Let us consider the Gaussian curvatures at a conjugate pair, Pi, (x1, 


yi, 21) and Po(x2, ya, 22). The principal radii of curvature at P, and P, are the 
roots of 
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(riti — s3)R — Vit a+ -[(1 + 03) ey + (1+ yar — 2xeyo51|R 
+ (1 + 22+ 92)? = 0, 
and 
(rots — 83)R — Vit + [Ll + vite + (1+ yilre — 2aryise]R 
+ (1+ a1 + yi)? = 0, 


respectively. Hence the Gaussian curvatures at P; and P»2 are 


(20) Ky = (niti — si)/(1 + x2 + ya)?, Ke = (rete — s)/( + a1+ yi); 


and on using (16), the product of the Gaussian curvatures at a conjugate pair 
is 


(21) Ki Ky = 1/11 + at + yD2(1 + 03 + y3)?. 


It is readily seen that this is identical with the product of the Gaussian curva- 
tures of the quadric of reference at those points whose x- and y-coordinates are 
(x1, 1) and (x2, yo). 

6. For any conjugate pair we also have* 


rive + SiSo = I, 7251 + Seti = 0, 


(22) 
11S2 + Site = 0, $182 + tite = 1 


7. Properties of self-conjugate points. 
1. From (22) it is evident that at all self-conjugate points P, 


(23) v2 +- 52 = 1, sir +t) = 0, +P = 1; 


hence at P, either s=0 or r= —t. If s=0, it follows that r= +1, t= +1. Also, 
from (16), ri—s?= +1 at all self-conjugate points. 
2. We have at once the following theorem from §6, 5: 


THEOREM 5. For any autopolar surface the Gaussian curvature at a self- 
conjugate point ts the same, except for sign, as the Gaussian curvature at this 
point of the quadric of reference.t 


3. In §8, in which we shall give several examples of autopolar surfaces, it 
will be shown that for many of these surfaces the principal radii of curvature 
at a self-conjugate point are the same, except for sign, as the principal radii of 
curvature of the quadric of reference; and at these points the lines of curvature 
of the two surfaces are sometimes, but not always in tangency. 


* Goursat-Hedrick, Mathematical Analysis, vol. 1, p. 78. 

+ Cf. R. Mehmke, Einige Satze iiber die rdumliche Collineation und Affinitat, welche sich auf 
die Kriimmung von Kurven und Flachen beziehen, (Schlémilchs Zeitschrift, 36, 1891, pp. 56-60); 
also, R. Mehmke, Uber zwei die Kriimmung von Curven und das Gauss’sche Kriimmungsmass von 
Flachen betreffende characteristische Eigenschaften der linearen Punkttransformationen (Ibid., 
36. 1891. pp. 206~213) 
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8. Examples of autopolar surfaces. 

Example 1. Let us consider the partial differential equation pg+xy+py 
+-gx=1, invariant under (1), and a solution of which is 

2 2 
(24) p= ox —-—f2— 244, 
2 C1 2 
We ask: Are there any members of (24) which are autopolar? 

Let us apply the test (10). We find p=ci—x, gq=1/c1—¥y, and these values 
in (10) satisfy this relation identically, provided c.=—1/4cj—c/4. Hence 
within the two-parameter family (24) there exists the following one-parameter 
family of autopolar surfaces: 

ny vr 1 Ci 
2) cn rane 4c 4 
As indicated in Theorem 4, the quadric of reference is the envelope of this 
family. 

It is readily verified that at P(ca/2, 1/2c1, c{+1/8c{), the only self-con- 
jugate point on any member of (25), the principal radii of curvature are the 
same, except for sign, as the principal radii at this point for the quadric of 
reference. 

From the equation of the lines of curvature, 


G+ pdx + pady _ bade + AF a)dy 
rdx -+- sdy 7 sdx + tdy 


it is also readily shown that the lines of curvature on the two surfaces are in 
tangency at P. This is also evident from the fact that the quadric of reference 
and any member of (25) are paraboloids of revolution. 

Example 2. px —qgy=0. The general solution of this equation is 


(27) z = F(xy); 


and our problem is to determine what functions F(xy) define autopolar sur- 
faces. This is wholly a matter of testing one function after another in (10). 

If we test s=xy-+c in (10) we find that this condition of autopolarity is 
satisfied when c=0. Hence s=xy is autopolar. In a like manner we find that 
z=log (xy)-+1 is autopolar. . 

Let us consider the hyperbolic paraboloid z=<xy. It is tangent to the quadric 
of reference along the curve z=xy, x =y, and every point on this curve is a self- 
conjugate point. Moreover, the principal radii of the quadric and of s=xy are 
for any self-conjugate point, the same except for sign. 

We also find that for any self-conjugate point (26) reduces to dy?—dx?=0 
for each surface; hence the lines of curvature are in tangency at every point of 
contact of the two surfaces. 

The surface z=log (xy)+1 has but two self-conjugate points, (1, 1, 1) and 
(—1, —1, 1). The lines of curvature of the two surfaces are in tangency at each 


(26) 
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of the above points, and the principal radii of the two surfaces are numerically 
equal. 

No doubt there are many other choices of F(xy) which in (27) define auto- 
polar surfaces. 

Example 3. px=1. The general solution of this invariant equation is 


(28) z = log x + F(y). 


If we take F(y) =ciy?+ce, and test (28) in (10), we see that the condition of 
autopolarity is satisfied if c,= +1/2, co=1/2. Let us therefore consider the 
autopolar surface 


(29) z= log x+ y?/2 + 1/2. 


This surface is tangent to the quadric of reference all along the curve in which 
each surface is cut by the plane x=1; and every point on this curve is a self- 
conjugate point. In this case, however, the principal radii of the quadric and 
the autopolar surface are not numerically equal at all self-conjugate points. 
It is readily shown that the principal radii are numerically equal only for the 
self-conjugate point (1, 0, 1/2). It is evident, however, that, as stated in 
Theorem 5, the Gaussian curvatures of the two surfaces are equal, except for 
sign, at all self-conjugate points. 

In like manner we find upon making use of (26) that the lines of curvature 
on the two surfaces are not in tangency at every self-conjugate point; they are 
in tangency, however, at (1, 0, 1/2). 

Another choice of F(y) in (28) which defines an autopolar surface is 
F(y) =log y?—log 2+3/2. 


9. Other examples. We shall conclude by listing briefly a few more auto- 
polar surfaces. 

1. r—t=0. From the solution s=¢1;(x+y)+¢@2(x—y) of this equation we 
may derive several autopolar surfaces, but shall note but one of these, z= 
log (x+y) +log (x—y)+1-—log 2. 

2. 3r-—8s—3i=0. The general solution z=d¢1(y—x/3)+¢2(y+3x) of this 
equation also yields many autopolar surfaces, one of which is g= 
log (y—x/3) +log (y+3x)+1—log .3. 

3. py—qx=0. This is the differential equation of surfaces of revolution, and 
from its general solution, s=f(x?+y?), we may derive many autopolar surfaces. 
In fact, any plane curve which is autopolar with respect to a meridian of the 
quadric of reference, if revolved about the z-axis will generate an autopolar 
surface. We give but the one example, s=log (x?-+y)+1—log 2. 

It is of course, a simple matter to write down a differential equation which is 
invariant under (1). On one side of an equation we write any function of x, y, 
2, p,q, +++, and set it equal to the expression into which it is transformed by 
(1) when the notation in capitals is ignored. If a solution of the equation can 
be found, we may then test certain particular solutions for autopolarity by 
using (10) or (11). 


A THEOREM ON THE TANGRAM 


FU TRAING WANG anp CHUAN-CHIH HSIUNG, National University of Chekiang, 
Kweichow, China 


1. Introduction. The tangram is a Chinese puzzle consisting of a square 
card or board cut by straight incisions into different-sized pieces (five tri- 
angles, a square, and a lozenge) as shown in the following figure. These seven 
pieces may be combined to form many different figures. It is natural to inquire 


<x ABCD iS a square. 
A) AE =ED=DF=FC, 
C 


El-IF, EGLAC, 
IH WFC. 


B 


how many convex polygons may be formed by the tangram. We propose in 
the present note to give a solution of this problem by proving the following 
theorem: 


THEOREM. By means of the tangram exacily thirteen convex polygons can be 
formed. 


2. Lemmas. It is easily seen that the tangram can be divided into sixteen 
equal isosceles right triangles. For the sake of convenience, we call the legs and 
the hypotenuses of these right triangles respectively the rational and the irra- 
ttonal sides. Then we may prove our theorem by finding out first the convex 
polygons formed by these sixteen triangles and then discarding those cases 
impossible for the tangram. For this purpose we introduce the following four 
lemmas. 


LEMMA 1. Jf saxteen equal isosceles right triangles are combined into a convex 
polygon, then a rational side of one triangle does not lie along an irrational side of 
another. 


Proof: First of all, let us suppose that of the sixteen given triangles two, 
denoted by ABC and A’B’C’, are arranged so that the irrational side A’C’ of 
the triangle A’B’C’ lies along the rational side AB of the triangle ABC. Since 
the given triangles are combined into a convex polygon, we may, without loss 
of generality, further suppose that the vertex A’ coincides with the vertex A. 
In this case, at least another pair of the given triangles, denoted by DEF and 
D'E’ F’, is such that one rational side D’E’ of the triangle D’E’ F’ lies along the 
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irrational side DF of the triangle DEF, and D=B, D'=C', E’'=F. If we fill the 
angle CDE or B’D’ F’ with one or more of the given triangles, the case where one 
rational side of one triangle lies along the irrational side of another triangle will 
occur again. Repeatedly applying the above discussion, it may be easily seen 
that the polygon formed by the given triangles can not be convex. This con- 
tradicts the hypothesis, and establishes the lemma. 

From Lemma 1, follows immediately the following lemma: 


LEMMA 2. If sixteen equal tsosceles right triangles are combined into a convex 
polygon, then the sides of the polygon are formed by sides of the same kind (rational 
or irrational) of the triangles. Moreover, af a side of the polygon which is formed by 
the rational or the trrattonal sides of the triangles 1s satd to be a rational or an 
trrational side (respectively) of the polygon, then in general the rational and the 
arrational sides of the polygon alternate. In particular, uf an angle of the polygon 
as a right angle, the two adjacent sides are both rational or both srrattonal. 


LEMMA 3. If sixteen equal isosceles right triangles are combined into a convex 
polygon, then the number of the sides of the polygon does not exceed eight. 


Proof: Since the sum of all the angles of a convex polygon of 1 sides is equal 
to (n—2)z7, and the maximal value of the angles formed by the given triangles 
is 37/4, we have (1 —2)7 S37n/4. It follows that n S8. 

Since the angles of the convex polygon formed by the given triangles are 
37/4, 7/2, or 7/4, by means of Lemma 2 and Lemma 3 we easily obtain 


LEMMA 4. If sixteen equal isosceles right triangles are combined into a convex 
polygon, then this polygon can be wnscribed in a rectangle with all the rattonal or 
the trrational sides of the polygon as the sides of the rectangle. 


3. Proof of the theorem. For the purpose of proving our theorem, we have 
to find out the convex polygons formed by sixteen equal isosceles right triangles. 
First of all, we may assume, that this convex polygon is an octagon, denoted by 
ABCDEFGH. From Lemma 2 and Lemma 4 we may, further, assume that this 
polygon is inscribed in a rectangle PORS and that all the rational sides BC, 
DE, FG, HA of the polygon lie along the sides PQ, OR, RS, SP of the rec- 
tangle respectively. If the number of irrational sides of the given triangles on 
AB, CD, EF, GH are respectively a, 5, c, d, and PQ, QR have equal lengths, 
respectively, with the lines composed of x and y rational sides of the given tri- 
angles, then a, b, c, d, x, y satisfy the equation 


(1) a? + 6? + c? + d? = Ixy — 16, 


with the conditions 


a+b x, c+d 
(2) { 


atds<y, bte 


IA IIA 


y; 
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Hence our problem is reduced merely to finding the integral solutions of the 
equation (1) and the inequalities (2). For this purpose, we denote x =a, y=6 by 
(a, 8), and divide our discussion into the following cases, which may be easily 
proved to be sufficient. 

a. The case y>x, y>5. 

(i) x>1. Noticing that 


O/e+t+a<2+24S5 y+1, whenever «x2 5, 
we easily obtain 
(3) a(y+1)>2*7+9, for x«>1 and y>5. 
By means of (1), (3) and the inequality c?+d? S (c-+d)? Sx’, follows immediately 
(4) a? + 2 > (x — 1)? +1. 


It follows that a and 0 are not both zero. On the other hand a and 0 are not both 
different from zero, for if a2=1, 621, then from the first inequality of (2), 


(5) vev+ePes(atb—-—1)?+18S («—-—1)?+1, for «>1, 


which contradicts (4). Whence either a or 6 (and not both) equals zero. Let, for 
instance, 6=0; then ax. If, further, a<x, then aSx—1, which contradicts 
(4). Therefore a=x. 

Similarly, we know that c=0, d=x, or c=x, d=0. Thus we can easily show 
that (2, 6), (4, 6), (8, 9) are solutions. 

(ii) x=1. In this case a+bS1, c+dS1. Therefore a=b=c=d=0, or 
a=c=1, b=d=0, or a=c=0, 6=d=1, and hence we obtain the solutions 
(1, 8), (1, 9). 

b. The case x=y. In this case we shall prove that «5. First of all, it is 
easily seen that if a=b =c=d=0, there is no solution. Secondly, if a, 6, c, d<x, 
then it is seen that 


(6) a+ bs (« — 1)?+1, etd s («—1)?+1. 
From (1) and (6), we obtain 
2x7 — 16 S 2(x — 1)? + 2, 


which shows x S5. 

Thirdly, we consider the case where one of a, 6, c, d is equal to x. If, for 
instance, a=x, then from (2), b=0 and d=0. Whence (1) becomes x? =16-+c’, 
which gives x=5 or 4. 

Finally, it is not difficult to show that when a=b=0 or c=d=0, then x<4; 
and when a=) =c=0, then x =d =4. 
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c. The case 52y>x. In this case we may test for every set of integral values 
of x, y, a, 6, c,d directly from the equation (1) and the inequalities (2) and easily 
obtain the required solutions. 

In conclusion, we summarize the complete solution of our problem related 
to sixteen equal isosceles right triangles as follows: 


3 
o 


WBAHNWAWORENNWWUUNN PRONE 
WwP EP PEP MNMNMmM UA DA A OO OO 0 CC lt 
PRON NPNNRPWWH PNY PB }]OHR HPO | 
CocoeooeooeoeoncrecocorRreococdcoaoCcaoOoCoO!.Se 
CRF OONON COC RFNRFPWRON BRO] ORO 
RPOONCONORPHKFPNOHFPNDTGAOGOHKRCCO|®S 


It is easy to show that the solutions indicated by asterisks in the above table 
are useless if the given sixteen equal isosceles right triangles are supposed to 
form a tangram. Thus we have completely proved our theorem. 


4, Remark. It should be noted that the thirteen convex polygons (four 
hexagons, two pentagons, six quadrangles, and a triangle) obtained in the pre- 
vious section are familiar to us. We can arrange the tangram into any of them 
by one or more methods, but space does not permit their inclusion here. 

Moreover, in these thirteen convex polygons the perimeters of the first, the 
second, and the eighth, according to the order in the above table, are maximum 
and that of the last two are minimum, 


BOUNDED LAPLACE TRANSFORMS* 


N. N. ROYALL JR, Winthrop College 


1. Introduction. Since the development of the classical theory of power 
series during the nineteenth century much attention has been devoted to the 
theory of such series but with the emphasis in quite a different direction. In 
recent decades investigators have been interested not so much in existence 
theorems and convergence properties as in the structure of power series under 
certain general and simple hypotheses. General treatments of the principal 
results are availablet and Szegé has given a summary of these investigations and 
references to the literature where they may be found in detail. 

A typical example is the following theorem of Fejer: let 


(1.1) f(z) = ao + ays + agg? + + bags, lz| <1 
and 
(1.2) 7.(2) = So(a) + si(z) + +++ + Sp_i(2) 
n 
be the arithmetic mean of the partial sums s;(z) =ay+aizg+ --- +a,2*, then a 


necessary and sufficient condition that | f(z) | < M for | 2 <1 is that | o,(z)| <M 
for all n and |z| <1. 

Now it is of some interest and importance to investigate whether results 
such as the above are true for other representations of analytic functions be- 
sides the power series (1.1). One such other representation is the Laplace trans- 
formation 


(1.3) f(s) = { etal t)dt, 


where s =o-+77 and a(¢) is a function of the real variable t. That the integral in 
(1.3) may be expected to have properties analogous to those of the series in 
(1.1) may be seen from purely formal considerations as follows. To generalize 
the series the sequence of integers may be first replaced by any discrete sequence 
of real numbers Xo, Ai, Az, - + - where A,—> © as m—. To avoid multiple valued 
functions when A; is not an integer one can replace zg by s by means of the 
conformal transformation 


(1.4) Z= Ee, 


* Presented to the Southeastern Section of the Mathematical Association of America at 
Chapel Hill, N. C., March 28, 1941. 

+ E. Landau, Darstellung und Begriindung Einiger Neuerer Ergebnisse u.s.w. 2nd edit., 1929. 
P. Dienes, The Taylor Series. Oxford Univ. Press, 1931. 

t G. Szegé. Some recent investigations concerning the sections of power series, Bulletin of 
Amer. Math. Soc.. vol. 42. 1936 
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Finally, replacing \’s by the continuous variable t, the coefficient ian} by the 
function a(t) and the summation by integration, one obtains the integral in 
(1.3). However, since the transformation (1.4) is not reciprocal one-to-one it is 
not to be expected that all properties of the series and of the integral will be 
the same. 

The region of convergence of the integral in (1.3) is a half plane a >0o and 
f(s) is an analytic function of s there. Analyticity in a half plane is not, however, 
a sufficient contition for f(s) to have the representation (1.3). The fundamental 
properties of the transformation (1.3) have been studied by Widder, Doetsch, 
and others.* 


2. Bounded transforms. We now obtain the complete analogue for the La- 
place integral of the Fejer boundedness theorem above. To this end we first 


define Fr(s) thus 
1 R Ri 
F R(s) = —| aR f e~*ta(t)dt, 
R 0 0 
which is equalf to 


(2.1) Fr(s) = J ( ~ —) e-*ten(£) dt. 


With this notation we have the 


THEOREM. Let f(s) converge absolutely for o >0, then a necessary and sufficient 
condition that |f(s)| <M for o>0 1s that | Fr(s)| <M for ¢>0 and all R20. 


Proof. The proof is based upon the identity 


R 2 00 R 00 
(2.2) i) eta(t)dt = =f ax [ cos xt af e~* a(t) cos xtydti. 
0 Tv 0 0 0 


We first prove this identity. This identity is then used to prove the condition 
necessary. The proof of sufficiency is immediate, requiring only the comment 
that the method of summation defined by (2.1) as R- © is regular. 

To prove the identity (2.2) observe first that the right member 1s 


2 £” sin Rx ” 
=| dx [ e~*4a(t)) cos xtydty. 
Ww dJ 9 . 0 


N sin Rx 


0 x 


ax [ e~*4a(t1) cos xtydty 
0 


° N sin Rx cos 41x 
= i) e-*a(t1)dty { —________— dx, 
0 0 


x 


* TD. V. Widder, A generalization of Dirichlet’s series and Laplace’s integrals, etc., Transactions 
of Amer. Math. Soc., vol. 31, 1929. 
+ See, for example, Goursat-Hedrick, Mathematical Analysis, vol. 1, p. 295, ex. 11. 
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the interchange of the order of integration being justified by the uniform con- 
vergence of the inner integral with respect to x on the interval OSx<S WN. But 
the inner integral (on the right) is bounded for all 4:20 and N20 as one sees 
from 


N sin Rx cos tx 1 N sin (R + t1)x 1 N sin (R — t,)x 
i) ——— d —{ RF BD de +— J sin (RO We a, 
0 


x 
x 


which gives 


N sin Rx cos x N(R+ tH) sin sin y NIR—4! sin ys 
oo dS dy + — dy 
0 x 


by a change of variable in each integral, the sign of R—#, being taken for the 
second integral in the right member. But 


K sin 
J, So 
0 y 


is a bounded function of K, hence by the theorem of bounded convergence* one 
may allow N—»o in (2.3). Thus one obtains 


2 © sin Rx 0 2 “0 “sin Rx cos tx 
—— dx f e—* a(t) cos xtydt, = =| ethai)de f —_—_—_—_—— dx, 
T Jo x 0 T J 0 0 


x 


Dividing the range of integration in the right member above gives 


2 R © sin Rx cos 41x 
— erha(tdts f ——_——_—_——— dx 
0 0 


Tv x 


(2.4) | 
2 a © sin Rx cos 41x 
+ — i) e§ ta(t,)dty i) a ax. 
Td/R 0 


x 
But the inner integral here is a well known discontinuous integral, namely, 
. Tv 
° sin Rx cos 41x —) Hh < Rk, 
po eect gS 
0 x 
0, i > R. 
Hence the second term of (2.4) vanishes, the first term reduces to the left 
member of (2.2), and the identity is established. 


Returning now to (2.2) to prove necessity we have on integrating both 
members of the equation 


* See, for example, Titchmarsh, The Theory of Functions, p. 337. 
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1 Ri R 
— | dR f e-*te(t) dt 
0 


Ri J 9 

217% pe eR ° 

= aR | dx [ cos xt af e~* a(t) cos xtydty, 
wT Rid 0 0 0 


2 oa) Ri t oa) 
Friis) = =f dx f (1 — ~) cos xt arf e*4q(t1) cos xtydty. 
wT 0 0 - Ry 0 


But by elementary methods 


fi t 1 — cos Ryx 
{ (1 = =) cos at ar = EAH 
0 Ry Rx? 


or 


Thus 
2 °- 1— cos Rix ° 

(2.5) Fr,(s) = =f — dx [ é-*4e(ty) cos xtyd1. 
TJ Rx? 0 


But the outer integral in the right member of (2.5) is non-negative, hence 


2 - 1— cos R\x 
(2.6) | Fa,(s) | <—{ 2 OSM ae 
Tv 0 Rix? 


| e-*4ea(t1) cos xtidty 
0 


But we have 


f e~*4a(t1) cos xt,dt, 
0 


00 eizt + ew beth 
f e-*te(t;) ——__—-. dt, 
0 . 2 


1 oe) 
51 ference 
0 
1 ° 
- —— | ee Ne—t(r+2) "ta(t1) dty 
2 | Jo 
= M. 
Hence (2.6) gives when combined with the above 
2 1 - 1 — cos Rix 
[Fa()| sme f° <TSE Gy 
Tv Ry 0 x? 


However, by familiar methods of contour integration* we have 
° 1— cos Rix Rit 
+ dx = ——, 
0 x? 2 


* Whittaker and Watson, Modern Analysis, 4th ed., p. 116, ex. 2. 
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and hence 
| Fr,(s)| S 


and the necessity of the condition has also been demonstrated. 

A theorem similar to the one above was obtained by Stacho for the Stieltjes 
integral* by different methods. Stacho does not use the identity (2.2) but a 
method based on contour integration analogous to Landau’s proof for series. 
The identity (2.2) is an example of Parseval’s relation for Fourier-cosine trans- 
forms. 


EVALUATION OF SURFACE INTEGRALS BY ELECTRICAL IMAGES 
W. G. POLLARD, University of Tennessee 


Given a rigid system, 7, consisting of electrical charges qi, q2,°°°, Qn 
located at points Ri, Re, - - - , R» which are such that the distances | R;—R;| = Ri; 
are constant for all ¢ and 7. When this system is placed in the neighborhood of 
the surface, S, of a grounded conductor, the surface acquires a charge of density 
a(t) which is everywhere such that the electric field within the conductor van- 
ishes and its surface remains at ground potential. Here r is a vector to any 
point in the surface. 

The potential energy, U, of the entire system thus formed consists of three 
parts. The first is the self energy of the system T 


1 n 
(1) Urr = a DS giqi/Riz = Uo 


4,7=1 


where the prime indicates that all terms having 7 =7 are omitted from the sum- 
mation. Since all the R;; remain constant, this contribution does not vary with 
the separation between J and the conductor. Next, we have the self energy of 
the induced surface charge 


(2) Use = — ~f {os aro) as as, 


[n= nl 


where each integration extends over the entire surface of the conductor. Finally 
there is the mutual energy of the system T and the surface charge 


(3) Ur, = > reer 


* T. Stacho, Uber die Riemann-Stieltjesschen Integrale u.s.w. Ber. aus Ungarn, vol. 33, 1923- 
25. 
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Combining all these terms one has 
(4) U = Ura + Usa + Uo. 


The present note concerns a method for obtaining indirectly an evaluation 
of surface integrals of the form (2) and (3). This method can be applied when- 
ever it is possible to replace the surface distribution, 0, by a suitably con- 
structed electrical image, 7’, of T without altering the electric field exterior to 
the surface. When this is the case, the interaction Ur, between T and the sur- 
face charge is the same as the interaction Urr’ between T and its image, and 
this can be written down directly. Moreover, the surface charge density is given 
in terms of the surface electric field (which is always normal to the surface) by 


(5) o(t) = E(r)/40 


In this case E(r) can be computed from the combined fields of T and T” at the 
surface. Thus (3) may be written 


(6) > Sar qefiar’ oY = 4rUrr’. 


[r=Ri] 


In order similarly to express Eq. 2, we consider the force of attraction 
Fr, between the system and the conductor. In the special case we are consider- 
ing this force is the same as the force Frr, between the system and its image. The 
total potential energy U may be written in terms of this force as 


(7) U= — [Freda + U, 
C 


where U; is constant and Cis an arbitrary path extending to an infinite separa- 
tion between T and S. As this separation increases without limit, U7,, Use, 
and the integral in (7) approach zero. Hence, comparing Eqs. 4 and 7, we see 
that 

Uy — Uo, 


(8) 
Ute + Use = — Err: dx. 


Substituting (5) and (8) in Eq. 2 and replacing Ur, by Urr:, we obtain 
Err (11) Err (tr 
(9) i) i Era )Ere Ge) oo as, = 32n*| Une + f Pred 
C 


112 


In the following sections, the procedure outlined here is applied to the well 
known cases of electrical images in plane and spherical conductors. As a result, 
integrals of the form of (6) and (9) taken over plane and spherical surfaces are 
evaluated without the necessity of performing any quadratures. 
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1. Integrals over a plane. Let the surface of the conductor form a plane of 
infinite extent and choose the origin of coordinates in this plane with the Z-axis 
normal to it. Each of the charges g; with coordinates (X;, Y:, Z;) composing the 
system T has an image —q; with coordinates (X;, Yi, —Z,;) and these compose 
the image T’. The potential energy of the interaction between T and T” is then 


>> qj 


10 $$$ 
0) j=l Z ipa [R2,+ 4Z,Z;)}! 


The force Fr?’ is normal to the surface and is easily found to be 


2 
” qi ” n agi(Z; + Z;) 
11 Fer = — yay mai 
(11) TT ain ,, _1 [R2 2b AZZ; |8/ 


where k is a unit vector along the Z-axis. Substituting (11) in (7) and compar- 
ing the result with (10), we find 


(12) [ Borda = — 5Urr:. 
C 


The electric field at the surface of the conductor produced by T and 7” is 


—_ 2qiZj 
(13) Ere(t) = — 5 
in |r — R;|° 
where r is now the vector (x, y). 

The expressions given by Eqs. 10, 12, and 13 may now be substituted in 
the general equations 6 and 9. Since all potential energy terms in this problem 
are quadratic in qiq;, the results may be represented by the quadratic form 


(14) D Ava + 4 Ai3qiq; = 9. 

t,j=1 
This equation must be satisfied for all values of q; and q; since the charges 
composing the system TJ are arbitrary both in number and in their individual 
magnitudes. Thus, we are led to the set of equations 


(15) A;; +t Aj = 0, (4,7 =1,2,---,%). 


Inspection shows that the integrals in the A;; are merely special cases of those 
in the A;; with 1+j, while the latter are of the same form for all 7 and 7. We, 
therefore, confine the discussion to the two equations originating from (6) and 
(9) and represented by Aip+Ao=0. These are 


f- Z,dS +f Z.dS 7 dr 
|r — Ro| - Rf |r- RP |r — Ra]. [r—R,|-|r—R.|* [2,4 42,2,]}/2 
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from Eq. 6, and 


aff 212205 10S 5 Sa? 
| ry — Ri |? | ro — R, ae [R2, + 4Z,Z,|1!? 


from Eq. 9. Here /dS stands for f°. f°.dxdy and r= [(%1—2x2)? + (yi — yo)? ] 1/2. 
If we now put X1=a,, Yi=a,y, 2; =A and X2=8., Yo=B,y, Z2=B, the above 
integrals may be written in the form 


—— 
(16) [42+ (r — ar)? |3/2[ B? + (r— g)2]1/2 
+f po ee ee 
d [A? + (r — a)? |3/2[ B2 + (r — g)2]3/2 l(a _— 6)? + (A + B)?]1/2 
an 


(17) f f adSidS¢ Ar? 
+ i —@)*P "(B+ @%— BP ABl@— 9+ A+ BP 

The first of these is probably too specialized to be of any particular use in 
problems involving integrals of this type. However, one special case has been 
found which may be of some interest. This is obtained by taking A =B and 
6 = —a, so that (16) reduces to 
f (A2 + a? + r2)dS ig 

[A 


24 (r _ ar)? |3/2[ 42 + (r + a)? ]3/2 a A[A? + a? |1/2 


This may be further simplified by means of the substitutions ¢=A?+a?, n =a?, 
and g=/?? with the result 


(18) 


(19) {f (2 + ¢)dzd6 2a 
0 Jo [2+ $)? — 4yz cos? a]? VEE = 9) 
A number of additional integrals can be obtained by performing various 


operations on Eq. 17 with respect to the parameters A, B,a@, and 8. Some of the 
most interesting of these seem to be the following: 


((— UC RSURY, An? 
[42 + 2)92[B? + 2], AB(A +B)” 


ff (Q- r1)(G- ¥2)dS1dS_¢ _ Ara B 
[A?2 + 7? | 3/2 [ B? + Psy) A+B 


(20) 
dS \dS 9 8r2[(A + B)2? + AB 
SS ure [42+ )92(B2 + 2]5%.  949B3(A + B)! 
(@-11)(B-T2)dSidSo 4n’a -B 
I [42 + 72]5/2(B2 + 72]. OAB(A + B)3 
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The first of these is obtained by putting a=6 in Eq. 17 and then removing 
a from the denominator by means of the translation r=r’++a@. The third is ob- 
tained from the first by means of the operation 02/0A0B. The second and fourth 
are obtained in a somewhat more involved manner by applying the operator 
(a- grad.) (@-gradg) to Eq. 17 and then substituting a=y and §=y¥ in the result. 
The vector y is then removed from the denominator of the integrand by means 
of the translation r=r’+y. The resulting expression can then be generalized 
by substituting a@’+ 6’ for y where a’ and 8’ are arbitrary vectors in the x, y 
plane. Of the four resulting integrals it can be shown that the one involving 
(a’-r{) (@’-rZ ) differs from the one involving (@’-r/) (@’-rz) only by an integral 
which includes 


i sin 6404819 
0 [72 + r2 — 2ryre cos B12 |4/2 


Since this is zero, the two terms are equivalent. Combining them and dropping 
the primes, the fourth of Eqs. 20 is obtained. The second of these equations is 
obtained from it by multiplying both sides by ABdAdB and integrating with 
respect to A and B. 


2. Integrals over a sphere. On applying considerations similar to those for 
images in a plane to the case of the electrical image of an arbitrary system T 
in a sphere, Eqs. 14 and 15 are again obtained so that no loss in generality is 
entailed by choosing for the system T only two charges gi and gq. Choose the 
origin of coordinates at the center of the conducting sphere and let the charges 
gi and gz be located at the termini of two vectors Ri and Re drawn from this 
origin. The image system T”’ consists of two image charges gi and gq: placed at 
points 9; and 2 respectively where 


qa =— (7/Ri)q1, qq = (7/R2)qo, 


(21) 
go = (7/Ri)’Ri, 02 = (7/R»)?Ro. 


Here 7 denotes the radius of the sphere and r is a vector to some point on the 
sphere. 
The interaction energy between T and T” is given by 


2 2 
71 do 24192 

22 Ur = 1 [2424 |, 

( ) T1 |< Go GiG, + PR. pe 

(23) G;= Ror. 


The force between T and T” is found to be 


1 G > G 
(24) Fro = — 7 a + ae ja Ri-/?7 is + —__ a Ro. 
GG? [GiG2 + 7? R?, [3 2 ([GiG, + 7? R?, 8? 
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When (24) is used to evaluate {cFr7 -dX, it is found that the integral is inde- 
pendent of the path C and that, comparing the result with (22), Eq. 12 is satis- 
fied. Finally, we obtain for the electric field at the surface of the sphere pro- 
duced by T and 7” | 


qiGi qoGe 


(25) Err: (r) = Plr—Ri/s- — Plr—-R 


We are now again in a position to write down the integrals arising from Eqs. 
6 and 9 for this case and represented by Az+A2=0. We obtain from Eq. 6 


GodS G,dS Sarr 
(26) fmm, + J peceieces = 
r|r —R,i| - |r — R2|? rj{r—Rs|-|r—Ril? [GiG2 + 7?R?,]}} 
and from Eq. 9 
(27) ff GiGedS dS» 16777 
/ Tee, 
Plt, — Ril? |t2— Rel. — [GiG, + PR? ]? 
\ 
To express these results in a more convenient form, we take R,=(0, A sin a, 
A cos a) and R.=(0, B sin 8, B cos B). Also let 
COS O12 = cos 6; Cos O2 + sin 6; sin 62 cos (¢1 — 2) 
(28) cos O.1 = cos a cos 6; + sin @ sin 6; cos ¢1 
Cos Mg, = cos 8 cos 0. + sin B sin 62 Cos do. 
In terms of these quantities, Eq. 27 may be written 


{ { {- {- sin 6; sin Ao da), db.ddidd2 
0 vo “0 0 [A? — 2Ar cos Om + 7?]8/2[B? — 2Br cos Oge + r2}3/2 sin 1Qp 


_ 327? 
(A? — r?)(B2 — 7?)[42B? — 2A Br* cos (a — B) + rt]? 


(29) 


Eq. 26, like its analogue (16) in the case of the plane, is apparently too spe- 
cialized to be of any great interest. The special case of it which is analogous to 
Eq. 19 is obtained by taking A =B and 8 = —a. The form of the integral may 
then be simplified by writing A/W/A?+?7=sin $y. The result is found to be 


(30) in ia (sec y—cos a cos @) sin 6 d6dd 4a cot y 
0 Jo [(sec y—cos a cos 6)?—sin? a sin? 6 cos? ¢|#/2—s [tan? y+sin? a]}/? 


DISCUSSIONS AND NOTES 


EDITED BY R. J. WALKER, Cornell University, Ithaca, N. Y. 
The department of Discussions and Notes in the MONTHLY 1s open to all forms of ac- 
tivity in collegiate mathematics, except for specific problems, especially new problems, which 
are reserved for the department of Problems and Solutions. 


NOTE ON INTEGRATING FACTORS 
H. B. Curtis, Lake Forest College 


The differential equation of the first order which has an integrating factor 
of the form x”y” where m and n are constants can be solved more simply than by 
some of the special methods given in the elementary textbooks. 

If xy" is an integrating factor of 


(1) file, y)dx + folx, y)dy = 0, 
where f; and fe. are functions of x and y, then 


Ofi 


dy 


Ofs 
(2) “myn + finxmy™) = myn a + fo-ma™ly”, 
x 


Equating coefficients of like terms, m and n can be readily found. 
Contrast the simplicity of this method with the tedium of the method of re- 
arranging the terms of the given equation to take the form 


(3) x¢y8(mydx + nxdy) + x“y8(myydx + mady) = 0, 


as given in Murray’s Differential Equations, page 25. Here, after pointing out 
that for all values of & and ky 


ak m—1—any kn—1—8 and aks mi—1—araykini—~1—B1 


are integrating factors of (3), it is stated that these two factors are identical if 
km—1—a= km — 1— om, 
and 
kn —-1—B = kim, — 1 — fi, 
which can be solved for k and &. 
Two examples will suffice to show the relative effectiveness of the two meth- 
ods. Let the student solve each example by both methods. Only the proposed 


method will be used here. 
Ex. 1. Solve 


(xy? + y)dx — x log xdy = 0. 
610 
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Multiplying by xy”, 
(amtlynt2 + ymyntl)dy — x™ 1. log x-y"dy = 0. 


Differentiating according to (2) above, we have 
1 

(m + 2)aemlyntl + (m+ Iamy™ = — xmtt.—.y™ — (m+ 1)x™- log xy” 
x 


Equating coefficients of like terms, 


n+2=0, 
n+1=—41, 
m+1=0. 


Solving we have m= —1, n= —2. Therefore the integrating factor is 1/xy?. Ap- 
plying this and integrating we have the solution 


1 
x+—logx=c. 
y 


Ex. 2. Solve* 
(y3 — 2x*y)dx + (2ay? — x8)dy = 0. 
Multiplying by xy", 
(amynt8 — Jymt2yntl)dy + (Qamtlynt? — ymtiyn)dy = 0. 
By (2), 
(mn + 3)x™y™t2 — (nm + l)amt2y™ = 2(m + Lamyrt? — (m + 3)amtryr, 
Equating like terms, 
n+3=2m+ 2, 
—2n-—-2= —m — 3. 
Solving, m=1, n=1. Therefore the integrating factor is xy. Using this we get 


x2yt/2 — xty?/2 = c, or x?y?(y? — w) =. 


NOTE ON SEMI-LOGARITHMIC GRAPHS 


W. T. LENsER, Brown University 


While it is shown in elementary textbooks that data giving a straight line 
when plotted on semi-logarithmic paper satisfy an equation of the type y =ae™, 
where y is plotted on the logarithmic and x on the uniform scale, no method is 
usually given for the determination of the constant 6 directly from the graph. 


* Compare with the solution given in Murray’s Differential Equations: Ex. 1, page 26. 
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The student learns to read off a value for a at the intersection of the graph with 
the line x =0 but is led to believe it is necessary to calculate 6 by logarithms. 
Further, if the graph does not intersect the line x =0 in the data involved, he 
must resort to logarithms to determine both a and 0. In the method I shall de- 
scribe, it is possible to compute 8 from the graph independently of a, and if 
necessary, to compute a from 0b. Briefly, the method consists of determining the 
increment of x required to produce one cycle of y, and has the distinct advantage 
of being independent of the choice of units made for the axes. 
Consider again the equation 


(1) y = aes, 

and the equation obtained from it 

(2) log y = log a+ bx log e, 
which may be represented as 

(3) u=mxe+e, 


where uw =log y, m=6 log e, and c=log a. 
To determine 5, simply take one cycle of y from any starting point and read 
the corresponding values of x (see fig. 1) so that 


_ log ye — log y1 __ log yo/ V1 log 10 2.3 


(4) = Ae 


(42 — x,)log e Ax loge Ax log € 


In case the graph does not extend over one cycle, determine x for y=e and 


y=; 
log e 1 
(5) b= bf 
Axloge Ax 


which is even simpler (see fig. 2). 


1000 1000 
100 100 
10 10 
d 2./ 

10 x x | x 


2 x| Ny 
Fic. 1 Fic, 2 

2.30 1 
(a, — 21)” (x2 — 31) 


If an equation of the type y=a 10* is desired, taking y=10 as before gives 
log 10 1 


*log 10 _ x 
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The sign of 6 is of course positive if the graph has a positive slope in the 
ordinary sense and is negative for a negative slope. 

If a can not be determined at x=0 it can usually be obtained by finding y 
for some convenient values of x such that dx=some integer n, whereupon 
a=y/e. 

The advantages of this method for problems where at most two significant 
figures are expected may be summarized as follows: (1) no table of logarithms 
need be consulted, but a slide rule is convenient; (2) 6 can always be determined 
from the graph regardless of a; (3) the method is independent of the scales used 
for x and y. 


PROBLEMS AND SOLUTIONS 


EDITED BY OTTO DUNKEL, ORRIN FRINK, JR. AND H. S. M. COXETER 


ELEMENTARY PROBLEMS 


Send communications concerning Elementary Problems and Solutions to H. S. M. 
Coxeter, 24 Strathearn Boulevard, Toronto, Canada, 

The department of Elementary Problems welcomes problems believed to be new, and 
demanding no tools beyond those ordinarily furnished in the first two years of college 
mathematics. To facilitate their consideration, solutions should be submitted on separate, 
signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 


E 541. Proposed by Joseph Rosenbaum, Bloomfield, Conn. 


Given a regular polygon of » sides, n>4, design a quadrilateral, Q, such 
that (1) it shall be possible to fit 2” of the Q’s to the polygon to form a new regu- 
lar polygon of sides, and (2) it shall be possible to fit 2” additional Q’s to the 
new polygon to form a still larger third regular polygon of 1 sides. 


E 542. Proposed by V. Thébault, San Sebastién, Spain 
In what scale of notation (with radix less than a hundred) will the four-digit 
number 58 58 58 58 be a perfect square? 


E 543. Proposed by N. A. Court, University of Oklahoma 


Find a point whose polar planes for three given spheres (with non-collinear 
centers) are mutually perpendicular. Show that the problem may have two solu- 
tions. When will they be real? 


E 544. Proposed by E. P. Starke, Rutgers University 


Show that it is possible to construct a tetrahedron such that the length of 
every edge, the area of every face, and the volume all are integers. 
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E 545. Proposed by A. H. Stone, Institute for Advanced Study 


Starting with a point P on the side BC of a triangle ABC, mark Q on AB 
with BO=BP, Ron CA with AR=AQ, P’ on BC with CP’=CR, QO’ on AB 
with BQ’=BP’, and so on. Prove that the construction closes, 7.e., that CP 
= CR’, and that the six points P, Q, R, P’, Q’, R’ are concyclic. (Some obvious 
restrictions must be placed on the directions on the sides of the triangle in which 
the intervals BQ, etc., are taken.) 


SOLUTIONS 


Generating Functions in Statistics 


E 504 [1942, 61]. Proposed by J. F. Kenney, University of Wisconsin at 
Milwaukee 
If p and g are positive numbers with + q=1, show that 


lim (pertivnra + ge~Ptlvnpa)n _ et? la. 


n— 0 


Solution by Churchill Eisenhart, University of Wisconsin 

We shall show that the above limit is uniform in every finite f-interval. To 
do this we employ the following lemma (which is easily deduced from the usual 
form of Maclaurin’s series): 


LEMMA. If f(x) possesses a second derivative which is continuous at x=0, 
then 


f(%) = f(0) + f'(O)e + af"(O)x? + o(x*), 


where o(x?) tends to zero faster than x? as x0. 


We define 
M,(t) = (pertlvnpa + ge7PtlYnpa)n 
K,(t) = log M,(t) = n log (pett!¥"79 4 ge~Ptl¥npa), 


Expanding the exponentials with the aid of the lemma (together with the fact 
that p-+q=1), we see that, as n> ~, 


K,(t) = n log + f + o(—)t 
2n n 


uniformly in every finite ¢f-interval, o0(1/n) denoting a function which tends to 
zero faster than 1/n as n—«. Applying the lemma to the expansion of the 
logarithm, we have (uniformly in every finite /-interval as n— 0) 


K _ t? 1 _ t? 1 
n(t) = n\— + o(—)t = ra o(1), 


where o(1) denotes a function which tends to zero as n— ©. 
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Therefore, in every finite ¢-interval, K,(t) tends uniformly to ¢?/2, and M,(t) 
to ef !?, 
Discussion. If x is a random variable, such that the probability x=X is 


given by 
( nN ) —X AX 
x q’ “Pp 


for X =0,1,2,---,n, then 1/,(t) is the moment-generating function of the dis- 
tribution of the variable 


y = (x — np)//npq. 


In other words, the rth moment of y (1.e., the average value of yy") is given by 


GG) so], 


Moreover, K,(t) is the semi-invariant-generating function of the distribution of 
y, as its rth derivative, evaluated at the point ¢=0, gives the rth semi-invariant 
of y. Since e”/? is known to be the moment-generating function of the normal 
distribution of zero mean and unit standard deviation, the implication of the 
above limit is that for large values of m the variable x is approximately normally 
distributed about a mean of np with standard deviation npg. This latter result 
is often known as Laplace’s Theorem, being given by him in his Théorie analy- 
tique des probabilités, 1812. But it has recently been found that De Moivre ob- 
tained the same result in his Mzscellanea Analytica, Supplementum, 1733, bring- 
ing it before the probability-minded public in the second edition of his Doctrine 
of Chances, 1738. 

Also solved by G. A. Baker, Paul Brock, Albert Furman, J. A. Greenwood, 
H. D. Larsen, E. P. Starke, and the proposer. 

For the properties of generating functions (also called characteristic func- 
tions), see Curtiss, Generating functions in the theory of statistics, this MONTHLY, 
vol. 48, pp. 383-385. 


Ternary Repeaters 


E 505 [1942, 61]. Proposed by H. T. R. Aude, Colgate University 


How many different proper fractions when written in the ternary-scale will 
be repeaters with not more than three digits in their repetends? 

Solution by E. P. Starke, Rutgers University 

Assume the desired fractions to be “pure” repeaters, the first occurrence of 
the repetend being immediately at the point, for otherwise there would be an 
unlimited number of such fractions. The problem is easy to solve by commencing 
at either end. 

(A) Since the available digits are 0. 1, 2, repeaters with three-digit repe- 
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tends can be written down in 3? ways, from which we must exclude the 3 cases 
in which the digits are alike. Similarly there are 3?—3 repeaters with two-digit 
repetends; but with a single digit in the repetend there is only .1. Thus there 
are 24+6-+1=31 such fractions altogether. 

(B) If & is the smallest integer such that 3*—1 is divisible by n, then 1/n isa 
repeater with & digits in the repetend. For k=1, 2, 3, we have n=2, 8, 26, re- 
spectively. Thus we have. 1/2, 1/8, 1/26, and such integral multiples as are 
proper fractions. Finally there are 1+7+25 such fractions, less 2, because 4/8 
and 13/26 are duplicates of 1/2. There are then 31 fractions, as in (A). 

Also solved by the proposer. 


ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, 
Washington University, St. Louis, Mo. All manuscripts should be typewritten, with double 
spacing and with margins at least one inch wide. 

Problems containing results believed to be new or extensions of old results are espe- 
cially sought. The editorial work would be greatly facilitated, if, on sending in problems, 
proposers would also enclose any solutions or information that will assist the editors in 
checking the statements. In general, problems in well known text-books or results found 
in readily accessible sources will not be proposed as problems for solution in this depart- 
ment. In so far as possible, however, the editors will be glad to assist members of the Asso- 
ciation in the solution of such problems. 


PROBLEMS FOR SOLUTION 


4056. Proposed by J. R. Musselman, Western Reserve University 

Let the line of images of any point T on the circumcircle of triangle 414 2A3 
cut the sides A ;A; in the points A;’. The perpendiculars to the sides A ;A; at 
A; form the triangle BiB.B;; show that the straight lines A ;B; meet in T. 


4057. Proposed by J. R. Musselman, Western Reserve University 


Let B,, Bz, Bs be the points symmetric to the vertices of triangle 414 2A; in 
its circumcenter O, and let Ci, C2, C3 be the reflections of A; in the perpendicular 
bisector of the sides of A,A4,A3. It is known that the circles OBiC;, OBC», 
OB;C3 meet at a point P. Show that P lies on the Euler line of 414.43 and that 
O is the midpoint of PD, where D is the inverse in the circumcircle of the ortho- 
center H of A,4.As3. 


4058. Proposed by R. P. Agnew, Cornell University 


Give an example of a sequence f,(x) of real continuous functions, defined over 
— 0 <x< o and vanishing outside the interval —1<x<1, such that the dom- 
inating function F(x) defined by 


(1) F(x) = Lub. | fn() | 


and the inferior and superior limit functions 
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(2) lim inf f,(x), lim sup fn(x) 
are all continuous and such that the members of the inequality (in which inte- 
gration is over — © <x< 0) 


— J Fae <| lim inf f,(*)dx S lim inf J foladaz 


Nn © no 


(3) 


lA 


< lim sup J faz < f lim sup fr(x)dx S [ Fa 
assume in order the values in the arithmetic progression —5, —3, —1, 1, 3, 5. 

Remark: An elegant theorem on “integration of sequences” states that if 
fr(x) 18 a sequence of functions measurable over Em (Euclidean space of m 
dimensions) and the dominating function (1) is integrable (Lebesgue), then the 
functions (2) are integrable and (3) holds. See Carathéodory, Vorlesungen wiber 
Reele Funktionen, Leipzig, 1927, p. 444. An example meeting the conditions of 
the problem shows that, even when all functions involved are continuous, the 
differences between successive members of (3) may all be equal to the constant 2. 


4059. Proposed by V. Thébault, San Sebastiin, Spain 


Let D, E, F be the points of contact of the inscribed circle (J) with the sides 
BC, CA, AB of triangle ABC, and A’, B’, C’ the feet of its altitudes. Show that 
the distances of the points of intersection of the pairs of straight lines such as 
B'C’, EF from the radical axis of (1) and the nine point circle of triangle ABC 
are inversely proportional to the distances of the Feuerbach point from the feet 
of the altitudes. 


4060. Proposed by V. Thébault, San Sebastiéin, Spain 


If a point P is the orthopole of the three sides of a triangle A,B,C, with re- 
spect to another triangle A,B.C. inscribed in the same circle as the first, the 
product of its distances from the sides of the first triangle is equal to the similar 
product for the second. 


SOLUTIONS 
Circumcenters of Associated Tetrahedrons 


4001 [1941, 409]. Proposed by V. Thébault, San Sebastian, Spain 


The spheres (O7), (O27), (O/ ), (O/), symmetric to the circumsphere (O) of the 
tetrahedron A,A.A3A,4 with respect to its faces, intersect in sets of three in the 
points Aj, Az, AJ, A? distinct from the vertices; and the spheres described 
on the circumcircles (Oi), (Oz), (Os), (Os) of the triangles of the faces as great 
circles intersect in sets of three in A?/’, Az’, Aj’, Ad’. Show that: (1) the tetra- 
hedrons Aj Az A3 Ad and A{’ As’ AZ’ Ad’ are homothetic; (2) the centers of the 
circumspheres of the tetrahedrons A14 24344, 01020301, Of Of Of OL, ALAS AJ Ad, 
Aj’ Ad’ AZ’ Ad’ are collinear. 
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Edttorial Note. The proposer gave indications of a solution as follows: The 
radical center Q of the four spheres (O/), (OZ), (OZ), (Od) coincides with the 
radical center of the second set of spheres on (O1), (Oz), (O3), (Os); and Q is the 
isogonal conjugate of the circumcenter O of T=A,A42A3A,4 with respect to T. 
Also the points A/ and Aj’ are the inverses of A; in two inversions with the 
same pole Q. From this it follows that the two tetrahedrons 7’=Aij AJ AJ Ad 
T'’=Ai' Ads’ AZ’ Ad’ are homothetic, the center being Q. (2). The circumcenters 
of 7, T’, Of Of O3 Of are collinear, etc. see V. Thébault, Mathesis, 1922, p. 363. 

The proofs of these statements follow easily from theorems in Court’s Mod- 
ern Pure Solid Geometry, p. 246, 756, and p. 244, 752. Thus the three spheres, 
(Oz), (Os), (Of) are orthogonal to a sphere (Q, 71) with center Q and radius 1, 
intersect in A, and Ai which are inverses with respect to this sphere, and hence 
QA1:-QA{ =r. Similarly, Q4,-QA/’ =, and then QA{/QA{’ =77/7, and the 
proof of (1) follows. 

Since the circumspheres (7”’), (J) are inverses in the first inversion, and 
(T’’), (T) are inverses in the second, the three centers are collinear with 0. 
We show next that the circumcenters of the tetrahedrons 0,0.0;01, Oi Of O/ Of 
lie also on OQ and this will conclude the proof of (2). Let NV be the midpoint of 
OQ, and O/ the center of (O/). Then OO! =200,, and N is the center of the com- 
mon pedal sphere of the isogonal conjugates O and Q, with respect to T, with the 
radius NO;; and Q is the center of the sphere (Oj O7 OJ O/) with the radius 
QO/ =2NO;,. 


A Number Theory Function 


4002 [1941, 483]. Proposed by F. A. Lewis, University of Alabama 


Give an interpretation to the function that results from the Euler ¢-function 
when the minus signs are changed to plus, namely f(z) =n(1+1/,)(1+1/p2) 


sc (1+1/p;). 
I. Solution by E. P. Starke, Rutgers University 
Let p1, po, - ++, px be the distinct prime divisors of n and set m=n/pipe 


- + + pe, where a; is the exponent of p; in m. Then f(z) is the sum of all numbers 
which are simultaneously multiples of m and divisors of 2. In other words: Let 
S be any divisor of ” which is not divisible by a square, and let T be its com- 
plementary factor (S:T =n); then f(m) is the sum of all numbers T. Of course, if 
=.= +++ =a,=1, f(m) is the sum of all divisors of ~. These statements 
follow immediately from two evident facts: 


(1) S(pr) = pit + pe 
(2) f(xy) = f(x)-fO), 


where x, y are relatively prime. 
II. Solution by the Proposer 


The required function is formed when ¢2(n) is divided by $(n). Since ¢2() 
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represents the number of elements of period ” in an Abelian group of order n? 
and type (1, 1), the function formed represents the number of cyclic subgroups 
of order ” in an Abelian group of order n? and type (1, 1). 


Note by D. M. Seward, University of Tenn. 

Referring to Dickson’s History of the Theory of Numbers, Vol. 1, p. 123, we 
find: “R. Dedekind proved that, if be decomposed in every way into a prod- 
uct ad, and if e is the g.c.d. of a, d, then 


Dd, a/ed(e) = n]] (1 + 1/p) = f(n), 


where a ranges over all divisors of 2, and p over the prime divisors of n.” 

We shall use Jordan’s generalization of Euler’s ¢-function, J;,(”), p. 147. By 
definition, J;,(m) is the number of different sets of k (equal or distinct) positive 
integers Sn, whose g.c.d. is prime to ”. The formula is given 


Ii(n) = n'(1 — 1/pa) +++ (1 — 1/95). 


We note that f(”) =J2(n)/6(2), Jo(n) =$(n)>_a/ed(e). 

Letting f,(n) =n*(1+1/pp) - - - (1+1/p9), we have fx(”) = Jon(n)/Ji(2). 

It is noted (p. 150) that J. Valyi used f(z) in his enumeration of the n-fold 
perspective polygons of 2 sides inscribed in a cubic curve. 


Editorial Note. After the appearance of this problem in print the proposer 
discovered that his interpretation is given in Fricke’s Die Elliptischen Func- 
tzonen, vol. 2, p. 120. In the above mentioned volume of Dickson it is also stated 
on page 155 that G. A. Miller evaluated J;,(m) by noting that it is the number 
of operators of period m in the abelian group with k independent generators of 
period m. This leads to the proposer’s interpretation for k=2. 


NEWS AND NOTICES 


Readers are invited to contribute to the general interest of this department by sending 
news items to C. O. Oakley, Haverford College, Haverford, Pennsylvania. 


Dr. H. N. Wright, formerly professor of mathematics at the College of the 
City of New York, was installed as president of the college on September 30, 
1942. Professor H. F. MacNeish represented the Mathematical Association on 
this occasion. 


Professor Virgil Snyder of Cornell University was one of four graduates of 
Iowa State College to receive the Chicago Merit Award in June 1942. The 
awards are presented by Chicago alumni of the college. 
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One of the most difficult tasks in library reconstruction after the first World 
War was that of completing foreign institutional sets of American scholarly, 
scientific, and technical periodicals. The attempt to avoid a duplication of that 
situation is now the concern of the Committee on Aid to Libraries in War Areas, 
headed by J. R. Russell, the Librarian of the University of Rochester. In a recent 
mimeographed statement the Committee appeals to subscribers to scientific 
journals to save old periodicals. Questions concerning the project should be sent 
to W. M. Hartwell, Executive Assistant to the Committee, University of 
Rochester. 


The National Research Council, Washington, D. C., has issued the fourth 
edition of a Handbook of Scientific and Technical Societies and Institutions of the 
United States and Canada (N.R.C. Bulletin No. 106, January, 1942; 389 pp). 


Illinois Institute of Technology has made the following appointments: Pro- 
fessor Max Dehn of the University of Idaho to a visiting lectureship, Dr. 
M.H. Heins to an assistant professorship, and Dr. W. B. Caton and Dr. G. W. 
Mackey to instructorships. Associate Professor Rufus Oldenburger has beer 
promoted to a professorship. 


At Louisiana State University: Appointments to assistant professorships in- 
clude Dr. O. G. Harrold, Jr.; and Dr. P. A. White. The following members of 
the staff are on leave: Associate Professor R. C. Yates, U.S. Military Academy, 
Captain; Assistant Professor P. C. Scott, Army Air Corps, First Lieutenant; 
Dr. Nelson Robinson, U. S. Navy, Lieutenant (j.g.); Dr. A. B. Carson, Army 
Air Corps, Second Lieutenant. 


From the University of New Mexico: Dr. C. B. Barker has been made an 
assistant professor. Assistant Professor H. D. Larsen has been promoted to an 
associate professorship. Dr. Arthur Rosenthal, lecturer during the second 
semester of the past year, has been given the status of professor. 


Dr. J. M. Dobbie and Dr. J. W. Givens of Northwestern University have 
been promoted to assistant professorships. Dr. T. F. Holgate, who retired from 
active deanship in 1937, has accepted a lectureship because of the war emergency 
and is teaching during the fall quarter at Northwestern University. 


From Oklahoma Agricultural and Mechanical College: Professor A. H. Dia- 
mond, Associate Professor H. S. Mendenhall and Assistant Professor C. E. 
Marshall have entered the Army Air Forces as second lieutenants. Associate 
Professor O. H. Hamilton is a lieutenant in the Naval Reserve. Assistant Pro- 
fessor Herbert Scholz and Dr. Paul E. Lewis are civilian instructors in the local 
Naval Radar Training School. Mr. Patrick Butler has been appointed to a 
teaching fellowship at the University of Texas. Associate Professor J. H. Zant 
has been promoted to a professorship and made acting head of the department. 


From Park College, Missouri, come the following items: Dr. H. E. Crull, 
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chairman of the department of mathematics and astronomy, has been granted 
leave for the duration and is a Lieutenant (j.g.) in the U. S. Naval Reserve. 
Dr. C. A. Messick of Oakland City College, Indiana, has been appointed in Lt. 
Crull’s place. Associate Professor L. A. Robbins has been granted leave of ab- 
sence and is now with Pratt-Whitney Aircraft Corporation. Helen K. Milleson 
of Buena Vista College has been appointed to an assistant professorship. 


From Pennsylvania State College: Professor C. H. Graves is on leave of 
absence serving as assistant educational statistician in the Office of Education 
in the Federal Security Agency, Washington, D. C. Professor H. B. Curry is on 
leave serving as Associate Mathematician at the Frankford Arsenal, Phila- 
delphia. Dr. R. H. Cook has been appointed an assistant professor at the South 
Dakota State School of Mines. 


Kaj Nielson of Louisiana State University, and Alben Nordling and C. H. 
W. Sedgwick of the University of Connecticut, worked in the research engineer- 
ing department of Pratt and Whitney Aircraft the past summer. Professor F. C. 
Jonah of Western Reserve University also spent the summer in this group and 
is now on leave from the University as a research engineer for the Vought- 
Sikorsky division of United Aircraft. 


Dr. O. P. Akers, professor of mathematics and surveying at Allegheny Col- 
lege, has retired after thirty-seven years of teaching there. 


Dr. Fred Assadourian of New York University has been appointed an asso- 
ciate professor at the Texas Technological College. 


O. E. Bennett has been appointed an assistant professor at Washington 
College, Chestertown, Maryland. 


Professor R. E. Bruce, chairman of the department of mathematics, Boston 
University, became professor emeritus on July 1 after thirty-nine years of serv- 
ice. Because of the present emergency Professor Bruce will continue in active 
service. 


C. L. Buxton of Clarkson College of Technology has been promoted to an 
assistant professorship. 


W. B. Campbell, who has been serving as engineer in the Philadelphia 
Ordnance District, has been appointed an associate professor of engineering at 
the Pennsylvania Military College, Chester. 


Dr. J. L. Dorroh of Ouachita College has been appointed an assistant Pro- 
fessor at Louisiana State University. 


Professor H. J. Ettlinger of the University of Texas represented the Mathe- 
matical Association at the inauguration of President J. N. R. Score at South- 
western University on October 6. 
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H. W. Eves of the mathematics staff of the Tennessee Valley Authority has 
been appointed assistant professor of applied mathematics in the College of Ap- 
plied Sciences of Syracuse University. 


Professor Emeritus J. G. Hardy of Williams College is teaching for two 
semesters at Reed College. 


Associate Professor C. T. Hazard of Purdue University has been promoted to 
a professorship. 


Dr. C. C. Hurd has been granted leave of absence from Michigan State Col- 
lege to teach in the U. S. Coast Guard Academy. 


Assistant Professor H. S. Kaltenborn of Louisiana Polytechnic Institute has 
been promoted to an associate professorship. 


Associate Professor E. C. Kennedy of Texas College of Arts and Industries 
is now a first lieutenant in the Army Air Corps. 


Dr. D. E. Kibbey of Michigan State College has accepted a commission to 
teach at West Point. 


Associate Professor V. S. Lawrence of Cornell University is now instructing 
in mathematics at the U. S. Military Academy, West Point, with the rank of 
major. 


Dr. H. L. Lee of the University of Tennessee has been promoted to an as- 
sistant professorship. 


At the University of Oregon, Ingo Maddaus, Jr., has been made an assistant 
professor. 


Assistant Professor F. H. Miller of the Cooper Union School of Engineering 
has been promoted to an associate professorship. 


Dr. E. N. Nilson has been appointed an assistant professor at Mount Holy- 
oke College. 


Dr. M. G. Pawley of the Colorado School of Mines is now a radio engineer 
in the Naval Research Laboratory at Washington. 


Dr. D. R. Shreve of Purdue University has been appointed a stress analyst 
at the McDonnell Aircraft Corporation, St. Louis. 


Dr. M. M. Slotnick has been appointed supervisor at the Bureau of Ordnance 
Navy Department, Washington. 


Associate Professor D. E. South of the University of Kentucky is on leave of 
absence. 


Dr. E. R. Stabler has been appointed an assistant professor at Hofstra Col- 
lege. 
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J. A. Straw of the University of Louisville has been appointed an assistant 
professor at Rose Polytechnic Institute. 


Dr. S. Helen Taylor of Ashland, Kentucky, Junior College has been ap- 
pointed adjunct professor at the University of South Carolina, the first woman 
to be appointed to any position in the department of mathematics since the 
founding of the University over 141-years ago. 


Dr. D. L. Webb of Georgia School of Technology has been appointed an 
assistant professor at the Texas Technological College. 


Dr. André Weil of the New School for Social Research and Haverford Col- 
lege has been appointed an assistant professor at Lehigh University. 


Professor Evelyn P. Wiggin of Randolph-Macon Woman’s College is on 
leave of absence and has been appointed to a lectureship at Wellesley. 


Dr. Clyde Wolfe has been appointed Civilian Instructor, Academic Training 
Department, at the Santa Ana, California, Army Air Base. 


The following appointments to instructorships are announced: 

A. and M. College of Texas: A. R. Wapple 

University of Arkansas: R. V. Simpson 

Case School of Applied Science: Dr. L. J. Green 

Cornell University: R. L. Beinert, C. D. Firestone, R. L. Hull, Dr. Fred 
Kiokemeister, Dr. L. J. Savage, A. R. Turquette 

University of Delaware: G. L. Walker 

Hamilton College: L. B. Williams 

Iowa State College: J. W. Beach 

John Carroll University: Dr. P. H. Anderson 

Louisiana State University: Dr. K. L. Nielsen, J. E. Pryor, J. C. Stewart. 

Miami University : Alberta Wolfe 

Michigan College of Mining and Technology: J. C. Butler, T. R. Richards, 
Earl Roberts 

Michigan State College: Dr. W. L. Mitchell, Dr. L. V. Toralballa, Elaine 
Van Aken, K. C. Walters. 

Michigan State Normal College: Dr. Edith Schnedkenburger 

Muskingum College: L. C. Knight, Jr. 

Northwestern University: Mrs. Louise Marvel Sagen, R. S. Wolfe and on 
part-time: Dr. Walter Cerf, Mary M. Handel, R. H. Lence 

Rutgers University, College of Engineering: R. B. Kleinschmidt 

Smith College: Anne Frances O’ Neill 

Texas Technological College: Mrs. Annie N. Rowland 


The name of Professor J. F. Barnhill was, through an oversight, omitted 
from the necrology of members in the March issue of the MONTHLY. Professor 
Barnhill, who died May 5, 1941, became a member of the Association in 1920 
and had taught at Michigan State Normal College since 1922. 
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Eleanor C. Doak, professor emeritus at Mount Holyoke College, died on 
August 27, 1942 at the age of seventy-two. She had been a member of the 
Mathematical Association since 1916. 


Professor Emeritus W. A. Harshbarger of Washburn Municipal University 
of Topeka died on July 17, 1942. He had been connected with the University 
for fifty years, and was a charter member of the Mathematical Association. 


Professor Byron Ingold of Culver-Stockton College died March 23, 1942. 
He had been a member of the Mathematical Association since 1927. 


Professor Emeritus D. A. Lehman of Goshen College died September 8, 
1942. He was a charter member of the Mathematical Association and had been 
professor at Goshen since 1906. 


Dr. E. W. Miller, associate professor of mathematics at the University of 
Michigan, died on July 23, 1942, at the age of thirty-seven. 


D. T. Petty, head of the department of mathematics in the F. W. Parker 
School, a member of the Mathematical Association, died April 16, 1942. 


Dr. T. M. Putnam, professor emeritus and dean of undergraduates at the 
University of California, died September 22, 1942. He was a charter member 
of the Mathematical Association. 


Professor W. B. Robinson, since 1913 head of the department of mathe- 
matics at the American International College, Springfield, Mass., died July 19, 
1942, at the age of fifty-three. 


OCCUPATIONAL CLASSIFICATION OF MATHEMATICIANS 


General Lewis B. Hershey, Director of Selective Service, has issued Occupa- 
tional Bulletin No. 23 which certifies that the educational services of instructors 
and professors of mathematics in colleges, universities, or professional schools 
are activities essential to the war effort. This Bulletin supplements Occupational 
Bulletin No. 10 which was distributed to department chairmen by the office of 
the Secretary of the American Mathematical Society on June 30, 1942. Bulletin 
No. 10 and Bulletin No. 23 are given at the end of this note. 

This memorandum is published with the realization that the whole situation 
with respect to our colleges and universities will undoubtedly be fundamentally 
altered by the legislation concerned with the lowering of the draft age. Never- 
theless, we do believe that plans will be developed whereby the government 
will use the machinery already existing in our colleges and universities in order 
to train young men in the mathematics and science which are the necessary 
equipment of Army and Navy officers. The need for instructors in mathe- 
matics is bound to increase as the tempo of the .war is increased. 
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The Secretary of War has stated that teachers in fields that are essential to 
the war effort are doing the job that the country wants them to do and are per- 
forming their full duty in the war effort. With this in mind, every effort should 
be made to conserve the supply of mathematicians; this supply is already 
greatly depleted. Mathematicians should not be discouraged from assuming 
positions in fields other than teaching, if these offer greater opportunities for 
service to the nation in the war effort. On the other hand, mathematics teachers 
should not feel that their services will shortly be unnecessary and consequently 
rush into positions where their contribution is less vital than that of teaching 
men who are preparing for commissions in the armed forces. Mathematics at 
the college level will have to be taught to prospective officers. We hope that 
this teaching will be done in our colleges and universities. Whether it is done 
there or in schools set up by the government, mathematicians will be needed 
and the supply should be conserved. 


1. Requests for occupational classification. In view of the recent Bulletin, 
we wish to offer the following suggestions for securing the proper classification 
of mathematicians: 


(a) For those who have completed their training, i.e., instructors and men of 
professorial grade. Requests for continued occupational deferment or for re- 
classification should be based on Occupational Bulletin No. 23 in which the 
Manpower Commission has certified as essential to the war effort professors 
and instructors engaged in full-time instruction and research in mathematics. 
This Bulletin should be attached to every request. In addition, Occupational 
Bulletin No. 10, which certifies that there is a serious shortage of mathema- 
ticians, should be attached. Local boards must be supplied with all the neces- 
sary information; this should include evidence that the registrant cannot be 
replaced. The request for reclassification should be made on Form 42A which 
can be obtained from the registrant’s local board. 


(b) For those in training, t.e., graduate assistants and undergraduate majors 
in mathematics. The officer requesting the deferment should file Form 42A 
directly with the local board with the ordinary questionnaire filled out by all 
registrants. Reference should be made to Occupational Bulletin No. 10. It 
is urged that a copy of this Bulletin be attached to Form 42A when it is filed. 


2. Appeals. Having made a request for occupational deferment, the person 
making the request should be prepared to exert every effort to secure that 
deferment, including the making of an appeal. The appeal may be made by the 
registrant, his employer, or the government appeal agent. When it is clear 
that the end of negotiations with the local board has been reached, without 
having modified the registrant’s IA classification, the appeal should be carried 
through. Such an appeal must be made within ten days of the date when the local 
board mailed to the registrant a notice of his classification. The form for appeals 
appears at the end of the questionnaire. 


626 OCCUPATIONAL CLASSIFICATION | November, 


3. Additional Steps. 


National Roster of Scientific and Specialized Personnel, 
10th and U Streets, N.W., Washington, D. C. 


Any mathematician who has not already done so should register immedi- 
ately with the National Roster. This may be done by writing a letter to the 
Roster at the above address, and asking for appropriate forms in mathematics. 
In this communication, the writer should indicate whether he is subject to the 
Selective Training and Service Act of 1940. 

The National Roster may take appropriate action in the case of profes- 
sional mathematicians and graduate students in mathematics. Under a co- 
operative plan with the Selective Service System, the Roster may send to the 
National Headquarters of the Selective Service System appropriate information 
about professionally trained men of military age, and that office in turn may 
then forward letters about these men through the various State Directors to 
the individual local boards, in order to assist in proper classification. 

It is essential that a man (or his employing institution) should not wait 
until he is placed in Class IA before writing to the Roster. The Roster should 
be kept informed as to any changes in his Selective Service status or in his em- 
ployment. In communicating with the Roster, a man should give the following 
information: (1) the name, number, and address of his Selective Service local 
board; (2) his own order number; (3) a description of his specific duties, es- 
pecially as related to the war effort. 


Office of Scientific Personnel, National Research Council, 
2101 Constitution Avenue, Washington, D. C. 

Dean Homer L. Dodge is now Director of the Office of Scientific Personnel. 
In cases where an appeal has been made and developments indicate that a 
proper decision may not be reached, it is advisable to contact Dean Dodge. 
He must be informed as to the applicant’s order number and the name, number, 
and address of the local board under which he is registered. Dean Dodge has 
offered to consult with the State Director concerned or with Selective Service 
Headquarters as the urgency of the case demands. 

However, the Office of Scientific Personnel must start where the person 
making the original request leaves off and can do little to make up for de- 
ficiencies in the presentation of the case by the employer. Unless there is pre- 
sented evidence that a genuine, but unsuccessful, attempt has been made to 
secure a replacement for the particular registrant in question, it will be im- 
possible for the Office of Scientific Personnel to be of assistance. 

Copies of Occupational Bulletin No. 10 and of Occupational Bulletin No. 23 
will be furnished, on request, by the office of the Secretary of the American Mathe- 


matical Society. ; . . ; 
4 Marston Morse, President American Mathematical Socrety, 


J. R. KLINE, Secretary. 
Philadelphia, Pa. 
November 2, 1942. 
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OCCUPATIONAL BULLETIN NO. 10 


SUBJECT: SCIENTIFIC AND SPECIALIZED PERSONNEL June 18, 1942 
Part I 


1. There are certain persons trained, qualified, or skilled in scientific and specialized fields 
who, if engaged in the practice of their respective professions, are in a position to perform a vital 
service in activities necessary to war production and in activities essential to the support of the 


war effort. 
Part II 


1. The National Roster of Scientific ‘and Specialized Personnel has certified to the Director 
of Selective Service that in activities necessary to war production and in activities essential to the 
support of the war effort, there are certain “critical occupations” which for the proper discharge of 
the duties involved require a high degree of training, qualification, or skill in scientific and spe- 
cialized fields. The critical occupations in these scientific and specialized fields, as certified to the 
Director of Selective Service, are attached to this bulletin, 

2. All of these critical occupations, as listed, require highly specialized periods of training of 
two years or more. The critical occupations on the attached list exist within the provisions of Part 
V, Memorandum to All State Directors (1-405). 


Part III 


1. The National Roster of Scientific and Specialized Personnel has certified to the Director 
of Selective Service that there are serious shortages of persons trained, qualified, or skilled to en- 
gage in these critical occupations in activities necessary to war production and in activities essen- 
tial to the support of the war effort. These shortages exist within the provisions of Part VII, 
Memorandum to All State Directors (I-405), and accordingly careful consideration for occupa- 
tional classification should be given to all persons trained, qualified, or skilled in these critical 
occupations and who are engaged in activities necessary to war production or essential to the 


support of the war effort. 
Part IV 


1. There are many registrants who are in training and preparation to acquire the qualification 
or skill to engage in these critical occupations. Normally the period of training and preparation to 
acquire the necessary qualification or skill in these scientific and specialized fields extends over a 
period of four academic years in a recognized academic, professional, or technical college or 
university. In many instances, however, it is necessary for persons to have additional study 
in a recognized academic, professional, or technical college or university in order to acquire the 
more highly specialized qualification or skill necessary for the performance of particular services 
in activities necessary to war production or essential to the support of the war effort, Persons en- 
gaging in further studies in addition to the four academic years normally required are referred to as 
graduate or postgraduate students. 

2. A registrant who is in training and preparation for one of these scientific and specialized 
fields may not be considered for occupational classification until the close, or approximately the 
close, of his second or sophomore year in a recognized college or university. 

3. A registrant who is in training and preparation for one of these scientific and specialized 
fields may be considered for occupational deferment at the close, or approximately at the close, 
of his second or sophomore year in a recognized college or university if he is pursuing a course of 
study upon the successful completion of which he will have acquired the necessary training, quali- 
fication, or skill, and if he gives promise of continuing and will be acceptable for continuing such 
course of study and will undertake actual further classroom work within a period of not to exceed 
four months from the close of his second year. 

4. A registrant who is in training and preparation for one of these scientific and specialized 
fields shall be considered for occupational classification during his third and fourth years in a recog- 
nized college or university, provided that he gives promise of the successful completion of such 
course of study and the acquiring of the necessary degree of training, qualification, or skill. 
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5. A graduate or postgraduate student who is undertaking further studies for these scientific 
and specialized fields, following the completion of the normal four academic years, may be con- 
sidered for occupational classification if, in addition to pursuing the additional studies, he is also 
acting as ‘‘graduate assistant” in a recognized college or university or is engaged in scientific re- 
search related to the war effort and which is supervised by a recognized Federal agency. A graduate 
assistant is a student in postgraduate studies who, in addition, is engaged in the teaching and 
instruction of undergraduate students in these scientific and specialized fields. 

6. When a registrant has completed his training and preparation in a recognized college or 
university and has acquired a high degree of training, qualification, or skill in one of these scientific 
and specialized fields, such registrant should then be given the opportunity to become engaged in 
the practice of his profession in an activity necessary to war production or essential to the support 
of the war effort. In many instances following graduation from a recognized college or university, 
a certain period of time will be required in the placing of trained, qualified, or skilled personnel in 
an essential activity. When a registrant has been deferred as a necessary man in order to complete 
his training and preparation, it is only logical that his deferment should continue until he has an 
opportunity to use his scientific and specialized training to the best interest of the nation. Accord- 
ingly, following graduation from a recognized college or university in any of these scientific and 
specialized fields, a registrant should be considered for further occupational classification for a 
period of not to exceed 60 days in order that he may have an opportunity to engage in a critical 
occupation in an activity necessary to war production or essential to the support of the war effort, 
provided that during such period the registrant is making an honest and diligent effort to become 
so engaged. 

Lewis B. HERSHEY 
21st Street and C Street, N.W., Director of Selective Service 
Washington, D. C. 


CRITICAL OCCUPATIONS.—SCIENTIFIC AND SPECIALIZED PERSONNEL 


Accountants 
Chemists 
Economists 
Engineers: 
Aeronautical Engineers 
Automotive Engineers 
Chemical Engineers 
Civil Engineers 
Electrical Engineers 
Heating, Ventilating, Refrigerating, and Air Conditioning Engineers 
Marine Engineers 
Mechanical Engineers 
Mining and Metallurgical Engineers, including Mineral Technologists 
Radio Engineers 
Safety Engineers 
Transportation Engineers—Air, Highway, Railroad, Water 
Geophysicists 
Industrial Managers 
Mathematicians 
Meteorologists 
Naval Architects 
Personnel Administrators 
Physicists, including Astronomers 
Psychologists 
Statisticians 
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OCCUPATIONAL BULLETIN NO. 23 


SUBJECT: EDUCATIONAL SERVICES September 30, 1942 


1. The War Manpower Commission has certified that educational services are essential to 
the support of the war effort. 


2. This bulletin covers the following essential activities which are considered as included within 
the list attached to Local Board Release No. 115, as amended: 

(a) Educational services: Public and private industrial vocational training; elementary, 
secondary and preparatory schools; junior colleges, colleges, universities and professional 
schools; educational and scientific research agencies; and the production of technical and voca- 
tional training films. 


3. In considering registrants engaged in educational services there must be taken into con- 
sideration the following: 

(a) The kind of institution in which the registrant is engaged; 

(b) the occupation of the registrant in that institution; and 

(c) the classroom studies under the registrant’s instruction, supervision, or administra- 
tion jurisdiction. Attached is a list of occupations by institutions and classroom studies in 
educational services which require a resonable degree of training, qualification, or skill to 
perform the duties involved. It is the purpose of this list to set forth by institutions and class- 
room studies the important occupations in educational services which must be filled by persons 
capable of performing the duties involved in order that the essential portions of the activity 
may be maintained. Item 4 of the list does not include classroom studies but occupations 
which shall be considered in the same manner as any other occupations. The entire list is con- 
fined to occupations which require more than six months of training and preparation. 


4. In classifying registrants employed in these activities, consideration should be given to the 
following: 
(a) The training, qualification, or skill required for the proper discharge of the duties 
involved in his occupation; 
(b) the training, qualification, or skill of the registrant to engage in his occupation; and 
(c) the availability of persons with his qualifications or skill, or who can be trained to 
his qualification, to replace the registrant and the time in which such replacement can be 
made. 
Lewis B. HERSHEY, Director 


CRITICAL OCCUPATIONS—EDUCATIONAL SERVICES 


1. ELEMENTARY, SECONDARY AND PREPARATORY SCHOOLS 


(a) Superintendents of elementary, secondary and preparatory school systems; and 
(b) teachers who are engaged in full-time instruction in one or more of the following subjects: 


Aeronautics Mathematics 
Biology Physics 
Chemistry Radio 


2. JUNIOR COLLEGES, COLLEGES, UNIVERSITIES AND PROFESSIONAL SCHOOLS, EDUCATIONAL AND 
SCIENTIFIC RESEARCH AGENCIES 
(a) Presidents, Deans, and Registrars in junior colleges, colleges, universities and professional 
schools; and 
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(b) professors and instructors engaged in full-time instruction and research in one or more of 
the following subjects: 


Agricultural Sciences Engineering Sciences Navigation, Aerial and Marine 


Architecture, Naval Geology Oceanography 
Astronomy Industrial Management Pharmacy 
Bacteriology Mathematics Physics 

Biology Medicine and Surgery Physiology 
Chemistry Metallurgy Veterinary Sciences 
Dentistry Meteorology 


3. PuBLIC AND PRIVATE INDUSTRIAL VOCATIONAL TRAINING 


(a) Superintendents of public and private industrial vocational training; and 
(b) teachers who are engaged in full-time instruction in one or more of the following subjects 
designated to prepare students for war activities: 
Trade, Vocational and Agricultural subjects (such as, Machine Shop practice, Aircraft, 
Sheetmetal Work, and similar subjects) and in Vocational Rehabilitation. 


4, PRODUCTION OF TECHNICAL AND VOCATIONAL TRAINING FILMS 


(a) Persons engaged full-time and exclusively in the production of technical and vocational 


training films for the Army, Navy and war production industries. 


Animator 
Cameraman 
Cutter 

Film Editor 


Project Supervisor 
Technical Consultant 
Technical Writer 
Sound Engineer 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 


Twenty-seventh Annual Meeting, New York, N. Y., December 30-31, 1942. 


The following is a list of the Sections of the Associations, with dates of future meetings so 


far as they have been reported to the Secretary. 


ALLEGHENY MOUNTAIN 

ILLino1s, Notre Dame, Ind., April 9-10, 
1943 

InpranA, Notre Dame, April 9-10, 1943 

Iowa 

KANSAS 

KENTUCKY 

LOUISIANA-MISsSISSIPPI, Ruston, La., 1943 

MaArYLAND-DisTRICT OF COLUMBIA-VIR- 
GINIA, Baltimore, Dec. 5, 1942 

METROPOLITAN NEW YORK 

Micuican, Notre Dame, Ind., April 9-10, 
1943 

MINNESOTA 

Missourti, Kansas City, Dec. 4, 1942 


NEBRASKA 

NORTHERN CALIFORNIA, San Francisco, 
Jan. 30, 1943 

Out10, Columbus, April 1, 1943 

OKLAHOMA 


PHILADELPHIA, Philadelphia, Nov. 28, 1942 

Rocky MOUNTAIN 

SOUTHEASTERN 

SOUTHERN CALIFORNIA, Los. Angeles, 
March 13, 1943 

SOUTHWESTERN 

Texas, Lubbock, April, 1943 

Upper NEW YorK STATE 

WIsconsIN, Milwaukee, May 7, 1943 


For War Courses w 
CURTISS AND MOULTON’S 


Essentials of Trigonometry 
WITH APPLICATIONS 


e A concise presentation of the fundamentals of plane and spherical trigonom- 
etry designed especially for students who are about to enter the armed services. 


e Applications are given to surveying, to problems connected with maps and 
with artillery, and to navigation, including sections on plane sailing, parallel 
sailing, dead reckoning, great circle sailing, and celestial navigation. Such terms 
as the mil are explained and problems of aiming are treated. 


With Tables, 276 pages, $2.25; without Tables, 182 pages, $2.00 
Tables separately, 94 pages, $1.25 


ESSENTIALS OF SPHERICAL TRIGONOMETRY WITH APPLICATIONS. A 
separate edition of the chapter on spherical trigonometry and the section on applications 
from the preceding book. Paper, 63 pages, $.60 


D. C. HEATH AND COMPANY 


Boston New York Chicago Atlanta San Francisco Dallas London 


The Rhind Mathematical 
Papyrus 


De Luxe Edition 


Volume I, Translation and Commentary 
Volume II, Photographic Plates and Fac-Simile Reproduction 


Individual and institutional members of the Association may pro- 
cure copies at $20.00 per set through Secretary Cairns, Oberlin, 
Ohio. Non-members order through the Open Court Publishing 
Company, La Salle, IIl., at $25.00 per set. 

THIS IS A MAGNIFICENT WORK and should be in every college 


library. The edition is absolutely limited. Most of these sets are 
already sold, and no more will be available when this edition 1s 


exhausted. 


Outline of the History of Mathematics 


by RAYMOND CLARE ARCHIBALD 


Fifth edition, June 1941, tt, 76 pages 


Ts thoroughly revised and considerably enlarged edition is published by the Mathe- 
matical Association to meet a constant demand for up-to-date information on the 
History of Mathematics, not available in any other single English work. The syllabus, 
twenty pages of references to other material and sources, and an entirely new Index 
of Names, provide an excellent basis for a teacher to conduct a semester or year course 
in this field, or for a student wishing greatly to extend his knowledge. Earlier editions 
of the Outline have been reviewed very favorably throughout the world. Our expectation 
is that this fifth edition published within ten years, and more fundamentally revised and 
extended than any other edition, will continue to meet a need in this country and else- 
where. 
Price 75 cents a copy, postpaid, remittance with order 


No discount in price to anyone 
W. D. CAIRNS, Secretary-Treasurer 


MATHEMATICAL ASSOCIATION OF AMERICA 
OBERLIN, OHIO 


THE INDIAN MATHEMATICAL 
SOCIETY 


Invites Lovers of Mathematics of all ages to subscribe 
for its two Quarterlies 


1. The Mathematics Student intended for undergraduates and young research 
workers, and 


2. The Journal of the Indian Mathematical Society for papers of a more 
advanced character. 


They are both remarkably cheap and may be had for Rs. 6 (about 2 dollars) 
per annum for either journal, or Rs. 9 for both together. 


Order from 
Prof, S. Mahadevan, M.A., Mathematics Department 
Presidency College, Madras, India 


with a remittance of subscription for a year. 


Mathematics to Meet Today's Needs 


PLANE and SPHERICAL 
TRIGONOMETRY 


By RAYMOND W. BRINK, Pu.D. 
PROFESSOR OF MATHEMATICS, UNIVERSITY OF MINNESOTA 


C LEAR, straightforward exposition and an abundance of interesting 
applications distinguish this new book which combines Brink’s well- 
known Plane Trigonometry with a standard course in spherical trigonom- 
etry. The spherical trigonometry section presents a systematic and lucid 
treatment of right and oblique spherical triangles, supplemented by timely 
applications to geography and the celestial sphere, thus providing the 
mathematical basis for navigational practice. : 

399 pages. With Tables, $2.50 


Spherical Trigonometry is also available as a separate volume. 
62 pages. $.75 


D. APPLETON-CENTURY COMPANY 
35 West 32nd Street New York, N. Y.- 


Join the National Council of Teachers of Mathematics! 


The National Council of Teachers of Mathematics carries on its work through 
two publications. 


1. The Mathematics Teacher. Published monthly except in June, July, August, 
and September. It is the only magazine in America dealing exclusively with 
the teaching of mathematics in elementary and secondary schools. Member- 
ship (for $2) entitles one to receive the magazine free. 


. The National Council Yearbooks except the first, second, and tenth, which 

. are now out of print, may be had (bound volumes) from the Bureau of 
Publications, Teachers College, 525 West 120th St., New York City. Price, 
$1.75 each postpaid except the 17th yearbook which is $2 postpaid. 


Editorial Committee of above publications: 
W. D. Reeve, Teachers College, Columbia University, New York, Editor-in-Chief 
Dr. Vera Sanford, State Normal School, Oneonta, N.Y., Associate Editor 
W. S. Schlauch, School of Commerce, New York University, Associate Editor 


Send Two Dollars ($2.00) to The Mathematics Teacher, 525 West 120th Street, 
New York, N.Y., giving your name and mailing address, stating when the issue is 
to begin and whether you are a new member or not. 


NEW McGRAW-HILL TEXTS 
for 


WAR TRAINING COURSES 
* 


PRACTICAL MATHEMATICS FOR HOME STUDY. New third edition 


By the late CrAupe I. Parmer. Revised by S. F. Briss, Illinois Institute of Tech- 
nology. 697 pages, 54%4 x 8. $4.00 


SIMPLIFIED INDUSTRIAL MATHEMATICS 


By Joun H. Worre, W1LtiaM F. MUELLER, and Sersert D, MULLIKIN, Ford Motor 
Company. 281 pages, 434 x 7%. $2.00 


SPHERICAL TRIGONOMETRY WITH NAVAL AND 
MILITARY APPLICATIONS 


By Lyman M. Ke ts, Wits F. Kern, and JAMes R. Buanp, U. S. Naval Acad- 
emy. 163 pages, 6 x 9. $1.50. With tables, $2.40 


MATHEMATICS FOR ELECTRICIANS AND RADIOMEN 
By NEtson M. Cooke, Chief Radio Electrician, U. S. Navy. 604 pages, 6 x 9. $4.00 


ELEMENTARY MATHEMATICS IN ARTILLERY FIRE 
By JosepH Mitter THomas, Duke University. 256 pages, 6 x 9. $2.50 


MACHINE SHOP MATHEMATICS 


By Aaron AXELROD, Vocational and Technical High School, Bayonne, N.J. 372 
pages, 6 x 9. $2.50 


HIGHER MATHEMATICS FOR ENGINEERS AND PHYSICISTS 
New second edition 


By Ivan S. SoKotnrKorr, University of Wisconsin, and EL1zABetH S. SoKOLNI- 
KOFF. 587 pages, 6 x 9. $4.50 


MATHEMATICS FOR ELECTRICIANS. New second edition 


ey eee H. Kuen, Seneca Vocational High School, Buffalo, N.Y. 254 pages, 
2X 8 


MATHEMATICS FOR THE AVIATION TRADES 
org et NarpicuH, Manhattan High School of Aviation Trades. 267 pages, 6 x 9. 
1. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, Inc. 
330 West 42nd Street New York, N.Y. 


GEORGE BANTA PUBLISHING COMPANY, MENASHA, WISCONSIN 
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REPORTS OF THE MEETINGS OF THE ASSOCIATION 
AND ITS SECTIONS 


Edited by J. R. MussELMAN, Western Reserve University 


MEETINGS OF THE ASSOCIATION 


Election to membership, W. D. Cairns, 1-2, 


~ 145-146, 353, 579-580. 


Twenty-sixth annual meeting, W. D. Cairns, 


139-152. 


Twenty-fifth summer meeting, W. D. Cairns, 
576-581. 


MEETINGS OF ITS SECTIONS 


Allegheny Mountain Section, October 1941 
meeting, DAvip Mosxovitz, 2-4. 

Illinois Section, May 1942 meeting, C. N. 
MILLs, 584-587. 

Indiana Section, April 1942 meeting, M. W. 
KELLER, 581-584. 

fowa Section, April 1942 meeting, CORNELIUS 
GouweEns, 438-440. 

Kansas Section, March 1942 meeting, Lucy T. 
DOUGHERTY, 436-438. 

Kentucky Section, April 1941 meeting, D. E. 
SouTH, 153- 155; October 1941 meeting, 
D. E. Sours, 215-217. 

Louisiana-Mississippi Section, March 1942 
meeting, W. V. PARKER, 433-435. 

Maryland-District of Columbia- Virginia Sec- 
tion, May 1941 meeting, C. H. WHEELER, 
II, 155-156; December 1941 meeting, 
C. H. WHEELER, II, 354-355; May 1942 
meeting, C. H. WHEELER, III, 587-588. 

Metropolitan New York Section, April 1942 


meeting, H. E., WAHLERT, 505-508. 

Michigan Section, November 1941 meeting, 
C. J. Coz, 217-220. 

Nebraska Section, May 1942 meeting, LuLu L. 
RUNGE, 646-648. 

Northern California Section, January 1942 
meeting, H. M. Bacon, 279-280. 

Ohio Section, April 1942 meeting, 
CRANE, 430-431. 

Oklahoma Section, February 1942 meeting, 
j.C. Brrxey, 432-433. 

Philadelphia Section, November 1941 meeting, 
P. A. CarRis, 220-221. 

Rocky Mountain Section, April 1942 meeting, 
A. J. Lewis, 508-512. 

Southern California Section, March 1942 meet- 
ing, P. H. Daus, 355-357. 

Southwestern Section, April 
H. D. LARSEN, 642-644. 

Wisconsin Section, May 1942 meeting, P. L. 
Trump, 644-646. 


RuFus 


1942 meeting, 


GENERAL MATHEMATICAL PAPERS 


BARANKIN, E. W. Heat flow and non-euclidian 
geometry, 4-14. 

BARNETT, I. A. and Menpet, C. W. On equal 
sums of squares, 157-170. 

BEL, os T. Newton after three centuries, 553- 

BirkHorF, G. D. What is the ergodic theorem?, 
222-226. 

Buiss, G. A. The calculus of variations for mul- 
tiple integrals, 77-89. - 

Botts, TRUMAN. Convex sets, 527-535. 

Boyce, M. G. Focal cubics associated with four 
points in a plane, 226-234. 

BRADSHAW, J. W. Modified continued fractions, 
513-519. 

BRAND, Louis. The roots of a quaternion, 519- 

0. 


Brown, B. H. The Euler-Diderot anecdote, 
302-303. 

Bucuanan, H. E. On poristic quadrilaterals, 
364-371. 

Cog, C. J. Problems on maxima and minima, 

CraiG, C. C. On frequency distributions of the 
quotient and of the product of two statisti- 
cal variables, 24-32. 

DENBOW, CARL. Means and ends in mathe- 
matics, 105-106. 

Doos, J. L. What is a stochastic process?, 
648-653. 

DRESDEN, ARNOLD. The migration of mathe- 
maticians, 415-429. ~ 

Fort, TOMLINSON. Summability and the defi- 
nition of a limit, 37-44. 
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FosTeR, MALcouo. Note on autopolar surfaces, 
589-595. 

GARABEDIAN, H. L. Cesaro kernel transforma- 
tion, 296-301. 

GoorMAGHTIGH, R. A study of a quadrilateral 
inscribed in a circle, 174-181. 

GRIFFIN, F. L. Undergraduate mathematical re- 
search, 379-385. 

GriFFITHS, Lois W. Universal functions of 
polygonal numbers, 107-110. 

HILDEBRANDT, T. H. Remarks on the Abel-Dini 
theorem, 441-445. 

HILLE, EINAR. Gelfond’s solution of Hilbert’s 
seventh problem, 654-661. 

Hstune, C. C. See Wang, F. T. 

JAckson, DUNHAM. The instantaneous motion 
of a rigid body, 661-667. 

KAPLAN, WILFRED. Topology of the two- body 
problem, 316-323. 

KASNER, EDWARD. A notation for infinite mani- 
folds, 243-244. 

KLINE, J. R. What is the Jordan curve the- 
orem?, 281-286. 

Kossack, C. F. Mathematics placement at 
the University of Oregon, 234-237. 

Mac Neisu, H. F. Four finite geometries, 15— 

23. 


MAHLER, Kurt. Remarks on ternary diophan- 
tine ‘equations, 372-378. 

MANDELBROJT, S. Emile Picard, 1856-1941, 
277-278. 

McCoy, N. H. Remarks on divisors of zero, 
286-295. 

MENDEL, C. W. See Barnett, I. A. 

MILNE, W. E. The numerical integration of 
y +e(x)y=f(x), 96-98. 
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Morse, MArsTON. 
large?, 358-364. 
NIVE®, Ivan. The roots of a quaternion, 386-— 
88. 
OLDENBURGER, RuFus. Matrix methods in the 
solution of algebraic equations, 310-315. 
OTT, E. R. Rational curves defined by an alge- 
braic correspondence, 89-95, 

PATTERSON, B. C. Jacobian circles of the bi- 
quadratic, 304-309, 

PEISER, A. M. The Hagge circle of a triangle, 
524-527. 

POLLARD, W. G. Evaluation of surface integrals 
by electrical i images, 604-609. 


What is analysis in the 


~Rapé, Trpor. On semi-continuity, 446-450. 


RICHARDSON, Moses. On the teaching of ele- 
mentary mathematics, 498-505. 

ROYAL, N. N., JR. Bounded Laplace trans- 
forms, 600-604. 

RUCKER, J. T. An application of vector analysis 
to thermodynamics, 238-242. 

SCHEFFE, HENRY. An inverse problem in cor- 
relation theory, 99-104. 

SINGER, JAMES. ,A pair of generators for the 
simple group LF (3, 3), 668-670. 

SMILEY, M. F. The rational canonical form of a 
matrix, 451-454. 

STEWART, B. M. A maximum problem, 454, 456. 

TAYLOR, A.E. Derivatives in the calculus, 631- 
642. 

THEBAULT, V. The Adams sphere, 170-173. 

WANG, F. T. and Hsiuna, C. C. A theorem on 
the tangram, 596-599, 

WEINSTEIN, ALEXANDER. The spherical pen- 
dulum and complex integration, 521-523. 

Wuysurn, G. T. What is a curve?, 493-497, 


DISCUSSIONS AND NOTES 
Edited by R. J. WALKER, Cornell University 


Barkow, D. F. Cana Robot calculate the table 
of logarithms?, 671-673. 

Bruce, J. M. Approximation to a circular arc, 
184-185. 

CuHurcH, ALonzo. Differentials, 389-392. 

Coop, J. L. A simple geometric paradox, 
325-326. 

Curtis, H. B. Note on integrating factors, 610— 
611. 

DorwartT, H. L. Values of the trigonometric 
ratios of 1/8 and 7/12, 324-325. 

FosTER, MALCOLM. A second note on autopolar 
curves, 47-48. 

HAMMER, P. C. Mantissa and characteristic, 
245-246, 

Hiaeerns, T. J. Note on Whittaker’s method for 
the roots of a power seties, 462-465. 

HOUSEHOLDER, A. S. The addition formulas in 
trigonometry, 326-327. 

Jackson, DuNHAM. A comment on ‘‘differen- 
tials,’’ 389. 

KaAc, Marx and RANDOLPH, J. F. Differentials, 
110-112. 


LANGE, LuIsE. Geometrical aspects of the 
power function, :'248-249, 

LENSER, W. T. Note on semi- logarithmic 
graphs, 611-613. 

McIntyre, D. P. A new system for playing the 
game of Nim, 44-46. 

RANDOLPH, J. F. See Kac, Mark. 

ROSENBAUM, R. A. A note on joint variation, 
537-538. 
SAIBEL, EDWARD. Note on the inversion of a 
centrosymmetric matrix, 246-248. ; 
SARD, ARTHUR. A theorem on improper in- 
tegrals, 536-537. 

SCHWERDTFEGER, H. On generalized hermitian 
matrices, 181-184. 

SMILEY, M. F. A proof of Sturm’s theorem, 
185-186. 

An inductive proof of Budan’s theorem, 
112-113. 

Wvy.ie, C. R., JR. New forms of certain inte- 
grals, 457-461. 
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RECENT PUBLICATIONS 
Edited by VIRGIL SNYDER, Cornell University 


NEW BOOKS RECEIVED 
48-49, 190, 256, 330, 398, 474; 542, 677-678. 


REVIEWS 
Names of authors are in ordinary type, those of reviewers in capitals. 


r 


Adams, L. J. See Rietz, H. L. 

Arrow, K. J. See Dayton, S. 

Bakst, Aaron. Mathematics—Its Magic and 
Mastery. H. F. Feur, 250-251. 

Bartky, Walter. See Shewhart, W. A. 

Baten, W. D. See Philip, Maximillian. 

Bell, E. T. See Korzybski, Alfred. 

Bockhorst, R. W. See Hobart, D. E. 

Boyd, E. N. A Diagnostic Study of Students’ 
Difficulties in Mathematics in First Year Col- 
lege Work. F. M. MorGan, 676. 

Buros, O. K., Editor. The Second Yearbook of 
Research and Statistical Methodology Books 
and Reviews. J. H. Curtiss, 52-54. 

Cairns, S. S. See Douglas, Jesse. 

Candy, A. L. Supplement to Pandiagonal Magic 

- Squares of Prime Order. G. E: RAYNor, 542. 

Crathorne, A. R. See Rietz, H. L. 

Curtiss, D. R. Editor. Mathematical Mono- 
graphs. Curtiss, D. R. Maxima and Minima 
of Functions of Two or More Variables. 
Davis, H. T. The Statistics of Time Series. 
Garabedian, H. L. and Wall, H. S. Topics 
in Continued Fractions and Summability. 
Hellinger, E. D. Spectra of Quadratic Forms 
in Infinitely Many Vartables. MARIE M., 
Jounson, 539-542. 

and Moulton, E. J. Essentials of Trig- 
onometry with Applications. VIRGIL SNyY- 
DER, 395. 

Curtiss, J. H. See Buros, O. K. 

See Jackson, Dunham. . 

Daus, P. H. College Geometry. H. N. Husss, 
188-189. 

Davis, H. T. See Curtiss, D. R. | 

Dayton, S. A Manual of Problems in Statistics. 
K. J. ARRow, 393-394. 

Douglas, Jesse, Franklin, Philip, Keyser, C. J., 
and Infeld, Leopold. Galots Lectures. S. S. 
CAIRNS, 52. 

Dye, L. A. See Dyess, W. B. 

Dyess, W. B. and Gilmore, R. O. Mathematics 
of Business and Finance. Dvyez, L. A. 674- 


Federal Works Agency. Tables of Natural 
Logarithms. Vol. III. ViRGIL SNYDER, 187. 

; Table of Natural Logarithms. Vol. IV. 
VIRGIL SNYDER, 470. 

Fehr, H. F. See Bakst, Aaron. 

Ferrar, W. L. Algebra. A Text-book of Deter- 
minants, Matrices, and Algebraic Forms. 
R. F. RINEHART, 51. 

Ficken, F. A. See Gale, J. G. 

Foust, J. W. See Richtmeyer, C. C. 

Frank, Philipp. Between Physi¢s and Philosophy 
E. H. KENNARD, 253-254. 


Franklin, Philip. See Douglas, Jesse. 

Fulton, A. E. The College Placement Algebra 
Workbook; Defense Mathematics. VIRGIL 
SNYDER, 397. 

Gale, J. G. El Sexo desde el Puno de Vista Esta- 
distico. F. A. FICKEN, 189-190. 

Garabedian, H. L. See Curtiss, D. R. 

Gehman, H. M. See Sokolnikoff, I. S. and E. S. 

Geiringer, Hilda P. See Mode, E. B. 

Gilmore, R. O. See Dyess, W. B. 

Green, S. L. Algebraic Solid Geometry. ViRGIL 
SNYDER, 190. 

Gunderson, N. G. See Page, E. L. 

Hacker, S. G. See Ramsey, A. S. 

Haff, Mildred F. See McKim, Margaret Grace. 

Hardy, G. H. A Mathematician’s Apology. J. F. 
RANDOLPH, 396-397. 

Harrison, R. A. See Pettit, H. P. 

See Yates; R. C. 

Hellinger, E. D. See Curtiss, D. R. 

Hill, M. A. and Linker, J. B. Brief Course in 
Analysis. R. P. STEPHENS, 471. 

Hobart, D. E. Engineering Drawing. R. W. 
BocKkuorstT, 469. 

Hubbs, H. N. See Daus, P. H. 

Infeld, Leopold. See Douglas, Jesse. 

Jackson, Dunham. Fourier Series and Orthog- 
onal Polynomials. J. H. Curtiss, 251- 
253. 

Johnson, Marie M. See Curtiss, D. R. 

Kac, Mark. See Spaulding, T. M. 

Karpinski, L. C. See Peacock, George. 

See Spaulding, T. M. 

Keith, Alexander. See McArthur, Neil. 

Kennard, E. H. See Frank, Philipp. 

Keyser, C. J. See Douglas, Jesse. 

Korzybski, Alfred. Scsence and Sanity. E. T. 
BELL, 539. 

Kozar, A. V. See Sisam, C. H. 

Lester, C. A. See Terry, G. S. 

Linker, J. B. See Hill, M. A. 

Lowenstein, L. L. See Foust, J. W. 

Luteyn, P. See Pettit, H. P. 

McArthur, Neil and Keith, Alexander. Inter- 
mediate Algebra. SARA L. NELSON, 328. 
McGee, R. V. Mathematics in Agriculture. FRED 

ROBERTSON, 392-393. 

McKay, Herbert. Odd Numbers or Arithmetic 
Revisited. F. M. Weipa, 49-50. 

McKim, Margaret Grace. The Reading of Verbal 
Material in Ninth Grade Algebra. MILDRED 
F, Harr, 676-677. 

Miles, H. J. A First Year of College Mathematics. 
SARA C. WALSH, 249-250. 

Mode, E. B. The Elements of Statistics. H1Lpa P. 
GEIRINGER, 50. 
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Montague, Harriet F. See Swedberg, Emanuel. 

Morgan, F. M. See Boyd, E. N. 

Morton, J. E. See Perkins, L. R. 

Moulton, E. J. See Curtiss, D.R.. ° 

Munshower, C. W. See Peterson, T. S. 

Nelson, Sara L. See McArthur, Neil. ° 

Page, E. L. Technt Data Hand Book. N. G. 
GUNDERSON, 470. 

Peacock, George. A Treatise on Algebra, 1. C. 
KARPINSKI, 254-255. 

Perkins, L. R. and R. M. The Mathematics of 

' Finance. J. E. Morton, 392. 

Peterson, T. S. Intermediate Algebra for College 
Students. C. W. MUNSHOWER, 471-472. 
Pettit, H. P. and Luteyn, P. College Algebra. 

R. A. HARRISON, 327-328. 

Philip, Maximillian. The Principles of Financial 
and Statistical Mathematics. W. D. BATEN, 
395-396. 

Raghavachari, T. J. An Introduction to Analyt- 
acal Geometry and Calculus. J. F. Ran- 
DOLPH, 469-470. 

Ramsey, A. S. An Introduction to the Theory of 
Newtonian Attraction. S. G. HACKER, 472- 

3. 

Randolph, J. F. See Raghavachari, T. K. 

Raynor, G. E. See Candy, A. L. 

Richtmeyer, C. C. and Foust; J. W. First Year 
CoMege Mathematics. L. L. LOWENSTEIN, 
675-6 

Rietz, H. L., Crathorne, A. R. and Adams, L. J. 
Intermediate Algebra. VIRGIL SNYDER, 256. 

Rinehart, R. F. See Ferrar, W. L. 

Robertson, Fred. See McGee, R. V. 

Roever, W. H. Fundamental Theorems of Ortho- 
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graphic Axonometry and Their Value in 
Picturization. VIRGIL SNYDER, 49. 

Shewhart, W. A. Statéstical Method from the 
View point of Quality Control. WALTER 
BARTKY, 188. , 

Sisam, C. H. College Algebra. A. V. Kozax, 471. 

Snyder, Virgil. See Curtiss, D. R. 

See Federal Works ‘Agency. 

See Fulton, A. E. 

See Green, S. L: 

See Rietz, H. L. 

See Roever, W. H. 

See Yates, R. C. 

Sokolinkoff, I. S. and E. S. Higher Mathematics 
for Engineers and Physicists. H. M. Geu- 
MAN, 255-256. 

Spaulding, T. M. and Karpinski, L. C. Early 
Military Books in the Unwerstty of Michi- 
gan Libraries. MARK KACc, 677. 

Stephens, R. P. See Hill, M. A. 

Swedberg, Emanuel. A New System of Reckon- 
ing with Turns at 8. Harriet F. Mon- 
TAGUE, 114-115. 

Terry, SG. S. The Dozen System. C. A. LESTER, 
18 


Wall, H. S. See Curtiss, D. R. 

Walsh, Sara C. See Miles, H. J. 

Weida, F. M. See McKay, Herbert. 

Works Progress Administration of New York. 
See Federal Works Agency. 

Yates, R. C. The Trisection Problem. VirRGiL 
SNYDER, 329-330. 

Tools. A Mathematical Sketch and 

Model Book. R. A. Hargison, 473. 


CLUBS AND ALLIED ACTIVITIES 


Edited by E. H. C. HitpEBRANDT, New Jersey State Teachers College and 
J. S. Frame, Allegheny College 


TOPICS 


. H. C. H. Bibliography on methods of ap- 
Portionment in Congress, 115-117. 

. A mathematical Paul Jones, 679-680. 

. Bibliographies, 466-467. 

. Requests from clubs, 679. 

. Undergraduate publications, 466. 

. War topics in club reports, 465-466. 

NC CHE, E. E. A night with probability, 54- 
60. 


Conpon, E. U. The nimatron, 330-332. 

MERRILL, HELEN A. and STARK, MARION E. A 
mathematical contest, 191-192. 

Price, IRENE. I doubt it—a mathematical card 
game, 117-118. 

SHOLANDER, M. C. The linear graph, 543-545. 

STARK, Marion E. See Merrill, Helen A. 

WHITMAN, E. A. The film—a triple integral, 
399-400. 


ACTIVITIES 


Albion College, 332-333. 

Boston University, 334-335. 

Brooklyn College, 194. 

Brown University, 401-402, 682. 

Butler University, 334. 

Chicago Teachers College, 333-334. 
Columbia University, 403. 

College of Saint Teresa, 334. 

Connecticut College, 468. 

Cooper Union Institute of Technology, 193. 
Drake University, 681. 

Eastern Illinois State Teachers College, 193. 


Harvard University, 402. 

Haverford College, 120. 

Hunter College, 402. 

Kansas State Teachers College at Emporia, 681, 
682. 

Kappa Mu Epsilon, 118-119. 

Lehigh University, 468. ° 

Michigan State College, 193. 

Milwaukee-Downer College, 681. 

Mississippi Delta State Teachers College, 401. 

Mount Mary College, 334. 

Mount Saint Scholastica College, 468. 


1942] 


Nebraska State Teachers College at Wayne, 
334. 

New Jersey State Teachers College at Mont- 
clair, 352. 

Oberlin College, 119. 

Oregon State College, 401. 

Pi Mu Epsilon, 332. 

Ohio State University, 193-194. 

Oshkosh State Teachers College, 194. 

Regis College, 119-120. 

St. Lawrence University, 333. 

St. Louis University, 193. - 

Tennessee Polytechnic Institute, 333. 

Texas Technological College, 335. 

Trinity College, 194. 

University of Arizona, 119. 

University of Arkansas, 403, 680. 
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University of California at Los Angeles, 680. 

University cf Cincinnati, 402 

University of Georgia, 680. 

University of Illinois, 333. 

University of Kansas, 403. 

University of Missouri, 402. 

‘University of Nebraska, 468. 

University of Oklahoma, 401. 

University of Pennsylvania, 681. 

University of Rochester, 403. 

University of Wisconsin at Milwaukee, 467- 
468. 

Upsala College, 682. 

Wayne University, 403. 

Wellesley College, 681. 

Women’s College, University of Delaware, 401. 

Woodrow Wilson Junior College, 192-193. 


PROBLEMS AND SOLUTIONS 


Edited by Otto DUNKEL, Washington University, H. S. M. CoxETER, University of Toronto, 
_ and ORRIN FRINK, JR., Pennsylvania State College 


AUTHORS 


_ _ Numbers refer to pages, black face type indicating a problem solved and solution published; 
italics, a problem solved, but the solution not published; ordinary type, a problem proposed. 


Agnew, R. P., 616. 

Alfieri, F. A., 123, 124. 

Allen, E. F., 62, 203, 266. 

Allen, R. K., 62, 120, 196, 197, 404, 548, 685, 
686, 691. 

Amundson, N. R., 261, 691. 

Anning, Norman, 64. 

Arany, Daniel, 61, 200, 407. 

Aude, H. T. R., 61, 195, 615. 

Ayres, Frank, Jr., 130, 203, 205, 266, 271, 


Bailey, H. W., 123, 483. 

Baker, G. A., 614. 

Bakst, Aaron, 404. 

Barjansky, Adolph, 687. 

Becker, H. W., 478. 

Bleick, W. E., 195, 687. 

Bouvaist, R., 207. 

Brock, Paul, 200, 257, 260, 261, 485, 548, 614, 


Brown, W. B. 404. 

Browne, D. H., 62, 124, 125; 196, 197, 197, 257, 
260, 336, 339, 465, 475, 478, 683. 

Buker, W. E., 123, 124, 196, 198, 257, 260, 405, 
548, 683, 685, 686. 

Bullard, J. A., 195, 261. 

Butter, F. A., Jr., 687. 

Carver, W. B., 405. 

Chao-chih, Kwan, 64, 273, 345. 

Chiarulli, Peter, 199, 260, 261, 485, 551. 

Clarke, E. H., 273, 483. 

Clarke, W. B., 63, 124, 200, 262, 336, 478. 

Clarkson College Mathematical Club, 336. 

Clawson, J. W., 203, 205, 266, 273, 344, 550, 

Constable, M. L., 196, 405, 548. 

Cosnita, Cezar, 340, 408, 483. 

Court, N. A., 61, 67, 64, 128, 195, 196, 200, 206, 


260, 335, 341, 405, 408, 409, 475, 480, 548, 
613, 688, 689, 696. 

Coxeter, H. S. M., 480, 689. 

Craig, A. T., 263. 

Crane, R. E., 404. 

DoBell, H. A., 63, 124, 266, 273. 

Dorwart, H. L., 202. 

Douglas, William, 124, 196, 198, 404, 405, 686. 

Dresden, Arnold, 549. 

Dunkel, Otto, 479. 

Eisenhart, Churchill, 68, 614. 

Emmons, C. W., 3306. 

Eriksson, Thor, 404, 405, 548. 

Eves, H. W., 61, 62, 63,122, 123, 124, 196, 198, 
199, 200, 257, 260, 273, 336, 337, 338, 404, 
405, 407, 409, 477, 478, 485, 546, 547, 548, 
548, 686, 687, 689, 696. 

Ficken, F. A., 485. 

Fleisher, Edward, 404, 691, 694. 

Flood, M. M., 263. 

Frankel, E. T., 404. 

Frink, Orrin, Jr., 127. 

Furman, Albert, 62, 123, 124, 548, 614. 

Gaspar, Eduardo, 197, 273. 

Gleason, A. M., 72. 

Glicksman, A. M., 479. 

Goldberg, Michael, 198. 

Goodfellow, J., 197. 

Goormaghtigh, R., 268, 344. 

Gould, S. H., 121, 262, 686. 

Greenwood, J. A., 127, 614. 

Greenwood, R. E., 548. 

Hall, F. C., 268. 

Hassler, J. O., 691. 

Heath, R. V., 120, 336, 476, 546, 683. 

Heller, G. S., 404. 

Herschfeld, Aaron, 269. 

Hesseltine, Evelyn, 63, 405. 


704 


Hill, P. R., 475. 
Huff, G. B., 273, 405, 480. 
Hummel, P. M., 485. 
Humphrey, H. K., 127. 
John, Fritz, 269. 
Johnston, L. S., 62. 
Kaplansky, Irving, 339. 
Kelly, L. M., 130, 200, 260, 266, 267, 268, 546, 
547, 548, 683, 684, 686, 687. 
Kennedy, E.C., 
Kenney, jy. F., 61, 339, 404, 614. 
Kraitchik, Maurice, 336. 
Kullback, Solomon, 200. 
K’un Huang, 345. 
Lachenbruch, S. H., 692. 
Larsen, H. D., 614. 
Lehmer, Emma, 121. 
Lewis, D. C., 485. 
Lewis, F. A., 618. 
Lynch, D. E., Jr., 201. 
MacKay, Roy, 197. — 
McEwen, W. R., 261. 
Mendelsohn, N. S., 689. 
Mergendahl, T. E., 692. 
Miller, Norman, 546. 
Mills, C. N., 404. 
Ming-té, Han, 485. 
Morgan, F. W., 124, 268. 
Moritz, R. E., 68. 
Morley, R. K., 485. 
Musselman, J. R., 335, 616. 
Nien-tseng, Sun, 266. 
Norton, H. W., 685. 
Opatowski, I., 404. 
Ou, Li, 266, 344. 
Oursler, C. C., 404, 686. 
Paydon, J. F., 263. 
Peiser, A. M., 205. 
Pennell, W. O., 268. 
Peters, J. W., 342. 
Petrie, G. W., 483. 
Phelps, C. R., 273. 
Pondiczery, E. S., 72. 
Raine, P. W. A., 404. 
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Rosenbaum, Joseph, 257, 404, 613. 
Rufus, W. on 62. 

Running, T. R., 479. 

Rupp, C. A., 686. 

Sandham, H. F., 408. 

Santalé, L. A., 340. 

Scheffé, Henry, 405, 408. 

Seward, D. M., 618. 


Singer, . 
Sheppard, N. E., 200. 
Short, W. T. , 480, 548, 
Smiley, M. F,, 694. 


Smith, Edward, 123. 


Specht, R. D., 337. 

Springer, C. E., 341, 480. 

Starke, E. P., 62, 64, 123, 124, 124, 196, 197, 
198, 200, 201, 260, 261, 336, 339, 404, 405, 
548, 549, 613, 614, 615, 618, 683, 686, 687. 

Stein, C. M., 345. 

Stone, A. H., 198, 475, 614. 

Szekers, Esther, 341. 

Thébault, V., 61, 64, 120, 128, 128, 195, 196, 
199, 203, 257, 263, 335, 341, 342, 404, 405, 
408, 475, 477, 479, 480, 546, 548, 549, 613, 
617, 617, 683, 684, 689. 

Thomas, P. D. 63, 123, 124, 202, 263, 404, 477, 
478, 480, 483, 691. 

Trevor, J. E., 121, 686. 

Trigg, C. W., 62, 63, 123, 124, 273. 

Turan, P., 480. 

Underwood, F., 134. 

Van Schaack, G. B., 485. 

Van Voorhis, W. R., 546. 

Wagner, R. W., 339, 691. 

Walker, R. J., 264, 692. 

Wall, H. S., 263, 549. 

Waltz, A. K., 62, 336, 483, 691. 

Ward, Morgan, 202.. 

Warschawski, S. E., 72. 

Wayne, Alan, 404, 405. 

Weaver, C. L., 483. 

Weaver, J. H., 344. 

Wedderburn, J. H. M., 694. 


Ramler, O. J., 273. Williams, G. A., 268, 273. 

Ransom, W. R., 122. Wright, R. L., 547. 

Roberts, W. L., 404. Yanosik, G. A i, 410. 

Robinson, Robin, 63, 64. Yates, R. C., 
SOLUTIONS 


Numbers in black face type refer to problems; those in light face to pages. 


E-451, 125-127. E-463, 61-62. E-464, 121-122. 
E-465, 62. E-466, 62-63. E-467, 63. E-468, 
122-123. E-4690, 123-124. E-470, 124. E- 
471, 124-125, E-472, 196. E-473, 196-197. 
E-474, 197. E-475, 197-198. E-476, 198- 
“199, E-477, 199-200. E-478, 200. E-479, 
200-201. E-480, 201. E-481, 257-260, E- 
482, 260. E-483, 260-261. E-484, 261-262. 
E-485, 262. E-486, 336-337. E-487, 337. E- 
488, 337-338, 478. E-480, 338-339. E-490, 
339-340. E-491, 404-405. E-492, 405. E- 
493, 405. E-494, 405-407. E-495, 407. E- 
496, 476. E-497, 477. E-498, 477. E-499, 
478. E-500, 546-547. E-501, 547-548. E- 


502, 548. E-503, 548. E-504, 614-615. E- 
505, 615-616. E- 506, 683— 684. E-507, 684— 
685. E-508, 685- 686. E-509, 686. E-510, 
686-687, E- 511, 687-688. 

3897, 207-209. 3927, 263-264. 3948, 264-266. 
3949, 480. 3957, 64-68. 3958, 68-72. 3961, 
128-130. 3963, 130-133. 3964, 133-134. 
3965, 72-75. 3967, 134-136. 3968, 203-205. 
3969, 205-206. 3071, 266. 3972, 206-207. 
3073, 266-267. 3974, 267. 3975, 268. 3976, 
268-269. 3977, 269-271. 3978, 271-273. 
3979, 273-274. 3980, 341-342. 3082, 342. 
3983, 342-344. 3984, 344-345. 3985, 345- 
346. "3088, 409, 3089, 409-410. 3991, 550- 
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551. 3992, 410-412. 3993, 480-483. 3995, 4004, 689-690. 4005, 690-691. 4006, 691-— 
483. 3996, 483-485. 3999, 485-487. 4000, 692. 4007, 692-694, 4008, 694. 4009, 694- 


551-552. 4001, 617-618. 4002, 618-619. 696. 4010, 696. 4011, 696-697. 


NEWS AND NOTICES 
Edited by C. O. OAKLEY, Haverford College 


Admiral Nimitz’ Letter, 212-214. 

Colleges, Technical Schools, and Universities: 
Brown, 210. Chicago, 347-348. Iowa State, 
348. Fordham, 412. Michigan, 412. New 
York, 412. North Carolina, 348. Pennsyl- 
vania, 348. 

Duke Mathematical Journal, 136, 488. 

Mathematical Association of America, 139-152, 

—588. 


National Mathematics Magazine, 414. 

New Secretary-Treasurer, 351. 

Occupational Classification of Mathematicians, 
624-630. 

Pre-Induction Training, 351-352, 490-492. 

Pre-Training of Aviation Cadets, 274-276. 

Selective Service for Mathematicians, 76. 

Summer Courses, 210, 347-348, 412. . 

Training in Meteorology, 697-698. 


National Council of Teachers of Mathematics, 


346. 


552. 
PERSONAL MENTION 


William Lowell Putnam Competition, 348-351, 


This section contains the names of ‘persons taking an active part in meetings, newly elected 
members, officers of the Association and of the various Sections, and persons mentioned in the 


department of News and Notices. 


Ablow, C. M., 1. 

Adams, C. R., 142, 488. 
Adams, Louise, 353. 
Agnew, R. P., 146. 
Akers, O. P., 621. 
Alaoglu, Leonidas, 488. 
Albert, G. E., 430. 
Alfred, Brother Bernard, 506. 
Alfred de Marie, Sister, L. 
Allen, E. S., 439. 
Allendoerfer, C. B., 488. 
Allison, N. B., 153. 
Ambrose, Warren, 212. 


Anderson, P. H., 353, 434, 623. 


Anderson, R. L., 212 
Anning, N. H., 218. 
Arnold, B. H. 
Arnold, H. C., 145. 
Assadourian, Fred, 621. 
Ayres, W. L., 148, 578. 
Bacon, H. M., 279, 280. 
Bagby, L. C., 136. 
Bailey, R. P., 220. 
Baker, Frances E., 488. 
279, 


Bardell, R. H., 645. 
Barker, C. B., 620, 643. 
Barr, C. F., 509. 

Bartky, Walter, 210, 579. 
Basco, M. A., 646. 
Battin, I. L., 353. 
Bauser, A. V., 353. 
Bauserman, Thomas, 1. 
Beach, J. W., 623. 
Becker, H. W., 580 


Beckwith, Ethelwynn R., 645. 


Beenken, May, 645. 
Begle, E. G., 210. 
Beinert, R. L., 623. 
Bell, P. O., 210. 


Benac, T. J., 137. 

Bennett, O. E., 621. 
Benscotér, S. U., 145. 
Bentz, R. > 212. 

Berg, W. D., 212. 
Bergmann, Stefan, 432. 
Berry, A. C., 210, 353, 645. 
Berry, E. M. 646. 


Bertsch, C. V., 436. 
Betz, E. E., 137. 
Bewley, L. V., 142. 
Bibb, S. F., 585. 

Biesele, F. C., 580. 
Billig, A. L., 353. 
Birkhoff, G. D., 136, 488 


Bissinger, B. H., 353. 
Blake, Archie, 155, 346. 
Blanche, E. E., 1, 218. 
Blankinship, W. A., 588. 
Bleick, W. E., i> 

Bloch, R. M., 349. 
Blumenthal, L. we git: 147, 
Boosinger, A. J., 489. 
Bowling, Floyd, Fis 
Bradford, W. H.. 145. 
Brady, W. G., 

Bramble, C. G 155. 

Brand, Louis, 430. 

Branson, H. R., 136. 
Bredvold, L. I., 213. 
Brenke, 


Fog! 


Brinkman, H. W., 220, 221. 
Brixey, J. C., 432, 433. 
Brock, Paul, 353. 

Brown, B. H., 351. 

Brown, B. K., 580. 

Brown, R. E., 353. 
Brownell, F. H., 3rd, 348. 
Bruce, R. E., 621. 

Bryson, A. M., 3. 

Bubb, Charles, 211. 
Buchanan, H. E., 434. 
Buiksta, B. H., 145, 436. 
Bumer, C. T., 340. 
Burbridze, H. C., 279. 
Bushey, Jewell Hughes, 578. 
Butler, J. C., 623. 

Butler, Patrick, 620. 
Butter, F. A., 145. 

Buxton, C. L., 621. 

Cairns, \ Ww. D., 2, 152, 349, 351, 353, 
Calabi, E. D., aS, 349. 


Calvert, R. L. 
Cameron, E. A., 210 
Campbell, J. D., 1. 
Campbell, Ww, p ., 621. 
Caris, P. A., 
Carpenter, P N. 488. 
Carr, R. E., 439. 


Carson, A. B., 620. 
Carver, W. B., 147, 351. 
Caton, W. B., 136, 620. 
Celauro, F. L., 1. 

Cérf, Walter, 623. 

Cerino, Raphael, 580. 
Charlesworth, H. W., 508. 
Cheney, W. F., Jr., 146. 


, 


Chernoff, Herman, 348. 
Cherry, L. B., 1. 
Christensen, D. L., 
Christman, Laura in 585. 
Churchill, R. V., 488. 
Clark, C. E., 210. 


Clement, Mary D., 137, 353. 


Coe, C. j., 220. 

Cohen, Harvey; 348, 349. 
Cohen, L. We 

Coker, R. L., 

Coleman, E. pe 580. 
Coleman, Ruth T., 1. 
Colson, H. D., 580. 
Comer, Louise M., 1. 
Congdon, A. R., 047. 
Conger, L. H., 


Jr., 
Conkwright, N: B., hay, 438. 


Conrad, W. A., 155. 
Cook, R. H., 621. 
Cooper, Clara M., 353. 
Cope, T. F., 505. 
Copeland, A. H., 218. 
Coral, Max, 211, 218. 
Cosby, Byron, Jr., 212. 
Coulter, W. H., 580. 
Courant, Richard, 221. 
Court, N. A., 432. 

Cox, H. M., 647. 
Coxeter, H. S. M., 147. 
Craft, Plummer, 353. 
Craig, C. C., 488. 
Crane, R. E., 1. 

Crane, Rufus, 430, 431. 
Crawford, J. H., 1. 
Crawford, Ww. S. H., 145. 
Crow, E. L., 

Crull, H. E., 1. 620.- 
Curfman, L. E., 145. 
Curry, H. B., 142, 621. 


Curtiss, D. R., 147, 490, 492. 
Darkow, Marguerite D., 346. 


Davis, H. T., 582. 

Davis, J. E., 136, 220. 
Davis, W. M., 147, 489. 
Dehn, Max, 620. 
Diamond, A. H., 432, 620. 
Dickinson, Myrtle F., 145. 
Dilworth, R. isi, 353. 
Dines, L. L., 

Dobbie, J. ir ‘630. 
Donner, R. D., 

Dorroh, J. L., o2i 

Dorwart, H. L., 
Dougherty, Lucy a 438. 
Dresden, Arnold, 142, 220. 
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Dressel, F. G., 136. 
Dribin, D. M., 489. 
Duffner, R. T., 353. 
Duncan, J. F., 645. 
Dunkel, Otto, 147. 
Durand, W. F., 136. 
Durfee, W. H., 145. 
Dwyer, P. S., 488. 
Dwyer, W. Aw 646. 
Eagle, E. L., 

Earl, J. M., 646 

Eberhart, Paul, 145, 211, 436. 
Edwards, P. D., 582 
Eilenberg, Samuel, 218. 
Elder, J. D., 353. 
Ellingson, H. E., 438. 
Erkiletian, D. H., Jr., 1. 
Erokan, Islam, 145. 
Ettlinger, H. J., 621. 
Evans, G. C., 279. 
Evans, H. P., 490, 645. 
Eves, H. W., 622. 

Eye, Glen, 645. 

Fair, L. A., 153, 215. 
Faulkner, F. D., 145, 436. 
Fay, E. A., 1. 

Felice, Sister Mary, 645. 
Ferguson, W. E., 
Fetterer, R. A., 145. 
Fields, W. L., 1. 

Fine, N. J., 353, 488. 
Finkbeiner, D. T., 488. 
Finkel, B. F., 147. 
Firestone, om D., 623. 
First, Douglas, 353. 
Fitterer, J. C., 508. 
Fitzgerald, E. L., 145. 
Ford, L. R., 147, 430, 490. 
Foreman, W. C., 647, 
Forsythe, Alexandra I., 212. 
Forsythe, G. E., 212. 
Fort, Tomlinson, 148. 
Foust, J. W., 145. 

Frame, J. S., 147. 

Frank, F. T., 580. 
Franklin, Philip, 578. 
Friedman, Bernard, 585. 
Friedman, Morris, 212. 
Frink, Orrin, Jr., 147. 
Fry, W. J., 580. 

Gaba, M. G., 647. 
Gabrielle, Marie, Sister, 1. 
Gadsden, C. P., 349. 
Galbraith, A. S., 137. 
Gard, Harold, 349. 
Gardner, R. W., 145. 
Garrett, E. T., 1. 
Gatewood, B. E., 346. 
Gentry, F. C., 434. 

Gere, B.H., 585. 

Ghent, K. s., 488. 
Giddings, H. A., 489. 
Giese, J. H., 488. 

Givens, J. W., 212, 620. 
Gleason, A. M., 349, 
Godfrey, E. L., 137. 
Golomb, Michael, 488. 
Good, J. M., 1. 

Goode, Cc. J. 1, 

Goodier, J. N., 142, 

Gore, G. D., 585. 
Gouwens, Cornelius, 438, 439, 400. 
Graves, C. H., 621. 
Green, L. J., 623. 
Groves, Marjorie J., §80, 581. 
Guard, H. T., , 580. 
Guenther, P, oie 211. 
Gummere, H. V., 489. 
Gunderson, N. G., 353. 
Hall, N. A., 506 

Hallett, W.N., 137. 
Halmos, P. R., 353, 489. 
Hamilton, Frances, 153. 
Hamilton, O. H., 432, 620. 
Hammer, P. C., 353. 
Handel, Mary M., 623. 
Hannay, N. V., 349. 
Hansman, Margaret M.., 137. 
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Hardy, J. G., 622. 
Harrington, W. J., 145, 212. 
Harrold, O. G., Jr., 620. 
Hart, W. L., 274, 352. 
Hartwell, W. M., 620. 
Harvey, W. R., 145. 
Hassler, J. O., 432. 

Hatfield, Charles, Jr., 153, 212. 
Haurwitz, Bernard, 578. 
Hawks, H. E., 346. 

Hayes, Merlin, 645. 
Hazard, C. T., 622. 
Hazard, Katherine E., 212. 
Hazeltine, Alan, 142. 
Hazlewood, E. A., 211, 642. 
Heath, R. V., 353. 

Hebel, I. L., 509. 
Hedlund, G. A., 587, 588. 
Hedrick, E. R., 489. 

Heins, M. H., 580, 620. 
Heinzman, W. P., 1. 
Hemphill, S. R., 153. 
Hershey, L. B., 628, 629. 
Hestenes, M. R., 147, 585. 
Heverly, J. R., 145. 
Higgins, T. J. t 489. 
Hildebrandt, E. H. C., 142. 
Hill, D. M., 1. 

Hill, L. J., 279. 

Hill, L. S., 506, 578. 

Hille, Einar, 211, 279. 
Hinrichsen, J. J. L., 439. 
Hoestetter, I. M., 137 


Hotelling, Harold, 76. 

Hoyle, K. S., 348, 349. 
Huck, Raymond, 145. 

Hull, R. L., ; 623. 

Hunter, jJ.L 

Hurd, Cc: C., "629. 

Hurwitz, Ww. A., 211. 
Hutcherson, WwW. R., 211, 347. 
Hutchinson, L. C., 1, 137. 


Hyers, D. H., 353. 
Ingalls, E. E., 218. 
Ingraham, M. H., 489. 
Innis, Mary E., 1. 

Irr, E. J., 353. 

Jaeger, C. G., 279. 
Johanson, R. N., 584. 
Johnson, Ada F., 580. 
Johnson, E. C., 3. 
Johnson, Evan, iy 145. 
Johnson, L. S., 918. 
Johnson, R. E, 212. 
Johnston, Ernest, 580. 
Jonah, F. C., 621. 
Joseph, J. A., 137, 643. 
Kalish, Aida, 580. 
Kallfelz, L. N., 580. 
Kaltenborn, H. S., 622. 
Kaplansky, Irving, 212. 
Karpinski, L. C., 218. 
Kazarinoff, D. K., 218. 
Keller, M. W.., 488, 81. $82, 584. 
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DERIVATIVES IN THE CALCULUS 
A. E. TAYLOR, University of California, Los Angeles 


1. Introduction. The use of derivatives, especially those of the first and 
second order, finds an important place in our calculus books in connection with 
the study of curve tracing. Such topics as extreme values, the sense of concavity 
of a curve, and points of inflection, are usually emphasized at an early stage of 
the work. These matters make relatively light demands upon the student’s 
knowledge of limiting processes, especially if he is content to rely upon an in- 
tuitive understanding of the following proposition: a function 1s increasing tf tts 
derivative is positive, and decreasing if its derivative is negative. Without either 
adequate definitions or proofs, the foregoing proposition may be used to make 
highly plausible the usual tests, involving first and second derivatives, for ex- 
treme values, sense of concavity, and points of inflection on a curve y=f(x). But 
most students, and, I suspect, a good many teachers, would experience con- 
siderable difficulty if they were pressed to give precise statements and proofs 
for the traditional theorems in this part of the calculus. There are several 
stumbling blocks. Just what is the meaning of the statement that a curve is con- 
cave upwards? How is a point of inflection defined? To what extent is it neces- 
sary for first and second derivatives to be continuous, or even to exist? There are 
some vexing questions about tangents parallel to the y-axis, and the implica- 
tions about the derivative. 

An elaborate treatment of these matters in elementary calculus texts would 
be out of place. The substance of this paper is not put forward with the sugges- 
tion that it be incorporated with a first course in calculus, but rather with the 
idea that instructors would welcome a rigorous presentation of the material 
which they are obliged to teach with a minimum of formal proofs. It is my hope 
that it will be of help in illuminating the possibilities of a simple and precise 
discussion of the problems mentioned above. 

The theorems and proofs here set forth are, for the most part, not new; 
many of them, however, are not well known. So far as I have been able to de- 
termine, theorems 5.3 and 5.4 have not appeared elsewhere. 

Throughout the paper f denotes a single-valued, real function of the real 
variable x. For the open interval a<x <6 we use the notation (a, b). The cor- 
responding closed interval is denoted by [a, 6]. By a neighborhood of x=a is 
meant an open interval containing x=a. The statement “f’(a) exists” means 
that the derivative exists as a finite limit. If 

_ f(a+ h) — fla) 
lim. ——_—_———— = 


h—0 h 


+, 


we say that f has the infinite derivative f’(a) =-+ © at x=a. A similar definition 
is laid down to give meaning to the equation f’(a) = — ©, When the symbols 
+o, —o are used in inequalities, we observe the usual custom of writing 
—0o <x<-+ o for any real number x. 
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The law of the mean will be a fundamental tool in many parts of the paper; 
we shall therefore state it formally here, without proof. 


1.1 (THE LAW OF THE MEAN). Let f be defined and continuous on |a, 6]. Let f 
possess a finite or infinite derivative at each potint of (a, b). Then there exists a num- 
ber X such thata<X <b and 


(1.11) f(b) — fla) = (b — a)f’(X). 


One of the important consequences of this theorem is that a function is con- 
stant throughout any interval on which its derivative is identically zero. 


2. Relative extrema. Increasing functions. 


DEFINITION 2.1. Let f be defined in a neighborhood of x =a, and suppose that, 
within a sufficiently small neighborhood of x=a, f(x)—f(a) does not change 
sign. Then f is said to have a relative extreme at x=a. In particular, f is said 
to have a relative maximum if f(x) Sf(a@), and a relative minimum if f(x) =f(a). 


In calculus we are usually concerned with relative extrema such that 
f(x) <f(a) or f(x) >f(a) except when x =a. When the situation f(x) =f(a), x¥a, 
is thus excluded, the extreme is said to be proper. 

We shall develop tests for relative extrema, using the first derivative. We 
being by exploring the implications of a non-vanishing derivative. 


2.11. Let f be defined in a neighborhood of x =a, and suppose that f has a finite 
or infinite derivative at x =a, such that f’(a) #0. Then, within a sufficiently small 
neighborhood of x =a, the inequalities x1<a<x2 imply the inequalities 


flan) < fla) < fle) if f'(@) > 0, 
f(s1) > fla) > flv) if f’(a) <0. 
The proof follows from the observation that the difference quotient 
fla + h) — fla) 
h 


has the same sign as f’(a), provided that | 2 is sufficiently small. 
As a consequence of theorem 2.11 we have: 


2.12. Let f be defined in a neighborhood of x =a, and suppose that f has a finite 
or infinite derivative at x =a. Then f’(a) =0 ts a necessary condition for f to have a 
relative extreme at x =a. 


DEFINITION 2.2. Let f be defined on an interval, open or closed, of the 
x-axis. If x1 <x2 implies that f(x1) <f(x2), fis said to be increasing on the interval. 
If x1<x2 implies that f(x1) >f(«2), f is said to be decreasing on the interval. 


It should be noted that —f is increasing if and only if f is decreasing. 
It may be inferred immediately from theorem 2.11 that an increasing func- 
tion cannot have a negative derivative. 
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2.21. Suppose that f is defined and continuous on [a, b], and that it possesses a 
finite or infinite derivative at each point of (a, b). Furthermore, suppose that in 
(a, b) f’(x)-20, and that f’(x) does not vanish identically over any subinterval. Then 
f is increasing on [a, b]. 


It suffices to prove that f(a) <f(6), for the same argument can then be ap- 
plied to any subinterval. If a<x<b, the law of the mean, together with the 
hypothesis on f’, implies the existence of values x1, x2 such that a<X1< KH < HQ <d, 


and 
f(x) — f(a) = (« — a)f’(*) 2 0 
f(b) — f(x) = (6 — x)f' (a2) 2 0 


Therefore f(a) Sf(x) Sf(8). Necessarily, then, f(a) <f(b), for otherwise f(x) would 
be constant, and f’ would vanish identically.* 

This theorem (although not necessarily in this very general form) is crucial 
for a number of later tests. It is unfortunate that its proof depends upon the 
law of the mean, for the latter theorem does not ordinarily come into a course 
in calculus early enough to be of use in this connection. However, students will 
be convinced on the basis of theorem 2.11 that f is increasing in any interval 
through which f’(x) >0, and it may be well to omit a formal proof unless it is 
demanded. The next theorem, in conjunction with theorem 2.11, supplies such 
a proof without recourse to the law of the mean. It is not suited to the needs of a 
beginner, however. 


_ 2.22. Let f be defined and continuous on (a, b), and suppose that to each point 
xo of the interval there corresponds a neighborhood within which x1 <x» <x2_ implies 
that f(x1) <f(x0) <f(x2). Then f 1s increasing on (a, b). 


For lack of space, the proof of this theorem is omitted. A good student in a 
first course in the theory of functions should be able to construct a proof by an 
argument depending upon the concept of the greatest lower bound of a set of 
real numbers. 


The next theorem furnishes a sufficient, though not necessary, condition for 
a proper relative extreme. 


2.3 Let f be continuous in a neighborhood of x=a, and suppose that f has a 
finite or infinite derivative at each point of the neighborhood, except possibly at 
x=a ttself. Further, suppose that within the given neighborhood f'(x) ts negative 
on one side of x =a, and positive on the other. Then f has a proper relative mini- 
‘mum'or a proper relative maximum at x =a according as-f’ (x) <0 or f'(x) >0 when 
x<a. 


We give the proof for the case of a minimum, using the. method of contradic- 
tion. Suppose that, for some x; in the neighborhood, f(«1) Sf(a@) and x:4a. If 


* This method of proof is taken from Ch. J. de la Vallée Poussin, Cours d’ Analyse Infinitési- 
male, Paris, 1914, I, p. 95. 
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necessary we can rechoose x, still nearer x =a, so that f(x1) <f(a), for f is decreas- 
ing on the left of x =a, and increasing on the right, by theorem 2.21 (or by 2.11 
and 2.22). Now, since f is continuous, we can choose x2 between x; and a in such 
a way that f(xi) <f(x2). This contradicts the fact that f is decreasing on the 
left of x =a, and increasing on the right. The proof is therefore complete. 

That the conditions of the theorem are not necessary for an extreme, even 
when f/f’ is continuous, was pointed out long ago.* 


3. Concavity. Points of inflection. In this section we shall discuss curves 
defined in rectangular coordinates by the equation y=f(x), where f is a continu- 
ous function. 


DEFINITION 3.11. Let f be defined and let its derivative exist at each point 
of (a, 6). If the curve y=f(x), throughout (a, b), lies entirely above its tangent 
at each point of (a, 6), (the point of contact of course excepted, we say that the 
curve is concave upward in (a, 6). The analytical requirement is that the follow- 
ing inequality hold when x1 4x2: 


(3.12) f (#1) — f(%2) — (xy — xo) f’ (2) > 0. 


If the reversed inequality holds we say that the curve is concave downward. In 
that case the curve y= —f(x) is concave upward. 

This definition is closely related to the notion of a convex function, as we 
shall point out in detail later on, in §5. 


3.21. The curve y=f(x) is concave upward on (a, b) tf and only tf the derivative 
f' exists at each point and ts an increasing function on (a, b). 


We suppose first that the curve is concave upward. Then, if x1 <2, it follows. 
from (3.12) and the inequality which results upon interchanging x; and x2 that 


(3.22) f(a) < PTE ay, 


Hence f’ is increasing. 


Suppose now that f’ is increasing, and that x14x2. Then, by the law of the 
mean, 


f(21) — f(x) — (#1 — ae) f’ (x2) = (41 — X2) rae) — f' (2) |, 


where & lies between x; and x». Since f’ is increasing, f’(&) —f’(x2) has the same 
sign aS X;—%2; therefore (3.12) must hold, and the curve is concave upward. 


‘3.3 Suppose that f’ exists and is continuous on (a, b), and that f’ has a finite or 
infinite derivative f’’ at each point of (a, b). Then the curve y=f(x) 1s concave up- 
ward on (a, b) if and only if f''(x) 20 throughout (a, b) and the equality sign does 
not hold throughout any sub-tnterval. 


*&. R. Hedrick, On a function which occurs in the law of the mean, Annals of Mathematics,, 
Series 2, vol. 7, 1906, pp. 190-192. 


~ 1942] DERIVATIVES IN THE CALCULUS 635 


If the conditions are fulfilled, it follows from theorem 2.21 that f’ is increasing 
on (a, 6); the curve is then concave upward, by theorem 3.21. Conversely, if f’ 
is increasing on (a, b), f’’(x) 20. If the equality were to hold throughout a sub- 
interval, the curve would be a line segment, and hence not concave upward. 

Theorem 3.3 is applicable to prove that the curve y =x*/? is concave upward. 
Here f’’(0) =+ ©. It is also applicable to the curve y=<x*+, for which f’’(0) =0. 


DEFINITION 3.4. If the curve y=f(x) is continuous in the neighborhood of 
x =a, if it is concave upward on one side of x =a, and concave downward on the 
other, and if f has a finite or infinite derivative at x =a, we say that the curve 
has‘a point of inflection at x =a. 


Before stating a test for points of inflection we observe the following very 
useful fact about derivatives. 


3.5. Let f be continuous in the interval [a, a+6], where 5>0, and let the deriva- 
tive f’ exist in (a, a+6). Suppose that f'(x) approaches a finite or infinite limit A as 
x—a from the right. Then f has a finite or infinite right-hand derivative at x =a, 
given by f'(a) =A. A similar theorem holds for limits from the left. 


The proof is a direct consequence of the law of the mean, for if 0<h<6 
fla + h) — f(a) 
h 


and the result follows when we let / approach zero. » 
We can now state a necessary condition for a point of inflection,.under cer- 
tain conditions. 


= f'(a + 6h), 0<0<1, 


3.61. Let f’ exist in a neighborhood of x=a; let f’ have a finite or infinite deriva- 
tive at x=a, and let the curve y=f(x) have a point of inflection at x=a. Then 
f(a) =0. 

It will suffice to assume that the curve is concave upward if x <a, and concave 
downward if a<x, since the other case is reduced to this by considering the 
function —f. Now f’ is increasing if x <a, and it therefore approaches a finite or 
infinite limit as xa. This limit must be finite, and equal to f’(a), by theorem 
3.5. A similar argument when a <x leads to the conclusion that f’ is continuous 
at x =a (and, in fact, throughout the neighborhood). It is now clear that f’ has 
a relative maximum at x =a; therefore f(a) =0, by theorem 2.11. 

If f’(a) =0, any sufficient condition for the curve y=f(x) to be concave up- 
ward,in the neighborhood of x =a is also a sufficient condition for a proper rela- 
tive minimum of f at x=a. Such a condition is furnished by theorem 3.3. How- 
ever, a test can be given involving the second derivative at x =a only, without 
any implications as to concavity. 


3.7. Let f’ exist in the neighborhood of x=a, and let f'(a) =0. Suppose that 
f’'(a) >0, where f’"(a) may be either finite or infinite. Then f has a proper relative 
minimum at x=a. ’ 
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The proof is simple. Since 


0< f"(a) = lim 


f(a h) 

—0 h 

f'(a+h) has the sign of k when | i is small. The result now follows by theorem 
2.3. A direct proof may be given, using the law of the mean, for if | 7 is small 
and positive, f(a +h) —f(a) =hf’(a+6h), 0<6<1, and the right member of this 
equality is positive. 

We leave it for the reader to devise a simple proof that the condition f’’(a) 20 
is necessary for a relative minimum. Some interesting examples of functions 
with minima not detectable by any of the usual sufficiency tests have been given 
by Hedrick, in the reference cited earlier in this paper. 


4. Tangents. We shall discuss plane curves.C of the type y=f(x), where x 
and y are rectangular coordinates, and f is defined and continuous on some 
interval. If P; is a point of C with abscissa x;, let the inequality P,<P:, mean 
that x1<x2. 


DEFINITION 4.11. Let Po be a point of C. A half line L+ emanating from P° 
is said to be the forward tangent to Cat Poif, given any angle of aperture less 
than 180°, with vertex at Po, and L+ within the angle, there exists a circle with 
center at Py) such that if P is on C and inside this circle, and P)<P, then the 
directed half line PoP is also within the angle. We write lim P»)P =L+ as PP". 

The backward tangent L~ at Po is defined in a similar manner. 

It will be obvious to anyone familiar with topology that the limits Z+, Z- 
may be regarded as limits of functions on one topological space to another. In 
each case the independent variable is P, and the dependent variable is the di- 
rected half line PoP. The limits are necessarily unique, if they exist. 


DEFINITION 4.12. The curve C is said to have a tangent at Po if both the 
backward and forward tangent to C exist at Po, and if they lie on the same 
straight line through P». 


It is possible that Z*+ and L7 may coincide. For example, in the case of 
y =x, when P)=0, both Lt and L~ coincide with the positive y-axis. 


DEFINITION 4.13. If Z+ and L~ exist at Po, and if together they form an en- 
tire straight line through Po, this line LZ is called an ordinary tangent of C at Po. 


This definition permits us to distinguish between tangents at “ordinary” 
points and cuspidal tangents, such as the one mentioned in the foregoing 
example. 

In order to discuss tangents it is convenient to use the notations f’,(a), f2 (a) 
for the right-hand and left-hand derivatives of f at x=a. Our conventions 
about such statements as “fi. (a) exists, f1 (a) = — ~,” etc., are the same as for 
the derivative f’ (see §1). If f,(a) and f’ (a) exist and are equal, their common 
value is the derivative f’(a). 
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4.21. Let f be continuous in a netghborhood of x=a. Then the curve y=f(x) 
has a tangent at x =a if and only tf either 

(1) f’_(a) and f’,(a) are finite and equal, 
or 

(2) fi(a) and f4.(a) are both infinite (but not necessarily of the same sign), 
In the first case the tangent 1s an ordinary tangent not parallel to the y-axis. In the 
second case the tangent is parallel to the y-axis, but 1t need not be ordinary. 


4.22. Under the hypothesis of theorem 4.21 the curve y=f(x) has an ordinary 
tangent at x=a tf and only wf f has a finite or infinite derivative at x =a. 


The proofs of theorems 4.21 and 4.22 are left to the reader. 

There are several theorems about derivatives which are important for the 
light they shed on the behavior of the tangent to a curve. These theorems are 
not new, but they are comparatively unknown. One of them, theorem 3.5, has 
already been mentioned. From it we conclude the following: 


4.31. Suppose that f’ exists (as a finite limit) in (a, b). Then tt 1s continuous 
in (a, b) except at those points where f’(x) fails to approach a limit from at least 
one side. 


As a corollary we have: 


4.32. If f’ exists and its monotonic on |a, 6], it is continuous there. 


It follows from this theorem that if the curve y=f(x) is concave upward (or 
downward) on (a, b), it possesses a continuously turning ordinary tangent. 
The next theorem is acribed to Darboux by de la Vallée-Poussin.* 


4.33. Let f be continuous, and possess a finite or infinite derivative at each point 
of [a, b|. Let k be a number between f'(a) and f’(b). Then there ts a number X, 
a<X <b, such that f'(X) =k. 


The hypothesis implies that f’(a) and f’(d) are either (1) finite and distinct, 
(2) one finite and the other infinite, or (3) one-+ © and the other — ». To prove 
the theorem let us first suppose that f’(a) and f’(6) are of opposite sign, and 
prove that f’ vanishes at least once between a and 8. Suppose, for example, that 
f'(a) >0 and f’(b) <0. Now f will have a maximum value on [a, 6], and we see 
from theorem 2.11 that it cannot occur at a or b. Suppose that the maximum 
occurs at X, where a<X <b. Then f’(X)=0, by theorem 2.12. The proof of 
the general case is reduced to the case just considered by defining ¢(x) =f(«) —kx 
and observing that $’(a) and ¢’(0) are of opposite sign. 

It is worth emphasizing at this point that in Darboux’s theorem and the 
law of the mean the derivative is not assumed to be continuous, or even always 
finite. Many calculus texts insist upon the continuity of the derivative. One 


* Ch. J. de la Vallée-Poussin, loc. cit. p. 97. For a discussion of an issue raised by this theorem 
see H. Lebesgue, Lecons sur I’Integration, Paris, 1928, p. 97. Lebesgue cites a paper by Darboux: 
Sur les fonctions discontinues, Annales de |’ Ecole Normale, 1875. 
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recent book even cites a function such as f(x) =x? to show that Rolle’s theorem 
may fail when the derivative is discontinuous! 

The assumption of continuity of f cannot be dropped from Darboux’s 
theorem. This is shown by the following counter-example. Define f(x) =x} if 
x0, and f(0)=0. Then f’(0)=+ o, f’(1) = —1, but f’(x) <0 if 0<«S1. Here 
is another counter-example, in which both f’(a) and f’(8) are finite: define 

f(x) =x) if «<0, f(x) =x? if x20. Then f’(—1)=—1, f’(0)=+ 0, f’(1) =3, 
but f(x) #0 if -1S*<1. 

Darboux’s theorem affords an alternative method of proving theorem 4.32; 
we leave the details to the reader. 

The next two theorems deal with tangents parallel to the y-axis. 


4.41. Let f be continuous in a neighborhood of x =a, and let the curve y=f(x) 
have an ordinary tangent at each potnt of this neighborhood, except atx=a. Atx=a 
let there be a tangent parallel to the y-axis, but not necessarily ordinary. Then 
f(x) ts unbounded in every netghborhood of x=a, but tt 1s not necessarily true 
that | f’(x)|— as xa. 


We apply the law of the mean to f, obtaining 
f(a +,h) — f(a) 
h 


where | 7 may be,as small as we please. The quantity on the left becomes in- 
finite at h—0, by theorem 4.21. Therefore f’(x) cannot be bounded near x =a. 
The last assertion of the theorem is provided for by the following counter- 
example. We define 


f(x) = «2+ xsin (1/x) if «> 0, 
f(0)=0, f(*#)=-—-f(—-«x«) if «<0. 
This function is continuous, and f’(0) =+ «. If x >0 we have 
f’(%) = a7¥/2/2 + sin (1/x) — (1/x) cos (1/). 


If x,=2(1+4n)-!/r and u,=(2n7r)—!, it is found that f’(x,)—>~+0 and 
f'(un)—— ©. Therefore, when 1 is sufficiently large, it follows by Darboux’s 
theorem that f’ vanishes somewhere between x, and u,. It is then false that 
| f’(x) | cas x—0. 


=| f’(a + 6h) |, 0<6<1, 


4.42. Let f be continuous in a neighborhood of x=a, and let the curve y=f(x) 
have an ordinary tangent at each point of the netghborhood distinct from x =a. 
Finally, suppose that | f’ (x) | —o as x—a. Then the curve has a tangent parallel to 
the y-axts at x=a. . 


The proof depends on Darboux’s theorem. We may suppose the neighbor- 
hood so small that f’(x) #0 when xa. Then, within this neighborhood, f’(x) is 
of constant sign when a<x, since otherwise it would vanish, by Darboux’s 
theorem. The situation is similar when x <a. It is now clear that f’(x) becomes 
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infinite (with definite sign) when x approaches a from one side. It follows from 
théorem 3.5 that both fj, (a) and f1(a) are infinite. This completes the proof. 


5. Convex functions. The meaning of concavity was discussed in §3, where 
a definition suitable for use in elementary calculus was introduced. We shall now 
consider the relation of this notion of upward concavity to the more general 
concept of a convex function. The latter concept is of great importance in 
analysis; we hope that a brief discussion of the concept will prove to be of inter- 
est in the present situation.* 


DEFINITION 5.11. A function f is said to be convex on (a, 0) if, for every two 
points on the graph of y=f(x), the graph between these points lies entirely below 
the corresponding chord. 


An analytic formulation of the condition for convexity, convenient for our 
purposes, may be made as follows: if a<x1<x<x2.<6, then 


fle) = fle) _ fle) = fa) 


X— X11 xX. — x 


(5.12) 


From the very definition it may be verified that the slope of a chord is an in- 
creasing function of the abscissa of either of its end points. Now suppose that in 
(5.12) we allow x; and x2 to approach x. It is evident that the unilateral deriva- 
tives f’_(x) and f’;(x) must exist. Furthermore, if x1<x<x», a little reflection 
will reveal that 


(5.13) og, TAM Si) < 


f(a) = fla) fen) = $2) 
2) x 


The existence of the unilateral derivatives implies that f is continuous. The uni- 
lateral derivatives are increasing functions. For, if x1<x2.<x3, it follows from 
(5.13) and (5.12) that 
f(%2) — f(a) ec [he = ai 
fi(m) < < fi(s). 


Xq — NX, v3 
That f4,.(x) is increasing is proved similarly. 


5.21. If the function f 1s convex on (a, b) tt 1s continuous there. It possesses 
right-hand and left-hand derwatives at each potnt of the interval; these derivatives 
are tncreasing functions. They are different on a set of points which ts at most 
enumerabdle. | 


The proof of most of this theorem has already been given. For the proof of 
the last assertion in the theorem we observed from (5.13) that if x1<x»2 


* The reader interested in the literature of convex functions may profitably consult the follow- 
ing references: G. H. Hardy, J. E. Littlewood, and G. Pélya, Inequalities, Cambridge, 1934, Chapter 
III; E. C. Titchmarsh, Theory of Functions, Oxford, 1932, pp. 172-174; O. Haupt and G. Aumann, 
Differential- und Integralrechnung, Berlin, 1938, I, pp. 106-112, II, pp. 57-63. 
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(5.22) f4(a1) < Sim) = Se) < fia). 


x2 — X11 
Hence, if x1<%o, 


f(a) S flan < f(x). 


Suppose that f is continuous on the right at x;. Then, if we make x2 approach 
x, in the above inequality, we see that f’.(%1) =f’(x1). Thus the derivative f’ 
exists at x1. Now fL, being monotonic, is continuous except possibly on an enumer- 
able set. Hence the derivative f’ exists except perhaps on such a set. 


5.23. If fs such that f’ exists on (a, 6), the assertion that f 1s convex 1s equivalent 
to the assertion that the curve y=f(x) 1s concave upward tn the sense of definition 
3.11 (or, what is equivalent, to the assertion that f' 1s increasing). 


It follows from theorem 5.21 that if f is convex and f’ exists, it is increasing. 
On the other hand, if f’ exists and is increasing, the inequalities (3.22) hold, 
and from them we conclude, if x1<*x <x, that 

f(*) — f(a) f(%2) — f(*) 
—————. <_f'(x”) << ———_____, 
Xx — X1 x2 — X 
so that f satisfies the convexity condition (5.12). 

Next we prove that a convex function is the integral of either of its unilateral 

derivatives.* 


5.3 If f 1s convex on the interval (a, b), and tf c, d are points of the interval, 


fa) — f= f f@a= fo fwd 


Suppose that [c, d] is divided into 2 subintervals by points x;, where 
C=X9<x1< +++ <x,=d. From the inequalities (5.13) and (5.22) it may be 
seen that if Ax; =x;—xj-1, 


Y fade SD feeds <f@ — = LD (We) - fe] 


t=] i=1 


< YS fladaey < YS fielders 


Since the increasing functions f_, f% are integrable, the proof follows from 
these inequalities. 

Some of the important properties of a convex function were described in 
theorem 5.21. We now show that these properties are sufficient to characterize 


* The proof indicated here was suggested by the referee. It is much simpler than the one origi- 
nally included in the paper. 
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convexity. Let us first recall that with any function there are associated four 
derivates; if we write , 
ote, 1) =< LEED =I 

h 
the upper and lower derivates on the right are, respectively D+f(«) =lim sup 
not O(x, h), Da f(x) =lim inf;,.0+Q (x, 2), while the upper and lower derivates on 
the left are D7f(x) =lim sup;z.0— Q(x, h), D_f(x) =lim inf;.0_ Q(x, h). Some or 
all of these derivates may be infinite. It is true that D_f(x) S$ D f(x) ; if the equal- 
ity holds the common value is f(x). Similar remarks apply to the right-hand 
derivates. 


5.4 Let f be continuous on (a, b), and suppose that one of tts derivates 1s increas- 
ing on (a, b). Then f ts convex on (a, b).* 


The proof depends upon a lemma which very closely resembles the law of 
the mean. 


5.41. If f is continuous on [a, b|, there exist numbers x1, X2 in la, b| such that 
f(a) — fla) 
Df(«) < a <= Df(x»), 

— dQ. 


where Df(x) denotes any one of the derivates of f. 


The assertion is obviously true if f is linear; hence we dismiss this case, and 


define 
o(x) = f(x) — f(a) — (0 ~ 1 


(x — a). 
The function (x) is continuous on [a, 6]. It vanishes at a and 8, but does not 
vanish identically. Hence it has either a positive maximum or a negative mini- 
mum at some point X, where a<X <b. We shall consider the case of a positive 
maximum, and leave the other case to the readers. We may without loss of 
generality suppose that (x) >0 when a<x<J. Then it it is easily seen that 
for a right-hand derivate one has Dé(X)S0SD¢(a), while for a left-hand 
derivate Dp(b) [0 SD¢d(X). Since 
Dela) = Dix) LO = LK" 
b—a 

the proof of the lemma is complete. 

THe proof of theorem 5.4 may now be given in three steps, as follows: 

(a) The curve y=f(x) contains no line segment, because one of the derivates 
of f is increasing, whereas the derivative of a linear function is constant. 

(b) Ifx1<x <x», it follows from lemma 5.41 that there exist number x3 and x4 
such that, for the increasing derivate Df(x), 


* This theorem, for the case of the particular derivate D,f(x), was proposed and proved, in a 
slightly different way, by my colleague, Professor Zorn. 
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f(x) — fle) < Df (xs), XS 43S x, 
x — X11 
Dyas) < Lee TI o<m<m 
x2 —- X 


But then x3S4, and so, by hypothesis, Df(x3) S$ Df(xs). Therefore 
f(*) — f(%) < f(%2) — f(x) 


x — X1 x2 — x 


(5.42) 


This means that no point of an arc of the curve y=f(x) lies above the corre- 
sponding chord 

(c) Finally, the equality cannot hold in (5.42) at any point x between x 
and xe. This would mean that points Pi, P, Pe of the curve all lie on the same 
straight line. By (a) and (b) there exists a point P; of the curve, with abscissa 
x3 between x and xe, such that Ps; lies below the chord PP. If PiPP.2 were a 
straight line, P would lie above the chord P; P3,contrary to (b). This completes 
the proof of the theorem. 


THE SIXTH ANNUAL MEETING OF THE 
SOUTHWESTERN SECTION 


The sixth annual meeting of the Southwestern Section of the Mathematical 
Association of America was held. at New Mexico State College of Agriculture 
and Mechanic Arts, State College, New Mexico, on April 28, 1942, in conjunc- 
tion with the annual meeting of the Southwestern Division of the American 
Association for the Advancement of Science. Professor Roy MacKay,* chair- 
man of the Section, presided over the Tuesday morning session. 

The attendance was twenty-six, including the following eleven members of 
the Association: J. W. Branson, Eupha A. Buck, E. A. Hazlewood, W. P. Heinz- 
man, H. D. Larsen, Roy MacKay, C. V. Newsom, Arthur Rosenthal, Nathan 
Schwid, P. M. Swingle, W. W. Wallis. 

At the business meeting the following officers were elected for next year: 
Chairman, E. A. Hazlewood, Texas Technological College; Vice-Chairman, 
P. M. Swingle, New Mexico State College; Secretary, H. D. Larsen, University 
of New Mexico. It was voted to hold the 1943 meeting at a time and place 
selected by the officers of the Section. A vote of appreciation was extended to 
New Mexico State College for its generous hospitality. 

The annual luncheon which followed the morning session was addressed by 
Professor C. V. Newsom of the University of New Mexico. His subject was, 
“The transition between elementary and advanced mathematics.” The meeting 


* Deceased, May 12, 1942. 
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was climaxed by an excursion on Tuesday afternoon to the White Sands Na- 
tional Monument. 

The following papers were presented: 

1. “Topology in biology, physics, and logic” by Professor P. M. Swingle, 
New Mexico State College. 

2. “A vertical-curve sight-distance nomograph chart for use in highway con- 
struction” by Professor J. J. McKinley, New Mexico State College, introduced 
by the Secretary. 

3. “The asymptotic expansion of the generalized hypergeometric functions” 
by Professor C. V. Newsom, University of New Mexico. 

4. “On the synthesis of some mathematical tools” by J. A. Joseph, New 
Mexico State College, introduced by Professor MacKay. 

5. “A note on the extraction of square roots” by Professor H. D. Larsen, 
University of New Mexico. 

6. “A theorem involving average functions” by Dr. C. B. Barker, University 
of New Mexico, introduced by the Secretary. 

7. “On interval-functions and associated set-functions” by Dr. Arthur 
Rosenthal, University of New Mexico. 

8. “Characteristic functions of hypernumbers” by Professor J. B. Shaw, 
University of Illinois, introduced by the Secretary. (Read by title) 

Abstracts of these papers follow: 

1. Professor Swingle considered an abstract definition of limit, which he 
modified through Aristotle’s four traditional types of propositions. He modified 
other definitions of topology in a similar manner, and sought interpretations in 
various sciences. He raised questions concerning the nature of abstract topolo- 
gies, as well as of other topics based upon the concept of limit. 

2. Professor McKinley discussed a nomograph which he constructed, and 
which permits the rapid estimate of the length of vertical curve required for a 
given grade break and sight distance, and the sight distance for a given grade 
break and curve length. 

3. Professor Newsom recently proved a lemma which stated that certain 
entire functions given in the form of power series could be represented asymptot- 
ically by a sum of integrals of a comparatively simple type. He now showed 
that a series which includes many forms of the hypergeometric function satisfies 
the condition of the lemma. Consequently, a very convenient form of the 
asymptotic representation of such a function was obtained, valid in a large 
sector of the complex plane. 

4° Mr. Joseph pointed out that now, more than ever before, the conserva- 
tion of time and energy is a big factor in the solving of engineering problems; 
but that many of the standard mathematical methods are unnecessarily long 
and accurate for- the engineer’s purpose. He gave several examples showing 
how various problems can be solved quickly by graphical methods. 

5. Professor Larsen discussed the well-known theorem: If the square root 
of a number consists of 2n+1 figures, when the first 2+1 of these have been 
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obtained by the ordinary method, the remaining ” may be obtained by division, 
if the remainder arising from the division be neglected. He pointed out that 
the theorem is true only if the given number is a perfect square and otherwise 
the theorem as stated leads to a doubt in the last digit retained in the square 
root. 

6. Dr. Barker defined a function of two variables which possessed certain 
desired properties relative to a given set of functions of one variable. 

7. Dr. Rosenthal reported on a section of his elaboration of the second 
volume of H. Hahn’s “Real Functions,” which he is preparing on the basis of 
manuscripts left by Hahn. A set-function ¢ shall be called associated to a given 
interval function x with respect to a given totally additive set-function, y, 
if x(.S,)—-@(M) for the sequences ((.S,)) of systems of intervals which converge 
to the set / in a certain sense with respect to y. Necessary and sufficient con- 
ditions for the existence of such an associated set-function ¢ were given. If 
yY is continuous with respect to the Lebesgue measure y,, these conditions 
consist of the ~-continuity of x, the differentiability, of x with respect to 
(almost everywhere), and the y-summability of this derivative. If y is not 
Mn-continuous, other conditions have to be added. 

8. Professor Shaw pointed out that in any algebra, associative or non- 
associative, there is a characteristic function (lowest degree) for each hyper- 
number, the terms being homogeneous in the hypernumber if we remember 
that the scalar coefficients have degrees. If we substitute for the hypernumber 


po the hypernumber po+mxpitm(m—1)/1-2 x292.+---, the resulting form 
can be obtained by a device commonly used in Quaternions. The substituted 
form is indicated by (1+%6)”po where 5p9=p1, 591=p2,°-°-°. Then by tagging 


6, the form F becomes (1+261)"(1+262)" +--+ (1-+%6.)" F(p0, po, °° - pi) 
where 6, acts only on po, 62 on py, etc. The operator in front may be expanded 
with no trouble. Professor Shaw considered the various cases arising by letting 
the coefficients of the powers of x vanish. | 
H. D. LARSEN, Secretary 


THE TENTH ANNUAL MEETING OF THE WISCONSIN SECTION 


The tenth annual meeting of the Wisconsin Section of the Mathematical 
Association of America was held at State Teachers College, Oshkosh, on Satur- 
day, May 2, 1942. Miss Irene Price, chairman of the Section, presided. 

There were fifty-five present, including the following nineteen members of 
the Association: R. H. Bardell, Ethelwynn R. Beckwith, May M. Beenken, 
A. C. Berry, W. W. Bigelow, M. Mirabella Boehmer, Margaret C. Eide, H. P. 
Evans, Fannie Hopkins, R. C. Huffer, J. F. Kenney, R. E. Langer, Morris 
Marden, Mary Felice, Irene Price, E. A. Nordhaus, P. L. Trump, B. R. Ullsvik, 
J. I. Vass. 


1942] ANNUAL MEETING OF THE WISCONSIN SECTION 645 


Sessions were held in the morning and afternoon, with a noon luncheon at 
Hotel Raulf, and a tea, served by the mathematics department of Oshkosh 
State Teachers College, following the afternoon session. 

The following officers were elected for the coming year: Chairman, R. H. 
Bardell, University of Wisconsin in Milwaukee; Secretary-Treasurer, P. L. 
Trump, University of Wisconsin; Program Committee, Ethelwynn R. Beck- 
with, Milwaukee-Downer, A. C. Berry, Lawrence College. It was voted to hold 
the next meeting at the University of Wisconsin in Milwaukee on May 7, 1943. 
Invitations to meet at Eau Claire State Teachers College and at Milwaukee- 
Downer were acknowledged and filed. 

At the morning meeting the following papers were presented: 

1. “The normal law in probability” by Professor A. C. Berry, Lawrence 
College. 

2. “The Lemoine and Brocard points of the triangle” by Sister Mary Felice, 
Mount Mary College. 

3. “The application of mathematics in the field artillery” by Professor W. E. 
Roth, University of Wisconsin in Milwaukee, introduced by Professor Bardell. 

The afternoon session was devoted to a panel discussion relating to certain 
problems involved in the war emergency. Miss May Beenken presided, and the 
leaders in the discussion with their topics were: 

1. Professor H. P. Evans, University of Wisconsin, “What the University 
of Wisconsin is doing by way of special courses to meet the national emergency.” 

2. Professor J. F. Duncan, Oshkosh State Teachers College, introduced by 
Miss Beenken, “Government sponsored courses in this emergency.” 

3. A. R. Luebke, Fairbanks-Morse Company, introduced by Professor 
Trump, “Mathematical training necessary for people entering industry.” 

4. Professor Glen Eye, Principal of Wisconsin High School, Madison, in- 
troduced by Professor Trump, “The place of mathematics in the high school 
curriculum, both for students entering college and those entering industry.” 

5. Professor Merlin Hayes, University of Wisconsin Extension Division, 
introduced by Professor Bardell, “Opportunities in the military service for col- 
lege and university students.” 

The sessions were well attended by high school teachers, and there was a 
spirited discussion in the afternoon session. 

Abstracts of the morning papers follow: 

1. Professor Berry discussed the justification of the use of the Normal 
Law as an approximation simplifying the computations arising in Probability 
and Statistics. A simple numerical estimate for the error introduced by making 
this approximation was announced. This makes it possible to measure the “de- 
gree of abnormality” of a given sample whether the sample be “large” or 
“small.” The measure applies to m-dimensional distributions whose third order 
moments are finite, and to the calculations of probabilities associated with con- 
vex regions. A particular and basic case treats the reliability of the Pearson chi- 
square test. 
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2. Sister Mary Felice pointed out that besides being called the minimum 
point, and the symmedian point of the triangle, this point has been called by 
German writers, Grebe’s point, and by French and English writers, Lemoine’s 
point. In neither case was there a question of priority of discovery. Grebe 
announced no properties of the point which had not been known before his time, 
but he related this point to the old problem the locus of a point the sum of the 
squares of whose distances from the sides of a triangle is constant. Lemoine 
gave an entirely new definition for the point, discovered a number of properties 
that had not before been noted, and recognized that it was the same point which 
had been before his time known in an isolated way by one or other of its proper- 
ties. Some of these properties which are not usually in the ordinary text on 
College Geometry are of considerable interest and were briefly reviewed. 

3. -Professor Roth indicated that the principal reason for the failure of young 
men to obtain commissions in an infantry division was their inability to show 
proof that they had completed a course of trigonometry in high school or col- 
lege. The artilleryman in particular must have a very substantial knowledge 
of mathematics. This knowledge is used in survey operations; determination 
of locations of guns and of targets on maps or improvised ‘grids; in the use of 
firing tables, making corrections upon range for wind, temperature of air, 
barometric pressure, temperature of powder, height of the target above or below 
the gun, the variations in weight of projectiles, etc.; in the preparation of visi- 
bility charts, and of dead space charts; in the determination of changes in 
range and direction to place rounds on the target after rounds have been 
observed. 

P. L. Trump, Secretary 


ANNUAL MEETING OF THE NEBRASKA SECTION 


The fourteenth regular meeting of the Nebraska Section of the Mathemati- 
cal Association of America was held at the University of Omaha on Saturday, 
May 2, 1942. Professor J. M. Earl, chairman of the Section, presided. 

The attendance was thirty-one including the following fourteen members 
of the Association: A. K. Bettinger, W. C. Brenke, A. R. Congdon, H. M. Cox, 
D. M. Dribin, J. M. Earl, W. C. Foreman, M. G. Gaba, F. S. Harper, F. E. 
Marrin, Lulu L. Runge, E. Marie Hove, W. T. Stratton, and A. E. White. 

The following officers were elected for the coming year: Chairman, M. A. 
Basoco, University of Nebraska; Secretary, Lulu L. Runge, University of Ne- 
braska; member of Executive Committee, E. M. Berry, State Teachers College, 
Chadron. 

i Part I of the program, the following four papers were read: 

. “A test for a stabilization technique” by Professor W. A. Dwyer, Creigh- 
ton University introduced by Professor Earl. 

. “Generalized Laguerre polynomials” by Professor W. C. Brenke, Uni- 
versiey of Nebraska. 


1942| ANNUAL MEETING OF THE NEBRASKA SECTION 647 


3. “Some metric properties of a vector associated with the tangent to a 
general curve on an analytic surface” by W. C. Foreman, Municipal University 
of Omaha. 

4. “Pre-study examinations in mathematics” by Professor H. M. Cox, 
University of Nebraska. 

Part II of the program consisted of a joint meeting with the Nebraska Sec- 
tion of the National Council of Teachers of Mathematics. The demonstrations 
presented were as follows: 

5. “Mechanical apparatus and elementary nomograms for the construction 
and illustration of harmonic curves and stereographs associated with them” 
by L. E. Smith and A. B. Tussel of South High School, Omaha, introduced by 
Professor Gaba. 

6. “Demonstrations by means of oscillograms of Lissajou and other curves 
of value in certain ultrafrequency work used by the Signal Corps” by T. T. 
Smith, University of Nebraska, introduced by Professor Gaba. 

7. “Precision construction of the curves demonstrated, above by means of 
the curve tracing machine” by Professor M. G. Gaba, University of Nebraska. 

Part III of the program consisted of a joint luncheon with the National 
Council. The two papers there presented were: 

8. “High lights of the convention of the National Council of Teachers of 
Mathematics at San Francisco” by Professor A. R. Congdon, University of 
Nebraska. 

9. “Mathematics in the war program” by Professor W. C. Brenke, Univer- 
sity of Nebraska. 

Abstracts of some of the papers follow: 

2. Professor Brenke discussed the generalization of L,(x) of Laguerre to 
L(x) of Szegé and to a still more general type L“” (x). He made a comparison 
of the difference and differential equations, the generating functions, and other 
characteristic properties. | 

3. Mr. Foreman used the notation of P. O. Bell in the Bull. Am. Math. Soc., 
vol. 47. Some of the theorems demonstrated were: (1) The unique parametric 
net for which the directions \ and X are mutually perpendicular at a point of a 
non-ruled analytic surface S for every choice of \ consists of the mean orthog- 
onal curves. (2) A necessary and sufficient condition that the directions A and 
be conjugate directions at a point of S for every choice of d is that S be 
referred parametrically to a conjugate system of curves. (3) If the minimal 
curves are parametric, the R,-correspondent is self corresponding only along 
a mean orthogonal curve; and conversely. 

4. In the development of a program of student guidance at the University 
of Nebraska, the mathematics classification examination has been integrated into 
an all-university measurement program. Professor Cox explained how the ex- 
tended use of the examination has made necessary certain changes in the form 
and scope of the examination. Correlational and statistical analyses have justi- 
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fied the changes on a technical basis, and have, in turn, suggested instructional 
problems and problems of curriculum. 

5. Mr. Smith and Mr. Trussell demonstrated the drawing of harmonic 
curves by the use of two simple machines which were equipped with cones 
instead of gears. These allowed the continuous passage from a given curve to 
others involving different frequencies. A small mirror was so connected with 
moving parts of the second machine that a spot of light was caused to trace a 
curve with such great speed that a line of light in the form of the curve appeared 
on the screen. Stereoscopic effects were produced by use of lights of two dif- 
ferent colors from suitably oriented directions. The development of cylindrical 
curves, whose projections are Lissajou curves, was demonstrated by using 
transparent celluloid sheets. 

6, 7. Professor Smith demonstrated, by means of oscillograms, the Lis- 
sajou and epitrochoidal curves which have been found to be of great value in 
certain ultrafrequency work used by the Signal Corps. All of the curves were 
constructed by Professor Gaba, using the University of. Nebraska curve tracing 
machine. 

Luu L. RUNGE, Secretary 


WHAT IS A STOCHASTIC PROCESS? 
J. L. DOOB, University of Illinois 


1. Introduction. A stochastic process is simply a probability process; that is, 
any process'in nature whose evolution we can analyze successfully in terms of 
probability. We shall not attempt an exhaustive description. On the empirical 
side, a discussion of the nature of probability would take us too far afield (and 
might sidetrack us into philosophy), and on the mathematical side the defini- 
tions would require too much high-powered mathematics. We shall limit our- 
selves to a description of a stochastic process in simple terms, followed by a 
discussion of a few important particular types. A stochastic process was de- 
scribed above as an empirical entity. On the mathematical side, certain concepts 
have characteristics in close correspondence with those of these processes, and 
will be called mathematical stochastic processes. The point is that although at 
an elementary level probability courses frequently deal with urns, dice and 
events, a strictly mathematical treatment is possible, with no immediate’ em- 
pirical flavor. 

There is a popular prejudice that probability is the subject which deals with 
gambling games, and perhaps with life insurance and statistics, but is other- 
wise useless. Moreover its principal method is the calculation of permutations 
and combinations, than which nothing could be more boring. This calculation 
looms large in elementary courses,, however, only because calculations need little 
mathematical preparation, either for student or teacher. It is considered easier 
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to perform long calculations than to develop a general point of view, bolstered 
by theory. This may be good pedagogy, up to a certain point, but gives students 
a false picture of the subject. The basic reason for the applicability of permuta- 
tion-combination theory to the study of probability will be noted below. It will 
be seen, however, that considerably more than the counting of favorable and 
unfavorable events by such methods is necessary to deal with the problems to be 
discussed. 


2. Concept of a chance variable. Perhaps the basic difference between the 
older mathematical probability and that of the last fifteen years lies:in the stress 
now put on the concept’of a chance variable, and in the development of the 
whole subject in terms of that concept. In this spirit, we shall develop the idea 
of a stochastic process from that of a chance variable. 

A chance variable, sometimes called a stochastic variable, or a random vari- 
able, or (especially by statisticians) a variate, is (non-mathematically- speaking) 
the numerical result of an experiment to which probability analysis is to Be 
applied. There are various possible results, with varying probabilities assigned 
to them. Thus let NV; be the number of telephone subscribers who will initiate a 
call tomorrow in Chicago between 4 P.M. and ¢ minutes after 4. Then, fixing f, 
the practical determination of the necessary number of central telephone facili- 
ties needed to prevent more than a given percentage of lost calls is based on 
assumptions about N;. For each ¢, certain probabilities suggested by theoretical 
considerations are assigned to the various possible NV; values 0, 1, - - - . The char- 
acter of the chance variable NV; depends on t. For example, the more probable 
values of NV; increase as ¢ does. In many cases the chance variable y under con- 
sideration can take on any one of a continuous set of values (for example let y 
be the value of ¢ when the first subscriber to initiate a call after 4 does so). In 
such cases individual values of y may each have 0 probability, and intervals of 
y-values are assigned probabilities. The probability characteristics of any chance 
variable y are determined by the specification of every probability of the type. 
Prob. {y <k}, where & is any number. Thence the probability that y satisfy 
other types of condition, for example Prob. {a <y <b}, is determined. The 


function 
F(k) = Prob. {y < k} 


is called the distribution function of y. 

Now suppose y1, °° +, ¥, are m chance variables. To discuss them together, 
not only the probability relations of each y; must be given (that is, its distribu- 
tion,function), but we need also the combined distribution: If #1,--+, &, are 
any numbers, the probability F(A, -- +, k,) that y;<; simultaneously for all 7 
is supposed known. All the probability relations of 1, - - + , y, are determined by 
the knowledge of the “distribution function” F. 

Any set of values of m chance variables 1, - +--+, y, determines a point P in 
n-dimensional space. A condition imposed on the y; can be interpreted as a con- 
dition that P lie in some portion of this space. If the probability distribution 
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of y1,° °°, Yn iS determined by setting the probability that P lie in a given region 
R proportional to the integral of e raised to a second degree polynomial, in- 
tegrated over R, then 1, -- - , y, are said to be normally distributed, or to have 
a Gaussian (n-variate) distribution. The normal distributions are the most com- 
mon distributions of theoretical statistics because they really do arise fre- 
quently in practice, and also because their common statistical parameters are 
easy to compute. 


3. Concept of a stochastic process. Having finished all these preliminaries, we 
finally come to the concept of a stochastic process. As we have said, a stochastic 
process in practice is any process whose evolution we find it possible to follow 
and predict in terms of probability. Now the evolution of such a process is 
measured by a number (or can be expressed in terms of such measurements) 
registered in some way, perhaps continuously (at each instant of time), perhaps 
at discrete times (say every hour), depending on the nature of the process and 
our analysis of it. Each measurement is by hypothesis a chance variable. From 
this point of view, a stochastic process is,—and: this is the usual definition,— 
merely a family of chance variables { yi} where ¢ represents the time. Here ¢ may 
run through all numbers, or only through the integers, or more generally through 
any set of numbers. If the process consists of a recurring experimental pro- 
cedure, it is frequently convenient to think of the y; with ¢ (an integer) ranging 
to © in both directions even though physically we cannot make (and cannot 
have made) these infinitely many measurements. 

Throughout this exposition, we have not introduced any pure mathematical 
analysis. For example our “definition” of a chance variable was merely a de- 
scription of a certain type of experimental procedure, and not a very explicit 
one at that. This is not the place to go into the proper mathematical definitions. 
We can only say that the mathematical chance variable is a certain type of 
function (a measurable function), so that a mathematical stochastic process is a 
family of (measurable) functions. The analytical study of probabilities is the 
study of measurable functions. Some of the simple examples we shall discuss 
below are far simpler to describe physically than to analyze mathematically. 
What makes an elementary treatment of probability possible is that in many 
problems the chance variables concerned can only assume a finite number of 
values, and the time parameter ¢ is allowed to run through only finitely many 
values. Because of these two characteristics, such problems can always be solved 
by combinatorial methods: Any finite repetition of a gambling game has these 
simple properties; and this is one reason for the central place of gambling games 
in elementary treatments of probability. In our discussion here we are consider- 
ing the stochastic processes of nature, and carefully evading a proper mathe- 
matical analysis (which incidentally dates back less than ten years). 


4. Examples. We conclude with several examples of stochastic processes. 
First consider repeated coin tossing. Here the family of chance variables is 
y1, a, *° +, with y;=1 (heads) or y;=0 (tails), with respective probabilities 
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p and 1—p. The chance variable y; corresponds to the jth toss. If the coin is 
evenly balanced, p=1/2. It is supposed as usual that the probability of a set of 
n tosses containing m heads and n—™m tails in some given order is p™(1—p)"-. 
It is convenient in the mathematical analysis, as we have remarked above, to 
think of the tosses as continuing in both directions in time, so that we have 

,¥o, V1, °° ° . Physically this is impossible, conceptually it is easy to swallow 
(but even if one gags, the results are easy to translate in terms of finitely many 
y;), and the mathematical basis is not very difficult. The translation just noted 
is of course essential if the theorems are to make any empirical sense at all. 
A more important interpretation of the same mathematical setup would be the 
succession of male and female births in a community, or simple examples of 
Mendel’s laws of heredity. 

Of this stochastic process we note first that there is no change i in the prob- 
ability relations with time; that is, the probability relations of any ym, °° * 5 Yn 
are the same as those of Ym41, °° * , ¥n+1. Such a process is called stationary, or 
temporally homogeneous. Now what are proper questions that can be asked of 
such a process? There are various well known ones. For example, the number of 
heads in 2 throws divided by ” approaches #, the probability of heads in a single 
throw: formally, if according to the usual rules the probability that 

lim Leen Ld =— p 

n—> 00 nN 
is calculated, the answer is 1. Although the tosses are independent, there is 
thus still an average character, a fact which: has caused a considerable amount 
of head shaking, and induced peculiar remarks in well known books. Knowing 
that s,/n—p (sn=y1+ +++ +yn) one might ask how quickly ¢,=s,/n—~p goes 
to 0, or whether the probability distribution of the chance variables a1, 2, -: - 
has some limiting form, asmincreases. These questions have been answered bythe © 
law of iterated logarithm, which states that lim,.., sup «/n On/+/2pq log logn = 1 
with probability 1, and the central limit theorem, which states that «/no, has 
more and more nearly a normal distribution as n— ©. 

In the above example, the y; were mutually independent. The next most 
simple type of connection is that of a Markoff process. Consider the chance 
variable si, S2,-+- in the previous example. Evidently if »>m, knowing 
Si, °° *, Sm; that is, knowing the number of heads obtained in each toss up 
through the mth, considerably restricts s,, the number of heads obtained in 
tosses. For example, s, 25m. It is easy to compute the probability of the vari- 
ous walues of s, if s1,°°+, Sm have preassigned values. The answers will, of 
course, depend on these preassigned values. Now actually it is evident, since 
Sn =Smt¥m4it +++ fyn, where ymu1,°**, Yn are independent of si,+ ++, -Sm,_ 
that the assigned value of sm is all that is relevant to the computation. The con- 
ditional probabilities depend only on the value assigned to s,, not on those as- 
signed to 51, °° * , Sm—1. Such a process is called a Markoff process; formally the 
hypothesis is that whenever f: <ts, the probability distribution of y;, calculated 
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under the assumption that y; has been assigned values for all ¢ <¢; depends only 
on the value assigned to ¥;,. 

Let y; be the size of a population under statistical analysis. Whenever the 
population’s change depends on the state of the population at a given moment, 
but, this being known, is independent of how the present state was attained, the 
y, determine a Markoff process., It is then evident that Markoff processes will 
have general application in statistical studies of the population trends of a spe- 
cies and in epidemiology (if the number of infected individuals depends only 
on those already infected). Important questions to be asked here are: what is 
the asymptotic character of y; for large #, is there a limiting value, any kind of 
periodicity, etc. ? . 

Let y:; be a chance variable depending on the time t, which we assume runs 
through all values. Suppose that the increments of y;: (yizn—4) OVer non-over- 
lapping time intervals are independent, that is if 4i< +--+ <¢, we suppose that 
Vie —Viy °°) Vin —Ytn_, are mutually independent. The stochastic process is then 
called a process with independent increments, or a differential process. These 
arise in many connections. For example let y;= NV: where N; was defined above 
in the telephone example. Then the y; determine a differential process: the num- 
ber of subscribers initating a phone call in any time interval can under ordinary 
circumstances be supposed independent of the calls offered before this time inter- 
val (or later). Or, to take an example from physics, let y; be the number of radio- 
active disintegrations of a given substance by time #. Again we have a differential 
process. Or let y; be the amount of money to be paid out by an insurance com- 
pany to its claimants between time 0 and time ¢. Again the process can fre- 
quently be assumed a differential process. 

In the examples of differential processes considered above, it is clear that y:, 
considered as a function of ¢ has as graph a set of horizontal lines, no matter 
how the process turns out. The proof that in general the y; of a differential sto- 
chastic process are continuous in ¢ except for non-oscillatory discontinuities 
(jumps)* is quite complicated, and is less than ten years old. Aside from simple 
changes of scale, there is only one differential process in which the functions y; 
are actually continuous in ¢ (with probability 1)—that in which the increments 
Vt+n—e have normal distributions. The best known application of this process 
is to the haphazard Brownian movements of small particles immersed in a liquid. 
About 35 years ago it was shown that if y; is a codrdinate value of such a particle 
at time ¢, the movement can be analyzed fairly accurately by considering the y; 
as the determining family of chance variables of a differential stochastic process 
whose increments have normal distributions. Thus the probability analysis pre- 
dicts continuous curves as the particle trajectories. That is certainly desirable, 
but it was noted at once that this same probability analysis predicts infinite 


* The meaning of this statement is the following. The probability can be computed that 4; as 
a function of ¢ will be continuous at-a point, everywhere continuous, etc. The probability that the 
yz of a differential process will have any non-oscillatory discontinuity is 0 (if very minor restrictions 
are imposed on the process to eliminate degenerate cases). 
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velocities for the particles, and that the length of a trajectory between any two 
of its points is infinite. This may seem remarkable physically, but man can 
predict anything after it happens, and in fact physicists have asserted that the 
particle movements as observed seem to have these peculiar properties. 

We go finally to a simple but very important type of stationary stochastic 
process. Suppose that the distribution of y; is normal, and even that for any 
ty +++, tn Yiu ***) Yen have an n-variate normal distribution (for all 7). We 
shall call such a process a stationary normal process. It is easy to see that apart 
from a scaling factor, and a centering constant, such a process is completely 
determined by a single function p(k), the correlation coefficient of the two chance 
variables yz, yen, which measures the connection between these chance variables. 
(This is independent of t since the process is stationary.) Necessary and sufficient 
conditions are known that a function be such a correlation function, but many 
questions are still unanswered about these processes, and many more will remain 
unformulated until the need arises. The simplest case is the degenerate case 
p(h) =1, when y; is independent of ¢: the process never,changes from its initial 
state, and the theory of probability is quite superfluous. At the other extreme is 
the case p(#) =0 for all 40, when yz, y; are independent of each other if s+. 
The first non-trivial class of stationary normal stochastic processes to investi- 
gate, is certainly the subclass of Markoff processes, of which the above two cases 
are degenerate special.cases. For a Markoff process, aside from these two cases, 
the connection between y;and y,,, goes down exponentially, ash— © :p(h) =e~*!"! 
(c a positive constant). In work on the Brownian movement dating back about 
nine years, and giving a better approximation than the earlier work, it was found 
that the particles had finite velocities after all (but infinite accelerations) and in 
fact that each component of the velocity of a particle at time ¢ can be considered 
as a chance variable y;, where the y; determine one of the Markoff processes just 
described. 

In this case of a Markoff process, with p(h) =e~*!"|, it is known that the y; are 
continuous functions of t, with probability 1, but it is not known generally which 
correlation functions p(h) determine processes with continuous yz. 

Another example of a stationary normal process arises in electricity. The 
spontaneous thermal movements of the electrons in any wire cause current fluc- 
tuations in all electric circuits. If y; is the current in a given wire at time /, 
y; determines a stationary normal stochastic process. The correlation function 
depends on the particular circuit, and on the resistances, capacities, and 
inductances. This phenomenon is important in radio since the current fluctua- 
tions cause receiver noises which cannot be entirely eliminated. These current 
fluctuations are a disturbing influence in making any kind of delicate electrical 
measurements. A somewhat similar phenomenon occurs in radio tubes, known as 
the shot effect. The study (not yet completed) of these electrical disturbances 
is thus the study of certain types of stochastic processes. 


GELFOND’S SOLUTION OF HILBERT’S SEVENTH PROBLEM 
EINAR HILLE, Yale University 


1. In 1900 D. Hilbert presented his famous list of twenty-three problems 
which he regarded as the outstanding questions awaiting solution by mathe- 
maticians of the future. [1] The seventh problem is concerned with irrational 
and transcendental numbers and in particular with the following question. 
If w#0, 1 ts algebraic and 0 1s algebraic but not rational, is w® transcendental or at 
least not rational? As specific examples he mentioned 2%? and e™ =7-%, 

The first contribution to this problem was given by the Russian mathe- 
matician A. Gelfond [2] in 1929. He proved that e* is actually transcendental 
and indicated how his method could be used to prove transcendentality when- 
ever 6 belongs to an imaginary quadratic field. The extension to real quadratic 
fields was given by C. L. Siegel (unpublished) and R. A. Kuzmin [3] in 1930. 

Gelfond returned to the question later and in 1934 he could give a complete 
solution [4] of Hilbert’s problem which was followed in 1935 by a more ele- 
mentary solution obtained independently by Th. Schneider [5], one of 
Siegel’s pupils. The proof of Gelfond, though more advanced, has quite a simple 
basis and gives a beautiful example of teamwork between algebraical and 
analytical ideas. For this reason it deserves to be much better known. The 
original paper is not easily accessible and is full of disturbing misprints, espe- 
cially in the French text. Though there is an excellent review by K. Mahler in 
Zentralblatt fiir Mathematik, vol. 9, pp. 53-54, a detailed exposition of the 
ideas of the proof would still seem to be of some value to the mathematical com- 
munity. The present version is based upon an analysis presented to a seminar at 
Stanford University in November 1941 and is a fairly free account. 

2. We start by recalling some algebraical concepts. An algebratc number a 
of degree m over the rational field R is the root of an algebraic equation of 
degree m, 


(2.1) Aum + Ayem +--+. 4A, = 0, 


with rational integral coefficients, irreducible over R. The other roots are known 
as the conjugates of a. N(a)=Am/Ao is the norm of a. If Ap=1, @ is called an 
algebraic integer. We can always find a rational integer A such that Aa is an 
algebraic integer. It suffices to take A=Ap. If the roots of (2.1) are ai=a, 
Ql, °° *, @m, we denote the largest of the numbers | ex; | by pa). 

The number a generates an algebraic number field K(a) of degree m over R 
consisting of all polynomials in a of degree <m—1 with coefficients in R. Every 
element y of K(q) is an algebraic number of degree d over R, where d is a divisor 
of m’, and the conjugates of y are obtained by replacing a by its conjugates in 
the defining polynomial. If 8 in an-algebraic number of degree 1 over K(q), 4.e., 
the root of an equation of degree 1 with coefficients in K(a) and irreducible over 
K(a), then the extension field K(a, 8) consists of all polynomials in 8 of degree 
<n-—1 with coefficients in K(a) and the elements are of degree Smn over R. 
Similarly for further extensioris. The following property of algebraic numbers 1s 
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fundamental in all work involving transcendentality. 


Lemna 1. If y lies in an algebraic field of degree m over R and tf A ts a ra- 
tional integer such that Ay is an algebraic integer, then either y =0 or 


(2.2) ly| 2 A~@[uy) -* = A [a(y) 


The Lemma merely expresses the fact that |v (Ay) | = 1. 

3. In addition to the algebraic notions we shall need two results of analytical 
nature. The first is a less common form of Kronecker’s theorem on Diophantine 
approximations [6] and the second is the theorem of Jensen [7]. 


LEMMA 2. Given a matrix (a;;) with m rows and n columns, n>2m, where the 
aij are complex numbers and | as; <A. Let P be a given positive number. Then 
there exist n rattonal integers Ni, No, +--+, Nn, such that 


(1) > Niai;| S 1/P, jg=1,2,-++,m, 
t==1 
(2) ye = 1, 
t=1 
(3) | NV; |S [29/20A P]2m/r2m) i= 1,2,:--,m. 
For the proof, let 11, v2, +--+, Yn, be a set of nonnegative integers-each less 


than or equal to an integer B which will be disposed of later. There are (B+1)” 
possible distinct choices of such sets. Put 


n 
>) Vidiy = A; = €; + Ady, 7=1,2,---+,m. 


i=1 


In a space of 2m dimensions we mark the points 
(C1, dy, C2, doy * + * y Cm, dm). 


These points are located in a 2m-dimensional cube of side S2nAB. If we lay 
off the length 2—1P-! along the side, we get at most 23?2ABP-+1 intervals 
which in turn determine a subdivision of the big cube into at most (23/nABP 
+1)?” subcells, cubes or parallellepipeda, no side of which can exceed 27¥?P7}. 
If now B is so chosen that 


(B+ 1)" > (23/~A BP + 1)2™, 


there will be at least one of the 2m-dimensional subcells which contains two 
points of our set, Pi and P, say. Suppose (v1, Vie, + + +, Min) and (vai, Voo, * + * 4 Von) 
are the corresponding integers. We put N;=v71y;—voi, += 1,2,---,n. There is 
obviously at least one N;#0. The points P; and P: being in the same subcell, 
their codrdinates in homologous position differ by at most 2~'?P—1. A simple 
computation shows that (1) holds, (2) has already been verified. Now (B+1)" 1s 
certainly greater than (C+1)*” if B*=C%”. This gives in our case the value of 
B occurring in (3). 
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LEMMA 3. Let G(z) be holomorphic in | z| <R and have the zeros 2, 22, +++ ,8n 
.n | z| <R. Then 
|G(O)| S R-™| zze+++ 3,| Max | G(Re*)|. 
0S0<2r 
The inequality is trivial if G(0) =0, so we can assume G(0) #0. For each zero 
2; we form the function 
Re — 2; 
B,(z) = RE = 8) 
R? — 23 j 


which vanishes at z=2;, has a simple pole at z=R?/(zg;) outside the circle 
| 2| = R, and is of absolute value one on the circle. Put 


F(s) = Ga) I Bie 


This function is holomorphic in | 2| <R and 


max | F(z) | = max | G(z) | on | z| = R, 
But 
1 F(t) 
27t/J |ilar t 
so that 
| F(0) | S max | F(z) | = max | G(z) |, |z| = R, 
and 


G(0) = (— Ry} 1 «i |FO, 


Combining, we get the desired inequality. It is obvious, and it was observed 
already by Jensen, that the proof does not call for a complete knowledge of the 
zeros of G(z) in |z| <R, but that the more zeros we can locate, the smaller will 
| G0) | have to be. This observation will be used repeatedly below. 

4, We are now ready for the proof of Gelfond’s theorem which he formulated 
as follows: 


If a and B, different from zero and one, are algebraic while n = (log a)/(log 8) 
ts trrational, then n 1s transcendental. 


The theorem asserts that no irrational algebraic power of an algebraic num- 
ber can be algebraic, with obvious and trivial exceptions. This is obviously 
equivalent to Hilbert’s problem. 

Let us begin by giving a brief outline of underlying ideas of the proof. By 
assumption, a and 6 are algebraic and determine an algebraic field K(a, 8). Sup- 
pose now that 7 is also algebraic. We can then form the extension field K(a, , 7). 
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We then form an auxiliary function f(x), having values in K(a, 8) for every 
rational integral value of x. The simplest such function would be a polynomial 
in x with coefficients in K(a, 8), but such a function would not enable us to 
bring in 7 by any obvious process. Instead, Gelfond uses the old stand-by, the 
exponential function. He forms an exponential polynomial, 


q q 
(4.1) f(x) = >> > Cy08*B™, 
k=—q l=—q 
where the C;: are rational integers and gq is a positive integer, which will be dis- 
posed of later. Here a**=exp [kx log a| with some definite but arbitrary defini- 
tion of the logarithm, and similarly for 6B’. This function obviously has values 
in K(a, 8) when x is a rational integer. But more can be asserted. We have 


q qa 
(4.2) fo(x) = f(x)(log B)-* = QF Dy Culkn + l)takep's, 
k=—q l=—gq 
so that f.(x) has values in K(a, 6, 7) for every integral x ands=0,1,2,---. 


The function f(x) contains (2g+1)? parameters, the Cx:, which together with 
the value of g are at our disposal. In particular, we can take g as large as we 
please. By virtue of Lemma 2 the Cy; can be determined in such a manner that a 
fairly large set of the algebraic numbers f,(7) are very small in absolute value, so 
small in fact that condition (2.2) is violated and they, therefore, have to be zero. 
In other words, we can impose a certain number of zeros on f(x) at prescribed 
integers while keeping the coefficients as integers of limited size. Gelfond dis- 
tributes the zeros between several points, but it is simpler to place them all at 
the origin. This accumulation of zeros makes itself felt in a fairsized neighbor- 
hood of the origin and Jensen’s theorem shows that | f(x) | has to be quite small, 
say for |x| <q/%. By Cauchy’s formula for the derivatives, this extends also to 
[fo (x) | for values of s not too large. But thisin turn makes a still larger set of the 
algebraic numbers f,(7) so small that they have to be zero by Lemma 1. Thus we 
get a large number of additional zeros of large multiplicity in a neighborhood of 
the origin and by Jensen’s theorem this forces | F(x) | to be still smaller in a still 
larger neighborhood. By alternate use of Lemmas 1 and 3 we could show that 
f(x) and all its derivatives vanish at all integers which of course implies f(x) =0. 
Actually, two applications of Jensen’s theorem give us enough conditional 
equations on the C,; to conclude that they are either all zero or 7 is a rational 
number. The first possibility is excluded by the construction of f(x) which 
ensures | Ci1| 21, while the second violates the hypothesis of the theorem. 
We conclude that 7 cannot be algebraic. 

5. The crux of the proof is right at the start in the application of Lemma 2, 
in particular the choice of m and -P. We shall try to elucidate this point some- 
what. It is desired to choose m, P, and integers Cz: with )>>,| Cx:| 21, such that 


(5.1) 


f40)| =| 2 > Culkn + Ds < 1/P, s=0,1,---,m-—1, 


k=—q l=—gq 
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while condition (2.2) is violated. Lemmas 1 and 2 assert that this can be done 
provided certain inequalities hold. 

Suppose that 7 is algebraic of degree # over R, and that Ey is an algebraic 
integer, E being a rational integer. Then E*f;(0) is also an algebraic integer of 
degree Sh over R if the Cy: are rational integers. If | Cy:| $B, we have 


w[fa(0)] S$ B(2q + 1)?{q[1 + w(n)]}- 
In order to violate (2.2) it is thus sufficient that 


(5.2) P > E**\ B(2g + 1)?q°[1 + w(n)]2}* 
and this is certainly satisfied for large m if* 
(5.3) P> {B(Eq)"} 


where £ is a fixed integer excéeding 2E[1+ p(n) ]. 

In the other direction we have to take into account the conditions imposed 
by Lemma 2. First we have n=(2q+1)?, m<2n, diy.s=(Rn+))*, —qSk, lSaq, 
s=0, 1,---,m-—1, so we can take A= {g[41+u(m)] }"-. It is clear that P 
must be much larger than B if (5.3) is to hold. This requires m=o0(g*), but on 
the other hand it is advantageous to have m as large as possible. Condition (3) 
of Lemma 2 will be satisfied if 


(5.4) B> { P(Eyq)™} (mo? 


where £; may be chosen as the same integer as in (5.3). 

These inequalities:still give considerable leeway for the quantities involved. 
They show that P must be larger than both B and g™ and that B>q™!®’, but 
they do not show which should be the larger, B or g”. The later application of 
Jensen’s theorem requires, however, that g” is dominant. 

We can satisfy all the requirements by Gelfond’s choice, T 


; log lo lo 
(5 . 5) B = 37, m= E et ; P —_ exp 0" tt ; 
log q log log q 


where y depends only upon the field K(a, 8, 7). It is of course supposed that g 
is a large number. 

We know now that it is possible to choose integers C;:, not all zero, such 
that | Cua <3, and x=0 is a zero of the function f(x) defined by (4.1), the 
multiplicity of the zero being at least m. Further 


| f(x) | S DO DO | Car] | @**8"*| < 3°(2q + 1)%e%I 2! 


or’ 
(5.6) | f(x) | S exp [2q? + dg| «| J, q 


where 6 depends only upon a@ and 8. 


IIV 
ho 


* It is enough that m=h—1 and 2¢2u(n). The estimates required here and below are, up toa 
certain point, extremely crude. 
t [u] is the largest integer Su. 
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6. Wecome now to the first application of Lemma 3. Let us put G(z) =f(a+3z) 
where a is any point on the circle | «| =g?/3 (any power of g less than the first 
would do). Consider a circle with center at z=0 and radius g and substitute in 
Lemma 3. G(z) is known to have a zero of multiplicity m at z= —a. Hence 


IIA 


. 2/3\. m 
{e)| =| f(a) | (=) exp [2¢ + dq(q + 92!) 


= "8 exp [(2 + d)q? + 59°? 

< exp [— 4¢? log log g + 2(1 + 6)q?}. 
Hence by the principle of the maximum” 
(6.1) | fa) | < exp [— Sg? log log gq], | #| Sg", 


if g is sufficiently large. + 
We now apply Cauchy’s formula 
s! f(i)di 


MO = Tid Go 


to the circle | ¢| ‘= g?/3 and choose | x| < iq?!®, Replacing s! by s*, we get 
| f(a) | < 2(2sq7?!8)* exp [— 8g? log log g] 


and the estimate 


(6.2) | f(a) | < exp [— vyq? log log q], | «| S 497, 0 Ss S q?/(log q) 
for all large g. Since f.(j) =f(j) (log 8)~*, this implies 
(6.3) | fe(4) | < exp [— deg? log log g] 
for 7=O+1, +2,:.-- + [4q2/3], s=0, 1, 2,---, [g/(log g)], provided g is 


sufficiently large. 
We show next that (6.3) implies that f.(j7) =0 by virtue of Lemma 1. We have 


fe(7) = » Cail Rn + 1)8a®iB%, 


k=—q l=—q 


Choosing rational integers A, B, C, D, and E such that Aa, BB, C/a, D/B, and 
En are algebraic integers, we see that (A BCD)**E*f,(7) is an integer of the field 


* The maximum of the absolute value of an analytic function is reached on the boundary of the 
domain under consideration. 

+ The integer g is subject to several conditions which assign lower bounds for it. Such bounds 
involving 7 where noted in connection with formula (5.3). The choice of m and P in (5.5) requires 
log log g>0 or g>e. (6.1) calls for log log g212(1+6), a bound depending only upon a and 8. 
(6.2) requires a lower bound which is an absolute constant while (6.3) gives a bound depending 
upon @. In*(6.4) we again have a lower bound for g depending upon 3, but a closer investigation 
shows that this does not impose any new restrictions on g. (7.1) imposes the last restriction which 
again depends upon 8. 
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K(a, 8, 7). Suppose that the degree of the latter is H which is at most equal to 
the product of the degrees of a, 8, and 7 over R. For the maximum of the conju- 
gates of f.(7) we have the estimate 


ult] S 32g + 1)*{q[t + wn) ]} 272%, 


where r=max [n(a), u(B), u(1/a), w(1/8) ]. Hence if (2.2) is to hold we must 
have 


| fei) | 2 [(A BCD) i#2E*]-* {ul f.(7)]}-# > exp [— o@?], 


where o is a fixed constant depending only upon the field, but not upon gq. 
‘This, contradicts (6.3), however, for large g and, therefore, we must have 
f(j) =0. 

Thus f(x) has a zero at each integer j with [a S$q?'* and every zero has a 
multiplicity of at least [g?/(log g)]. We now resort to Jensen’s theorem once 
more. We put G(z) =f(a+s), | a| = g/?, R=q/?, Every known zero within the 
circle | 2| = R satisfies the inequality | z,| <2q*/?. Hence using (5.6) 


~8/3 


| f(a) | < exp re log (2g7**) + 2(1 + age 
Og g 


so that 
(6.4) | (2) | < exp [— vyg*],, |e] S gt, 


for all large gq. 

It is clear that this process can be continued indefinitely and would grind 
out more and more zeros of f(x) at the rational integers and would thus ulti- 
mately lead to the conclusion that f(x) =0. . 

7. For our purposes it is enough to observe, however, that using Cauchy’s 
formula for f‘(0) together with (6.4) we obtain 


(7.1) | £0) (log B)-= | < exp {— yq8!3}, Oss gl, 


We compare this estimate with formulas (5.1) and (5.2). Taking 1/P equal to 
the right hand side of (7.1), we see that (5.2) is satisfied, 7.e., (2.2) is violated 
and, therefore, f((0) =0 for s <q. 

But this gives a system of [g5/?] linear equations 


(7.2) x OD (en t+ Du = 0 


k=—q l=—q 


to be satisfied by the (2¢g-+1)? unknowns C;,:. Since the latter are known to be 
not all zero, any (2g-+1)?-rowed determinant must be zero. In particular, 


(7.3) det | (kn +2)*| = 0, —~gsSkhlSq08s58 4¢(q4+1). 


But this is a Vandermonde determinant which vanishes if and only if two 
columns are equal. This implies that 7 is rational against our assumptions. This 
completes the proof of Gelfond’s theorem. 
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THE INSTANTANEOUS MOTION OF A RIGID BODY 
DUNHAM JACKSON, University of Minnesota 


1. Combination of instantaneous rigid motions. The assertion that a rigid 
body is rotating about the x-axis with a certain angular velocity, and rotating 
-at the same time with another angular velocity about the y-axis, puts a strain 
on the imagination of a student meeting this form of statement for the first time. 
He is relieved to find that the statement is not one that needs to be interpreted 
literally, being merely a somewhat irresponsible substitute for a clear formula- 
tion in mathematical terms. What is meant is merely that if the body is regarded 
as a continuous distribution of matter, the vector velocity of each of its points is 
the geometric resultant of the velocity which would be associated with that point 
by the first rotation and the one which it would have in the second rotation. 

The analysis of the most general instantaneous motion of a rigid body can be 
carried through in terms of ideas of corresponding simplicity. (The phrase “in- 
stantaneous motion” is understood for the purposes of this paper to be concerned 
throughout with the velocities of the points considered, not with their accelera- 
tions, which would present a more complex problem.) The notions involved are 
of course essentially vectorial. In particular, the theory offers notable concrete 
or semi-concrete exemplification of the significance of the distributive law for 
vector multiplication. The main features of the theory are presented below from 
this point of view.* The presentation lays no claim to novelty; its purpose is 
merely to give one possible arrangement of the details in order for consecutive 
reading. 


* For a formulation in quite different language see for example R. S. Ball, The Theory of 
Screws, Dublin, 1876, pp. xix—xxiv; for further comparison see W. F. Osgood, Mechanics, New 
York, 1937, Chapter V. 
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The problem is that of characterizing the motion itself, without reference 
to the forces which produce or control it. The characterization is independent 
also of the size and shape of the body considered. If its motion or that of any 
three-dimensional portion of it is specified, the velocity which a particle at any 
point of space would possess if rigidly attached to it is determined. It is to be 
supposed for the purposes of the present study that each point of space has a 
definite vector velocity assigned to it, in a manner consistent with the condition 
of rigidity presently to be laid down. Any such distribution of velocities, or 
velocity field, will be called for brevity a rigid motion. For similar purposes of 
abbreviation any set of velocities which there is occasion to consider will be 
called a motion, whether subjected explicitly to the hypothesis of rigidity or not. 

It will be seen that in a sense to be carefully defined the most general rigid 
motion 1s either a translation or a rotation or the resultant of a translation and a 
rotation. 

The condition of rigidity is that for every pair of points Pi, P2, the vector velocity 
of P, and the vector velocity of Pz have equal components along the line P,P.. This 
expresses for instantaneous motion the property that the distance between any 
two points of the body remains invariable. As between the two opposite direc- 
tions along the line, it is naturally to be understood that the equal components 
agree in direction as well as in magnitude. 

The discussion here, as already remarked, is concerned exclusively with the 
motion itself, not with the conditions by which it is produced. It is of no con- 
sequence whether any material body to which the conclusions may be applied is 
capable of deformation or not, provided that the velocities which its particles 
actually possess under specified circumstances are such that the condition of 
rigidity is fulfilled. 

If any two “motions,” 7.e. sets of velocities defined for the points of space, 
are denoted by M’ and M”, their resultant, represented symbolically by M’+ M”, 
is the motion in which the velocity of each point is the resultant or vector sum 
of the velocities assigned to that point by M’ and M” separately. It is an im- 
mediate consequence of the definitions that the resultant of any two rigid mo- 
tions 1s a rigid motion, since for each pair of points P;, P, the components of the 
resultant velocities along PiP, are obtained by algebraic addition of components 
which are separately equal for the two points. 


2. Simple rigid motions: translation and rotation. A translation is a motion 
in which all points have equal vector velocities; that is to say, in less technical 
but colloquially* more descriptive language, the velocities of all points are equal 
and parallel. It follows from the definition that a translation is a rigid motion. 

Another fundamental type of motion, called a rofatton, can be described as 
follows: 


* In an endeavor to minimize technicality of expression, the word velocity will be used inter- 
changeably for the vector velocity and for its magnitude, when no misunderstanding seems possible. 
If the reader desires to have the distinction appear in the record he can of course accomplish this 
with brevity by using the word speed on occasion for the magnitude of the vector velocity. 
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a) There is a straight line, called the axis of the rotation, all of whose 
points have zero velocity. 

b) The velocity of any point not on the axis is perpendicular to the plane 
containing the point and the axis. 

c) All points at equal distances from the axis have equal velocities (the 
word “equal” being used again as an abbreviation for “equal in magnitude”). 

d) Points at different distances from the.axis have velocities proportional 
to those distances. 

e) All velocities correspond to the same “sense”’ or direction of turning 
about the axis. 

It will be seen presently that the content of all this verbal description can 
be condensed into a simple vector formula. | 

A rotation is “obviously” a rigid motion, in the sense that intuition recog- 
nizes it as a kind of motion possible for a rigid body. It is another matter to show 
formally that it satisfies the definition of a rigid motion in terms of -the velocities 
of an arbitrary pair of points. To give such a proof by the methods of ele- 
mentary geometry would be a somewhat substantial exercise. It can be done in a 
few lines by means of vector algebra, for the reason that the geometric relations 
involved are precisely those which vector algebra recognizes as fundamental. 
Another reason for stressing this proof is that it appears in some way to form 
the backbone of the entire theory; simple as it is, all the other proofs to be given 
subsequently are so much simpler as to be scarcely more than a succession of 
“remarks.” 

By the specifications describing a rotation above, the ratio of the velocity 
of an arbitrary point P to its distance from the axis is the same for all points 
of space. This ratio is the angular velocity of the rotation. If the same unit of 
length is used for measuring velocity and for measuring distance, the angular 
velocity is measured in-radians per unit of time. All the essential characteristics 
identifying a particular rotation are conveniently represented by a vector w 
lying in the axis, with magnitude numerically equal to the angular velocity just 
defined, in the adopted scale of measurement, and pointing in the direction in 
which the rotation would carry a right-handed screw. This w is called the vector 
velocity of rotation. Like a vector representing a force in the dynamics of a rigid 
body, it is to be thought of as lying in a definite line, but may be laid off from 
any point of that line as initial point. 

Let O be an arbitrary point of the axis, and let p be the vector from O to an 
arbitrary point P of space. By a check of magnitude and direction it is seen at 
once that the velocity of P 1s represented by the vector product w Xp. For any speci- 
fied w this product defines a set of vectors throughout space having the charac- 
teristics of a rotation. 

A rotation being given with w as its vector representation, and a fixed point 
of reference O on its axis, let p1 and p2 be the vectors from O to a pair of arbitrary 
points P;, P, anywhere in space. The vector velocities of P; and P, are wXpi 
and w Xp2. Their components in the direction from P; toward Py», if the distance 


664 .THE INSTANTANEOUS MOTION OF A RIGID BODY |December, 


P,P, is denoted by D, are D~1w Xp1: (p2—p1) and D~1w X ps: (p2 —p1), and D times 
the difference between these components is 


(w X pz — w X pi): (p2 — pr) = w X (62 — pr): (92 — pr) = 0, 


because of the distributive law for the scalar product, the distributive law for 
the vector product; and the fact that w X (p2 —p1) is perpendicular to p2—pi (or, as 
an alternative formulation for the last step, the fact that a scalar triple product 
is zero if two of its factors are alike). The vanishing of the difference means that 
the condition of rigidity is fulfilled. 

As a trivial special case, the assignment of zero velocities to all points will 
be regarded alternatively as defining a translation of zero magnitude or a rota- 
tion of zero magnitude about an arbitrary axis, or will be referred to simply as a 
zero motion. 


' 3. Analysis of general rigid motion. A description of the most general rigid 
motion is now obtained through the following sequence of observations. 

I. A rigid motion in which three non-collinear points have zero velocities 1s a 
zero motion. Let Oi, Oz, O3 be three such points. Let P be any point outside their 
plane. By the condition of rigidity P can not have any velocity component along 
any of the lines O,P, O.P, O3;P. That is to say, all three lines must be perpendicu- 
lar to the velocity of P, «f any. Since they do not lie in one plane, this is im- 
possible, and the words “if any” indicate a condition contrary to fact; the 
velocity of P must be zero. As for points in the plane 010,03, let Q be any such 
point, and let O, be a point outside the plane. By the preceding proof the veloc- 
ity of O, is zero, and repetition of the argument with O, in place of one of the 
three points originally given shows that Q has zero velocity. 

Il. A rigid motion in which two distinct points have zero velocities 1s a rotation 
about the line of these points as axis. Let O1, O2 be the given points. Let Py be a 
point outside their line. If Py has zero velocity, all points have zero velocity by 
the preceding paragraph, and the motion can be regarded as a zero rotation. 
If Py has a velocity, this velocity can have no component along OP» or O2Po, 
by the condition of rigidity, and so must be perpendicular to both lines and to 
the plane of the three points. Let vp be the magnitude of the velocity of Po, and 
yr the perpendicular distance of Py) from-the line O,0,. Let M denote the given 
rigid motion; of the two opposite rotations about 0,0, with angular velocity 
vo/r, let R denote the one that gives to Py the velocity which it possesses in 
M, and —R the other. Then the resultant of Mand —R, for brevity M—R, isa 
rigid motion in which QO, O2, and Py have zero velocities, and so all points have 
zero velocities, by reference to the preceding paragraph once more. That is to 
say, M asa set of velocities for the points of space is identical with R. 

III. A rigid motion in which a point O has zero velocity 1s a rotation about an 
axts through O. The assertion that if there is a point at rest there must be a whole 
line of points at rest recalls the similarly striking fact in solid geometry that if 
two planes have a point in common they must have a whole line in common. 
It will be seen that one fact is a consequence of the other. In the formulation 
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of the proof, trivial specializations which have the effect merely of bringing back 
the conditions of the preceding paragraphs will not be explicitly enumerated. 

Let P; be a point distinct from O, and di its vector velocity. Since ¢1 must 
be perpendicular to OP, by the condition .of rigidity, the plane through Pi 
perpendicular to ¢: contains O. Let $1 denote this plane. Let P/ be any point of 
pb, outside the line OP). The velocity of P{ must be perpendicular to OP{ and to 
P,P{, and so perpendicular to 1, since P; has no component of velocity along 
P,P{ and O has no velocity at all. A selected reference point in p; outside OP; 
may then be used to extend the conclusion to points of this line, in analogy 
with the final step in the proof of I. AlJ points of p; have their velocities, if any, 
perpendicular to /). . 

Let P. be a point outside fi, ¢2 its velocity, and pe the plane through P» 
perpendicular to ¢e. By reasoning similar to that just presented, p2 passes 
through O, and the velocities of all points of 2 are perpendicular to px». 

Since p1 and 2 have the point O in common, they intersect in a line. If Oy 
is another point of the line of intersection its velocity, if any, must be per- 
pendicular to both planes. As this is impossible, O, has zero velocity, and refer- 
ence to II completes the proof. 

IV. If O is an arbitrarily chosen point, the most general rigid motion is re- 
sultant of a rotation about an axis through O and a suitable translation. (It is 
understood naturally that either the rotation or the translation may in par- 
ticular be zero.) Let M be the given rigid motion, let ¢ be the vector velocity 
of O, and let T be the translation in which all points have this vector velocity, 
while —T is the opposite translation, with velocity —¢. Then M—T, inter- 
preted as M+(-—T), is a rigid motion in which O has no velocity, and so by ITI 
is a rotation about an axis through O. If this rotation is denoted by R, M is the 
resultant of Rand T. 


It is to be noted that only a single point of the axis, not the whole axis, is 
arbitrary. | 

V. The resultant of a rotation and a translation perpendicular to the axts of the 
rotation 1s a rotation of equal angular velocity about a parallel axis. Let R denote 
the rotation, with w as the vector representation of its angular velocity, and T 
the translation, with velocity ¢; the hypothesis requires that w-¢=0. 

To demonstrate formally a fact which is obvious to geometric intuition, 
namely that there is a line of points to which R assigns the velocity —4¢, let 
Y= X/w?, where w? denotes the square of the magnitude of w, let O be an 
arbitrary point of the axis of R, and let O’ be the corresponding point such that 
the vector OO’ is y. Then the velocity w XW which R gives to O’ 1s in fact —@, 
as may be seen either by application of the rule for evaluating a vector triple 
product or by elementary interpretation of the successive operations of simple 
vector multiplication. 

As O describes the axis of R, the point O’ describes a parallel line, and the 
rigid motion R+7, giving zero velocity to all points of this line, is a rotation 
R’ about it. The equality of the angular velocities is recognized by comparing 
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the vector velocities of a pair of corresponding points O’ and O in the respective 
rotations, the line joining them being perpendicular to both axes. 

VI. The most general rigid motion ts resultant of a rotation and a translation 
parallel to the axts of the rotatton.* On the basis of this analysis the motion is 
called a screw motion. Let O be an arbitrary point, and let the given motion M 
be expressed by IV as a rotation R about an axis through O plus a translation T. 
Let T be resolved into component translations Ty) and 71, parallel and per- 
pendicular to the axis of R. By V, R and 7; can be combined into a rotation Ro 
about a parallel axis, and M is then the sum of Ry and To. 

With the conclusions IV and VI the theory attains a certain stage of com- 
pleteness: Some additional facts are nevertheless deserving of emphasis. 

Of these perhaps the most striking relates to the combination of rotations 
about intersecting axes. It follows at once from III that the resultant of two 
such rotations is a rotation about an axis through the point of intersection, since 
this point has zero velocity in the resultant motion. More specifically, let O 
be the intersection, let w; and we be the vectors representing the given rotations, 
let P be an arbitrary point of space, and let p be the vector OP. The resultant 
of the velocities given to P by the two rotations separately is 


wr X p + w2 X p = (wi + ws) X p, 


which is the same as the velocity corresponding to a single rotation represented 
by the vector w1-++w.. Instantaneous rotations about intersecting axes can be added 
vectorially, as an tmmediaie consequence of the distributive law for vector multt- 
plication. 

This fact is the basis for the resolution of an instantaneous rotation into 
component rotations about a set of coordinate axes. 

In the combination of a rotation with a non-vanishing translation parallel 
to its axis, the velocity given to any point by the rotation, having no com- 
ponent parallel to the axis, can not cancel the velocity due to the translation; 
there is no point with zero velocity, and the resultant motion is not equivalent 
to any single rotation alone. 

Suppose a given rigid motion is resolved in any way into a rotation R; anda 
translation 7), and again into a rotation R, and a translation 7». Then one may 
write the equations. 


Ry + Ty = Ro + Ta, Ry = Ri + 71 — To. 


(Such manipulation does not involve the setting up of any new type of algebra; 
it is merely a symbolism for representing compreherisively the corresponding 
elementary combinations of the vector velocities for the various points of space.) 
Let the translation T7,;—T>, be resolved into components 7’, T”’ perpendicular 
and parallel to the axis of R:. By V, the resultant of the rotation Ri and the 


* Discovery of this theorem is ascribed to G. Mozzi, 1763; see Encyklopadie der mathe- 
matischen Wissenschaften, vol. 4: 1, article IV 2, H. E. Timerding, Geometrische Grundlegung 
der Mechanik eines starren Kérpers, pp. 125-189; p. 143. 
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translation J” is a rotation R’ with equal angular velocity about a parallel axis. 


In the equation 
R,=R+T7" 


it follows from the preceding paragraph that T’’ must vanish. The rotations 
R, and R,z have equal angular velocities about parallel axes; the translations T, 
and T> have equal components in the common direction of these axes. To restate a 
part of this conclusion in different words, a given rigid motion has a vectorial 
angular velocity w which is determined in magnitude and direction by the rigid 
motion ttself, and is independent of any choice of a particular point of reference as 
Origin. 

If in particular it is supposed that neither 7; nor 7; has any transverse com- 
ponent, 7’ vanishes, Rz is the same as Ri, and T2is the same as 1}; the resolution 
given by VI 1s uniquely determined. 


4. Supplementary notes. By way of additional comment, attention may be 
directed to certain facts with regard to translations which were not needed in 
the main body of the discussion. The obvious fact that ‘a translation satisfies 
the condition of rigidity was noted at an early stage. It is almost as easy to see 
that a rigid motion in which all the velocities are parallel is necessarily a trans- 
lation. For if Pi, P2 are any two points such that the line joining them is not 
perpendicular to the common direction of the velocities, equality of the com- 
ponents along P,P. implies that the total velocities of Pi and P. are equal; from 
an equation 7, cos =v» cos @ it follows that 1, =v2, if cos 60. If the line PP, 
is perpendicular to the direction of translation, the velocities of P, and P», are 
equal to that of any third point P; outside the plane through P; and P,» per- 
pendicular to that direction, and so again equal to each other. 

Less obvious perhaps at the outset, but easily recognized when the general 
theorems have been established, is the proposition that if the velocities in a 
rigid motion are all equal they must be parallel, and the motion is a translation 
once more. For if the motion is resultant of a translation and a rotation in which 
the latter is not zero, the magnitudes of the velocities are certainly not all 
equal. | 

In summary, of the properties of rigidity, parallelism, and equality of mag- 
nitude, any two imply the third. 

The reader may be interested to show as an “exercise” that the most general 
rigid motion is either a rotation or (in an infinite variety of ways) resultant of two 
rotations about non-intersecting axes. 

A more extensive exercise, which is of importance in itself and will serve to 
throw much light in retrospect on the theory that has been developed, is to carry 
through a corresponding discussion in two dimensions, that is to say, with con- 
sideration only of points in one plane, and with the assumption that all veloci- 
ties lie in that plane. A noteworthy difference between two dimensions and 
three is found in connection with the theorem numbered VI: Every plane rigid 
motion ts either a translation or a rotation. 


A PAIR OF GENERATORS FOR THE SIMPLE GROUP LF(3,3) 
JAMES SINGER, Brooklyn College 


The linear fractional group LF(3, 3) is simple and of order 5616. We wish to 
prove the 


THEOREM. Ihe group LF(3, 3) can be generated by two elements of orders 13 
and 8, respectively. 


The group LF(3, 3) is simply isomorphic with the collineation group G of 


the finite plane projective geometry PG(2, 3). If Po, Pi, - + - , Pi, are the thirteen 
points of the PG(2, 3), the group G can be exhibited as a permutation group of 
degree 13 on the letters Po, Pi, +++, Pis.* 


For the sake of brevity, we shall designate a point P; by its subscript 4. 
The PG(2, 3) is then given by the array 


0 1 2 3 4 5 6 7 8 9 10 11 £412 
1 2 3 4 5 6 7 8 9 10 11 «12 0 
3 4 5 6 7 8 9 10 11 12 0 1 2 
9 10 11 12 0°11 2 3 4 5 6 7 8 


The thirteen lines Jo, 1, - + + , lig of the PG(2, 3) are the thirteen columns of the 
array reading from left to right. An element of the group Gis then a permutation 
on the subscripts of the P’s which has the property that it sends lines into lines. 
We shall prove the theorem by showing that every collineation of the PG(2, 3) 
can be written as a product of the collineations 
a=(012345067 89 10 11 12), 
b= (15 118 3 4 10 12)(2 97 6), 


of orders 13 and 8, respectively. We can verify by direct trial that a and 0 are 
indeed collineations. 


We need for the sequel the collineations 


c= aba? = (16259 11 12 4)(3 10 8 7), 
d = aba? = (1 49 7 3 5)(2 8)(6 10 11), 
e = aba’ = (1 4 6)(2 12 8)(3 5 10)(7 11 9), 
f =.a4ba® = (2 5 10 8 4 6)(3 9)(7 11 12), 
g = aba = (1 9 3)(4 6 5 107 11)(8 12). 


The collineations 


* For the necessary definitions, etc., see L. E. Dickson, Linear Groups; O. Veblen and W. H. 
Bussey, Finite projective geometries, Trans. A. M. S., vol. 7, pp. 241-259, April 1906; R. D. 
Carmichael, Introduction to the Theory of Groups of Finite Order. 
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(1) c?, bf, b°, b, Cy d®, 63, c4, 6°, 6’, 6’, 
leave the point 0 invariant and send the point 1 into the points 
2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 


respectively. The inverses of the collineations (1) leave point 0 invariant and 
send the points 2, 3,---, 12, respectively, into the point 1. Hence there is a 
collineation 

Asi (Gf g=y--+, 12) 


which leaves point 0 invariant and which sends an arbitrary point 2 (#0) into 
an arbitrary point7 (0,72). The collineations A;;, for all z’s and7’s, are products 
of the collineations a and 0. 

The collineations 


(2) ft, ed¥ 2g, edd f2gsyt, (ed f2g3f)?, ed¥fe2/, J? (ed¥f*2)?, ed, 
leave the line 1)=0, 1, 3, 9, pointwise invariant and send the point 2 into the 


points 
4,5, 6, 7, 8, 10, 11, 12, 


respectively. Hence, as before, there is a collineation 
Bj; (i #7; 14,7 = 2, 4, 5, 6, 7, 8, 10, 11, 12) 


which leaves the line 1) pointwise invariant and sends an arbitrary point 2 
(+0, 1, 3, 9) into an arbitrary point j (#0, 1, 3, 9, 7). The collineations B;;, for 
all z’s and 7’s, are products of the collineations a and 8. 

The collineations 


Cy = g3 = (4 10)(6 7)(5 11)(8 12), 
Cy = g3f? = (2 10)(5 7)(6 12)(8 11), 
Cs = ed®f? = (2 11)(4 7)(6 8)(10 12), 
Cs = ed®ft = (2 7)(4 12)(5 8)(10 11), 
(3) Cr = ed®f*gted® = (2 6)(4 5)(8 10)(11 12), 
Cs = ed = (2 12)(4 11)(5 6)(7 10), 
Cio = fg = (2 4)(5 12)(6 11)(7 8), 
Ci = ed®f2g3fted® = (2 5)(4 8)(6 10)(7 12), 
Cin = ed®f2g3f2ed® = (2 8)(4 6)(5 10)(7 11), 


leave the line Jy) pointwise invariant and also leave invariant the points 
2, 4, 5, 6, 7, 8, 10, 11, 12, 


respectively. Furthermore, as we can see from its form, the collineation C;, for 
a given i, actually alters all points other than 0, 1, 3, 9, and 7. Each of these nine 
collineations is a product of the collineations a and 8. 
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Now, let w, x, y, 2, be an arbitrary set of four independent (that is, no three 
collinear) points of the PG(2, 3) and let W, X, Y, Z, be another such set of 
points. Since a collineation of the PG(2, 3) is necessarily a projective collineation, 
there is just one collineation K which sends w, x, y, z into W, X, Y, Z, respec- 
tively. We must show that K can be expressed as a product of the collineations 
a and 8. 


The collineation 
Kk, = qg¥—wv 


sends the point winto the point W. (The integers 0, 1, -- - , 12 now play a double 
réle;-they are, on the one hand, names of the points and subscripts on the col- 
lineations of types A, B, and C. As such, sums and differences of these integers 
should be reduced modulo 13 to the range 0, 1, -- - , 12. On the other hand, the 
thirteen integers will occur as exponents on the collineations. As such they can, 
of course, be reduced modulo the order of the collineation.) Let the collineation 
K, send the points x, y, zinto the points x’, y’, 2’, respectively. The collineation 


Ko = aVA o'—w,x-wa 


leaves W invariant, sends x’ into X, and sends y’ and 2’ into y’ ‘and | z’’, say, 
respectively. Let W and X be on line J»; the collineation 


Ks = a ™B yr im. ¥ ma” 


leaves W and. X invariant, sends y’’ into Y, and 2’’ into 2’”, say. 

The points W, X, Y are not collinear;let Wand X be on linel,, X and Yon 
line /,, Wand Y on line /,;. No one of the lines /,, 1, or 1; will contain either 32’’’ 
or Z. Consider the three collineations 


k=aCy_,a’, 
k’ = a *Cw_;0', 
k” = a~Cyx_,a', 


Each of these collineations leaves the points W, X, Y invariant and hence leaves 
each of the lines /,, 1,, 1; invariant. However, k leaves the line J, pointwise in- 
variant but not the other two, k’ leaves, pointwise invariant but not the other 
two, and k’’ leaves 1; pointwise invariant but not the other two. Hence fk, k’, 
and k’’ are distinct collineations. Since each has the form of a collineation of 
type C and there are just four points in the PG(2, 3) not on J,, ls, 11, one (and 
only one) of the collineations k, k’, k’’ sends z’’’ into Z. Let K,4 be this collinea- 
tion. 


The collineation 
K = KiK2kK3K,4 


sends the points w, x, y, ginto the points W, X, Y, Z, respectively and is a prod- 
uct of the collineations a and b. The theorem follows. 


DISCUSSIONS AND NOTES 


EDITED BY R. J. WALKER, Cornell University, Ithaca, N. Y. 


The department of Discussions and Notes in the MONTHLY 1s open to all forms of ac- 
tivity tn collegiate mathematics, except for specific problems, especially new problems, which 
are reserved for the department of Problems and Solutions. 


CAN A ROBOT CALCULATE THE TABLE OF LOGARITHMS? 
D. F. BARRow, University of Georgia 


I think it can, by the following method :* Let 7; denote the square root of 10, 
and let subsequent r’s be determined by 


Vn = JST n- 


Table I shows the r’s to eight significant figures together with their common 
logarithms. Eight digits are used because they just fill up the keyboard of the 
usual calculator, and anyone using it as a teaching device can obtain six or 
seven accurate digits and thus show how the ordinary five place table is rounded 
off. Any number between 1 and 10 can be expressed as the product of selected r’s, 
and no r need be used more than once. This will be obvious after reading the ex- 
ample given below. And so the logarithm of such a number is merely the sum 
of the logarithms of the selected 7’s. . . 

Example. Find log 235.7 =2+log 2.357. 
First find the largest 7 in Table I which is not greater than 2.357 (it is 72), and 
divide it into this number. The quotient is 1.3254385. Next divide this quotient 
by the largest 7 that is not greater than the quotient (it is 74), and this next quo- 
tient is 1.1477824. Next we divide this last quotient by the largest 7 that is not 
greater than the quotient (it is 7s), and we obtain 1.0680942. 

Now at each step we divide the quotient of the preceding step by the largest 
r that is not greater than the quotient. No quotient can be as great as the r that 
was used to obtain it; for if it were, we could have divided by the preceding 7. 
Twelve more divisions are required to reach the point where the last quotient, 
to eight significant figures, is unity. We thus show that 2.357 is equal to the 
product of 72, 74, 15, 76, 17) 78) 710) 7125 118) 717) 718) 719) 720) 722, 724 Hence our mantissa 
is the sum of the logarithms of these 7’s, and we have 


log 235.7 = 2.37235957. 


This may sound like a long process, but it takes only about ten minutes on 
an old fashion hand-crank machine. It is not necessary to write down the suc- 
cessive quotients, but it is necessary to keep up with which r’s were used. 


* This method is similar to Briggs’ original method, Encyclopaedia Britannica, eleventh edi- 
tion, article on “Logarithm,” Vol. 16, p. 875. 
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THEOREM. The error tn the logarithm of any number, calculated by this method, 
will not exceed in numerical value the quantity 16-k-10-*, where k is the number of 
significant figures used throughout the calculation. 


To prove this we note that in performing any one division the error in the 
quotient could not exceed one unit in the kth significant figure. Hence, if we 
let p(x) denote the number of divisions needed to calculate log x, the error in the 
last quotient could not exceed p(x)-10-*+. We note further that if » is large 
(greater than 20), any small increment in 7,, multiplied by .434---, will 
approximate the corresponding increment of log 7,. Consequently the error in 
log x due to accumulated errors of division cannot be greater than 4.34- p(x)-10-*. 
To this must be added the error that might accumulate from adding up p(x) 
values of log 7, and this could not exceed .5-p(x)-10-*. Thus the total error in 
log x cannot exceed numerically the value 4.84-p(x)-10-*. 

Now the greatest value that p(x) could have is not more than the largest 
value of 2 in the table, since no 7 is used more than once. Let N denote this 
largest value of 2, and N will be an integer which approximately satisfies the 
equation 

2N = 10-4, 


Hence WN is approximately equal to 3.32-k. Substituting this value for P(x) i in 
the formula for maximum error in log x gives the desired result. 

It might be pointed out that usually p(x) is much smaller than JN, so that in 
an isolated calculation, it would be better to use say 5-p(x)-10-* as the upper 
limit of error instead of the larger value 16-2-10-* which is a uniform upper 
limit of error for all such calculations. 

Example 1. In calculating log 235.7, we note that (2.357) equals 15. Hence 
the error in our result cannot exceed 5-15-1078 or .00000075. 

Example 2. It is desired to calculate a 20-place table of logarithms by this 
method. How many significant figures should be used? Twenty-five digits would 
suffice since the error will not exceed 16:25-10-%5 or 400- 10725. 

The Robot, since we are building it only in our imagination, might as well be 
a deluxe affair. It will consist of a dial A, to carry the number whose logarithm 
is being calculated, a machine B to do division, a machine C to total up the 
logarithm, and a complicated governor. Dial A carries six digits, and B and 
C twenty-five digits each; for we are to make out a 20-place table of the man- 
tissas of all numbers from one to one million. Table I must be carried to 25 
digits, and will contain about 83 entries; and this table must be permanently 
recorded and incorporated in the governor. The first number whose logarithm 
we want is 100,001. We enter this upon dial A, touch a button, and step back. 

The governor then enters the number 100,001 on the lower dial of B, enters 
the number 7 on the keyboard of B, and initiates the process of automatic divi- 
sion. If the first digit in the quotient is zero (as it will be in this case), B is 
stopped immediately and re is substituted for m. This continues until an 7 is 
found which does not give zero for the first digit of the quotient (it will be ry 
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in this case), and this time B is allowed to complete the division while the 
logarithm of this 7 is recorded in C. Next the quotient in the upper dial of B 
must be transferred to its lower dial. This continues till all the 7’s have been 
used. Then the number 100,001 and its logarithm found in machine C are 
printed. Next, dial A moves up to 100,002, and the process starts over. 

It would take quite a while to complete the table. Suppose that each digit in 
a quotient can be obtained in one second, so that 25 seconds are required to get 
a quotient of 25 digits. Suppose, furthermore, that 40 divisions are needed and 
43 values of r are rejected in calculating one logarithm. At this rate we should 
secure perhaps two logarithms each hour, and the whole table in 50 years, with 
no time out for repairs. Of course a hundred robots could divide up the work and 
finish the job in six months. 

Antilogarithms can be found from Table I by reversing the process. It is 
left to the reader’s imagination to conceive another Robot to calculate -anti- 
logarithms. 


TABLE I 

n rn = 1012" logio%n = 1/2" 

1 3.1622777 — . 50000000 

2 1.7782794-+ . 25000000 

3 1.3335214+ . 12500000 

4 1.1547820 — .06250000 

5 1.0746078+ .03125000 

6 1.0366329 + .01562500 

7 1.0181517+ .00781250 

8 1.0090350+ . 00390625 

9 1.0045074 — .00195312-+ 
10 1.0022511+ .00097656-+ 
11 1.0011249+ .00048828 + 
12 1.0005623 + .00024414+ 
13 1.0002811+ .00012207 + 
14 1.0001405 + .00006104— 
15 1.0000703 — .00003052 — 
16 1.0000351+ .00001526 — 
17 1.0000176— . 00000763 — 
18 1 .0000088 — .00000381 + 
19 1.0000044 — .00000191 — 
20 1 .0000022 — .00000095 + 
21 1.0000011 — .00000048 — 
22 1.0000005 + .00000024 — 
23 1 .0000003 — .00000012 — 
24 1.0000001 + .00000006 — 
25 1.0000001 — .00000003 — 


RECENT PUBLICATIONS 


EDITED BY VIRGIL SNYDER, Cornell University 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York, N. Y., and not to any of the 
other editors or officers of the Association. 


REVIEWS 


Mathematics of Business and Finance. By W. B. Dyess and R. O. Gilmore. New 
York, McGraw-Hill Book Company, Inc., 1942. 10+221+8+214 pages. 
$3.50. 


The typography and arrangement of material on the pages of this book is 
excellent. The first 96 pages are devoted to a review of arithmetic, algebra, 
logarithms, and graphic representation. After the foundation has been made 
secure the authors take up the usual topics of a course in the mathematics of 
finance in the next 120 pages. With the text proper is’bound the “Compound 
Interest and Annuity Tables” by F. C. Kent and M. E. Kent. These tables are 
printed on a paper that minimizes the eyestrain involved in their use. 

In the chapter on arithmetic are found some rapid methods of multiplication 
and division and the methods of checking calculations by casting out nines and 
elevens. Throughout the book the explanations are clear and illustrative prob- 
lems are solved in detail by three methods—binomial series, logarithmic com- 
putation, and the use of tables of compound interest and annuities. This em- 
phasis on the three procedures which may be used in handling problems involv- 
ing compound interest is the most admirable feature of the book. In using this 
text a teacher might well take up the chapter on graphic representation before 
the chapter on logarithms in order that the class might have the benefit of the 
discussion of linear interpolation from a graphical standpoint prior to its utiliza- 
tion in the study of logarithms. 

The authors have unfortunately used eight or ten place logarithmic tables 
in many of the computations involved in the illustrative problems (Kent’s 
tables are six place). The results in most, but not all of these problems, have 
been rounded off to six significant figures, but these answers cannot always be 
duplicated with the tables in the book. In the chapter on life insurance values 
for D, and N, with ten significant figures are said to be obtained from Kent’s 
tables which give them with six significant figures. A more serious criticism 
may be made of the author’s use of linear interpolation to obtain the value of 
1.03257° (page 120) and 1.03125-*° (page 125) to ten places of decimals. Three 
decimals are the best one can hope for in these cases. If logarithmic methods are 
to be avoided, use should be made of Newton’s interpolation formula which is 
discussed on pages 8-11 in Kent’s tables. 

The reviewer cannot understand the author’s lack of use of the theorem on log- 
arithms of powers. Two examples are cited: In evaluating S=2,478.25(1.0125)* 
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on page 120, the text reads, “To find S, we add the logarithms of 2,478.25 and 

(1.0125)*°. The value of (1.0125)*° is found in the tables on page... .” On page 

121 the value of (1.03)!% is obtained by looking up the values of (1.03)! and 
(1.03), finding their logarithms, adding, and then finding the antilogarithm. 

~ In conclusion it may be said that this book will be found to be a very usable 

text since students pay little attention to the details of illustrative problems. 
L. A. DYE 


First Year College Mathematics. By C. C. Richtmeyer and J. W. Foust. New 
York, F. S. Crofts and Co., 1942. xi+461 pages $3.25. 


As stated by the authors “This book presents in one volume the essential$ 
of a first year’s work in college mathematics. It includes a thorough coverage of 
algebra, trigonometry, and plane analytics, and an introduction to the funda- 
mental concepts of differentiation and integration.” 

The notions of the calculus are introduced early, in Chapter III, by means 
of “average rate of change” and “exact rate of change”. Here the reviewer was 
quite distressed by the authors’ complete ignoring of that “fundamental con- 
cept of differentiation”, the limit. The word does not even appear in the book. 
This would not be a serious omission if the notion were present. On p. 41, where 
differentiation is first discussed, appears the phrase “the interval Ax approaches 
zero” with nothing like an adequate explanation of its meaning. It is unthink- 
able, to the reviewer, that the A-process be presented to a student without men- 
tion of the idea of limit. As far as he can see the word “approaches”, wherever 
it is used by the authors, can be and will be replaced by the naive reader by 
“equals”. Such writing will lead the student to the belief that evaluation of the 
limit, by whatever name the process may be called, and substitution are identi- 
cal. Indeed, when we get to p. 126 and a discussion of the differentiation of irra- 
tional functions (marked optional in the text) the reader is suddenly instructed 
to rationalize the numerator of the difference-quotient ; he must certainly wonder 
why. Previously the Ax in the numerator just “canceled” the one in the denomi- 
nator. Here he can see no reason for not obtaining that hardy perennial, 
Dy =0/0. 

Except for this gap the authors have written a simple, clear, and well-unified 
text. They have written their book so that the function concept is the unifying 
principle. A perusal of the chapter headings is indicative of their objectives. The 
headings are: I. A Review of Elementary Algebra; II. Functions and Graphs; 
III, Derivatives and Antiderivatives; IV. First Degree Functions and Linear 
Equations; V. Second Degree Functions and Quadratic Equations; VI. General 
Polynomial Functions and Polynomial Equations; VII. Fractional Functions 
and Equations; VIII. Irrational Functions and Equations; IX. Trigonometric 
Functions of Acute Angles; X. Common Logarithms; XI. Solution of Right 
Triangles by Logarithms; XII. Trigonometric Functions of General Angles; 
XITI, Solution of Oblique Triangles; XIV. Radian Measure, Inverse Functions, 
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Graphs; XV. Systems of Equations; XVI. Introduction to Analytic Geometry; 
XVII. The Straight Line; XVIII. The Circle; XIX. Parabola, Ellipse, and 
Hyperbola; XX. Transformation of Coordinates; X XI. Tangents and Normals; 
XXII. Polar Coordinates; XXIII. Parametric Equations; XXIV. Progressions; 
XXV. Permutations, Combinations, Probability; X XVI. Mathematical Induc- 
tion and Binomial Theorem; XXVII. Complex Numbers; XXVIII. Natural 
Logarithms and Exponentials. 

An excellent feature of the book is the series of “Self-tests” which appear at 
the end of each chapter. These consist of questions which lead to a complete 
review of the chapter. Answers to these tests are given at the back of the book. 

Many of the chapters also have, as concluding sections, optional topics which 
the teacher with the above-average class will want to include in the course. 
Some of these are unique in a text of this sort, such as the section on Musical 
Sounds. There is an abundance of illustrative examples and excellent exercises. 
Answers are given to the odd-numbered ones. 

In the opinion of the reviewer First Year College Mathematics is a good text 
and merits careful consideration by teachers. L. L. LOWENSTEIN 


A Diagnostic Study of Students’ Dificulites in Mathematics in First Year College 
Work. By E. N. Boyd. (Contributions to Education, No. 798.) New York, 
Bureau of Publications, Teachers College, Columbia University, 1940. 152 
pages. $1.85. 


A large number of college graduates have told me that the instruction they 
had in college mathematics was inferior to that which they received in prepara- 
tory school. For many years preparatory school teachers have given diagnostic 
tests to determine a student’s difficulties and then proceeded to help the student 
over these hurdles. On-the other hand, most college instructors have taken the 
attitude—here’s the subject, understand it if you can and if you are so dumb you 
can’t, get out! It is indeed a pleasure to find one college instructor who 1s inter- 
ested in determining what difficulties her students have. This book deals with 
tests given freshmen in the general course in mathematics at Hunter College. 
The tests cover trigonometry, analytic geometry and the elements of differential 
calculus. It is well worth the while of every teacher of college freshmen to read 
these tests and study the results, for, by so doing, I am confident he would im- 
prove his teaching. F. M. MorGAN 


The Reading of Verbal Material in Ninth Grade Algebra. By Margaret Grace 
McKim. Bureau of Publications, Teachers College. Columbia University, 
1941. 8+133 pages. $1.60. 


This is a study based on the realization of the importance of the reading 
problem to the child and the necessity of specific training in a special field like 
algebra. 

There is a minute description of the construction and adaptation of tests 
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given, in the final experiment, to one hundred twenty New York City pupils of 
the ninth grade. The tests cover two areas—the reading of explanatory passages 
and the reading of problems. The tests are reproduced. 

The results are then tabulated in juxtaposition with those obtained from the 
Terman Group Test of Mental Ability, the New Stanford Reading Test, the 
Orleans Algebra Prognosis Test, and the Mid-Term and Final examinations 
given in the school. 

The significance of the intercorrelations are a problem of statistical measure- 
ment. Dr. McKim finds, common to all the tests and to the tests in groups, ele- 
ments which are significant in determining variation of reading efficiency in 
passing from non-algebraic to algebraic material and from one kind of algebraic 
material to another, also in determining relationship between reading ability 
and achievement in algebra. 

MILDRED W. HAFF 


Early Military Books in the University of Michigan Libraries. By Thomas M. 
Spaulding and Louis C. Karpinski. The University of Michigan Press, 1941. 
45 pages and 37 plates. $2.00. 


This is a compilation of titles of books published before 1800 on military art 
and science (military history excluded), that can be found in the University of 
Michigan Library. There is an index of military books by mathematicians and 
mathematical works with sections on military science. 

The plates reproduce the titles pages of some of the books listed. 

Mark Kac 


NEW BOOKS RECEIVED 


Non-euclidean Geometry. By H. S. M. Coxeter, Mathematical Expositions, 
No. 2, Toronto, University of Toronto Press, 1942. 15+281 pages. $3.25. 

Differential and Integral Calculus. By H. M. Bacon. New York and London, 
McGraw-Hill Book Co., 1942. 7+771 pages. $3.75. 

Calculus. By G. E. F. Sherwood and A. E. Taylor. New York, Prentice-Hall, 
Inc., 1942, 14+503 pages. $3°75. 

Analytic Geometry and Calculus. By H. B. Phillips. Cambridge, Mass., Ad- 
dison-Wesley Press, 1942. 10+490 pages. $5.00. 

Metric Methods in Finsler Spaces and in the Foundations of Geometry. By 
H. Busemann. (Annals of Mathematics Studies, No. 8.) Princeton, Princeton 
University Press; London, Humphrey Milford and Oxford University Press, 
1942. 247 pages. $3.00. | 

Topics in Topology. By S. Lefschetz. (Annals of Mathematics Studies, No. 
10.) Princeton, Princeton University Press; London, Humphrey Milford and 
Oxford University Press, 1942. 139 pages. $2.00. 

Finite Dimensional Vector Spaces. By P. R. Halmos. (Annals of Mathematics 
Studies, No. 7.) Princeton, Princeton University Press; London, Humphrey 
Milford and Oxford University Press, 1942. 5+196 pages. $2.35. 
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Analytic Topology. By G. T. Whyburn. (American Mathematical Society 
Colloquium Publications, vol. 28.) New York, American Mathematical Society, 
1942. 10+278+1 pages. $4.75. 

An Outline of Probability and Its Uses. By M. C. Holmes. Minneapolis, 
Burgess Publishing Co., 1936. 8+119 pages. $1.59. 

Mathematics in Human Affairs. By F. W. Kokomoor. New York, Prentice- 
Hall, Inc., 1942. 9+ 754 pages. $5.35. 

A Mathematics Refresher. By A. Hooper. New York, Henry Holt and Co., 
1942. 10+342 pages. $1.90. 

The Methodology of Pierre Duhem. By A. Lowinger. New York, Columbia 
University Press, 1941. 184 pages. $2.25. 

Mathematics of Modern Engineering. By E. G. Keller. Volume II. New York, 
John Wiley and Sons, Inc.; London, Chapman and Hall, Ltd., 1942. 12+309 
pages. $4.00. : 

Algebra. By P. L. Evans. New York, Ginn and Company, 1941. 8+126 
pages. $1.25. 

Plane Trigonomeiry with Tables. By P. L. Evans. New York, Ginn and Com- 
pany, 1941. 8+ 84 pages. $1.25. 

Calculus. By P. L. Evans. New York, Ginn and Company, 1941. 8+126 
pages. $1.25. 

Plane Trigonometry. By R. E. Heinman. New York and London, McGraw- 
Hill Co., Inc., 12+167 pages. $2.00. 

Spherical Trigonometry and Tables. By W. A. Granville, P. A. Smith and 
J.S. Mikesh. New York, Ginn and Company, 1942. 18+60+4-+43 pages. $1.25. 

Plane Trigonometry, Solid Geometry and Spherical Trigonometry with Tables. 
By W. W. Hart and W. L. Hart. Boston, D. C. Heath and Co., 1942. 8-+280 
+124 pages. $2.60. 

Essentials of Planeand Spherical Trigonometry. By A. H. Sprague. New York, 
Prentice-Hall Inc., 1942. 9+169 pages. $1.35. 

Blueprint Reading at Work. By W. W. Rogers and P. L. Welton. New York, 
Silver, Burdett Co., 1942. 8+136 pages. $1.28. 

Shop Mathematics at Work. By P. L. Welton artd W. W. Rogers. New York, 
Silver Burdett Co., 1942. 4+204 pages. $1.56. 

Mathematics for Electricians and Radiomen. By N. M. Cooke. New York and 
London, McGraw-Hill Book Company, Inc., 1942. 8+ 604 pages. $4.00. 

Fundamentals of Radio. By E. C. Jordan, P. H. Nelson, W. C. Osterbrook, 
F. H. Pumphrey and L. C. Lynne. E. V. Everitt, Editor. New York, Prentice- 
Hall, Inc., 1942. 12+400 pages. $5.00. 

Table for Sine and Cosine Integrals for Arguments from 10 to 100. New York, 
Works Projects Administration, 1942. A. N. Lowan, Technical Director. 32 +189 
pages. $2.00. 

Original Tables to 137 Decimal Places of Natural Logarithms for. Factors of the 
Form 1+1n-10-?, Enhanced by Auxiliary Tables of Logarithms of Small Integers. 
By H.S. Uhler. New Haven, Conn., Horace S. Uhler, 1942. 120 pages. 


CLUBS AND ALLIED ACTIVITIES 


EDITED BY J. S. FRAME 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to J. S. Frame, Allegheny College, Meadville, Pa. 


REQUESTS FROM CLUBS 


In our circular letter of May 20, 1942 we asked “What material, in addition 
to club reports, do you consider most suitable and valuable for inclusion in the 
limited publication space of this department of the MONTHLY? Do you know 
of any papers by students or faculty which might be considered for publication 
in this department?” Nine replies were received to the first question, but no sug- 
gestions were received in answer to the second. Topics with references, and 
bibliographies were requested by several. They would be welcomed by the editor. 
Others requested papers suitable for use on mathematics club programs. Another 
request was for a solicited list of some students who would like to carry on pri- 
vate correspondence on mathematical topics of mutual interest with students 
from other clubs. Names of such students, with the topics on which they would 
like to correspond, may be sent to the editor. A request for suggestions of mathe- 
matical games for informal parties was also received. We hope the suggestions 
which follow will prove useful for such occasions. 


A MATHEMATICAL PAUL JONES 


How to run a Paul Jones dance so that no one dances with the same partner 
twice is easily solved by a mathematician if the number of couples is p— 1, where 
pis a prime. Assign numbers from 1 to p—1 to the men and also to the ladies. 
After one round with the partner of the same number, require the gentlemen to 
double their original numbers, and subtract p if the result exceeds p. Each should 
then have a new partner. On the third round the gentlemen should multiply 
their original numbers by three, and on the fourth by four, etc., subtracting 
multiples of » in each case. Each time the men should find new partners, until 
each has danced with every lady. If two men claim the same lady at the same 
time, she should check their arithmetic and pick the correct one. 

A variant of the same idea is the following game designed to test speed in 
multiplication and to provide a little amusement at informal mathematical 
parties. Let 12 (or p—1) persons be seated around a circle on seats which are 
assigned numbers from 1 to 12 (or p—1). The Number One man (who is con- 
sidered t6 be at the bottom of the ladder) picks a key number 7, less than 13 
(or p), and announces it. He then calls out a multiplier m less than 13 (or p). 
Everyone then stands except the one whose seat number s is such that mn—S 1s 
divisible by 13 (or p). If that man also stands, he goes to the bottom of the lad-. 
der, all those below him move up one seat, and his old seat number s becomes 
the new key number u. Otherwise everyone sits, and the Number One man tries 
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another multiplier. After a specified time, the contestant who occupies the high- 
est numbered seat is declared the winner. If the number of contestants is not of 
the form p—1, » prime, certain seats can be turned backwards at the start and 
left vacant, although they are assigned seat numbers. Then if Number One 
calls a multiplier m such that mn corresponds to a blank seat, he is declared out 
of the game, and all seats (including vacant seats) are renumbered, starting with 
the lowest occupied seat as Number One. The play proceeds until the time is up 
or until all but one of the contestants are eliminated. 


CLUB REPORTS 1941-42 
Pt Mu Epsilon, University of California at Los Angeles 


Meetings were held once each month during the school year, at which the following papers 
were presented: Functions of positive derivatives, by Dr. A. E. Taylor, Mathematics in oceanography, 
by Mr. Robert Gordon, Mathematical quotations from nonmathematical sources, by Dr. Max Zorn, 
Statistical methods of weighting examination questions, by Dr. Paul Hoel, Summation of m** powers 
of the first N integers, by Mr. William Gustin. Six new members were accepted during the year. 
The pledges for the fall and for the spring were presented at regular meetings. The fall initiation 
was held at the Helen Mathewson Club on Nov. 14, 1941; the spring initiation was held at the 
home of Dr. Paul Hoel on April 25, 1942; both in the evening. At each initiation the pledges were 
required to present a program lasting half an hour. Donald Wall was this year’s winner of the ten 
dollar prize in the annual calculus contest sponsored by the organization. Officers for 1941-42 were 
as follows. Director, Robert White (Sept. to Feb.), Melvin Henry (Feb. to June); Vice-Director, 
Dorothy Stanley; Secretary, Jane Zartman; Treasurer, Wendell Mason; Program chairmen, Joel 
Ginsberg, Clay Perry, Gordon Overholtzer; Scholarship committee, Taffee Tanimoto; Sponsors, 
Dr. A. E. Taylor and Dr. Ralph Byrne. 


Pi Mu Epsilon, University of Georgia 


The Georgia Alpha Chapter of Pt Mu Epsilon sends greetings and reports a successful year. 
The chapter held regular meetings twice each month. Included among the topics discussed at the 
program meetings were Induction into the army by Captain H. A. Robinson of Ft. McPherson, 
Mathematics in art—the Italian, the Chinese, and the Egyptian methods of projection by Professor 
Jean Charlot of the Art Faculty, Discussion and demonstration of minimum surfaces, Extracting 
cube roots with calculating machines, Graphical methods—new applications, Solution of practical prob- 
lems presented to the group. On April 16 at Memorial Hall the annual initiation banquet was held. 
Fifteen new members were initiated and the new officers were elected. Officers for 1941-42 and 
1942-43 were as follows. Faculty Director, Dr. D. F. Barrow (41-42), Professor Forrest Cumming 
(42-43); President, J. A. Johnson Jr. (41-42), Gladys Feagin (42-43); Vice-President, Ann H. 
Davis (41-42), J. R. Mangham (42-43); Secretary-Treasurer, A. T. Harmon (41-42), Robert Collat 
(42-43); Corresponding secretary, Iris Callaway (41-43). _ | 


Pt Mu Epsilon, University of Arkansas 


Pi Mu Epsilon held regular meetings during the year with discussions on various topics. Dr. 
Harrison Hale of the Chemistry Department gave the principal address on The value of mathematics 
at the annual.fall banquet. Colonel Neilson gave his views on The graveness of the war situation at the 
spring banquet. There was a total of forty members during the year of whom thirteen were initiated 
the second semester. Several members bought keys and watch charms. Students who were initiated 
at the spring banquet were asked to be present at the annual Honors Day program, when the 
names of the new pledges were announced. The annual spring picnic was a success in spite of the 
threatening rain. New officers elected for 1942-43 were: Director, V. W. Adkisson; President; 
Francis Strabola; Secretary, Louise Williams; Treasurer, John Jacks. 
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Pi Mu Epsilon, University of Pennsylvania 


Five talks were given as follows: Breaking the law, upholding the law by I. J. Schoenberg, The 
Waring problem by William Turanski, Lissajou curves by Fred Orttung, Double star orbits by P. M. 
Witman, The observational approach to the problem of stellar multiplicity (with slides) by Peter van 
de Kamp, director of the Sproul Observatory, Swarthmore College. Prizes were given in a problem 
contest to William Turanski and Tong Hing. Fred Orttung received a prize as the best student 
speaker. The initiation banquet was held in the Benjamin Franklin room of Houston Hall in 
January with Professor C. J. Rees of the University of Delaware as guest speaker. Officers for 1941- 
42 were President, Morton Brown; Secretaries, Ruth Tobias and Eli Perry. 


Mathematics Club, Wellesley College 


Meetings this year were informal; no real papers were presented. Rather, students gave short 
talks on the following topics: Women in mathematics; biographical talks on Sir Isaac Newton, Leib- 
niz, Archimedes; the applications of mathematics in teaching, architecture, economics, and geology; 
and impossibilities such as five-sided squares. Source material for these talks consisted of standard 
reference books such as Bell’s Men of Mathematics. The club also produced a play by Janet Brown 
’35, written as a mathematical burlesque of Romeo and Jultet and entitled Raito and Jacobean, a 
Trajectory. It was not very serious, and we had a great deal of fun with it. The club report was 
written by the retiring secretary, Ruthven Tremain. Officers for 1942-43 are: President June 
Nesbitt ’43, Vice-President Betty Ann Wilson ’43, Treasurer Martha Adams ’43, Secretary Phyllis 
Fox '44, Junior Executive Elizabeth Bird ’44, Faculty Adviser, Miss Lennie Copeland (Chairman). 


Kappa Mu Epsilon, Drake University 


The Mathematics Club of Drake University became the lowa Beta Chapter of Kappa Mu Epsilon 
on May 27, 1940. Officers for 1941-42 and 1942-43 were elected as follows. President, Bob Goss 
(41-42), Bob Lambert (42-43); Vice-President, Norman Landess (41-42), Bob Hansen (42-43); 
Secretary, Julia Rahm (41-43); Treasurer, Bob Lambert (41-42), Alex Smotkin (42-43); Pledge 
Master, Earl Carlson (41-42), John McKiernan. (42-43); Publicity, Don Johnson (42-43). Profes- 
sor Floy Woodyard acted as Faculty Adviser. The program for the year included the following topics. 
Mathematics for the Navy by Lieutenant Commander Lauder, Mathematics in industry and the 
Telephone Company by Mr. McLellan of the Telephone Company, Mathematics in the present 
emergency and tn aviation by Professor Mehlin. 


Mathematics Club, Milwaukee-Downer College 


The two papers presented were Dynamic symmetry by Professor E. R. Beckwith, and Taxes 
and government financing by Miss Ferol Bosl. The remaining meetings of the year were devoted to 
instruction in the use of the slide rule, in view of the need for this skill in defense work. Instruction 
was open to anyone in the college who cared to receive it. Contributions of work and money were 
made to the Red Cross campaign. Officers for 1942-43 are as follows. President, Dorothy Puelicher; 
Secretary-Treasurer, Dorothy Rodgers. 


Kappa Mu Epsilon, Kansas State Teachers College at Emporia 


A total undergraduate membership of forty-five students participated in eight meetings 
throughout the year, which alternated with meetings of the Mathematics Club. Discussions of the 
scientific work of the General Motors Corporation, of the importance of mathematics in national 
defense, of the use of spherical trigonometry in aviation and navigation, and of meteorology were 
on the program. Officers for the summer were: President Pascal, Eugene Etter; Vice-President 
Gauss, Kay Wilch; Secretary-Treasurer, Mrs. Ruby Norris. Officers elected for 1941-42 were: 
President Pascal, Warren Burns; Vice-President Gauss, Alfred Freeman; Secretary Eratosthenes, 
Frances Breneman; Treasurer Bhaskara, Rosemary Haslouer; Historian Ahmes, Mary Townsend; 
Corresponding Secretary Descartes, Professor C. B. Tucker; Sponsor Thales, Dr. O. J. Peterson. 
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Mathematics Club, Kansas State Teachers College at Emporia 


The place of mathematics and physics in defense by Dr. Cram, How to study for finals by a round 
table consisting of Lester Meisenheimer, Wilbur Schoof, Carter Sigel, and Frances Breneman, 
The light weight champion (magnesium) tn the present emergency, by Dr. Blackman, Prices and free 
enterprise by Dr. Pickett, and Games of chance—these were the features of a program of eight 
meetings which wound up with a picnic on May 6. Officers were: President, Mary Alice Anderson; 
Vice-President, Carter Sigel; Secretary-Treasurer, Frances Peterson. 


Kappa Mu Epsilon, Upsala College 


The Alpha Chapter of New Jersey closed a very successful year with the annual banquet, 
initiation of five new members, and the installation of next year’s officers. Nine meetings were 
held during the year, for seven of which the students worked out their own projects and researches. 
Topics included were: Fundamentals of drawing from a machintst’s standpoint, by Joseph May, 
Sidelights on the development of trigonometry with a note on Mollweide’s theorm, by Lillian Meisel, 
The derivation of the normal probability curve, by Anne Zmurkiewicz, Mathematical paradoxes with a 
note on “Geometry on wheels,” by Marjorie Nicoll, How mathematics makes money for the worker, 
by Bernard Morrow, Sir Isaac Newton, by Edward Cohen. Two outside speakers addressed the 
chapter. Professor Virgil Mallory of Montclair State Teachers College gave an elucidating talk on 
the Mathematics of defense at mid year, and Mr. Edward Molina, research statistician with the Bell 
Telephone Company, gave a talk on Probability at the annual banquet on May 22. Some insight into 
the history of mathematics was provided at every other meeting by having each officer discuss in 
turn the life and contribution of his chapter name-sake. Thus Secretary Abel, Vice-president 
Appollonius, Treasurer Fibonacci, and Secretary Descartes spoke to us from the distant past to 
the living present. Officers installed on May 22 are: President, Phyllis Gustafson; Vice-President, 
Edward Cohen; Secretary, Marjorie Nicoll; Treasurer, Lillian Meisel; Historian, the retiring presi- 
dent Anne Zmurkiewicz. 


Mathematics Club, Brown University 


The club held six monthly meetings through the year, which were scheduled in advance and 
announced in a printed program before the first meeting. Two students spoke at each of four meet- 
ings, after preparing their talks in consultation with a member of the faculty. Their topics were 
Short cuts in arithmetic by Doris Keighley, The duodecimal system by R. L. Johnson, Alignment charts 
by R. P. Gosselin, Areas by machine, by Dieter Kurath, Magic squares by Arline Major, Chess, 
caves, and cannibals by E. J. Bernier, Linkages by W. F. Jones, Jr., Mechanical devices for com- 
putatton by Granino Korn. At the January meeting Professor George Polya spoke on Counting 
chemical compounds, and at the March meeting Lieutenant Commander E. T. Goyette spoke on 
The mathematical inaccuracy of navigation. A group picture was taken after this meeting. The club 
picnic scheduled for May 7 was canceled because of the accelerated program and gasoline rationing 
Officers for the year were as follows. Committee on program: Professor J. S. Frame, faculty repre- 
sentative; Tamara Bachman, R. L. Johnsor, Dieter Kurath, Ellen Swanson, Paul Tamarkin. Com- 
mittee on arrangements: Granino Korn, chairman; E. J. Bernier, J. E. Cook, Jr., Ruth Cunning- 
ham, W. F. Jones, Jr., Doris Keighley, Arline Major. 


PROBLEMS AND SOLUTIONS 


EDITED BY OTTO DUNKEL, ORRIN F RINK, JR., AND H. S. M. COXETER 


ELEMENTARY PROBLEMS 


Send all communications concerning Elementary Problems and Solutions to H. S. M. 
Coxeter, 24 Strathearn Boulevard, Toronto, Canada. 

The department of Elementary Problems welcomes problems believed to be new, and 
demanding no tools beyond those ordinarily furnished in the first two years of college 
mathematics. To facilitate their consideration, solutions should be submitted on separate, 
signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 546. Proposed by W. E. Buker, Pittsburgh Public Schools 
Show that 5x°-+ 3x*-+7’5x 1s an integer for every integral value of x. 


E 547. Proposed by V. Thébauli, San Sebastitdén, Spain 

A diameter d of the circumcircle of an equilateral triangle ABC cuts the sides 
BC, CA, AB in points D, E, F. Prove that the Euler lines of the three triangles 
AEF, BFD, CDE form a triangle symmetrically equal to ABC, the center of 
symmetry lying on d. 

E 548. Proposed by R. V. Heath, Wall St., New York City 

Find a perfect square of seven digits with all digits even and positive. Show 
that the digits of a perfect square (>9) cannot be all odd. 

E 549. Proposed by L. M. Kelly, U. S. Coast Guard Academy 


The face planes of a proper tetrahedron intersect a circumscribed quadric 
cone in four parabolas. What conditions are thus imposed on the cone? 


E 550. Proposed by D. H. Browne, Buffalo, N. Y. 


Prove that, for every positive even value of m, the sum of the mth powers 
of alternate numbers from 1 or 2 up to ~ is a polynomiial function of 2 (of the 
same form whether z be odd or even). 


SOLUTIONS 
An Automorphic Number 
E 506 [1942, 120]. Proposed by R. V. Heath, Wall St., New York. 
Show that, for every positive integer 1, the last n+9 digits of 


906252" 


form an automorphic number. [See 1941, 407]. 
Solution by E. P. Starke, Rutgers University 
Since 90625 is divisible by 55, the number 


P = 90625” 
683 
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is divisible by 55" and hence by 59+ (as 5-2"29-++n). Furthermore, P—1 is 
divisible by 2°%*”, as is easily established by induction from the case when n =0, 
using the relation 

(R29+" 1 4)2 = (R228 4 R)QW+rn 1 4, 


It follows that P?—P is divisible by both 5®*" and 2%", hence by 10°. Finally 
a may be chosen so that the number 


M =P — a-10°*" 
consists of the last 9+” digits of P. The difference 
M? — M = P* — P — 24.10°*"P + a?-10'8F?2" + @- 10° 


is seen to be divisible by 109+" and thus the last »+9 digits of M* are the 
digits of M, as required. 

Editorial Note. This problem suggests the following practical rule for suc- 
cessively computing the digits of an automorphic ‘number (from right to left): 
If N is the odd automorphic number of m digits, then the last m+1 digits of 
N? form an automorphic number with one extra digit. 


Proof. We have N*—N?=3(N+1)-2N-(N?—N). 
But JN is an odd multiple of 5, and V?— N=0 (mod 10”). Hence 


N4 — N? = 0 (mod 10™*), 


We can now find both the automorphic numbers. For, if NV is the odd one, the 
even one is 10"”—NV-+1. 


An Extension of E 467 to Three Dimensions 


E 507 [1942, 120]. Proposed by V. Thébault, San Sebastian, Spain 


In an orthocentric tetrahedron with orthocenter H and circumcenter O, show 
that the radical planes of the circumsphere with the respective spheres whose 
diameters are the four medians, meet the Euler lines of the corresponding faces 
in four points lying in a plane perpendicular to OH. (The medians of a tetrahedron 
join its vertices to the centroids of the opposite faces.) 

Solution by L. M. Kelly, U.S. Coast Guard Academy 

Label the four points P1, P2, P3, Ps. It is evident that if we prove that planes 
through these points perpendicular to OH all meet OH in the same point Q, the 
proposition will be established. We first recall the following known properties 
of an orthocentric tetrahedron A1,A2A3A4: 

(1) the four altitudes are concurrent, 

(2) the centroid G is the midpoint of OH, 

(3) the product of the segments into which the orthocenter divides the 
altitudes is the same for all four altitudes, 

(4) if G, is the centroid of the face A2A43A4, then 3GG,=GA}. 

Now let Mi and O; be the orthocenter and circumcenter of A,A3A4, and let 
My, be the midpoint of A1G;. In the plane OHA, P; may be determined by drop- 
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ping a perpendicular from A, on OM, and producing it to meet O,A;. To deter- 
mine Q it is only necessary to drop a perpendicular from P; on GH. Draw Gif 
and note that it is parallel to OM, and hence perpendicular to AP;. Thus Z is 
the orthocenter of the triangle AiG,P). Finally, if P:H is drawn meeting AiG, 
in Ri, we see that the triangles GHR,; and P,HQ are similar, whence 


GH-HQ = R,H-HP, = Hi -HA,, 


which is constant (t.e., the same as when P; is replaced by Ps, Ps, or P,). 
Also solved by the proposer. 


Perfect Bridge Hands 


E 508 (1942, 120]. Proposed by R. K. Allen, Montpelier, Vermont 

How many bridge hands are there where all thirteen tricks can be taken at 
no trump regardless of the distribution of the cards? It is assumed that declarer 
will always play his highest cards and not intentionally lose any tricks. (Cf. 
E 448.) _ 

Solution by H. W. Norton, University of Chicago 

In order that a bridge hand may take all tricks at no trump regardless of the 
distribution of the remaining cards, it is necessary that that hand hold all the 
aces; the nine other cards may be variously distributed. For example, if the 
nine are all in one suit, there are three cards in that suit outstanding, and it is 
necessary that the nine should include the King and Queen and any seven of the 
remaining cards. Thus there are 4(;) =480 such hands, since the nine may 
be in any one of the four suits. The complete list of posibilities with their respec- 
tive frequencies is as follows: 


9—0—0—0 480 5—2—2—0 12 
8—1—0—0 1512 5—2—1—-1 12 
7—2—0—0 672 4-4 1-0 12 
7—1—1—0 672 4320 24 
6—3—0—0 84 4—3—1—-1 12 
6—2—1—0 168 4-221 12 
6—1—1—1 28 3—3— 30 4 
5—4—0—0 12 3—3—2—1 12 
5—3—1—-0 24 3—2—2—2 4 


The total is 3756. 

It may be noted that it is necessary to hold consecutive cards below the Ace 
in any suit in which fewer than seven cards (including the Ace) are held. In 
criticizing the frequency with which so-called “perfect” bridge hands are re- 
ported in the press (London Times, May 15, 1939) I called attention to this new 
type of hand, ‘which is perfect in that it shows before the bidding that every 
trick can be taken. Though it is about three years since I called attention to this 
type of hand, and though the ordinary “perfect” hand is reported several times 
each year, I have not yet seen mention of this hand which is perfect from the 
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trick-taker’s point of view. Yet it is nearly a thousand times as frequent, with 
proper shuffling; and (according to Culbertson) imperfections of shuffling should 
make it relatively more frequent. 

Also solved by W. E. Buker and the proposer. 


The Square Bedroom and the Music Room 


E 509 [1942, 121]. Proposed by the late J. E. Trevor, Cornell University 


An architect is designing a house for his client’s seventy-five foot lot. The 
“square bedroom” is to have a square floor, and it will contain an ordinary 
double bed and other furniture. The owner specifies that the music room shall 
be two feet longer than it is wide, and that its floor-area in square feet shall be 
three times that of the square bedroom. It is also specified that the widths of the 
two rooms shall be integer numbers of feet. Find these widths. 

Solution by W. E. Buker, Pittsburgh Public Schools 

Let sXs and (¢—1)X(t+1) be the dimensions of the bedroom and music 
room. Then we have to find integers s, /, satisfying 3s*=(¢—1)(¢+1), or 


(1) ? — 35? = 1. 
This is an instance of the famous misnamed “Pellian Equation,” which can be 


solved by several methods, e.g., by continued fractions. We know that all solu- 
tions can be derived from the obvious solution 


fo = 1, So = 0 
by means of the recurrence relations 
tngi = 2th + 35n, 
Snti = ln + 25n. 
Thus the simplest positive solutions are: 
t = 2,7, 26, 97, 
= 1, 4, 15, 56. 


Clearly, the third solution alone satisfies the conditions of the problem: so the 
desired widths are 15 and 25. 

Also solved by R. K. Allen, Paul Brock, William Douglas, Howard Eves, 
L. M. Kelly, C. C. Oursler, C. A. Rupp, E. P. Starke, and the proposer. 


Stirling Numbers of the Second Kind 
Fy 510 [1942, 121]. Proposed by S. H. Gould, Uniersity of Toronto 


Given @p,q=@p,q-1t94p-1,q) 47,1=%1,¢= 1, (p, q=1, 2,3,--->), prove 
— p+ 
— 1)y,9 = Dy a-x, +11 = ( )f. 
(p )an,q 2 p—k A(g ) e+1 


Solution by the Proposer 
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Comparing the given recurrence relation with Bjorling’s formula 


Chl nC + Cos 
for the numbers C,, =A"0*/n! (Journal fiir die reine und angewandie Mathe- 
mattk, vol. 28, 1844, p. 284), we see that 


Thus the well-known formula 


one>> Le 


k=m k 


(Boole, Finite Differences, 1872 or 1926, p. 29) is equivalent to 


p—1 + p—1 + 
Gpt+i,qti = » (; ') Ap—kyg = @pri,g + = (7 ') Qp—k,q 


r—-1\k+1 r=0 \R + 1 


On the other hand, by repeated application of the formula defining a,,,. we 
obtain 


p—l1 


Apttygti = priya + » (q + 1)* 1a, 4,4. 


k=0 


Hence, by subtraction, 


x “(ry 
p—k,q 1) eth — = 0, 
da k \(c + 1) (; 44 


as desired. 


The Whistling Bomb 


E511 [1942, 195 and 475]. Proposed by W. E. Bleick, U. S. Naval Academy, 
Annapolis 


A whistle, which emits a sound of constant pitch, is attached to a bomb. 
An observer at a fixed point on the ground sees the bomb dropped from rest 
at an initial angular elevation B. Assume that the bomb falls with a constant 
acceleration g and hits the ground at a distance LZ from the observer. The ob- 
server hears a variable whistle pitch because of the Doppler effect. The train 
of sound waves of maximum apparent pitch leaves the bomb at the elevation at 
which the component of the bomb’s velocity in the direction of the observer is a 
maximum. Find this angular elevation, and show that it approaches two-thirds 
of the initial elevation if the initial elevation is small. 

Solution by Howard Eves, Syracuse University 

Let A be the required angle of elevation, v the velocity of the bomb at that 
elevation, V the component of v in the direction of the observer, s the distance 
the bomb has fallen, and H the initial altitude. Then we have 
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v = gt, V =vsin A, 
s = dgf?, tan A = (H — s)/L. 
Eliminating v, ¢, and s, we get | | 
V? = 2¢(H — L tan A) sin? A. 
The condition for V? to be a maximum is 
2(H — L tan A) sin A cos A — L sec? A sin? A = 0. 
Dividing by the non-zero factor L sin A cos A, we get 


2 tan B — 2 tan A — sec? A tan A = 0, 
or 


(1) tan? 4 + 3tanA — 2 tan B= 0. 


By Cardan’s formula, this cubic (with discriminant sec? B >1) has the single 
real root 


tan A = (sec B + tan B)!/8 — (sec B — tan B)?3, 


which gives the sought angle of elevation A. 
If B (and therefore A) is small, (1) gives approximately 


3 tan A — 2 tan B = QO, 


or (again approximately) 
A = 3B. 


Also solved by Adolph Barjansky, F. A. Butter, Jr., L. M. Kelly, E. P. 
Starke, and the proposer. 


ADVANCED PROBLEMS 


Send all communications about Advanced Problems and Solutions to Otto Dunkel, Wash- 
ington University, St. Louis, Mo. All manuscripts should be typewritten, with double spacing 
and with margins at least one inch wide. 

Problems containing results believed to be new or extensions of old results are espe- 
cially sought. The editorial work would be greatly facilitated, if, on sending in problems, 
proposgers, would also enclose any solutions or information that will assist the editors in 
checking the statements. In general, problems in well known text-books or results found 
in readily accessible sources will not be proposed as problems for solution in this depart- 
ment. In so far as possible, however, the editors will be glad to assist members of the 
Association in the solution of such problems. 


PROBLEMS FOR SOLUTION 


4061. Proposed by N. A. Court, University of Oklahoma 

A variable triangle has its vertices on three skew straight lines, and two of its 
sides meet a given plane in points lying respectively on two straight lines. Show 
that the points of intersection of that plane with the third side of the variable 
triangle are collinear. 
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4062. Proposed by N. S. Mendelsohn, University of Toronto 


Show how the operation of multiplying by a real number may be expressed 
in terms of the operations of adding a real number and of reciprocating. 


4063. Proposed by H. S. M. Coxeter, University of Toronto 


In projective geometry the porism of triangles inscribed in one conic and self- 
polar for another is commonly proved by showing that if one such triangle exists, 
we can find another with one vertex at any given point on the first conic. This 
statement is easily seen to be valid in complex geometry. Discuss its possible 
failure in real geometry. 


4064. Proposed by V. Thébault, San Sebastidén, Spain 


Given a tetrahedron ABCD: (1) Find the locus of points M such that the 
sum of the powers of the vertex A with respect to the spheres with diameters 
MB, MC, MD is constant. (2) Find the point M such that for the spheres with 
the diameters MA, MB, MC, MD the sum of the powers‘of a vertex with respect 
to the three spheres not passing through that vertex is the same for the four 
vertices. Show that the point Min this case is the symmetric of the centroid with 
respect to the circumcenter of the tetrahedron. 


SOLUTIONS 
Tetrahedron of Polar Planes 


4004 [1941, 483]. Proposed by N. A. Court, University of Oklahoma 


Given four spheres, let (Z) be the tetrahedron formed by their centers, and 
(F) the tetrahedron formed by the four polar planes, for these spheres, of their 
radical center U. Prove that (z) if (E) admits U for its orthocenter, the same 
holds for (F); (2) conversely, if (F) admits U for orthocenter, the same holds 
for (£).' | 

I. Solution by Howard Eves, Allen Academy, Bryan, Texas 

Let Ei, Ke, H3, Es be the vertices of (Z) and let Fi, Fo, Fs, Fy be the cor- 
responding vertices of (F). 

(i) By hypothesis £,U is perpendicular to E,E3E,. Therefore E,U is the radi- 
cal axis of the spheres at EK», £3, Hy. But Fi, the common point of the polars of U 
for these three spheres, lies on the radical axis of the three spheres. Therefore 
FU passes through F;. But we also have EiU perpendicular to F)F3F:, the polar 
of U for the sphere at £;. Hence F,U is an altitude of (F). Similar remarks hold 
for F,U, F;U, F,U. Hence the first part of the theorem. 

(ii) By hypothesis /i1U is perpendicular to F.F3Fs. Therefore F,U passes 
through £;. But F,U is the radical axis of the spheres at Ee, E3, Es. Therefore 
F,U is perpendicular to E:3H4. Hence E\U is an altitude of (£). Similar re- 
marks hold for £,.U, E3U, #,U. Hence the second part of the theorem. 

Note: The corresponding theorem for the plane is similarly proved. 
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IT. Solution by the Proposer 

The point U is the center of a sphere (U), real, or imaginary, orthogonal to 
the four given spheres (A), (B), (C), (D). Since the two spheres (U), (A) are 
orthogonal, the polar plane of the center U of (U) for (A) is also the polar plane 
of the center A of (A) for (U). Similarly for the (B), (C), (D). Thus the two 
tetrahedrons (Z) = ABCD, (F)=PORS are polar reciprocal with respect to the 
sphere (U). 

Consequently the two propositions to be proved may be stated as follows. 
The polar reciprocal of an orthocentric tetrahedron for a sphere having the 
orthocenter of the tetrahedron for its center, is also an orthocentric tetrahedron 
having the same orthocenter as the given tetrahedron. 

This proposition is fairly obvious. Indeed, using the same notations, the 
polar plane QRS of A for (U) is perpendicular to AU and therefore parallel to 
the plane BCD, and similarly for the other pairs of planes of the two tetrahe- 
drons. Again, the pole P of the plane BCD for (JV) lies on the perpendicular A U to 
BCD, and similarly for other pairs of corresponding vertices of the two tetra- 
hedrons. Thus U is the homothetic center of the two’ tetrahedrons, hence the 
proposition. 

Remark. Let p be the square of the radius of the sphere (UV), and k, k’ the 
squares of the radii of the polar spheres of the orthocentric tetrahedrons (£), 
(F). (See the proposer’s Modern Pure Solid Geometry, art. 457.) If A’, P’ are the 
traces of the line APU in the planes BCD, ORS, we have 


UA-UA’' = k, UP. UP’ = k’, UA-UP’ = UA’-UP = p, 
hence UA: UA’: UP- UP'=kk’', UA- UP’: UA’: UP=p?, and therefore kk’ = p?. 


Moreover, we have 


UA-UA’ UA-UP’ 96 


—— 


UP-UP’ hk  UA'-UP > 


Now from the last equality we have UA: UP = UA': UP’, hence the homothetic 
ratio UA: UP of the two tetrahedrons (E), (F) is equal to Vk/k’. 
Note. The analogue, for three circles, of the direct proposition is due to R. 
Tucker. Educational Times, Reprints, vol. 52 (1895), p. 28, Q. 12276. 

Editorial Note. There is an actual tetrahedron (F) if U does not lie in a face 
of (Z) and if the four given spheres do not have a point in common. 


Perspective Tetrahedrons 


4005 [1941, 483]. Proposed by V. Thébault, San Sebastian, Spain 


An arbitrary plane (P) cuts the planes of the faces of the given tetrahedron 
ABCD in four straight lines. The four planes through these straight lines per- 
pendicular each to the corresponding face determine a tetrahedron A’B’C’D". 
Show that: (1) The straight lines 4A’, BB’, CC’, DD’ are concurrent. (2) The 
point of concurrency J is the center of one of the.spheres tangent to the four 
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planes symmetric to (P) with respect to the faces of ABCD. (3) The point J re- 
mains fixed when (P) moves parallel to itself. 

Editorial Note. Let a, 8, y, 6 denote the planes of the faces of the tetrahedron 
T, a’, B’, y’, 6’ the planes of the faces of J’ where corresponding faces of T and 
T’ intersect on a plane o in a complete quadrilateral. Then the four straight 
lines each joining the corresponding vertices of T and T’ meet in a point V, the 
center of perspectivity of T and 7’, and a is called the plane of perspectivity, 
see Court’s Modern Pure Solid Geometry, p. 21, and the solution of 3988 [1942, 
409 |. Let o1 be a plane parallel to , T; and T”’ have their corresponding faces 
parallel, and the corresponding faces of 7; and T intersect on o1; then the vertex 
(aiBry1) of T lies on the straight line of V, (aBy), (a’B’y’), and similarly for the 
other corresponding vertices. For, the figures aBya'B’y’o and aByarBryi01 have 
(aB8y) for homothetic center. This proves (1) and (3). 

In this problem the corresponding faces of T and T’ are perpendicular, and 
the planes of the faces of J’’ are the symmetrics of o with respect to the cor- 
responding faces of JT. The corresponding faces of the-three trihedral angles 
aby, a'B’y’, a''B''y"’ intersect on o, and a, a, a’, a’ is a harmonic axial pencil 
of planes, and similarly for the two other sets of faces. It follows from this 
harmonic property that the three vertices (aBy), (a’B’y’), (a@’’B’’y’") are on a 
straight line through the‘center of perspectivity J for T and 7’. Also the dis- 
tance of (aBy) from a is its distances from the faces of a’’B'’y’’, so that the 
straight line (a’’B’’y’’)J is an axis of the trihedral angle a’’B’"y’’, and similarly 
for the other trihedral angles of T’’. Hence I is equally distant from the faces of 
T’’, and the proof of (2) is complete. Part of the above argument is the same 
as that given by N. A. Court in his solution of 3988. 


A Family of Curves 


4006 [1941, 561]. Proposed by P. D. Thomas, Norman, Okla. 


Find the equation of the family of curves, each curve having the property 
LR=T?, where L is the distance of the tangent from the origin, R is the radius 
of curvature, and T is the length of the tangent from the point of contact to the 
y-axis. | 

I. Solution by J. O. Hassler, University of Oklahoma 

If we introduce for ZL, R, and T their values 


— % / 1 + 12\3/2 
weer oe, and aV/1+ y”, 
y ¥ 
respectively, the equation LR=T? becomes, after some reduction 
(1) gry’? + xy’ — y = 0. 


If we multiply (1) by 1/x? and integrate, we get 


yto=s, 
x 
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which can be made an exact differential equation by clearing of fractions. The 
solution is 


xy = Cx? + Co. 


II. Solution by R. K. Allen, Montpelter, Vt. 

Replace L, R, and T by their well-known and easily obtained differential 
expressions and the differential equation of the desired family is x?y’’ —xy’+-¥ 
=(. The general solution is y=x(a log x +6) where a and 0 are arbitrary con- 
stants. These curves are defined only for positive values of x, except when a=0, 
in which case the family is a pencil of straight lines through the origin, but then 
the expression LR degenerates into the meaningless 0- ©, so this particular case 
should be excluded. For all finite values of a and 6 limz.oy =0, so we state that 
(0, 0) lies on every curve and is indeed the endpoint of the curve. Introduction 
of this single point brings in no difficulty for the equality LR=T* holds for all 
positive values of x and will still hold in the limit. 

Solved also by N. R. Amundson, E. Fleisher, T. E. Mergendahl, R. W. Wag- 
ner, A. K. Waltz, and the proposer. 

Editorial Note. Half of the solvers obtained the result in I and the rest that 
in II by using the negative of the expression for Z in I. Some of the solvers in- 
troduced a change of independent variable. The process of integration in I may 
be used in II by writing d[y’—y/x]/dx=0 and then d[y/x]/dx=a/x: 

A later solution by S. H. Lachenbruch considers both cases. 


Four Associated Quadrilaterals 


4007 [1941, 561]. Proposed by J. W. Clawson, Ursinus College 


The straight lines /,;, (¢=1, 2, 3, 4), determine the complete quadrilateral Q. 
The four triangles determined by /,, 1,, 1; have O;, G; for their circumcenters and 
centroids. The point P; divides O;G; in the ratio r:1. Lines through these points 
parallel to 7; form the quadrilaterals Qo, Q,, OQ». Prove that: (1) the four quad- 
rilaterals are congruent; (2) the homothetic center of Q and Qo is the orthic 
center of 0,0,030,; (3) the homothetic center of Q and Q, is the mean center 
of GiG2G3G.; (4) the homothetic center of Q and Q, divides the line joining the 
preceding points in the ratio 7:1; (5) these homothetic centers all lie on the com- 
mon mid-diagonal line of the four quadrilaterals. 

Solution by the Proposer 

Since it is well known that the four points O; are concyclic, we shall take this 
circle for the unit circle in the complex plane, and take O; to be the turn f;. 
The focal point, F, which lies on this circumcentric circle, will be taken as the 
unit point. Then circles with centers O;, O; and radii O;F, O;F intersect at 
Axi, one of the vertices of quadrilateral Q. The point Az: is t;-+¢;—tit;, and the 
line J;, determined by A;; and A 4; is 


2 — bjbeliB =-tp tly + ti — tity — titi — tity 


where g is any point on the line and Z is the complex number conjugate to 2. 
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G; ist; + (¢; ttn + t)(1 — t)/3 and P; is 
pp oe r 
3-(r + 1) 


The lines through O,, G;, P; parallel to 1; are respectively 


2 2 
£2 — S42 = t; — t titi, £2 — S42 = t; — b jtiti + so(1 — t;) /3, 
and 


t S = t; — titel 4 a ier 
7 §4o => io ° ee 
: _ 3(r + 1) 


In these equations, s,, is used for the sum of the products of th, te, ts, fg mata 
time. 
Hence, O;;, Gi;, and P;;, vertices respectively of Qo, Q,, and Q, are 


59°7 
3(r + 1) 44). 


Then the mid-points of lines joining A ,; to O;;, Gi; and P;; are 51/2, 51/2 —s2/6 
and 51/2 —se-r/6(r+1). 

(1) From the symmetry of the last result, it follows that Q and Qo, Q and 
Q,,and Q and Q; are homothetic with ratio 1:1, 7.e., that they are all congruent, 
the homothetic centers being at the points indicated. Likewise (2), (3) and (4) 
are easily verified. Finally, (5) follows from the fact that each of these points, as 
also the middle points of A isAnxt, 0;;0 x1, GijGxa, Py;P x1, V1Z., 51/2 — (ést ;+tet,) /2, 
51/2 + (tit seat) /2, 51/2 + (tits +tyts) /2 — 52/6, and $1/2(tit ;+tets) /2 — $9° r/6(r-+1) 
all lie on the line z—s4%=5,/2—s3/2. 

Editorial Note. The proposer gave the following definition of the orthic 
center of a cyclic quadrilateral : 

The four straight lines each through the midpoint of a side and perpendicu- 
lar to the opposite side of a cyclic quadrilateral are concurrent; and the point 
of concurrency, the orthic center, bisects the segment from any vertex to the 
orthocenter of the triangle with the other three points as vertices, see Clawson, 
Annals of Mathematics, vol. 20, no. 4, June 1919, p. 252. 

The proof is easy; let a; be the vector from the center of the circle to the 
vertex A;, and g the vector to the centroid of the four vertices. The orthocenter 
of triangle A ;A,A: is given by aj;ta,+az, and the midpoint of the segment 
from this orthocenter to A; has the vector (a;+ae +as3+a,)/2=2g. The vector 
from the midpoint of a side A;A; to this latter point is (a. +a1) /2 which is per- 
pendicular to the vector A ,A,, or a4—a). 

A solution of this problem may be obtained by use of some of the results 
in 3839 [1939, 604], see also 3991 [1942, 550]. We shall give the results for (2). 
The homothetic center of (Q) and (Qo) has the coordinates a(1+o2+0,) /4, 
aoi/2; the orthocenter of triangle O,0,O, is the point am)(o}+o%)/ 2, 


ts ty + tat, ty +t; + tetr — 50/3, te ty + bxti — 
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a(o,+o3+2m,)/2 and it lies on Aj, a side of (Q); and the midpoint of this ortho- 
center and O; with coordinates a(1-+0})/2, a(o{ —o4)/2 is the above homothetic 
center of (Q) and (Qo). This completes the proof of (2). From these results we 
easily find for the center of the circle (01,0.0;0.F) the point a(3-+o02—@4) /4, 
a(o1—03)/4. In these computations (Q) is assumed to have no two sides parallel 
so that there are four actual triangles. 


Iterated Pedal Polygons 


4008 [1941, 561]. Proposed by V. Thébault, San Sebastian, Spain 


Given in a plane a polygon (P) of 1 sides having a center of symmetry SS and 
two points M, M’ symmetric with respect to S. Show that the uth pedal polygon 
of Mand M’ with respect to (P) are equal. 


Note. Let Q be an arbitrary point in the plane of polygon (A) = AiAg:++An. 
We say that the first pedal polygon of Q for the polygon (A) is the polygon 
(B)= BiB; -.- - B, if. the indicated consecutive vertices of (B) are the orthogonal 
projections of Q on the sides Ai1A2, A2A3,-++, Andi of (A); then the second 
pedal of Q for (A) is the first pedal of Q for (By, and so on. 


' Editorial Note. Since S is a center of symmetry of the combined figure (P), 
M, M’, the first pedal polygons (Pi) of M and (P,’) of M’ with respect to (P) 
form a figure with the center of symmetry S. Also the second pedal polygons 
(P2) of M with respect to (Pi) and (Pz) of M’ with respect to (Pi) form a 
figure with the center of symmetry S; and so on. 


Jacobian, Alternant ' 


4009 [1941, 638]. Proposed by J. H. M. Wedderburn, Princeton University 


If the roots of x«*—cyx"-1+ -- + +(—1)*%c, are the variables x1, x2, °° * , Xn; 
find the Jacobian of ¢n, ni, - - - , ¢: with respect to x, Xa, °° y Xn. 
I. Solution by M. F. Smiley, Lehigh University 
It seems better to find the jacobian O(c, - + - , Cn) /O(x1, - - - , Xn) and to note 
that O(¢n, °° +, G)/O(m1, °° -, vs) =(—1)"8(c1, ++ €n)/O(x1, °° * , Xn) where 
w=n(n—1)/2. Direct computation reveals that O(a, --°, ¢n)/O(x1, °° * 5 Xn 
is the alternant P(m, +--+, %.)="(x;—x)(j>4;4,j=1,---, ) for n=2, 3. 
To establish this result for all ~ we use induction. Hence suppose that the result 
holds for m=n—1. Write s(x, - ++, xn) for c, and 1 for so(%i, - °°, %n) and 
note that 
— Sk(H1- ++, Xn) = Sp—1(M1, ++ y Hea) Migay  s Xn). 
Ox; . 
In the jacobian O(c, +--+, Cn)/O(1, +++, xn) subtract the first column from 


each of the remaining, noticing that 
Sr—1( X20, cy Xn) — Sr—1( 41, eo 8 ; Xj-1, Xj+1y cy Xn) 


= ("7 — 41)Sp_o(H2, °° +, Kp, Vy ++ y am) (G,kr — 2 -°-, wm). 
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Expand by minors of the first row, remove the factor r(x1—x;)(=2, °° +, ”) 
and we find that our jacobian is 


d(d1, me ty dn—1)/O( x2, my an) [I (x1 ~ %4), d; = Si(x2, sty Xn). 
j=2 


Application of the hypothesis of induction shows immediately that our result 
holds for m=n, and the proof is complete. 


II. Solution by R. J. Walker, Cornell University 


Let c, be the 7th elementary symmetric function of x1, +++, %n. Let c be 
the rth elementary symmetric function of x1, ++ + , ¥ia1, %i41, °° * » Xn. Then 
(4) (i) 
Cr = Cr — XiCr_1; r=1,---,n—1, 


where for convenience we put c =1. From this we obtain 


OC; (i) 
= Cr_1, y=1,°°:,n. 
OX; 
Hence 
OC, (i) G@) @) (i) 
— jp OO Co’ Ci Co oe e Cn—1 
OX; 
(z) 
=|1 c—a; C2, +++ Cn am in | 
(7) (i) 
= | 1 Xi — XiC1 225 = XiCn—-2 
n—1 ©) (i) 
= (— 1) eyes tn | ae 1icy +++ Crs 
n—1 
= (— 1) ys Xm | ay 1 ci— 4%; °° Cn—27—- — xi6n3 | 
n—l+n—2 2 2 —2 —1 (7) 
= (— 1) +++ tn| %j %; 1-+ + Cna| 
n(n—1)/2 n—1 n—1 —n+1l —n+2 
= (— 1) Mi ++ Wm | a Me -e ed 
n(n—1)/2 n—1 
= [[ (as; — x). 


i<d 
Solved also by E. Fleisher, D. T. Sigley, J. Singer, and the proposer. 


Editorial Note. The remaining solvers found casily that 


0¢;/0%; = Cy1 — Ceaxp + e+: +(- 1)" “Cot; ; c= 1. 


The proposer’s solution was briefly stated by using in his reduction powers of a 
certain nilpotent matrix, while the others used successive elementary trans- 
formations. The reductions may be put in the following form. Let M be the 
n Xn matrix with the zth row c;1, —C:-2, - + + ,(—1)*e0, 0, - + - , 0, and let V be 
the matrix with the jth column 1, x;,- +--+, «j7'. Then 
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(ac;/ax;) = MV, — | dc;/aa;| = (— 1)" YP V|, | deria/ dx,| =| VI, 


and the required result is the Vandermonde determinant. 


Generators of Abelian Groups 


4010 [1941, 638]. Proposed by F. A. Lewis, University of Alabama 

Let G be an Abelian group of order 2™ and type (1, 1, -- - , 1). Find the num- 
ber of sub-groups of G of order n* and type (1, 1, ---, 1); and show that this 
number is the same as that for order n™~. 

Editorial Note. This problem means that G is an Abelian group of order 1” 
which is generated by m independent operators each of period n. Its solution 
involves the function J;(”) which is the number of sets of k integers, equal or 
unequal, each Sz, such that the g.c.d. of each set is prime to x. It iseasily 
shown that 


Ji(n) = n*T] (1 — p7*), 


where the integers p; are the distinct prime divisors of 2. From this it follows 
that the number of elements of G of period 7 is Jn(m). Suppose that ¢ independ- 
ent generators of period ” have been chosen thus forming a sub-group of order 
n't, This subgroup contains J,(z) elements of period ” and there are left Jn(m) 
— J,(n) elements of period 2. Hence there are 


I m(n) [Tm (2) _ Ji(n) | ms [J m(2) _ J,-1(n) |/r! 


number of ways of choosing r independent generators each of period ». But 
each such generated subgroup is generated by different selections of the 7 
generators, the number of selections being the above expression with m re- 
placed by,r. Hence the number of subgroups of order ” generated by rv elements 
of period 7 is 


J m(n) LF m(1) _ Ti(n) | an J m(m) — J,-1(n) | 
J (0) [J-(2) — Ti(n) | - _ [J-(2) — J,-1(n) | 


If m is a prime p the above expression may be reduced to'a simpler explicit 
form which is given in several texts, see Mathewson’s Hlementary Theory of 
Finite Groups, p. 93 and exs. p. 94. In this case the formula shows easily that 
the number of such subgroups of order p’ is that for order p”~. It appears in a 
recent communication from the proposer that the generalization of this special 
result demanded in the last lines of the problem is to be omitted. 


Hyperbolic Groups of Lines 


4011 [1941, 639]. Proposed by N. A. Court, University of Oklahoma 

The pairs of straight lines a, a’, b, b’; c, c’; d, d’ are isogonal conjugates for 
the trihedral angles A, B, C, D of the tetrahedron ABCD. Prove that: (1) If the 
lines a, 6, c, d are concurrent, so are also the remaining four lines (the proposer’s 
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Modern Pure Solid Geometry, p. 242). (2) If the four lines a, 6, c, d form a hyper- 
bolic group, so also do the remaining four lines. 

Solution by the Proposer 

If the lines a, b, c, d passing through the vertices A, B, C, D of the tetra- 
hedron ABCD form a hyperbolic group, a line may be drawn through A meet- 
ing the lines 0, c, d. The isogonal conjugate plane of the plane (AB, p, 6) for the 
dihedral angle AB contains both the isogonal conjugate p’ of » for the trihedral 
angle A and the isogonal conjugate 0’ of 6 for the trihedral angle B. 

It may be shown similarly that p’ is coplanar with the isogonal conjugates 
c’, d’ of c, d, for the respective trihedral angles C, D; and p’ is obviously co- 
planar with the isogonal conjugate a’ of a for the trihedral angle A. 

Likewise it may be shown that the linesa’, b’, c’, d’ are met by lines q’, 7’, s’, 
analogous to the line p’ and passing respectively through B, C, D. For a given 
trihedral angle and a straight line through its vertex there is a one-to-one corre- 
spondence between the line and its isogonal conjugate only if the line does not 
lie in a face. If no one of a, 0, c, d lies in a face of the tetrahedron the lines p’, q’, 
r’, s’ are distinct; for, if p’ and q’ coincide, they coincide with the straight line 
of AB, and then # lies in the plane of CDA and at least one of the lines c, d lies 
also in this plane, contrary to hypothesis. Then a’, 8’, c’, d’ are skew in pairs 
and are cut by four distinct straight lines. In this case (2) is proved. 


Solved partially by H. Eves. 


TRAINING IN METEOROLOGY 


Under the auspices of the Army Air Forces, the University Meteorology 
Committee is establishing in twenty colleges educational programs intended to 
prepare young men for an eight months advanced course in meteorology. Gradu- 
ates of the advanced course are commissioned in the Air Forces. 

The pre-meteorology courses consist of Mathematics through Advanced 
Calculus and Differential Equations, Vector Analysis, Mechanics with emphasis 
on relative motion and Coriolis force, Physics with emphasis on thermodynamics 
and radio, English, History, and Geography. A year’s course beginning Febru- 
ary 1st is available for students with no college background, and a six months 
course beginning March 1st for students with one or more years of college. 

This announcement is published in the hope that teachers of mathematics 
and physics will call this program to the attention of their better students. 
There is also a limited number of vacancies on the mathematics and physics 
staffs of the participating colleges. Persons well qualified in the above curricu- 
lum are invited to apply. . 

Address all inquiries to “Weather,” University of Chicago, Chicago, Illinois. 
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Meteorological Centers 


Army Replacement Center, Grand Rapids, 


Michigan 
California Institute of Technology 
Massachusetts Institute of Technology 


New York University 
University of Chicago 
University of California, Los Angeles 


Premeteorological Centers 


6 months’ program: 


Brown University 

Massachusetts Institute of Technology 
New York University 

University of Iowa 

University of California, Berkeley 


University of Michigan 
University of Minnesota 
University of New Mexico 
University of North Carolina 
University of Washington 
University of Wisconsin 


Basic Premeteorological Centers 


12 months’ program: 


Amherst College 
Bowdoin College 
Carleton College 
Denison University 
Hamilton College 


Kenyon College 
Pomona College 

Reed College 
University of Chicago 
Vanderbilt University 
University of Virginia 


Haverford College 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 


The twenty-seventh Annual Meeting scheduled for New York, N. Y., De- 
cember 30-31, 1942, was cancelled because of difficulties of transportation. 


The following is a list of the Sections of the Associations, with dates of future meetings so 


far as they have been reported to the Secretary. 


ALLEGHENY MOUNTAIN 

ILLino1s, Notre Dame, Ind., April 9-10, 
1943 

INDIANA, Notre Dame, April 9-10, 1943 

IOwA 

KANSAS 

KENTUCKY 

LOUISIANA-MIssIssiIpPI, Ruston, La., 1943 

MARYLAND-DISTRICT OF COLUMBIA-VIR- 

4 GINIA 

METROPOLITAN NEw York, Brooklyn, 
N. Y., May 8, 1943 

MicuHiGAn, Notre Dame, Ind., April 9-10, 
1943 . 

MINNESOTA 


MissourI, Kansas City 

NEBRASKA 

NORTHERN CALIFORNIA, San Francisco, 

- Jan, 30, 1943 

Ou10, Columbus, April 1, 1943 

OKLAHOMA 

PHILADELPHIA, Philadelphia, Nov. 27, 1943 

Rocky MouNTAIN 

SOUTHEASTERN 

SOUTHERN CALIFORNIA, Los Angeles, 
March 13, 1943 

SOUTHWESTERN 

Texas, Lubbock, April, 1943 

Upper New York STATE 

Wisconsin, Milwaukee, May 7, 1943 


INCREASINGLY IN DEMAND 


Nelson, Folley, and Borgman’s 


ALCULUS 


The special features meeting today’s needs 


1. Early introduction of integration of powers and 
polynomials 


2. Carefully selected and graded problems well i in- 
troduced by illustrative examples 

3. Accurate statement of fundamental principles 
and theorems 

4. Applications to physics and engineering 

o. Large, clear figures including isometric draw- 
ings to help the student visualize the problem 

6. Highly legible tables. 

366 pages. $2.75 


D. C. HEATH AND COMPANY 


Boston New York Chicago Atlanta San Francisco Dallas London 


TRIG PROBLEMS 
ARE EASY... 


with these new Slide Rules 


The improved arrangement of the 
scales on these new Log Log Duplex 
Trig* and Log Log Duplex* Decitrig 
Slide Rules greatly simplifies the han- 
dling of trig problems. The trig scales 
refer directly to the CD scales so that 
trigonometrical functions can be used 
as factors without having their numeri- 


cal values determined. 
*Trade Mark 


KEUFFEL & ESSER CO. 
NEW YORK - HOBOKEN, N. J. 


Chicago St. Louis _ San Francisco Los Angeles Detroit Montreal 


\ 


The Chauvenet Prize 


In the year 1925, the MATHEMATICAL ASSOCIATION OF AMERICA established a prize of 
one hundred dollars for the best expository paper published in English during suc- 
cessive periods of five years by a member of the Association. Through two subsequent 
gifts the prize is now awarded every three years. The last award was made in Decem- 
ber 1941 to Professor Saunders Mac Lane for his two papers in the American Mathe- 
matical Monthly: “Modular fields,” volume 47, 1940, pp. 259-274 and “Some recent ad- 
vances in algebra,” volume 46, 1939, pp. 3-19. 


As determined more recently by the Trustees, the prize is to be fifty dollars and is to 
be awarded for a noteworthy expository paper such as will come within the range of 
profitable reading of members of the Association. The purpose of the prize is to 
stimulate expository contributions in mathematical journals on the part of the younger 
American scholars. The award does not apply to books, although the Carus Mono- 
GRAPHS are expository in character and on this score might be included; they carry 
their own reward. 


It is believed that clear expositions of mathematical subjects are greatly needed in 
this country and that the CHAUvVENET Prize will tend to stimulate such production. 


Note that the prize is to be awarded only to a member of the ASsocIATION—one more 
of the many good reasons for membership. 


BOLETIN MATEMATICO 


Fundado en enero de 1928 por 


Bernarpo I. BAIDAFF 


Se trata de una publicacién matematica cuyas colaboraciones se publican en: aleman, 
castellano, frances, ingles, italiano y portugués. 


Durante los primeros doce afios se publicaron 286 articulos, 249 notas y 1892 problemas 
propuestos., 


La publicacién es quincenal y aparece desde marzo hasta diciembre. 


_La primera entrega del mes es dedicada a las siguientes secciones: Articulos, In- 
formaciones Bibliograficas e Intermediario con preguntas y respuestas; y la segunda 


las secciones: Notas, Miscellanea, Problemas resueltos y Problemas propuestos. 
4 
La suscripcién anual es de 2.50 ddlarea norte-americanos. Para la miembros de la 


Mathematical Association of America y American Mathematical Society solo 2 
dolares. 


Las suscripciones deben enviarse a 
BOLETIN MATEMATICO 
Avenida de Mayo 560, Buenos Aires, Republica Argentina 


1942 TEXTS 
in 
APPLIED MA‘THEMATICS 


Elementary Mathematics in Artillery Fire 

By JosEpH M. Tuomas, Duke University.’ 256 pages, $2.50 
Serves as a basis for a course which has substantial mathematical content and which also 
has applications to artillery fire. 


Machine Shop Mathematics 
By AARON AXELROD, Vocational and ‘Technical High School, Bayonne, N.J. 372 pages, 
$2.50 
Gives complete understanding of arithmetic, algebra, geometry, and trigonometry as they 
apply to all phases of machine work. 


Mathematics for Electricians and Radiomen 
By Netson M. Cooke, Chief Radio Electrician, U. S$. Navy. 604 pages, $4.00 


Provides the electrical and radio student with a sound mathematical foundation and 
shows him how to apply it to practical problems. 


Spherical Trigonometry with Naval and Military Applications 
By Lyman M. KeEtts, Wits F. Kern, and JAMEs R. Brann, U. S. Naval Academy. 
163 pages, $1.50. With tables, $2.40 
The important applications of trigonometry and logarithms to navigation and related 
topics are discussed and illustrated by numerous examples. 


Practical Mathematics for Home Study. New third edition 
By the late CraupE I. PALMER. Revised by S. F. Buss, Illinois Institute of Technology. 
697 pages, $4.00 
A clear, simple, and usable treatment of the essentials of mathematics—arithmetic, geometry, 
algebra, and trigonometry. 


General Trade Mathematics 
By E. P. Van Leuven, Kern County Union High School and Junior College, Bakers- 


field, Calif. 575 pages, $2.50 
Includes the arithmetic, algebra, and geometry needed to solve actual shop problems in 
the manufacturing and mechanical operations. 


Simplified Industrial Mathematics 
By Joun H. Wo tre, WitiiamM F. MUELLER and SEIBERT D. MULLIKIN, Henry Ford 


Industrial Schools. 281 pages, $2.00 
Reviews arithmetic fundamentals, precision instruments, symbols, formulas, ratio and 
proportion, tapers, geometry, trigonometry, etc. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, Inc. 
330 West 42nd Street New York, N.Y. 


PLANE and BY RAYMOND W. BRINK 
SPHERICAL 
TRIGONOMETRY Octavo 399 pages With Tables, $2.50 


HIS book combines in one volume all of the material in Brink’s Plane 

Trigonometry, Revised Edition, and all of the material in this author’s 
new Spherical Trigonometry, thus making available a comprehensive text 
notable for the distinctive method that has made outstanding successes of 
Brink’s previous mathematics books. 

The brand new spherical section presents a systematic and clear treatment 
of right and oblique spherical triangles. A distinctive feature of the volume 
is the introduction in the first chapter of the terrestial sphere, which is 
thereafter used as the basis for interesting and timely problems with mili- 
tary and naval applications. The celestial sphere, on the other hand, is 
reserved until the last chapter. 

An appendix contains the definition and application of the mil. 


D. APPLETON-CENTURY COMPANY 
35 West 32nd Street New York, N.Y. 


ANNALS OF MATHEMATICS STUDIES 


A new series of lithoprinted monographs (6 x 9) dealing with topics 
of current mathematical interest and selling at moderate prices. 


1. Algebraic Theory of Numbers. 
By Hermann WEYL 227 pages, $2.35 


2. Convergence and Uniformity in Topology. 
By Joun W. Tukey 95 pages, $1.50 


3. The Consistency of the Continuum Hypothesis. 


By Kurt GGODEL 68 pages, $1.25 


4. An Introduction to Linear Transformations in Hilbert Space. 
By F. J. Murray 135 pages, $1.75 


5. The Two-Valued Iterated Systems of Mathematical Logic. 
By Emit Post 125 pages, $1.75 


6. The Calculi of Lambda Conversion. 
By Atonzo CHurcH 79 pages, $1.25 


The prices above are subject to an educational discount of fifteen per cent. 


PRINCETON UNIVERSITY PRESS 
Princeton, New Jersey 


GEORGE BANTA PUBLISHING COMPANY, MENASHA, WISCONSIN 


